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Abstract: There are difficulties in the formulation and solution of problems for follower loading,
temperature actions, and whether the Lagrange principle is used. By dividing the external loads and
internal deformation fields that exist according to their own laws, we focused on the advantages in
mechanics of deformable solids. This paper develops an approach to the study of the internal strain
energy of deformed systems, based on the criterion of the critical levels of the internal strain energy.
According to the criterion, the achievement of the limiting values of the internal strain energy by the
system with varying internal parameters of the structure is possible for certain types of “self-stress”
(“self-balance”) for deformable bodies. The latter corresponds to the levels of the critical energy of
the body determined by the eigenvalues of the internal strain energy. New problems, namely the
“weak link” and “progressive limiting state of the system”, are formulated and demonstrated in the
examples of the study of asymmetric rod systems. The methodology used here is based on matrix
methods of the structural mechanics and a mathematical apparatus for eigenvalue problems.

Keywords: self stress; resistance; limiting state; matrix methods; solid deformable body critical
energy; concepts for multi-story construction

1. Introduction

For almost half a century, formulations of problems in the mechanics of a solid de-
formable body, based on varying the total deformation energy of a structure, have been
used often by researchers [1–10]. The use of mathematical apparatus for calculating the
variations made it possible to obtain solutions to complex problems regarding the theory
of stability and dynamics of structures, as well as nonlinear problems regarding the de-
formation of spatial systems [10–20]. A special place is occupied by numerical methods
for studying complex systems operating in the nonlinear stage of deformation, based on
variational formulations of problems in construction mechanics [21–35], which are the
fundamentals for the creation of software systems using the finite element method, the
boundary element method, and other methods of structural mechanics.

The vast majority of reports regarding the problems mentioned above are based on
the Lagrange approach, where the minimum of the total energy of the system leads to the
equations of the state of the system depending on the acting external loads. In this case,
there may be an impression that the behavior of the system is completely determined by
the magnitude, type, and law of the changes in the external load.

As noted in a number of studies [33,34], this approach does not always allow for calcu-
lating systems that are subject to follower loads, temperature, and similar influences. The
necessity of formulating problems in the form of homogeneous systems of equations has
been noted, on the basis of which one can then restore the form of a possible external load.

Thus, there is insufficient information on the properties of the internal strain energy
of deformable systems. The hypothesis is that any deformable body has critical levels of
internal strain energy (hereafter termed critical energy), where the structure can change the

Buildings 2022, 12, 779. https://doi.org/10.3390/buildings12060779 https://www.mdpi.com/journal/buildings

https://doi.org/10.3390/buildings12060779
https://doi.org/10.3390/buildings12060779
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/buildings
https://www.mdpi.com
https://doi.org/10.3390/buildings12060779
https://www.mdpi.com/journal/buildings
https://www.mdpi.com/article/10.3390/buildings12060779?type=check_update&version=1


Buildings 2022, 12, 779 2 of 12

form of the law of equilibrium states or the structural model, making it possible to obtain a
criterion for the critical levels of internal strain energy, which are tested on a number of
problems regarding the stability and bending of structures [35].

One of the most important directions in the study of structures at critical energy levels
is that the theory can be used as the basis of the limit state design (LSD) of structures.

At present, the theory LSD of a structure does not have a unified theoretical mathemat-
ical base and is developing in a number of independent directions. Each of these theories is
based on the hypothesis of the onset of the limit state, for which a mathematical model of
the problem is formulated [36–43]. Obviously, the number of hypotheses cannot be limited;
therefore, the theory of LSD is a complicated set of particular theories, which are often
poorly combined with each other.

In [44,45], an approach was proposed that allowed for stating a mathematical model
of problems on the limiting state of a structure uniting all possible formulations of ultimate
limit state (ULS), including the serviceability limit state (SLS).

2. Methods

The internal strain energy for the deformation of the structural system in matrix form
can be represented as follows

2U = {ξ}T[K]{ξ} = {Φ}T
in[L]{Φ}in (1)

where U is the internal strain energy of the structure, {ξ} is the generalized displacement
vector, {Φ}in is the generalized forces vector, [K] is the stiffness matrix, [L] is the flexibility
matrix, T denotes transposition.

Thus, it is easy to see that the levels of the internal strain energy of deformation are
determined by the values of the stiffness (flexibility) matrices of the system.

In [44], the equations of the state of a system with lumped parameters at critical energy
levels were obtained, written in the matrix form

[L]
{

δΦin
k

}
= [λL

0 ]
{

δΦin
k

}
(2)

where
[
λL

0

]
is the matrix of the eigenvalues for the flexibility matrix. The eigenvalues λL

0i

are the main values of the flexibility of the structure, and the eigenvectors
{

δΦin
K

}
are the

amplitude values of the distribution of self-stress forces.
For variations of nodal displacements (structural system reactions), the relation for

the eigenvalues of the flexibility and stiffness matrices is valid

[λK
0 ] = [λL

0 ]
−1

(3)

here, λK
0 are the eigenvalues of the stiffness matrix of the system.

The physical meaning derived from Equations (1) and (2) is the state of self-stress in
a statically indeterminate system at critical energy levels. The solution of the eigenvalue
problem gives the main nodal structure displacements and the corresponding vectors of
the amplitude values of the nodal reaction forces of the structure.

Matrix expressions of the force method and the displacement method are consequences
of the expressions for the stationarity of the internal energy of the structure (1)

[K]{ξ} = {Φ}ex; [L]{Φ}in = {ξ} (4)

Matrix operators [K] and [L] are the vector of unknown nodal displacements which
are converted into a vector of the nodal structure generalized reactions and the vector of
internal forces in the structure elements into a vector of nodal generalized displacements,
respectively. In this case, the directions of the vectors of external nodal loads and displace-
ments are generally different and have different angles with respect to the original axes.
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At the same time, the extreme (main) directions of nodal generalized displacements and
generalized reactions are always orthogonal to each at the same angles as the original axes.
Thus, we can write

[λK
min,
max

]{ϑK} = {Rmin,
max
}

[λL
max,
min

]{ϑL} = {Zmax,
min
} (5)

where {Rmin,
max
} is the minimum or maximum value of the generalized reaction system to the

external load, and {Zmax,
min
} is the maximum or minimum nodal generalized displacement

corresponding to the generalized reactions. Vectors {Rmin} and {Zmax} are mutually
perpendicular, which enables assessing the values of the limiting stiffness and flexibility of
the system and to make a comparison with the acting load.

For example, the solution to the problem of finding the minimum and maximum
values of the limiting reactions of the system, which is opposed to the external load, can be
represented in the form of two circles limiting the area of the system’s {R} reactions, as
shown in Figure 1.
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Figure 1. The area of the system’s limiting states.

The value {R}min limits the area within which the limiting state of the system is
impossible due to the negligibly small reaction (allowable external forces) values. R1—is
the reaction vector of the structure determining a point inside the circles of limit states
that does not lie on the line of max (min) limit states value. Starting from the value of the
reactive stiffness of the system {R}min, the onset of the limiting state is possible in one
or several elements of the structure. At the value of reactive stiffness {R}max, the system
has minimum stiffness and maximum flexibility {Zmin}. The values of the internal forces
(deformations) have the maximum allowable values.

We may obtain the same unit values for {R}max and {Zmin} vectors when normalizing
to the maximum value. The normalized values of the reactions (deformations) coincide for
the eigenvalues of the stiffness and flexibility matrices of the system.

The Lagrange principle, as the base of the traditional calculation methods, puts the
system reactions vector {R}1 = {P1} in agreement with the external load. Obviously,
with this approach, not all of the bearing capacity of the system has been exhausted, only a
part of it. The structure, in the worst case, lost part of the links (part of the resistance), but
remains geometrically unchanged and can bear an increasing load.
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Critical Energy Levels of a Non-Symmetric Rod System

To study the processes of changing the internal potential energy of an elastic non-
symmetric structure, the three-rod system considered is shown in Figure 2.
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Figure 2. Three-rod system: (a) design scheme and (b) node 1.

For simplicity, we will take the same values for the stiffness of the rods η1 = η2 = η3 = 1,
ηi = EA/EiAi, elastic moduli E, and cross-sectional areas A. Inclined rods are located at
the corners α = π/4,β = π/3. We will assume that the system works in the elastic stage
until the first critical level of internal potential energy is reached.

Flexibility matrix of the rod structure

[L] =
l

EA

∣∣∣∣ 1.397 0.1295
0.1295 0.6883

∣∣∣∣ (6)

The eigenvalue problem solution gives us the eigenvectors[
ϑL
]
=

∣∣∣∣0.9847 −0.1743
0.1743 0.9847

∣∣∣∣ (7)

and the eigenvalues of the flexibility matrix[
λL
]
=

l
EA

∣∣∣∣1.4199 0
0 0.6654

∣∣∣∣ (8)

The stiffness matrix of the rod structure has the form

[K] =
EA

l

∣∣∣∣ 0.7285 −0.137
−0.137 1.4785

∣∣∣∣ (9)

Corresponding to the eigenvalues of the stiffness matrix[
λK
]
=

EA
l

∣∣∣∣0.7043 0
0 1.5028

∣∣∣∣ (10)
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Eigenvectors of the stiffness matrix[
ϑK
]
=

∣∣∣∣−0.9847 0.1743
−0.1743 −0.9847

∣∣∣∣ (11)

Figure 3 shows the external stiffness ellipse and the external flexibility ellipse of the
system presented in a dimensionless form.
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Figure 3. Stiffness ellipse (dots) and flexibility ellipse (dotted line) of an asymmetrical statically
indeterminate system.

The maximum radius value of the flexibility ellipse is the reciprocal of the minimum
radius value of the stiffness ellipse, and the minimum radius value of the flexibility el-
lipse is the reciprocal of the maximum radius value of the stiffness ellipse. Therefore,
by normalizing the eigenvalues of the flexibility and stiffness ellipses according to the
maximum eigenvalues, we can obtain the same values of the radii value of the ellipses
λL

max = λK
max = 1, λL

min = λK
min = 0.4686 regarding the problem under consideration.

The extreme displacements (reactions) of the system has projections on the initial directions
of the axes in the form

{
Z1,2

max

}
= λL

max

{
ϑL
}

(see Figure 4). Because the system has only
two degrees of freedom at node 1, it is possible to construct ellipses of the limiting lines
of rigidity and flexibility of the non-symmetric rod structure, corresponding to the first
critical energy level of the structure.

If the projections of the external displacements of the nodes on the axis are greater than
Z1,2

max, the system is overloaded, that is, either it has lost some of the links or is geometrically
changeable. The condition of allowable nodal displacements follows from the geometric
relationships of the ellipse.

Za ≤
ZmaxZmin√

Zmax sinϕ+ Zmin cosϕ
(12)

The condition for the allowable loads will be written in the same way.
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Internal forces in the truss rods from the external loads can be calculated by

[S] = [B]−1[A]T[L]{P} (13)

and from the reaction of the system to variations of the external influences according to
the formula

[S] = [C][A]T[λL]
{
ϑL

max,min

}
(14)

The calculation results are given in Table 1.

Table 1. Internal forces in the rods of the system from the nodal external and reactive forces.

Bars
Forces

External
Force
P1 = 1

External
Force
P2 = 1

Total Action
of the Forces

P1 + P2

System
Response

R1
max

System
Response

R2
max

System
Response

Rmax

System
Response

Rmin

1 2 3 4 5 6 7 8

S1–0 0.6373 0.2282 0.8654 0.8909 0.1495 0.9475 0.07558
S1–2 0.1295 0.6883 0.8178 0.181 0.451 0.3514 0.436
S1–3 −0.6337 0.2794 −0.354 −0.886 0.1831 −0.8169 0.2566

Here, the action of the external and reactive forces of the system was taken in one
direction, so that it would be more convenient to compare the results. The values of the
largest forces in the rods caused by the external load (column 4) were in the interval between
the values of the forces caused by the maximum (column 7) and minimum (column 8)
reactive forces of the system for two types of self-stress. If we compare the maximum
values of the forces arising in rod 0–1 (columns 2 and 5), for the case of the action of forces
in the direction of axis 1, then we have a margin of strength in terms of efforts equal to
39.8%. If we assume that the unit external forces act on the system in the direction of two
axes at the same time, then the strength margin for internal forces (see columns 4 and 7) in
the structure rods will be 9.5%. Obviously, these two cases are very rare in practice. The
more likely is the case when the projections of the load vector add up to a unit vector is
realized, for example, with simple loading. Then, the difference between the load vector
and the reaction vector of the system will be the value of the maximum eigenvalue. The
same can be said about the internal forces in the structural rods from these two loads.
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For the problem to be solved, the eigenvalues increase with decreasing angles of
inclination of the rods with the same areas of the rods. The minimum eigenvalues are
observed at inclination angles of the rods close to 45◦.

If the system has the same angles of inclination as the rods, and the areas of the
inclined rods differ, and the eigenvalues of the system follow a similar relationship.

3. Results
3.1. Tasks for Checking Strength (Structural Analysis)

Example 1:

The system shown in Figure 2 has the following specified geometric parameters: l = 2 m,
α = 60◦, β = 45◦, η2 = 1, η1 = 1.457η2, η3 = 2.778η2, A1−0 = A1 = 0.5388 · 10−4 m2,
(d = 8.3 mm), A1−2 = A2 = 0.785 ·10−4 m2, (d = 10 mm), A1−3 = A3 = 0.2826 ·10−4 m2,
(d = 6.0 mm) and mechanical characteristics of the material of E = 2.1 · 105 MPa,
σt = 240 MPa. Check the bearing capacity with an external load given by the projections
on the axis P1 = 10 kN, P2 = 20 kN.

Determine the allowable load under the condition that one or more rods reach the
limit state due to the attainment of the yield stresses.

Determine the ultimate load on the system, which turns it into a mechanism.

Solution 1: Comparison of the external load and system response to variations in the
external forces.

(1). Determine the modulus of the external load vector and the angle of inclination of
the resultant to the axis 1 P =

√
202 + 102 = 22.36 kN, tgϕ = 20/10 = 2,ϕ = 63.43◦,

P = P/22.36 = 1.0.
(2). We calculated the values of the radii of the limiting state ellipse (Figure 4).
For the stiffness matrix rod structure

[K] =
EA

l

∣∣∣∣ 0.3846 0.02133
0.02133 1.213

∣∣∣∣ (15)

calculating eigenvalues [
λK
]
=

EA
l

∣∣∣∣0.384 0
0 1.214

∣∣∣∣ (16)

and eigenvectors [
ϑK
]
=

∣∣∣∣−0.9997 −0.02572
0.02572 −0.9997

∣∣∣∣ (17)

We determined the allowable value of the reactive force for the direction of the
equally effective external load Rmax = 1.213ϑKA2E/l, Rmin = 0.3846ϑKA2E/l. Then,
we have ϑK = σl/0.3846E. The values of the reactive components of the system are
Rmax = 3.154σtA2, Rmin = σtA2. The values of the eigenvectors for the main axes of the
rigidity of the system are rotated by 90◦ with respect to the original axes, and the Rmax
direction and Rmin are mutually perpendicular.

We found the dimensionless value of the allowable load according to (12), per unit of
movement of the system node, and with the same direction as the given load Pa = 1.945.
Here Pa = Pa/σtA2.

Then, the largest value of the reactive nodal force created by the system in the direction
of the acting external load will be Pa = σtA1 = 36.64 kN.

The value of the resulting specified external load P = 22.36 kN, which is less than
the allowed value. The system will not lose resistance. According to the condition of the
problem, this means that there is a margin of safety for the load (or residual resource of the
resistance), and the structure can be subjected to an optimization procedure.

Solution 2: Comparison of the forces in the rods from a given normalized load and the
forces detected during self-tension of the system.
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We normalized the external load by the resulting value and obtained a vector of
external influences in the form

{
P
}

= {P}/22.36 = {0.4472, 0.8945}T.
Calculate the flexibility matrix of the structure

[L] =
l

EA

∣∣∣∣ 2.602 −0.04576
−0.04576 0.824

∣∣∣∣ (18)

define eigenvalues [
λL
]
=

l
EA

∣∣∣∣2.604 0
0 0.824

∣∣∣∣ (19)

and vector–matrix of eigenvectors[
ϑL
]
=

∣∣∣∣ 0.9997 0.02572
−0.02572 0.9997

∣∣∣∣ (20)

We determined the internal forces in the rods of the system from the normalized vector
of the external load using the formula

[SP] = −[C][A]T[L]{P} (21)

We obtained the distribution of efforts from the dimensionless components of the
external load vector in the form

[
SP
]
=

∣∣∣∣∣∣
0.4568
0.7177
−0.07294

∣∣∣∣∣∣ (22)

We found the vector of internal efforts from the nodal reaction vector of the system

[
SδΦin

]
=

∣∣∣∣∣∣
2.106
0.5044
−1.132

∣∣∣∣∣∣ (23)

From the results obtained, it follows that the force in rod 2-1 from the external load is
greater than the force from the self-tension in the same rod SP

2−1 � SδΦin
2−1 . Therefore, the

specified bar must lose resistance from a given load.
Compared efforts can be presented in dimensional units. The internal force from the

external load in rod 2–1 is SP
0−1 = 0.7177 · P = 16.05 kN.

The magnitude of the force in the same rod from the nodal reaction of the system is
SδΦin

0−1 = 0.5044σtA = 9.503 kN.
The permissible maximum value of the force in the rod from the value of the reaction

of the system is less than the force from a given load on 6.55 kN.

Solution 3: Comparison of stresses in rods from a given load and allowable stresses (design
resistances) according to the traditional method.

According to the matrix structural mechanics algorithm, we have the formula

[S] = −[C][A]T[L]{P} (24)

Load vector {P} = {10; 20}(kN).
Determine internal forces in rods and structures in (kN)

[S] =

∣∣∣∣∣∣
10.22
16.05
1.631

∣∣∣∣∣∣ (25)
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The stress in the most loaded bar is σcr
1−0 = Scr

1−0/A = 204.4 MPa, which is less than
the yield stress of the rod material. That is, the bar and the system have no loss of resistance.

3.2. Cross-Section Sizing Tasks (Structural Design)

Example 2:

For the system shown in Figure 2, with geometric parameters l = 2 m, α = 60◦, β = 45◦,
modulus of elasticity E = 2.1 · 105 MPa, and yield point σt = 240 MPa, select the area of
a rod of circular cross-section from a given load P1 = 10 kN, P2 = 20 kN.

Solution 1: Traditional method of strength of materials.

Based on the results obtained in Section 3.1 Solution 3, we obtained A = Scr
1−0/σt =

0.6688 · 10−4 m2.
We obtained the diameter of the rod as d = 9.2 mm.

Solution 2: The use of forces in the rods from the normalized values of the load.

For the obtained value of the forces in the rods, we found the cross-sectional area
A = 0.6688 · 10−4 m2.

3.3. The Weak Link (WL) Problem

Let us solve example 1 under the assumption that the rods have decreased in diameter
by 0.8 mm.

Then, according to solutions of examples 1 and 2, we can conclude that in the middle
bar 1–2, the limiting state reached the yield condition of the bar.

Note that because of the formulation of the problem in the form of finding the stress
state of self-stress in a structure at a critical energy level, we have the opportunity to find a
rod in which the greatest efforts (stresses) will appear first.

We will call this problem statement the “weak link” (WL) problem.

3.4. Problem of the Progressive Limit State Design (PLSD) of the Structure

Let us find out which rod will lose its resistance next. In the case of a large number of
elements in the system, it is possible to find the sequence of the exit of elements from the
work to the load because of the onset of the limiting state. We will call this type of problem
the problem of a progressive limit state design.

To do this, consider the two-rod structure shown in Figure 5.
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The stiffness matrix two-rod structure has the form

[K] =
EA

l

∣∣∣∣ 0.3846 0.02133
0.02133 0.2131

∣∣∣∣ (26)
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Determining eigenvalues[
λK
]
=

EA
l

∣∣∣∣0.3872 0
0 0.2104

∣∣∣∣ (27)

and eigenvectors [
ϑK
]
=

∣∣∣∣0.9926 −0.1215
0.1215 0.9926

∣∣∣∣ (28)

We determined the efforts from the reaction of the system SR
1−0 = −1.185, SR

1−3 = −0.8632.

We compared these with the efforts from the normalized external load vector SP
1−0 = 0.9822,

SP
1−3 = 0.5705.

For two cases, we found that the next one to go out of work on the load was the
rod 0–1.

We determined the actual cross-sectional area of the rod 0–1 after corrosion d = 7.5 mm.
We obtained A = 3.14 · 7.52/4 = 0.4416 · 10−4 m2.

The stresses in the bar from the limiting value of the reaction of the structure were
σR

1−0 = 284.4 MPa.
The stresses in the bar from a given external load were σR

1−0 = σP
1−0 = 497.3 MPa.

The rod lost strength in the plastic stage of deformation.

4. Conclusions

The study of the critical levels of strain energy based on the concept of “self-stress” or
“self-balance” of a structure permit us to find its limiting state.

Both the limiting states (ULS and SLS) are investigated as single mathematical model
using the eigenvalues problem of the stiffness (deflections) matrices.

Bringing the stiffness properties of the system to certain nodes and through the
calculation of the nodal reactions of the structure (or nodal displacements), we can construct
hyper ellipsoids of restrictions allowing for displacements (nodal forces) arising in the
structure. The restriction surface lets us discover the external loads before determining the
stresses in the elements of the structure.

The proposed approach enables finding the bar (link), which first has a loose resistance
at any loading of the structure. This is the formulation of the problem regarding the
WL finding.

The sequential application of the problem of the WL makes it possible to construct a
methodology for the progressive limiting state design of the structure, when the designer
has the opportunity to reproduce the process of the sequential failure of structural elements
affected by beyond design basis or accidental action.

In spite of using the new formulation, the results obtained for the new examples were
identical to those from the classical methods of structural mechanics yields.

Thus, the proposed methodology makes it possible to formulate and solve new types of
problems in structural mechanics, such as progressive collapse, controlling the parameters
of the system under beyond design basis actions, and smart structures.
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