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Abstract: To investigate the vibration control capability of a tuned mass damper inerter (TMDI)
on a transmission line, the motion equations of the transmission line with TMDI under harmonic
excitation were derived. Thus, the closed-form solutions of the displacement response spectrum
were obtained by Fourier transform. Based on the colliding bodies optimization (CBO), one of the
metaheuristic algorithms, the TMDI parameters, was optimized to minimize the displacement of
the transmission line-TMDI system. The research results show that the response of the transmission
line was reduced by at least half for different mass ratio and frequency ratio conditions, which
indicates that the TMDI can effectively control the displacement response of the transmission line.
In addition, the TMDI parameters were optimized by CBO, and the vibration control efficiency was
significantly improved. The results of the study show that the data converge quickly with fewer
iterations in collision body optimization. On the one hand, CBO avoids getting into local optimization
compared to other metaheuristic algorithms. On the other hand, it is cheaper in terms of the cost
of its calculations compared to the methods of mathematical derivation. It plays an active role in
the optimization of complex structures. The vibration suppression performance of the TMDI after
optimization reaches 56–96%.

Keywords: tuned mass damper inerter; closed-form solution of displacement response spectrum;
collision bodies optimization

1. Introduction

Based on electricity network security, more and more researchers are focusing on
vibration control in transmission lines. Electricity is an important renewable and clean
energy source, and it is becoming more and more important in this era. However, due
to the uneven distribution of wind, tidal, and light energy resources, the use of natural
resources for power generation is constrained by the geographical environment. The
working environment of transmission lines is complex and changeable. Therefore, ensuring
the safety of transmission lines cannot be ignored. In particular, the internal structure of
transmission lines has very low damping, resulting in long and light transmission lines in
the electricity network being particularly susceptible to wind, and being affected by wind-
induced vibration for more than two-thirds of the year [1]. Breeze vibration has received
attention from researchers. Breeze vibration is a high-frequency, low-amplitude harmonic
vibration. Although the energy and amplitude of breeze vibration are small, smaller wind
speeds can cause breeze vibration, and most lines are in breeze vibration for a longer
period if vibration prevention measures are not taken. The use of traditional dampers,
such as damping hammers, damping lines, spacer bars, and other control methods, has a
significant impact on the transmission line. Transmission lines are prone to short circuits
and apparatus damage, transmission line fatigue, tripping, and other failures. In particular,
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the internal fracture of a transmission line due to fatigue is difficult to observe and often
found when an accident has occurred.

The wire is subjected to wind load and vibrates by the following principle: first, when
the wind blows over the surface of the wire, it creates an air vortex coupled to the upper
and lower surfaces of the transmission line. Then, the air vortex begins to fall off from
the upper and lower surfaces of the transmission line in turn. Finally, an alternating force
perpendicular to the direction of the incoming flow is generated to act on the transmission
line, creating a periodic vibration response. In other words, vortex vibration is the basic
component of wind vibration. This vortex is named the Kármán vortex, as shown in
Figure 1. To control this form of vibration, which is very close to harmonic excitation,
much research has been carried out by previous authors. Housner [2], a Japanese professor
of engineering, introduced the idea of structural vibration management to reduce the
vibration of structures in the 18th century, and in 1972, Professor Yao [3] applied modern
control theory to the discipline of civil engineering. After about 47 years of research,
many research ideas have been developed and often applied in real-world engineering. In
electrical networks, structural vibration control [4] is the process of keeping the vibration
response of a structure within reasonable limits. It is generally carried out by positioning
devices and substructures to change or adjust the dynamic characteristics of the original
structure. According to whether external energy is required, structural vibration control is
divided into four categories: passive, active, hybrid, and semi-active control [5]. Active,
hybrid, and semi-active control can add more energy to the controller and help it adapt to
the system and the variety of different excitation forces. Compared to passive control, active
control consumes more vibration energy, but the high efficiency of active control is based
on the fact that it also requires a high amount of external energy of its own. However, due
to the relatively high weight of the active control system, there is little redundancy in the
installation area. Furthermore, in a harsh environment such as high-voltage transmission
lines, the application of active control systems is not feasible, and simple passive control
dampers are more beneficial.
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In past decades, wind-induced vibration has been reduced or eliminated by employ-
ing various techniques, including structural, aerodynamic, and mechanical techniques.
However, each technique has drawbacks and limitations. In 1988, Feldmann [6] studied
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in depth the nonlinearity of vibration-resisting hammers in breeze vibration. In 2011,
Hou [7] reviewed the progress of transmission conductor and vibration-resisting hammer
research while conducting an in-depth study on energy balance techniques and kinetic
methods. When the line has been operating for a long time, the conductor self-damping
characteristics and resonator damping characteristics tend to deteriorate, while the ex-
cessive mass of the resonator hammer produces a huge burden on the transmission line,
as concluded by Zhang [8] in 1997. Scholars have made different attempts to control the
vibration response of flexible cylindrical structures. Zhang [9] investigated the effect of
using a nonlinear energy sink for vortex-induced vibration control of a flexible cylinder.
However, for a flexible, light-weighted transmission line, sometimes it might be necessary
to make the damper mass as low as possible due to economical and practical considerations.
Among them, the vibration-damping effect of the antivibration hammer is proportional to
its weight, and the heavier the suspension mass, the better the vibration-damping effect.
Frahm [10] proposed a new type of damper called the tuned mass damper (TMD) in 1911.
Huang and Tang [11] investigated the vibration control of pulsating wind response to
large-span transmission tower structures by setting multiple annular TMDs. Song [12] used
multiple-tuned mass dampers (MTMDs) to investigate the vibration control of a transmis-
sion tower-line system based on its constructional characteristics. To control the structure,
Hongzhou [13] used a control scheme that combined TMDs and VEDs. The study’s find-
ings revealed that the control device had varying degrees of control effects on the wire
tension, tower top displacement, and acceleration, with a maximum reduction in response
values of 10–20%. Chengzhong [14] used a bidirectional TMD for wind vibration control of
transmission lines, and the results showed that the device was effective in controlling the
displacement and acceleration response of the conductors, with in-plane and out-of-plane
displacement control rates of 52.33% and 49.98%, respectively. On the other hand, many
scholars have studied the TMD optimal parameter control theory. Bisegna and Caruso [15]
used the transient response exponential decay rate to measure the performance of the TMD.
Greco [16] suggested a displacement and energy-based criterion for the best TMD design
and discovered that the energy criterion could greatly lessen the TMD system’s reaction.
Zhang [17] used optimization involving the nonlinear aeroelastic effect to obtain the most
economical TMD parameters. In 2002, Smith [18] introduced the concept of an inerter, using
a mathematical model of capacitance to create an inertial container, which has the same
dynamic properties in mechanics as capacitance in electricity [19]. It is widely used for
damping control of vehicles, structures, cables, robot joints, etc. The ideal inertial container
is a linear, massless, mechanical element with two endpoints, as shown in detail in Figure 2,
where F is the output force,

..
x1 and

..
x2 are the accelerations of the two endpoints, and b is

the scale factor of the difference between the output force and the accelerations of the two
endpoints, commonly referred to as inertance, also known as apparent mass. The TMDI is a
derivative of the TMD, which is a new type of damper consisting of a mass block, a spring,
and an inertial device. In 2013, Marian and Giaralis [20] used a combination of an inerter in
series with a TMD, as shown in Figure 2, called the tuned mass damper inerter (TMDI).
It aims to use the inertial mass amplification effect of the inerter to reduce the mass block
mass requirement of the TMD without diminishing its effectiveness of the TMD. Then,
they [21] optimized the TMDI to reduce the displacement variance of the undamped single-
degree-of-freedom system under white noise excitation, provided analytical solutions for
the optimal TMDI parameters, and numerically analyzed the damping performance of
the TMDI in the undamped and damped multi-degree-of-freedom. The numerical results
revealed that the TMDI has better control performance than TMD.
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The three forms of the TMDI are due to differences in inerter: rack–pinion inerter [22],
ball–screw inerter [23], and hydraulic inerter [24], as shown in Figure 3. However, the
more advanced ball–screw inerter and hydraulic inerter are more limited in the application
scenario of transmission line vibration control. This is because high-voltage transmission
lines can be in many adverse environments, such as significant temperature variations
between day and night, conductor icing, and other arduous environments. Therefore, in
this study, the rack–pinion inerter is used. The TMDI has recently attracted much interest in
the fields of seismic and wind resistance of buildings and vibration-damping optimization.
The seismic performance of foundation structures is enhanced using the TMDI features
to increase the seismic capacity of buildings by De Domenico [25,26]. Pietrosanti [27]
used a software system to analyze the seismic mitigation effect of the TMDI during a
seismic yield increase. To study the control effect of the TMDI on the wind response
of high-rise buildings under wind excitation, Giaralis [28] investigated the effect of the
TMDI on the wind vibration of high-rise buildings by numerical simulation of 74-story
building structures. The research of Giaralis [29] was based on the aerodynamic empirical
power spectrum. Dai [30] studied the effect of the position of the inerter on a flexural
TMDI structure under wind excitation performance under wind excitation and gave an
empirical formulation for the ideal control system parameters. Zhang [31] proposed using a
tuned mass-damper-inerter (TMDI) to mitigate edgewise blade vibrations in wind turbines.
Lee [32] investigated the effect of the inerter location on the control performance of the
TMDI in wind-induced vibration mitigation of flexible structures. It was shown that
increasing the inertance of the inerter can effectively improve the high-mode damping
effect of the TMDI, and optimizing the inerter location is more efficient for fundamental
mode vibration mitigation. From these research results, the TMDI is significantly better
than an antivibration hammer and TMD for structural vibration control. In particular, the
TMDI is lighter in mass and places less burden on the wire, so using a TMDI to control the
transmission line vibration response is beneficial to avoid a fatigue fracture effect inside
the transmission line and prolong the service life of the transmission line. Undeniably, the
difficulty of TMDI research is that the performance is very sensitive to its frequency ratio
and damping ratio. Therefore, parameter optimization of the TMDI is the most urgent
research area in the field of structural vibration control of transmission tower-line systems
under wind loads.
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Figure 3. Three forms of the inerter: (a) rack–pinion inerter [22]; (b) ball–screw inerter [23];
(c) hydraulic inerter [24].

An important part of the optimal design problem for the TMDI is the choice of the
optimization method. An optimization procedure is generally required to determine the
optimal TMDI parameters that enable the control target. In addition to the familiar range of
mathematical methods, metaheuristic algorithms have emerged as the computing power of
computers has grown rapidly. The metaheuristic algorithm is an intuitively or empirically
constructed algorithm that computes the optimal solution to a problem over a specified
range of values. For different data search strategies, metaheuristic algorithms are subdi-
vided into many classes, such as genetic algorithms, annealing algorithms, artificial bee
colony algorithms, collision body optimization, etc. Most engineering problems are partial
differential equations or ordinary differential equations after simplification. However,
purely theoretical mathematical derivations and metaheuristic algorithms have completely
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different ideas for solving optimal solutions. The fixed-point theory, first proposed by
Hartog [33] in 1985, is used as an example. The method is based on the characteristics of
the frequency response curve of the main structure, and the expression of the analytical
solution of the optimal parameters of the damper under simple harmonic excitation is
obtained by the Vieta theorem. Although the fixed-point-based optimization method can
accurately capture the local optimal solution in the range of value domain, the cost of its cal-
culations is very expensive. Furthermore, the fixed-point theory becomes more difficult to
calculate as the complexity of the structure increases. Dong [34] used a revised fixed-point
theory to study the variation law between dynamic parameters when sandwich-damped
cantilever TMDs are coupled to each other and proposed a two-stage design method for
decoupling. Li [35] proposed a new vibration-damping device, namely, the variable tuned
mass damper inerter (VTMDI), and used fixed-point theory to systematically study its
damping performance. Luo [36] used fixed-point theory to study the series viscous mass
damper SVMD with optimized parameters and derived the structural response transfer
function of SVMD. Ikago [37] proposed the tuned viscous mass damper (TVMD) based on
an inerter and optimized its parameters using fixed-point theory. Barredo [38] used the
fixed-point theory approach to obtain closed solutions for inerter-based dynamic vibration
absorbers (IDVAs) and used numerical simulations and theoretical derivation methods
to verify the analytical solutions. From these studies, some drawbacks of the fixed-point
method were also exposed. On the one hand, the damping of the main structure is ne-
glected in the engineering of the optimized dampers using the fixed-point method. On
the other hand, in the optimization process of complex structures facing multiple degrees
of freedom, it has been difficult to solve it using pure mathematics alone. To address this
limitation, the metaheuristic algorithm has received attention from scholars at home and
abroad, and many scholars have successfully applied it to solve various complex damper
optimization problems. The optimization strategies of metaheuristic algorithms mostly
simulate natural phenomena or physical laws and perform global searches in the range of
values while mining local data through continuous iterations of the established strategies.
Hadi and Arfiadi [39] used a genetic algorithm for the optimal design of a multi-degree-
of-freedom damper. Febbo and Vera [40] used simulated annealing (SA) for the optimal
design of a two-degree-of-freedom system. Bozer and Özsarıyıldız [41] used an artificial
bee colony algorithm to obtain the optimal parameters of the MTMD. In 2014, the Iranian
scholar Kaveh [42] simulated the process of object collision and proposed colliding body
optimization (CBO). CBO is one of the metaheuristic algorithms. It uses a strategy that
simulates the law of conservation of energy and the law of conservation of momentum
to find the optimal solution. The data to be optimized is divided into two parts called
moving body and stationary body, respectively. The optimization process is expressed as a
moving body crashing into a stationary body and updating the position and velocity of the
colliding body after the two parts collide. The collision process is repeated continuously so
that the colliding body reaches the best position. CBO is capable of efficiently searching
all data in the value range while maintaining a balance between the degree of global and
local search. Compared with other metaheuristic algorithms, the collision optimization
algorithm has fewer iterations of optimized solutions, faster convergence, and more stable
data. Therefore, the CBO algorithm is more beneficial to solve the optimization problems
of closed solutions of bivariate controlled displacement responses and closed solutions of
uncontrolled responses. Therefore, CBO is more favorable for solving the problem of TMDI
parameter optimization.

Due to the sensitivity of the TMDI to the damping ratio and frequency ratio, the control
performance of the applied inerter depends on its parameters. Further analysis is needed to
better evaluate the inerter enhancement effects and determine the optimal parameters. To
address this problem, this paper conducts an analysis to evaluate the control performance
of the TMDI subjected to harmonic excitations. Based on the Fourier transform approach, a
closed-form solution is derived, and the control performance of the TMDI can be calculated
quickly (Section 2). Next, in Section 3, based on the obtained formulas, the procedure of
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CBO determined the optimal design parameters (frequency ratio and damping ratio). Then,
the inerter dependence analysis is carried out by comparing the control performance of
the TMDI at different mass ratios and apparent mass ratios. A solution is proposed for
a lightweight design of a damping device to adapt to different working conditions. This
paper fills the gap in the optimization method of the TMDI in transmission line-TMDI
systems, laying the foundation for subsequent studies that combine TMDI and damping
lines in transmission line-TMDI systems.

2. Control Equations for Combined Transmission of the Wire-TMDI Systems
2.1. Movement in the PLANE of Transmission Wire

In this paper, the excitation force is from the fixed end of the wire h meters, the duration
of t seconds is simplified as a concentrated load Fn(x, t), the nongrounded TMDI device is
installed at the distance from the wire a, and the other end of the inerter is suspended from
the wire a + g, and its mechanical analysis model is shown in Figure 4. Considering the
physical properties of the inerter, the acceleration between the two ends of the inerter plays
a positive role in the vibration suppression performance of the transmission line-TMDI
system. Therefore, we expect the two ends of the TMDI to be suspended at the crest and
trough of the nth vibration mode for the system.
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Due to the special structure of the transmission conductor itself, there are problems
such as mutual misalignment friction between the strand and the strand when the conductor
vibrates; it is not possible to fully simulate the essential characteristics of the transmission
conductor realistically, and it is more complicated to describe its dynamic characteristics.
So, to facilitate the establishment of a mathematical model, the transmission conductor is
subjected to the following basic assumptions in this paper.

(1) The transmission conductor span is a large gear distance. Its diameter is much
smaller than the gear distance, and according to the self-limiting conductor, transmission
conductor breeze vibration displacement usually does not exceed the transmission con-
ductor diameter size. Therefore, it is assumed that the slope of the wire when the breeze
vibration occurs is very small, i.e., the ratio of file distance to displacement amplitude is
much less than 1 [43].

(2) In the mechanics of materials, it is pointed out that in the Euler–Bernoulli beam
theory, for slender beams (h/ L→ 0), shear deformation can be ignored, and only bend-
ing deformation is considered. According to the description of the situation in (1), the
transmission conductor cross-sectional bending moment can be expressed as EI∂2y/∂x2.

(3) Since the diameter of the transmission conductor always remains the same size, no
change is found along the length direction with the tension deformation of the conductor.
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Therefore, it is assumed that the basic parameters such as unit mass and tension of the
transmission conductor do not change with the length direction.

Based on the above assumptions, the transmission conductor can be simplified as a
small-stiffness beam structure under tension. For the transmission conductor of suspen-
sion chain line type, the suspension points at both ends are regarded as hinged, and its
microsegment force analysis is shown in Figure 5.
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For the microsegment analysis, the equilibrium equation of the force in the y-direction
and the equilibrium equation of the moment for point A are listed: TB sin αB − TA sin αA −m1

∂2y(x,t)
∂t2 dx− c1

∂y(x,t)
∂t dx− ∂Q

∂x dx = [−Fn(x, t)− F2(x, t)]dx(
M + ∂M

∂x dx
)
−M−

(
Q + ∂Q

∂x dx
)

dx−m1
∂2y(x,t)

∂t2 dx dx
2 + TB sin αBdx− TB cos αB

∂y(x,t)
∂x dx = 0

(1)



tan αA = ∂y(x,t)
∂x

tan αB = ∂y(x,t)
∂x + ∂2y(x,t)

∂2x dx
TA = T

cos αA
TB = T

cos αB

M = EI ∂2y(x,t)
∂x2

Q = ∂M
∂x = EI ∂3y(x,t)

∂x3

(2)

where Q and M indicate the transmission conductor shear force and bending moment,
respectively. Thus, bringing (2) into (1), the equation of motion of the transmission line-
ungrounded TMDI under concentrated load can be expressed as:

m1
..
y(x, t) + c1

.
y(x, t) + EIy′′′′(x, t)− Ty′′ (x, t) = Fn(x, t) + F2(x, t) + F3(x, t) (3)

where m1; c1 is the unit mass and damping of the conductor along the span direction, EI
is the bending stiffness of the transmission conductor, y(x, t) is the differential vibration
displacement of the transmission line, F2(x, t) is the force acting on the wire at position x
in the ungrounded TMDI system at time t, F3(x, t) is the inerter force in the ungrounded
TMDI system, Fn(x, t) is the external excitation force, T is the average running tension of the
transmission line, and

.
y and y′ denote the partial derivatives concerning and t, respectively.
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2.2. Approximate Series Solution of the Equations of Motion

According to the principle of structural dynamics, the external force frequency is close
to the nth-order wire self-oscillation frequency, thus generating wind vibration, so Fn(x, t),
F2(x, t), F3(x, t) can be expressed as Equation (4).

Fn(x, t) = δ(x− h)Fy sin(ωnt)
F2(x, t) = δ(x− a)

[
c2
( .
y2 −

.
y
)
+ k2(y2 − y)

]
= −δ(x− a)

[
b
( ..
y2 −

..
y3
)
+ m2

..
y2
]

F3(x, t) = δ[x− (a + g)]b
( ..
y2 −

..
y3
)

δ(x− h) =
{

∞ (x = h)
0 (x 6= h)

(4)

where δ( ) is the Dirac delta function, Fy is the vibration amplitude, and ωn is the external
excitation frequency, which is similar to the nth-order wire self-oscillation frequency. m2,
k2, c2, and b denote the mass of the ungrounded TMDI, the stiffness of the spring, the
damping, and the mass parameter of the inerter, respectively. a is the distance between the
nongrounded TMDI and the leftmost end of the wire. y2,

.
y2, and

..
y2 are the vertical dis-

placement, absolute velocity and absolute acceleration of the mass block of the ungrounded
TMDI system, respectively.

..
y3 is the absolute acceleration of the wire at the suspension of

the inerter.
F2(x, t) is obtained from m2

..
y2 + c2

( .
y2 −

.
y
)
+ k2(y2 − y)+ b(

..
y2−

..
y3) = 0. In particular,

the numerical corner marks 1, 2, and 3 carried by the letters indicate the main structure, the
mass block, and the inerter in the TMDI, respectively. y(x, t) =

∞
∑

n=1
un(t)φn(x)

φn(x) = sin(nπx/L)
(5)

φn(x) is composed of n independent vibration patterns of transmission line, which are
derived by the Galerkin method satisfying the boundary conditions of the conductors. The
vibration pattern of a continuous transmission line subjected to wind load is very similar
to the sine function, so the sine function is used as the vibration function in this paper.
un(t) is the generalized coordinate corresponding to the nth-order shape function of the
transmission line.

Using the modal decomposition method of the structural equations of motion, (5) is
substituted into Equation (3), and the left side of both sides of the equation are multiplied
by the nth-order vibration type φn; then the excitation force, the ungrounded TMDI action
force and the inerter action force are:

∫ L
0 φn(x)Fndx = Fy sin(ωnt)

∫ L
0 φn(x)δ(x− h)dx = φn(h)Fy sin(ωnt)∫ L

0 φn(x)F2dx =
[
b
( ..
y2 −

..
y3
)
+ m2

..
y2
] ∫ L

0 −φn(x)δ(x− a)dx = −φn(a)
[
b
( ..
y2 −

..
y3
)
+ m2

..
y2
]∫ L

0 φn(x)F3dx = b
( ..
y2 −

..
y3
) ∫ L

0 φn(x)δ[x− (a + g)]dx = φn(a + g)b
( ..
y2 −

..
y3
) (6)

By the orthogonality between structural vibration modes, the coupled N-linked equa-
tions of motion can be changed into a set of decoupled N equations of motion for a
generalized single-degree-of-freedom system. Therefore, the equation of motion of the gen-
eralized single-degree-of-freedom system of transmission conductor-ungrounded TMDI of
any nth-order vibration type is expressed as:

M1n
..
un + C1n

.
un + K1nun = φn(h)A(x) sin(ωnt)− φn(a)

[
b
( ..
y2 −

..
y3
)
+ m2

..
y2
]
+ φn(a + g)b

( ..
y2 −

..
y3
)

(7)
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where M1n, C1n, and K1n are the nth-order generalized mass matrix, generalized damping
matrix, and generalized stiffness array of the nth-order of the wire, respectively, as shown
in the equation. 

M1n =
∫ L

0

∞
∑

i=0
φi(x)mφn(x)dx =m

∫ L
0 [φn(x)]2dx

C1n =
∫ L

0

∞
∑

i=0
φi(x)cφn(x)dx = c

∫ L
0 [φn(x)]2dx

K1n =
[

EI
( nπ

L
)4

+ T
( nπ

L
)2
]∫ L

0 [φn(x)]2dx

(8)

The corresponding transmission conductor-ungrounded TMDI system when control-
ling the nth-order of vibration can be expressed as:[

M1n − φn(a)φn(a + g)b + φ2
n(a + g)b φn(a)(m2 + b)− φn(a + g)b

−φn(a + g)b m2 + b

][ ..
un..
y2

]
+

[
C1n 0

−φn(a)c2 c2

][ .
un.
y2

]
+

[
K1n 0

−φn(a)k2 k2

][
un
y2

]
=

[
φn(h)Fy sin(ωnt)

0

] (9)

Therefore, the displacement response spectrum of transmission conductor-ungrounded
TMDI can be expressed as:

Y(ω) =

{
Un(ω)
Y2(ω)

}
= H(ω)F(ω) (10)

H(ω) = (−ω2M + iωC + K)
−1

=

[
H1 H2
H3 H4

]−1

(11)

Substituting the mass matrix M, stiffness matrix K, and damping matrix C in
Equation (9) into Equation (11), we obtain,

H1 = −ω2[M1n − φn(a)φn(a + g)b + φ2
n(a + g)b

]
+ iωC1n + K1n

H2 = −ω2[φn(a)(m2 + b)− φn(a + g)b]
H3 = ω2φn(a + g)b− iωφn(a)c2 − φn(a)k2
H4 = −ω2(m2 + b) + iωc2 + k2

(12)

The response spectrum component is obtained from Equation (9),

U1n(ω) =
(−ω2(m2 + b) + iωc2 + k2)F(ω)

H1H2 − H3H4
(13)

Then, the nth-order controlled displacement response spectrum of the transmission
wire-ungrounded TMDI at the conductor is:

y1n(ω) =
φn(x)

(
−ω2 + 2iωωnζγ + (ωnγ)2

)(
sin(nπh/L)A(x) ωn

ω2−ω2
n

(
(ω+ωn)

2ωn
e−i(ω−ωn)t1 − (ω−ωn)

2ωn
e−i(ω+ωn)t1 − 1

))
H1

(
−ω2 + 2iωωnζγ + (ωnγ)2

)
+
(

ω2φn(a + g)b− 2iωωnζγφn(a)− φn(a)(ωnγ)2
)
(M1nµ(1+β)φn(a)− φn(a + g)b)ω2

(14)

J =
y1n(ω)

UC1n(ω)
(15)

where y1n(ω) is the nth-order controlled response of the conductor, J is the displacement
response normalization, which is used to measure the damping effect, and UC(ω) is the
nth-order vibration uncontrolled response of the conductor. Generally speaking, when
the transmission conductor produces breeze vibration, it is easy to cause the nth-order
resonance of the conductor, and the other higher-order frequencies have less effect on
the transmission conductor vibration, so only the nth-order vibration displacement is
considered, and its equation of motion is:

M1n
..
un + C1n

.
un + K1nun = φn(h)Fn (16)
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Through the equation of motion and the Fourier transform, the solution can be ob-
tained from the displacement response spectrum of the transmission conductor generating
the nth-order vibration

U1n(ω) =
(
−ω2M1n + iωC1n + K1n

)−1
F(ω) (17)

Among them:

F(ω) = φn(h)Fn = φn(h)A(x)
ωn

ω2 −ω2
n

(
(ω + ωn)

2ωn
e−i(ω−ωn)t1 − (ω−ωn)

2ωn
e−i(ω+ωn)t1 − 1

)
(18)

Response spectrum components:

U1n(ω) =
1

−ω2M1n + iωC1n + K1n
φn(h)A(x)

ωn

ω2 −ω2
n

(
(ω + ωn)

2ωn
e−i(ω−ωn)t1 − (ω−ωn)

2ωn
e−i(ω+ωn)t1 − 1

)
(19)

Then, the displacement response spectrum at the transmission line is:

UC1n(ω) = φn(x)U1n(ω)

= 1
−ω2 M1n+iωC1n+K1n

φn(x)φn(h)A(x) ωn
ω2−ω2

n

(
(ω+ωn)

2ωn
e−i(ω−ωn)t1 − (ω−ωn)

2ωn
e−i(ω+ωn)t1 − 1

) (20)

3. Solution Method Based on CBO
3.1. The Optimization Process of CBO

In the case of a one-dimensional collision of two objects in an independent system
without external forces, the total momentum of the whole system is conserved, and the
momentum of all objects before the collision is equal to the momentum of all objects after
the collision, expressed by the following equation.

m1v1 + m2v2 = m1v′1 + m2v′2 (21)

1
2

m1v2
1 +

1
2

m2v2
2 =

1
2

m1v′1
2 +

1
2

m2v′2
2 + Q (22)

where v1, v2 indicates the initial velocity of the two objects before the collision, v′1, v′2
indicates the final velocity of the two objects after the collision, and Q is the loss of ki-
netic energy [44] caused by the collision. Jointly (21) and (22) can be obtained after the
collision velocity.

v′1 =
(m1 − εm2)v1 + (m2 − εm2)v2

m1 + m2
(23)

v′2 =
(m2 − εm1)v2 + (m1 + εm1)v1

m1 + m2
(24)

ε =

∣∣v′2 − v′1
∣∣

|v2 − v1|
=

v′

v
(25)

There are only two scenarios in any collision where ε is the coefficient of restitution
(COR), defined as the ratio of relative separation velocity to relative approach velocity. One
example is a collision that occurs when Q = 0 and ε = 1 is totally elastic. The difference
between the relative velocities before and after a full impact is constant since there is no
kinetic energy loss. The second scenario is when Q 6= 0 happens, causing an inelastic
collision and a partial loss of kinetic energy. As a result, the difference in velocities after the
collision is smaller than the difference in velocities before the collision. To create a healthy
balance between global search and local search throughout the optimization process, the
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COR is defined as the following equation [45]. The COR is used to govern the degree of
global search and data mining by the algorithm.

ε = 1− iter
itermax

(26)

The colliding bodies optimization (CBO) algorithm proposed by Kaveh and Mah-
davi [46] is used to optimize the optimal parameters of the TMDI for different solid mass
ratios and apparent mass ratios with frequency ratio (µ) and damping ratio (β) as functions
of independent variables. CBO is a metaheuristic algorithm that does not require the ad-
justment of internal parameters and is suitable for the easy handling of complex black-box
functions. The method has been successfully applied to the steady-state optimization of
multi-degree-of-freedom structures of TMDI equipment [47]. The CBO pseudocode for the
displacement minimization problem is as follows:

Within the preset boundary conditions, the positions of the colliding bodies are ran-
domly generated, as shown in Equation (27).

xi = xmin + rand(xmax − xmin), i = 1, . . . , n (27)

where xi denotes the position of the ith colliding body after initialization, and xmin repre-
sents the maximum and minimum values of the parameters to be optimized, respectively;
rand( ) is a random number between [0,1], and n is the population size of the object.

For each CB, the objective function is calculated, as in Equation (28), where obji is the
objective function.

obji = z(xi), i = 1, . . . , n (28)

The mass of CBs is assigned proportioned inversely to its fitness value.
f it(k) = 1

obji
, i = 1, . . . , n

mk =
f it(k)

n
∑

i=1
f it(k)

, k = 1, . . . , n (29)

where computational convenience defines f it(k) as the value of the fitness function of
the ith collision body, which is inversely proportional to the objective function. It can be
seen from Equation (29) that the smaller the fitness function the greater the quality of the
individual, and the larger the fitness the smaller the quality of the function.

The population tie was divided into two parts according to the ascending order of
fitness function values, as shown in Figure 6. The individuals with small fitness values in
front of the ranking are divided into the stationary group, and the initial velocity of the
stationary group before the collision is zero. The individuals with large fitness are divided
into the collision group, and the initial velocity of the motion group before the collision is
the difference between the relative positions of the colliding bodies.{

Stationary group : vi = 0, i = 1, 2, . . . , n
2

moving group : vi = xi − xi−n/2, i = n
2 + 1, . . . , n

(30)
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The CBs in the second part move toward their relevant CBs in the first part., and obtain
the velocity of the stationary group after the collision and the velocity of the moving group
after the collision, as shown in Figure 7. Stationary group : v′i =

(mi+n/2+εmi+n/2)vi
mi+mi+n/2

, i = 1, . . . , n
2

moving group : v′i =
(mi−εmi−n/2)vi

mi+mi−n/2
, i = n

2 + 1, . . . , n
(31)
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The new positions of CBs are calculated in terms of their after-collision velocities.{
Stationary group : xnew

i = xi + rand◦v′i, i = 1, . . . , n
2

moving group : xnew
i = xi−n/2 + rand◦v′i, i = n

2 + 1, . . . , n
(32)

where xnew
i , xi, and v′i are the updated position, the position before the update, and the

velocity after the collision occurred, respectively. rand( ) is a random number between
[−1,1]. The symbol ‘◦’ implies a dot product.

If the current number of iterations is equal to the maximum number of iterations, the
algorithm is terminated. Otherwise, Otherwise, re-execute the CBO. The flowchart of the
CBO algorithm is shown in Figure 8.
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The goal of this article is to minimize the maximum amplitude of the displacement
response (called y3n(ω)). From Equation (13), it can be seen that both the damping ratio and
frequency ratio of the TMDI affect the displacement response of the transmission conductor.
Therefore, by choosing reasonable optimization parameters, the displacement response can
be effectively reduced. To control the maximum amplitude of the transmission conductor
displacement response, a simple and efficient optimization procedure is used to generate
the TMDI-optimized design parameters.

In this study, the number of CBs and the number of steps used in the optimization
process are 20 and 30, respectively, and run 10 times, and finally, the average of the
optimization results is taken. In the MATLAB vector representation, the range of preselected
values is shown below:

µ = [0.01 : 0.01 : 0.32], β = [0 : 0.02 : 1] (33)

In this step, the displacement response is used as the objective function, and the
frequency and damping ratio are used as design variables. In the MATLAB vector repre-
sentation, the range of tuning values is shown below:

ζ2= [0 .01, 1],γ = [0, 1] (34)



Buildings 2022, 12, 2200 15 of 21

3.2. Numerical Analysis

To further verify the vibration response of the vertical displacement of the conductor
under the action of the grounded TMDI, the effect of the grounded TMDI on the displace-
ment response of the transmission conductor is analyzed. The transmission conductor
is made of LGJ300/25 steel strand; its detailed parameters are shown in the following
table. The conductor is hinged at both ends to simulate the suspension of the transmis-
sion conductor on the transmission tower and apply a tension of 20% breaking force,
83.41 × 20% = 16.68 kN.

The modal frequency of the nth order of the conductor, calculated [48,49] as:

ω1n =
nπ

L

√
T
m

√
1 +

n2π2EI
L2T

(35)

Substituting Table 1’s parameters into Equation (35) yields the third-order modal fre-
quency of the transmission conductor as: 38.421 rad/s. The excitation force with amplitude
A(x) = 230 kN and frequency 38.421 rad/s will produce the third-order resonance of the
transmission conductor. Due to the existence of real and imaginary parts, the formula for
calculating the displacement amplitude is as follows.

|Y| =
√

Y2
Re + Y2

Im (36)

Table 1. Transmission wire parameter table.

Parameters Numerical
Value Parameters Numerical

Value

Structure
Number

of
roots/diameter

(mm)

Aluminum 48/2.85 Outer diameter
(mm) 23.76

Steel 7/2.22 Calculation of
pull-off force (N) 83,410

Calculated area
Aluminum 306.21

Modulus of
elasticity
(N/mm2)

65,000

Steel 27.1 Mass per unit
length (kg/km) 1058

Total 333.31 Length of test
section (m) 30.84

As shown in Figure 9, the maximum displacement response at L/6, L/2, and 5/6 L of
the conductor with the excitation force applied at 2.6 m from the end of the conductor is
0.3838. The vibration-damping effect of the TMDI at the maximum displacement of the
conductor can be analyzed for all three conditions of the grounded TMDI installed at L/6,
L/2, and 5/6 L from the conductor, so this paper unifies the analysis of the displacement
response at L/2 of the conductor. The displacement response of the wire L/2 is analyzed,
and the peak and trough positions (g = L/3) of the displacement response of the wire
connected to both ends of the TMDI are used to analyze the vibration-damping effect of
the TMDI.
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3.3. TMDI Validity Analysis

To study the effectiveness of the ungrounded TMDI on the control effect of transmis-
sion conductor breeze vibration response the mass ratio µ and apparent mass β of the
ungrounded TMDI system are taken as [0.08, 0.02, 0.3] and [0.2, 0.2, 1], respectively. The
optimal parameters of the ungrounded TMDI are obtained by the collision optimization
algorithm, and the displacement response spectrum of transmission conductor-TMDI is
obtained by substituting into Equation (14). The frequency domain response analysis of the
transmission conductor under the excitation force is then carried out.

From Figure 10, the maximum displacement response of the conductor at the third-
order modal frequency after installing the ungrounded TMDI decreases significantly in the
frequency domain analysis, and the damping effect is better as β and µ increase. Compared
with the displacement response of the uncontrolled transmission high line, the frequency
domain analysis is performed in the working condition of β = 1.

For µ = 0.08, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2, 0.22, 0.24, 0.26, 0.28, and 0.3, there is a
maximum displacement response at the third-order modal frequency ω13 = 38.42. The peak
maximum displacement response of the transmission conductor-TMDI is reduced by 56%,
68%, 72%, 81%, 83%, 87%, 89%, 90%, 91%, 93%, 94%, 94%, and 96%, respectively.

Equation (14), based on the ideal frequency ratio and damping ratio resolved by the
CBO method, yields the displacement response of the conductor vibration. By varying
the mass ratios µ and apparent mass ratio β, it is possible to examine the impact on the
transmission conductor-grounded TMDI structure’s maximum displacement response, as
well as the effects of the ideal frequency ratio γopt and damping ratio ζopt of the TMDI. The
working conditions in Figure 11 are detailed in Equation (33), with a total of 1632 working
conditions. It is important to note that the displacement responses corresponding to the
x-axis (mass ratio µ) and y-axis (apparent mass ratio β) in the figure, which correspond to
various frequency ratios γopt and damping ratios ζopt of the TMDI, should be taken into
particular consideration. The displacement contour plot in the figure shows a noticeable
color change from the bottom left to the upper right corner, which indicates that the
displacement response is declining as µ and β rise. The control effectiveness reaches 96%,
and the smallest displacement response is 0.016, J = 0.04. y(ω) crosses more contour areas
as β rises when µ ∈ [0.15, 0.3], indicating that the TMDI has a stronger control impact.
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Figure 10. Displacement response of transmission conductors before and after installation of un-
grounded TMDI under frequency domain analysis.
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4. Conclusions

In this study, the differential equations of motion of the transmission highline-TMDI
under simple harmonic excitation are established, the displacement response of the trans-
mission conductor acting on the TMDI is analyzed in the frequency domain based on
the Fourier transform, and the response of the transmission highline-TMDI structure is
optimized using a collision optimization algorithm based on a metaheuristic algorithm.
The main findings are summarized in the following paragraphs.

(1) By putting forward reasonable assumptions and simplifying the structure of the
tower-line system, the closed-form solutions of the control performance of the transmission
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conductor-TMDI (with arbitrary parameters µ, β, γ and ζ) under the action of breeze
are derived. The results show that the control performance using simple harmonic loads
induced by breeze vibrations is mainly influenced by γ and ζ for structures dominated by
fundamental modes, Equation (14).

To provide effective vibration damping, the nongrounded TMDI employs a connection
form that creates the largest vibration differential between the two end connection points.

(2) Compared with the displacement response of the uncontrolled transmission high
line, the frequency domain analysis is performed in the working condition of β = 1.

µ= 0.08, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2, 0.22, 0.24, 0.26, 0.28, and 0.3, and there is a
maximum displacement response at the third-order modal frequency ω13= 38.42. The peak
maximum displacement response of the transmission conductor-TMDI is reduced by 56%,
68%, 72%, 81%, 83%, 87%, 89%, 90%, 91%, 93%, 94%, 94%, and 96%, respectively. So it is
more efficient to change µ when µ < 0.16 and more efficient to change β when µ > 0.16.

(3) For the controlled displacement response, as the mass ratio µ to the apparent mass
ratio β of the transmission conductor-TMDI system increases and decreases, the damping
capacity continues to improve, and the third-order modal vibration control efficiency can
reach 96% without the constraints of engineering conditions.
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