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Abstract: Thin sandstone is a widely used building material; however, its compressive behavior
is not well understood. Four groups of cylinders were manufactured in a factory to investigate
the uniaxial compressive behavior of red sandstone. Uniaxial compression tests were performed
to determine the compressive behavior and failure mode of the specimens. The geometry of the
stress–strain diagram varied among the four groups. The critical strain generally increased with a
decrease in the height of the cylinder, whereas the compressive strength exhibited an inverse trend.
The experimental diagrams were normalized with the peak stress and corresponding critical strain to
represent the stress–strain diagram of each group of cylinders. A formula consisting of two parabolas
was employed for regression to obtain a representative mathematical expression of the diagram.
The correlations between porosity, compressive strength, and elastic modulus were evaluated based
on empirical expressions. Normalized strength was employed to evaluate the size effect on the
diameter and length–diameter ratio (L/D) of the cylinder; the latter provided a better prediction of
the experimental results than the former. A new expression in terms of L/D was proposed based
on the regression analysis of the experimental results. This study is beneficial for the engineering
application of sandstone as a construction material.

Keywords: sandstone; compressive strength; stress–strain diagram; size effect; length–diameter ratio

1. Introduction

As a common construction material, sandstone has been widely used in building struc-
tures [1–3], monuments [4], building facades [5,6], and ornamentation [7,8]. Natural stones,
such as sandstone, have been cut into various geometries for structural usage [9,10]. The un-
expected failure of structural stones is primarily due to the degradation of the load-bearing
capacity [11]. This has become the primary limitation of sandstone as a building material,
particularly for load bearing. Because of the varied geological locations of sandstones, load-
ing tests are an efficient approach to determine their mechanical properties. The uniaxial
compressive strength (UCS) of sandstone is an important mechanical property with regard
to buildings [12,13]. Experimental studies have demonstrated that UCS primarily varies
according to the mineralogy and microstructure of the material. The elastic modulus and
UCS are fundamental mechanical properties of rocks. Rock-specific models [14] have been
developed based on the Bayesian framework for model assessment to obtain the magnitude
of the modulus ratio in the expression of Deere’s proportionality rule [15]. The UCS of
sandstone is affected by the grain size, mineralogy, and porosity [16]. Garrido et al. [17]
employed point load and rebound hardness to predict the uniaxial compressive strength.
Based on indentation tests, the correlation between the UCS and elastic modulus was deter-
mined, and the proposed expressions were capable of estimating the UCS of sandstone [18].
The compressive strength of sandstone under triaxial loading conditions is larger than
that under uniaxial loading [19]. A low-cost method was developed to prepare synthetic
sandstone with mechanical properties identical to those of natural sandstone [20]. Repro-
ducible sandstones with controlled properties provide opportunities to study the effects of
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the petrophysical characteristics on the mechanical behavior. Over the entire service life
of sandstone, bioweathering affects its UCS [21]. The effects of chemical degradation on
the mechanical behavior appear when sandstone is exposed to acid rain [22,23]. In these
studies, the failure of the stone claddings was caused by mechanical strength degradation.

Standard uniaxial loading tests are widely used to determine the UCS of stone mate-
rials. Fracture damage is the dominant failure mode of brittle materials, such as natural
stones. A complete stress–strain diagram consisting of loading stages was developed by
Eberhardt et al. [24]. The experimental results of Peng et al. [25] indicated that the burial
depth of granite is correlated with the magnitude of the UCS. The magnitude of the UCS
generally increases with depth [26]. Uniaxial compressive tests conducted by Liu et al. [27]
showed that the direction of the vein in the marble was closely correlated with the UCS. The
magnitude of the UCS in the horizontal vein was approximately twice that in the vertical
vein. Huang and Lu [28] conducted a series of compression tests on granitic buildings. The
compressive strength varied with the specimen dimensions. Based on the experimental
results, a reduction factor representing the porosity of sandstone was used to predict the
UCS [29]. The statistical analysis results indicated that the regression formula provided
an idealized prediction. Petrography-based models have been used to predict the uniaxial
compressive strength of sandstone [30]. Petrographic parameters, such as packing density,
concavo-convex-type grain contact, and quartz content, were applied to the empirical
expression of the compressive strength. An imperialist competitive algorithm with an
artificial neural network was used to predict the UCS of sandstone [31]. The reliability of
the proposed model was demonstrated in terms of the correlation coefficient. An artificial
neural network approach was used to develop an empirical expression of the UCS for
building stones [32]. Mechanical parameters such as ultrasonic pulse velocity, Schmidt
hammer hardness, and Shore hardness were considered in the expression. To estimate
the UCS of a rock, Wang and Aladejare [33] developed a method that can select the most
appropriate mode for a specific rock site. Artificial techniques such as machine learning
have been employed to estimate the compressive strength of brittle materials [34].

The UCS is an important parameter in the load-bearing computation of thin sandstone
components in buildings; however, limited experimental studies have been published in
the literature. To obtain a reliable sandstone UCS model, four groups of sandstone were
quarried with various dimensions. Uniaxial compressive tests were performed using a
fatigue machine. The damage behavior and compressive strength were determined based
on the failure mode and stress–strain diagrams. A representative stress–strain diagram
was regressed based on the experimental results. The correlations among the porosity,
elastic modulus, and UCS were analyzed. The size effect was elaborated according to
the experimental data in this study and the literature. This study is beneficial for the
engineering application of sandstone in buildings as a construction material.

2. Specimens and Methodology
2.1. Sandstone Specimens

The mineral and chemical compositions of sandstone are determined by the deposition
conditions and the origin of the deposited material. Three primary minerals, namely
quartz, plagioclase, and feldspar, constituted more than 70% of the sandstone used in
this study. Red sandstone was quarried from Zigong, Sichuan, China (Figure 1a). The
mineral composition of the sandstone is presented in Table 1, where the primary minerals
are quartz, plagioclase, and calcite. This differed from the composition of the sandstones
drilled from Yao, Shanxi, China [35], although both are called red sandstones. A scanning
electron microscopy (SEM) photomicrograph is shown in Figure 1b. The grain size of the
minerals ranged from 0.002 to 0.33 mm, which is identical to that of the sandstone described
in Huang and Xia [36]. As shown in Table 2 the density and porosity varied with location
and burial depth. The porosity percentage was lower than that of any sandstone previously
described in the literature. These differences resulted in variations in the mechanical
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properties of the sandstones. The chemical composition is listed in Table 3, where the
primary chemical contents of the sandstone are O and Si.
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Table 1. Mineral composition of red sandstone.

Mineral Quartz Plagioclase Calcite Zeolite Potash Feldspar Others

Percentage (%) 42.4 34.9 9.2 7.3 5.2 1.0

Table 2. Porosity and density of sandstone.

References Porosity (%) Density (g/cm3)

Current study 2.38 2.46
Li et al., 2021 [35] 5.91 2.48
Liu et al., 2020 [37] 20.48 1.85
Mousavi et al., 2018 [18] 9.38–20.23 1.99–2.88
Huang and Xia, 2015 [36] 17 2.15
Mishra and Basu, 2013 [38] 2.89–15.54 2.17–2.49
Ludovico-Marques et al., 2012 [39] 3.6–18.6 2.18–2.59
Shakoor and Barefield, 2009 [40] 4.12–12.72 2.07–2.52
Bell and Lindsay, 1999 [41] 5.6–10.1 2.43–2.57

Table 3. Percentages of chemical composition.

O Si AL Ca K Fe Na Mg

60.1 24.2 4.6 2.8 1.2 1.2 0.9 0.9

There are several standard experimental methods for determining the compressive
strength of brittle materials such as sandstone. Standard dimensions and loading protocols
are required to obtain a reliable strength value for the material being tested. A stone
cylinder is the typical specimen geometry, whereas the dimensions of the cylinder vary
according to the code provisions of different countries. For example, in the European
code [42], the suggested dimensions are length (L) = 70 mm and diameter (D) = 70 mm,
whereas they are L = 100 mm and D = 50 mm in the Chinese code [43]. These standard
dimensions are reasonable for the strength evaluation of large-dimension stone used in
building structures. However, owing to the size effect on compressive strength [44], the
experimental strength may not be applicable to thin stone elements, such as building
cladding, flooring, and tiles. Therefore, four groups of sandstone cylinders were fabricated
with different L and D values (Table 4). The L/D ratio was determined to be 0.5, except for
that of the standard cylinder. The sandstone cylinders were manufactured by a well-known
stone-product company. They were cut from the same source stone and ground to the
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dimensions listed in Table 4. The shape deviation was closely correlated with the UCS [45].
Accordingly, the flatness tolerance at the two ends was 0.01 mm, which was in agreement
with the code provisions in ASTM [46,47] and the International Society for Rock Mechanics
Method (ISRM) [48]. The complete set of specimens is illustrated in Figure 2.

Table 4. Geometry and number of specimens.

Group # L (mm) D (mm) L/D Number

A 100 50 2.0 6
B 25 50 0.5 6
C 30 60 0.5 6
D 75 150 0.5 6
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2.2. Test Method

Because of the limitations of loading facilities for uniaxial compressive tests, post-peak
stress–strain diagrams of brittle materials are difficult to obtain experimentally. To solve this
issue, Hudson and Crouch [49] developed a circumferential control method to conveniently
obtain the post-peak branch of the diagram. Okubo and Nishimatsu [50] developed a
linear combination of the force and displacement control methods. This method is widely
used in uniaxial compressive tests of brittle materials [51]. The lateral deformation is
measured using a pantograph attached to a central ring surrounding the cylinder [39].
The configuration of these tests is complicated, and only experienced researchers can
successfully complete them [52]. Owing to the rapid development of testing facilities, the
MTS-793 fatigue-testing machine is now able to obtain the post-peak branch of stress–strain
diagrams without the complex configuration mentioned above.

In this study, an MTS-793 fatigue-testing machine with a peak loading capacity of
2500 kN was employed in the uniaxial compression tests (Figure 3). Displacement control
was allowed at a cyclic loading rate of 0.01–20 Hz. The compressive strength and damage
behavior of natural stone are affected by the control mode during the loading process [53].
Experimental studies have proven that the mechanical behavior closely correlates with
the loading rate [54,55]. To obtain complete stress–strain diagrams, particularly the post-
peak branch, the fatigue machine was operated with a displacement-control mode at a
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rate of 0.001 mm/s and an MTS system data acquisition frequency of 50 Hz. Thus, the
crack initiation and development process could be induced, and the damage behavior of
the sandstone could be fully demonstrated. The specimens were placed in an oven for
drying for 48 h at a temperature of 60 ± 2 ◦C before being placed on the platform of the
fatigue machine. The presence of frictional force on the ends of the cylinder influences
the stress–strain diagram and peak load [56]. Accordingly, to reduce the negative effect of
the frictional force, two layers of lubricant, namely Teflon and grease, were placed at the
two ends of the cylinder. Prior to applying the predefined stable loading rate, a preload of
4.5 kN was applied to the cylinder in advance such that close contact between the platens
and the two ends of the cylinder was achieved.
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3. Results and Discussion
3.1. Failure Mode

Brittle tensile fracture is the dominant failure mode in brittle materials under uniaxial
compressive loading [57,58]. The fracture progress of each specimen was carefully moni-
tored throughout the loading process. For group A sandstone, hairline cracks appeared
at a loading ratio (applied load divided by the corresponding peak load) of 90%. Small
fragments close to the top end were generated, which fell off the cylinder. Subsequently,
vertical cracks appeared and propagated from the ends to the middle of the specimen,
accompanied by a slight noise at a loading ratio of approximately 95%. At the peak load, a
sudden fracture failure appeared when visible cracks ran across the specimen vertically,
accompanied by a loud noise. Columnar vertical fracture [59] was the representative failure
pattern, and no cones were generated in the cylinders of the four groups (Figure 4a,e,f,g).
Meanwhile, diagonal fracture failure (Figure 4b–d) was observed in the sandstone cylinder
owing to its different mineral contents [60].

For the group B sandstone, visible hairline cracks appeared at the ends of the cylinder
at a loading ratio of 75%. The propagation of the cracks from the ends to the middle of
the cylinder was observed, accompanied by a slight noise up to a loading ratio of 95%.
Increasing the load led to the circumferential detachment of the small fragments until
the complete failure of the specimen (Figure 4e). For the thin sandstone of group C, the
fracture behavior was different from those of groups A and D, but identical to that of
group B. Hairline cracks appeared at the ends of the cylinder at a loading ratio of 50%.
Crack propagation mainly developed at a loading ratio of 85–90%, accompanied by the
detachment of small fragments. Circumferential detachment and sudden fracture failure
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occurred at the end of the test (Figure 4f). For the group D sandstone, hairline cracks
appeared at a loading ratio of 85%. The crack propagation behavior was identical to that of
groups B and C. At the end of the test, the detachment of the fragments (Figure 4g) was
larger and more apparent than those in groups B and C.

The axial splitting that appeared in the cylinders was caused by the interaction of the
specimen with the loading platen and friction at the ends of the specimen [61]. For the thin
specimens, the end effects could easily penetrate the height of the specimen. Consequently,
more cylindrical shells were progressively created, such that the detachment of the fragment
occurred. The detachment of the cylindrical thin shells was caused by the internal axial
and radial pressures of the specimen. This damage mode frequently appeared in the thin
specimens (e.g., L/D = 0.5), such as those of groups B–D (Figure 4h–j). An identical failure
pattern (Figure 4) was observed in thin sandstones with L/D ≤ 0.5 [61].
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Figure 4. Failure patterns of sandstone. (a) Group A. (b) Vaneghi et al. [60]. (c) Li et al. [35].
(d) Wasantha et al. [62]. (e) Group B. (f) Group C. (g) Group D. (h) Cylindrical fracture of group B.
(i) Cylindrical fracture of group C. (j) Cylindrical fracture of group D. (k) Fakhimi and Hemami [61].

3.2. Stress–Strain Diagram
3.2.1. Experimental Diagram

Stress–strain diagrams characterize the mechanical properties of various materials.
The experimental stress–strain diagrams are shown in Figure 5a–d, wherein the post-peak
strain-softening branch was successfully obtained [63]. For cylinders with standard dimen-
sions (group A, Figure 5a), the experimental strength was 70.0 82.0 N/mm2. The profiles
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of each diagram converged, indicating that stable experimental results were obtained.
The peak stress and strain were larger for the cylinders of groups B and D than those of
group A (Figure 5b,c), whereas the profiles of the diagrams were more scattered than those
of group A. For the largest thin cylinder (group D), the strain-softening branch was the
least apparent among the four groups of cylinders (Figure 5d). The mean stress–strain
diagrams of all the specimens are shown in Figure 5e. Generally, the peak stress and strain
increased with decreasing cylinder height (L). This is a characteristic of the size effect of
brittle materials [44]. This property was demonstrated in the uniaxial compressive tests
of sandstone conducted by Fakhimi and Hemami [61] and will be elaborated in detail
in below. The stress–strain diagram for a sandstone cylinder with standard dimensions
(group A) is shown in Figure 5f, along with those from the literature. None of these
diagrams follow the same trend because of the variable mineral content. The diagram
of the standard cylinders in Li et al. [35] followed the same path as the prismatic speci-
mens in Ludovico-Marques et al. [39] until failure at 85.6 N/mm2. A similar trend was
demonstrated in the diagrams of Wasantha et al. [62] and in the present study.
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3.2.2. Evolution of Diagram

The progressive failure of sandstone is demonstrated in stress–strain diagrams through
five stages with specific threshold values (e.g., Figure 6). These were determined using the
procedures suggested by Martin and Chandler [64], Hoek and Martin [57], and Vasconcelos
et al. [51]. The crack closure threshold f cc corresponds to the closing of most microcracks
in the cylinder under uniaxial loading. The axial stiffness increased nonlinearly. The
crack initiation threshold f ci corresponds to the appearance of new microcracks. The
propagation of cracks extended parallel to the applied load. The crack damage threshold
f cd corresponds to unstable crack growth. The correlation between the crack length and
stress disappeared, whereas the crack growth velocity increased [65]. Consequently, crack
propagation continued unstably until peak stress, f ucs, and then developed abruptly until
complete failure at the post-peak branch of the diagram. The loading stage between the
crack initiation and crack damage thresholds is frequently employed to compute the elastic
modulus of the material of interest.
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The threshold stress for each stage was determined, as shown in Figure 7. The
crack closure stress was the smallest for cylinders with standard dimensions in group A
(Figure 7a). However, it was almost identical for groups B, C, and D. Similar trends were
observed for the other three threshold stresses (Figure 7b–d). The magnitude of the mean
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threshold strain was smallest for the cylinders in group A (Figure 7a). For the cylinders
in groups B, C, and D, the magnitude of the mean threshold strain generally increased
with increasing cylinder diameter (Figure 7b–d). The threshold stresses of cylinders with
standard dimensions are shown in Figure 7e. The experimental threshold stresses of group
A were approximately in agreement with those reported by Cai et al. [52], whereas they
were smaller than those reported by Li et al. [35] in the magnitude of both the stress and
the strain. This was because of the varying mineral contents of the sandstone.
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3.2.3. Diagram Regression

In fact, the specific geometry of the stress–strain diagram of each cylinder is not
demonstrated by the mean diagram in Figure 5e. The magnitude of the strain corresponding
to the peak stress in each diagram was not the same among the experimental diagrams
of the cylinders belonging to the same group. To solve this issue, for cylinders from
the same group, the stress–strain diagrams were normalized by the peak stress and the
corresponding strain. Thus, representative diagrams for the cylinders were acquired that
can be conveniently compared with each other in accordance with their geometries [28].
The normalized diagrams are shown in Figure 8a–d, where the diagrams converge more
than those without normalization (Figure 8a–d), particularly for the specimens of groups
A, C, and D (Figure 8a,c,d).

To obtain a representative diagram for the specimens of each group, the normalized
diagrams were regressed using MATLAB [66]. The resulting diagram consisted of two
expressions divided by the crack damage stress (Equation (1)). The vertical drop-down
portion after the complete failure of each specimen was not considered, because it does not
demonstrate any meaningful mechanical properties of the material. The parameters and
errors of the regression diagrams are listed in Tables 5 and 6. The regressed diagrams of the
specimens of groups A, B, and C (whose geometries were all distinguished from that of
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group D) somewhat converged with each other (Figure 8e). The post-peak portion was neg-
ligible because the corresponding experimental diagrams were very short. The normalized
diagrams for the specimens with standard dimensions (D = 50 mm, L = 100 mm) are shown
in Figure 8f. Except for the diagrams from Liu et al. [67] and Zhang et al. [68], the other
diagrams converged with each other, indicating that the stress evaluations were identical.

f
fucs

=

{
a1(ε/εucs)

b1 , 0 ≤ ε ≤ εcd
a2(ε/εucs)

2 + b2(ε/εucs) + c2, ε > εcd
(1)

where f is the compressive stress, f ucs is the peak compressive stress, ε is the compressive
strain, and εucs is the strain corresponding to the peak stress f ucs.

Table 5. Parameters of the regressed diagrams.

Group a1 b1 a2 b2 c2

A 1.13 1.42 −3.57 6.92 −2.39
B 1.42 1.70 −1.34 2.83 −0.52
C 1.52 2.11 −2.26 4.63 −1.38
D 1.39 4.30 −4.42 9.54 −4.12

Table 6. Errors of the regressed diagrams.

Group
1st Portion 2nd Portion

RSS R2 RSS R2

A 6.699 0.965 8.634 0.433
B 14.61 0.880 5.933 0.595
C 1.788 0.979 0.359 0.903
D 6.425 0.982 2.908 0.712
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Based on the experimental results, a cubic polynomial expression was employed to
represent the pre-peak behavior of the sandstone [39]:

f
fucs

= −(ε/εucs)
3 + 1.47(ε/εucs)

2 + 0.5(ε/εucs) (2)

Equation (2) appears more compact than Equation (1). The resulting normalized
stress–strain diagram is shown in Figure 8e. Equation (2) provided a reasonable prediction
of the cylinders of group B, particularly in the post-peak region, and a worse prediction of
those of group D. The error appeared in the two portions before and after the crack damage
threshold, indicating the suitability of dividing the regressed stress–strain diagrams into
two portions (Equation (1)).

3.3. Compressive Strength and Porosity

The experimental strengths of all the cylinders are shown in Figure 9. The mean
strength of the cylinders with L/D = 0.5 was identical for groups B, C, and D. The standard
deviations of the four groups of cylinders were 4.5, 6.1, 8.3, and 2.7 N/mm2, indicating the
stability of the experimental data. For the cylinders with standard dimensions (group A),
the experimental compressive strength was lower than those of the fine- and coarse-grained
sandstone [69], which were as large as 158.97 N/mm2 and 131.70 N/mm2, respectively.
The physical uniaxial compressive test is an immediate experimental approach; however, it
is expensive in terms of time and labor. An empirical prediction expression with acceptable
reliability is necessary, particularly for on-site engineers. Predictors such as porosity,
Schmidt hammer rebound number, P wave velocity, and point load strength index are
frequently employed in expression regression [70]. Among these, porosity is the simplest
parameter and is elaborated herein.
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As a porous material, the compressive strength of sandstone correlates significantly
with its porosity. In practice, sandstone is generally assumed to be elastic and is more likely
to be a poroelastic medium. Porosity is accordingly determined as a variable to statistically
develop empirical expressions [71]. The empirical expressions for the UCS of sandstone are
listed in Table 7, where the linear, exponential, and logarithmic modes are employed in the
regressions. Using the porosity of sandstone in the current study (2.38%), the predicted
UCS was computed, as shown in Figure 10. The experimental strengths of sandstone with
standard dimensions (group A) are plotted in Figure 10. None of these empirical expressions
achieved an accurate prediction of the UCS of sandstone. The predicted strengths computed
using the expressions in Qi et al. [16], Sabatakakis et al. [72], and Palchik [73] were closer to
the experimental strengths than the other expressions in Table 7. Except for the expression
in Yasar et al. [74], the magnitude of the UCS generally decreased with increasing porosity,
which is in agreement with the trend summarized by Mishra and Basu [38]. The expression
in Plumb [75] provided the least reliable prediction, which was higher than those of the
other expressions. The porosity ratios of the sandstones in Baud et al. [76] and Shi et al. [77]
were higher than those in the current study. The magnitude of the UCS generally decreases
with porosity; this trend is apparent for sandstones, as reported by Baud et al. [76]. For the
specimens with non-standard dimensions in groups B, C, and D, the corresponding UCS
values were close to those provided by the expressions of Tugrul [78], Kilic and Teymen [79],
and Mishra and Basu [38].

Table 7. Empirical expressions for UCS prediction based on porosity.

References Expression R2 # Samples

Qi et al., 2022 [16] f ucs = 110.5 exp(−0.08 n) 0.72 17 sandstone samples
Farrokhrouz and Asef, 2017 [29] f ucs = −3.03 n + 107.1 0.28 299 sandstone samples
Mishra and Basu, 2013 [38] f ucs = −55.7 ln(n) + 172.1 0.88 20 sandstone samples
Ludovico-Marques et al., 2012 [39] f ucs = 206.7 exp(−0.129 n) — 13 sandstone samples
Yasar et al., 2010 [74] f ucs = −2.27 n2 + 33.88 n − 16.30 0.96 11 sandstone samples

Kılıç and Teymen, 2008 [79] f ucs = 147.16 exp(−0.0835 n) 0.93 19 rock types, including
sandstone

Sabatakakis et al., 2008 [72] f ucs = 123.0 exp(−0.12 n) 0.63 95 sandstone samples

Tugrul, 2004 [78] f ucs = 195.0 exp(−0.21 n) 0.79 16 different sedimentary rocks,
including sandstone

Chatterjee and Mukhopadhyay,
2002 [80] f ucs = 64.23 exp(−0.085 n) 0.92 22 samples, including sandstone

Palchik, 1999 [73] f ucs = 74.4 exp(−0.04 n) 0.78 16 samples of soft brittle porous
sandstone

Plumb, 1994 [75] f ucs = 357 (1 − 0.028 n)2 — 784 sedimentary rocks, mainly
sandstone and shale

Note: ‘—’ denotes no data available; the porosity n is in %.
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3.4. Elastic Modulus and Porosity

The elastic modulus is an important parameter for computing the load-bearing capac-
ity of structural components made of building stones. As suggested in ASTM D7012-14 [46],
the elastic moduli of the cylinders were computed in accordance with the third stage
of the stress–strain diagram (Figure 6). The mean experimental elastic moduli of the
four specimen groups were 14.5, 11.9, 14.9, and 43.6 N/mm2 (Figure 11). These results
differed from the experimental results of Mousavi et al. [18], Chatterjee et al. [81], and
Rice-Birchall et al. [20]. The porosity ratio is supposedly one of the factors that causes vari-
ation in the modulus. Empirical expressions were developed to represent the correlations
between the elastic modulus and porosity of stone materials (Table 8). These expressions
are plotted in Figure 12, along with the experimental results of the current study and those
in the literature. The porosity ratios of sandstone in Chatterjee et al. [81] are close to those
of the standard cylinder (group A) in the current study. The resulting magnitude was
identical when the porosity ratio was the same, that is, 2.48%. In contrast, the porosity
ratios obtained by Bedford et al. [82], Mousave et al. [18], and Wong et al. [83] were larger.
The elastic modulus of the sandstones reported by Bedford et al. [82] was the smallest with
the largest porosity ratio. For the empirical expressions in Table 8, only the expression
provided by Salah et al. [84] was developed based on the experimental results for sandstone.
The remaining expressions were based on other rock materials. However, the expression of
Salah et al. [84] provided the least accurate prediction of the modulus for the sandstone
in the current study, whereas it was relatively close to the experimental data reported by
Wong et al. [83]. For the cylinders of groups A, B, and C, the expressions suggested by
Lashkaripour [85] and Leite and Ferland [86] achieved reasonable predictions compared to
the other expressions. However, for the cylinders of group D, the expressions suggested by
Armaghani et al. [31] provided a reasonable prediction. Extensive experimental studies
are required to obtain a reliable expression for predicting the elastic modulus of sandstone.
Note that the expressions of the elastic moduli of the rock materials other than sandstone
(e.g., gypsum, artificial rock, and even claystone and mudstone) listed in Table 8 are only for
comparison. The expressions for other rocks than the sandstone cannot simply be applied
to describe the elastic modulus of the sandstone in this study.
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Table 8. Empirical expressions for elastic modulus prediction.

References Expression R2 # Samples

Salah et al., 2020 [84] E = 78.926 exp(−0.0852 n) 0.96 49 samples, including sandstone
Armaghani et al., 2016 [31] E = 43.899 n(−0.556) 0.28 71 granite samples
Beiki et al., 2013 [87] E = exp(−0.10 n + 3.6) 0.23 72 different carbonate rock types
Beiki et al., 2013 [87] E = 36.6 (0.91)n 0.23 72 different carbonate rock types
Yilmaz and Yuksek, 2009 [88] E = −39.1 ln(n) + 110.31 0.83 121 samples of gypsum
Lashkaripour, 2002 [85] E = 37.9 exp(−0.863 n) 0.68 Claystone, clay shale, mudstone, mud shale
Leite and Ferland, 2001 [86] E = 10.10 − 0.109 n 0.74 Artificial rock

Note: the porosity n is in %.
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3.5. Compressive Strength and Elastic Modulus

The correlation between compressive strength (UCS, f ucs) and elastic modulus (E) is
well recognized in the civil engineering community. The ratio of E to UCS is an engineering
parameter for the structural design of buildings and underground constructions [39,89].
Based on the experimental data, empirical expressions representing the correlation between
UCS and E were developed through direct regression analysis. However, the quantification
of the correlation between these two parameters was challenging because of the insufficient
experimental results [71]. The suggested expressions (e.g., Somnze et al. [90]) provide an
alternative for practicing engineers and researchers in academic and engineering fields.
The experimental data and regressed expressions are shown in Figure 13 and Table 9.
For the cylinders in the current study, there was no clear trend between E and UCS. For
standard cylinders in a group, the corresponding magnitudes of UCS and E were close
to the experimental values reported by Heidari et al. [91], Malik and Rashid [92], Cai
et al. [52], and Qi et al. [16]. Some of the experimental data in Hawkins and McConnell [93]
and Zhang et al. [68] were close to those of groups B and C. Most of the experimental
data were enveloped by the expressions provided by Farrokhrouz and Asef [29] and
Bradford et al. [94]. The expression suggested by Chatterjee and Mukhopdahyay [80] pro-
vided the worst prediction of all the experimental data. The expressions suggested by
Sabatakakis et al. [72] and Bell and Lindsay [41] were close to the experimental data of
group D. Although the main rock samples in Lacy [95] were not sandstone, the suggested
expression generally provided a lower limit of the UCS, whereas the expression of Far-
rokhrouz and Asef [29] generally provided an upper limit. The magnitude of the UCS
generally increases with the elastic modulus, as reported by Mousavi et al. [18], Hawkins
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and McConnell [93], Heidari et al. [91], and Chatterjee et al. [81]. Most of the experimental
data range from 8.0 to 20 GPa in modulus and from 40 to 100 N/mm2 in UCS.

Table 9. Correlations between UCS and elastic modulus.

References Expression Units R2 # Sample

Farrokhrouz snd Asef,
2017 [29] f ucs = 5.49 E0.423/ϕ0.546 f ucs in MPa, E in GPa, ϕ is

the porosity ratio 0.8272 299 samples of sandstone

Sabatakakis et al. 2008 [72] f ucs = E/303 f ucs and E in MPa 0.65 36 samples of sandstone
Chatterjee and
Mukhopdahyay, 2002 [80] f ucs = (E − 0.17)/0.73 f ucs in MPa, E in GPa 0.93 8 samples, including sandstone

Bell and Lindsay, 1999 [41] f ucs = (E − 5.6)/0.358 f ucs in MPa, E in GPa — 27 samples of sandstone
Bradford et al., 1998 [94] f ucs = 2.28 + 4.1089 E E in GPa — Sandstone sample
Lacy, 1997 [95] f ucs = 0.2787 E2 + 2.4582 E f ucs in kpsi and E in Mpsi 0.84 36 samples of weakly consolidated rocks

Note: 1.0 MPa = 1.0 N/mm2, 1.0 GPa = 1 × 103 Mpa.
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4. Size Effect
4.1. Size Effect on Diameter

The experimental results for sandstone demonstrated that the compressive strength of
the smaller specimens was higher than that of the larger specimens, although the geometry
of the specimens was identical. This phenomenon is known as the size effect [44,96,97].
Pioneering work on this topic dates back a century, when Gonnermann [98] investigated
the UCS of concrete cylinders with an L/D of 2.0. Optimized dimensions for the cylinder,
namely 6 × 12 in., were determined to obtain consistent results in the compressive tests.
Several microscopic mechanisms trigger the compression fracture of quasi-brittle materials
such as concrete [99,100] and sandstone. The appearance of microcracks can be explained by
considering the mechanisms, whereas global compression failure cannot [101]. Theoretical
and experimental studies were reported by Bažant and Planas [102] and Van Mier [103],
respectively. These have become the foundation of the size effect theory. For rock materials,
experimental studies have been conducted by Hoek and Brown [104] to understand the
correlated size effect. Size effect models have been developed based on experimental and
analytical investigations.

The naturally existing microcracks in a material are important for its mechanical
strength [105]. For specimens with identical geometry but different sizes, the larger speci-
mens have a higher probability of failure because they contain more flaws than the smaller
specimens. The resulting size law is described by the following statistical model:

Pf (σ) = 1− exp[− V
Vr

P1(σ)] (3)
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where P1(σ) is the strength of the representative specimen, Pf (σ) is the material strength,
Vr is the volume of one element in the specimen, and V is the volume of the specimen. A
general expression is provided in logarithmic form as follows:

m log[
Pf (σ)

P1(σ)
] = log(

V
Vr

) (4)

where m is the material constant. When m =1, Equation (4) yields Equation (3). For cylinders
with the same geometry and L/D ratio, the V/Vr ratio can be substituted by the ratio of the
corresponding diameters. Hoek and Brown [106] provided an expression representing the
correlation of the crack damage stress (f cd) between a sample with an arbitrary diameter
and a sample with a diameter of 50 mm (f c50), given by

fcd = fc50

(
50
d

)0.18
(5)

Yoshinaka et al. [107] found that the magnitude of the UCS (f c50) is determined by the
rock type. Accordingly, the parameter k was used to indicate the rock types, given by

fc = fc50

(
d

d50

)−k
(6)

where k = 0.1–0.3 for rocks with f c50 = 25–250 N/mm2.
Inspired by Griffith’s fracture theory [108], Bažant [97] first developed the size effect

law using fracture energy to quantify crack growth and propagation. It is suitable for
representing the size effect of brittle materials, such as concrete and rock, and is given by

σN =
B ft√

1 + d/(λd0)
(7)

where d0 is the maximum aggregate size of the concrete and the maximum grain size
of the rock material; d is the characteristic sample size; f t is the strength of a sample
with negligible size, which can be expressed in terms of the intrinsic strength, namely, the
strength of the maximum grain (though it is almost impossible to experimentally obtain this
parameter); σN is the nominal strength of the material; and B and λ are the dimensionless
material constants.

In accordance with multifractality theory [109], Carpinteri et al. [107] proposed a
multifractal scaling law [110], given by

σN = fc
√

1 + l/d (8)

where f c is the strength of a sample with infinite size and can be represented by the intrinsic
strength of a large sample with an infinite diameter, and l is a material constant in units
of length. In Equation (8), the magnitude of σN increases with decreasing d. This trend is
demonstrated in Equations (4) and (7).

Suppose that the fracture surfaces of brittle materials, such as concrete and rock, exhibit
fractal properties. Accordingly, the concept of fractals is employed, and the expression of
the size effect law in Equation (7) is modified as follows [111]:

σN =
σ0d(d f−1)/2√
1 + d/(λd0)

(9)

where df is the fractal dimension and σ0 is the strength of a sample with negligible size. If
the materials have nonfractal properties, df = 1 and σ0 = Bf t. Equation (9) is then changed to
Equation (7). The experimental results of Hawkins [112] and Darlington and Ranjith [113]
demonstrated that the size effect model developed by Hoek and Brown [104] did not closely
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correspond to small specimens. Accordingly, Masoumi et al. [114] proposed a unified
size effect law based on uniaxial compression and point-load tests of other sandstone
sedimentary rock types in Hawkins [112], which is given by

di =

(
B ft

σ0

)2/(d f−1)
(10)

Specifically, Equation (10) combines Equations (7) and (9). Therefore, the ascending
branch of Equation (9) and the descending branch of Equation (7) are employed to represent
the size effect.

To demonstrate the effect of the diameter on the compressive strength of sandstone,
the normalized strength was employed. This is represented by the experimental strength of
the cylinders with variable diameters divided by that of cylinders with a standard diameter
(50 mm). The experimental data and expressions for the size effect laws are shown in
Figure 14. The expression suggested by Hoek and Brown [106] accurately predicted the
strength of group A. Kong et al. [69] approximately predicted the strength of sandstone.
Their expression was actually formed from the bottom and top boundaries of the expres-
sions of Yoshinaka et al. [107]. Using the sandstone parameters from Masoumi et al. [114]
and Hawkins [112], the expressions of the unified size effect law are plotted in Figure 14.
The experimental strength of the current study was underestimated by Masoumi et al. [114]
and Hawkins [112] using the parameters of Hollington sandstone. However, it was over-
estimated by Hawkins [112] using the parameters of Pilton sandstone. The experimental
strength of sandstone in Masoumi et al. [114] was close to that of Hawkins [112] using the
parameters of Pennant sandstone. It should be noted that L/D = 0.5 for the thin sandstone
in the current study (groups B, C, and D). This may have resulted in the misprediction of
strength using the size effect laws, as demonstrated in Figure 14. Consequently, the size
effect on L/D should be considered.
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4.2. Size Effect on Length/Diameter Ratio (L/D)

To obtain a constant UCS of a rock material, the ratio of L/D is specified in the ASTM
and ISRM standards [47,48], with respective values of 2.0, −2.5, and 2.5–3.0. Experimental
studies on rock materials have indicated that the magnitude of the UCS closely correlates
to the L/D ratio [49,115]. Based on the power of the external load and internal energy loss



Buildings 2022, 12, 1945 18 of 24

rate [116], the effects of the internal friction angle (ϕ), cohesion (c), and shear failure surface
on the rock strength are expressed as follows:

fc =
c cos ϕ [(L/D)2 + 4]

2(L/D cos ϕ− 2 sin ϕ)
(11)

The parameters in Equation (11) should be obtained from specific experimental and
analytical studies on the rocks of interest. Considering the mechanical properties of sand-
stone in [116] (Table 10), the theoretical expressions of the UCS with varied L/D ratios were
computed and are shown in Figure 15. Similarly to the size effect on the diameter, the
UCS was normalized by the mean UCS of the standard cylinder (fifth column of Table 10).
The UCS at L/D = 2.0 was actually the bottom limit for the variable L/D. Using only the
parameters of batch 5, namely the medium-coarse sandstone, the UCS of the sandstone of
group A was relatively well predicted, whereas the sandstones with L/D = 0.5 were not.
When computing the UCS using Equation (11), a negative UCS appeared when the L/D
ratio was less than the limit value, as listed in Table 10. This proved that Equation (11)
worked well when L/D > the limit values.

Table 10. Mechanical properties of sandstone (after [116]).

Batch # Sandstone Type c (N/mm2) ϕ (Degree) Mean UCS (N/mm2) L/D Limit

1 Fine 18.75 48.6 99.13 1.2
2 Fine 19.47 47.1 92.87 1.1
3 Fine 31.96 27.7 101.44 0.6
4 Argillaceous 9.80 28.7 31.62 0.6
5 Medium-coarse 11.72 44.7 56.48 1.0
6 Fine 18.11 42.6 98.08 1.0
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Empirical expressions are developed based on extensive experimental results. Obert
and Duvall [117] provided a linear expression for L/D, given by

fc = fc1(0.778 + 0.222D/L) (12)

where f c1 is the UCS of the rock with L/D = 1.0. The f c value was obtained for cylinders with
1/3 < L/D < 2.0. ASTM C170 [47] suggested a formula to convert the UCS (f n) of cylinders
with non-standard dimensions (L/D < 2.0) into that of the standard, that is, L/D = 2.0,
given by

fc = fn(0.88 + 0.24D/L) (13)
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An identical expression was proposed by Kahraman and Alber [118] to convert UCS
values into those of cylinders with L/D = 2.0:

fc = 0.125 fn(7 + 2D/L) (14)

Tuncay and Hasancebi [119] proposed an empirical expression for cylinders with
L/D < 2.5 based on experimental results, given by

fc = f2.5(1.26− 0.1L/D) (15)

The experimental data and empirical expressions are presented in Figure 16. The linear
expression of Tuncay and Hasancebi [119] worked relatively well at L/D > 0.5, whereas the
error increased at L/D < 0.5. The experimental data of the current study and John [120] gen-
erally followed the profiles suggested by ASTM C170 [47] and Kahraman and Alber [118].
These were more accurate than those of Obert and Duvall [117]. The experimental data
were regressed using an expression identical to that of Equations (12)–(14), given by

fc/ fn = a + bD/L (16)

The resulting parameters of the regressed expression are listed in Table 11. The
regression profile of the expression is plotted in Figure 16. It can be seen that the re-
gressed expression agreed better with the experimental data than the other expressions
mentioned above.

Table 11. Parameters of the regressed expression.

a b RSS R2

0.835 0.361 0.142 0.936
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5. Conclusions

Four groups of cylinders were manufactured in a factory to investigate the uniaxial
compressive behavior of red sandstone. Uniaxial compression tests were performed to
determine the compressive behavior and failure mode of the specimens. The conclusions
were as follows:

(1) A columnar vertical fracture was the dominant failure pattern. The stress–strain
diagrams of group A converged more than those of the other groups, demonstrating
stable mechanical behavior in the standard specimen. The geometry of the diagrams
varied among the four groups. The critical strain generally increased with a de-
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crease in the height of the cylinder, whereas the compressive strength exhibited an
inverse trend.

(2) The magnitudes of the crack closure stresses of the thin cylinders in groups B, C,
and D were identical. A similar trend was observed for the crack initiation stress,
crack damage stress, and peak stress. To obtain a representative stress–strain diagram
for each group of cylinders, the experimental diagrams were normalized with the
peak stress and corresponding critical strain. The normalized stress–strain diagram
demonstrated the specific loading behavior of each group of cylinders. To obtain a
representative mathematical expression of the diagram, a formula consisting of two
parabolas divided by the crack initiation stress was employed for regression.

(3) The correlations between porosity, UCS, and elastic modulus were evaluated based on
empirical expressions. The expressions suggested by Lashkaripour [85] and Leite and
Ferland [86] provided a reasonably accurate prediction of the UCS of thin cylinders
with respect to porosity. However, none of the expressions in the literature achieved a
good prediction of the elastic modulus.

(4) The normalized strength was employed to evaluate the size effect on the diameter and
L/D ratio of the cylinders. The UCS of group A with standard dimensions was correctly
predicted using the expression suggested by Hoek and Brown [106]. However, for
thin cylinders, none of the expressions in the literature provided a good prediction. A
new expression in terms of L/D was proposed based on the regression analysis of the
experimental results.

Future works will be focused on the effects of moisture, weathering, and temperature
on the compressive behavior of sandstone.
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