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Abstract: The multiaxial fatigue life of GH4169 alloy was predicted based on the critical plane method.
In this paper, a new critical plane-damage multiaxial fatigue parameter is proposed, in which the
maximum shear strain is considered to be the main damage control parameter, and the correction
parameter, including the normal stress and strain of the maximum shear strain plane, is defined as
the second control parameter. The axis of principle strain rotates under non-proportional loading.
Meanwhile, the mechanism of the variation of material microstructure and slip systems leads to
an additional hardening phenomenon. The ratio of cyclic yield stress to static yield stress is used
to represent cyclic strengthening capacity, and the influence of the phase difference and loading
condition on the non-proportional reinforcement effect is considered. It is also proposed that different
materials have different influences on the additional hardening phenomenon. Meanwhile, the model
revision results in stress under asymmetrical loading. Experimental data of GH4169 alloy show
that the proposed model can provide better prediction than the Smith–Watson–Topper (SWT) and
Fatemi–Socie (FS) models.
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1. Introduction

The high-pressure turbine (HPT) disk is one of the key components of an aero-engine and is
important to the structural integrity and reliability of the aero-engine [1–3]. From the viewpoint of
design engineering, the safe-life design concept is often introduced and reanalyzed by combining
damage tolerance methods with probabilistic approaches [4,5]. Zhu et al. elaborated a new probabilistic
fatigue damage accumulation model under random loadings based on a ductility exhaustion model,
with probabilistic S–N curves for the high-pressure turbine disc under different flight missions derived
based on experimental data of turbine disc alloy GH4169 [6]. Generally, the working environment of
the high-pressure turbine blade disc is harsh, and is affected by complex loads such as high rotating
speed, high temperature, and abnormal vibration. The damage mechanisms of turbine components
often include multiaxial fatigue, creep fracture, high-temperature corrosion, and the interaction of
these factors [7]. Considering the multiaxial stress–strain state caused by the irregular surface of the
tenon joint structure during engine service, it is particularly important to carry out multiaxial fatigue
life predictions of the tenon joint and blade to ensure the structural integrity of the engine turbine.
Therefore, it is necessary to establish an accurate prediction model of multiaxial fatigue life. As a
common method for predicting multiaxial fatigue life, the critical plane method has proven to be
applicable to the prediction and analysis of fatigue life of engineering components under complex
stress [8–11]. When fatigue damage accumulates, the component performance decreases gradually,
and fatigue failure occurs after long-term operation [12,13]. Due to the existence of two independent
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stress–strain components that vary periodically under multiaxial loading, it is difficult to accurately
determine the damage caused by loads [14]. Thus, it is of great significance to study the fatigue damage
accumulation of components under multiaxial loads. At present, some achievements [15–17] have been
made in the study of the cumulative damage rule of multiaxial fatigue, but the geometric structure
and loading conditions of actual components are complicated and uncertain [18], and still need further
theoretical and experimental studies [19,20].

At present, most multiaxial fatigue life prediction models can accurately predict the fatigue
life under proportional loading conditions. However, the principal strain axis rotates continuously
under non-proportional loading, and the material microstructure and slip system will change [21],
which together lead to additional hardening [22]. This phenomenon has an important influence on the
fatigue life of components. At the same time, the additional hardening effects of different materials
are different, and are closely related to the layer dislocation energy of materials [23]. On the basis
of the different experimental tests, Romanowicz proposed that the phase shift is advantageous or
has no effect for brittle or semi-ductile materials, but that it influences the fatigue life for ductile
materials [24]. Existing experimental data show that the phase shift shortens the life limit [25].
Therefore, the effect of phase shift must be taken into account when the fatigue life of GH4169
alloy is estimated. The degree of non-proportional additional hardening is not only related to the
microstructure and slip of materials, but also the loading history and path. Usually, the additional
hardening effect is the most conspicuous when phase difference is 90◦. Non-proportional additional
hardening complicates the cyclic constitutive relationship of materials and makes it difficult to estimate
fatigue life or check strength under multiaxial non-proportional loading. At the same time, actual
loads may be asymmetrical to the two axis directions [26–29]. This means that there is an average axial
strain and an average shear strain, and they also have significant influence on multiaxial fatigue life,
which should be considered in life prediction.

The critical plane method considers the physical significance of crack initiation. Many
scholars [22,23,30–32] have proposed a variety of critical plane life prediction models, including
the Fatemi–Socie (FS) [33], Wang–Brown (WB) [34], and SWT (Smith–Watson–Topper) models [35].
Initially, Brown et al. [16] proposed a life prediction model with the maximum shear strain plane as
the critical plane, which took into account the shear strain and normal strain on the critical plane
but did not consider the influence of average stress effect. Based on the above analysis, Wang and
Brown modified the mean stress but ignored the impact of the cyclic hardening effect on the service
life. In addition, Fatemi and Socie [33] proposed a new model by replacing the normal strain with
the normal stress on the critical plane, which more accurately predicted the multiaxial fatigue life of
materials with the influence of average stress and cyclic hardening. Smith, Watson, and Topper [35]
pointed out that fatigue failure was mainly caused by crack propagation in the plane perpendicular
to the maximum principal strain. For tensile cracks, the SWT model has a good life prediction effect,
but for pure torsion and multiaxial fatigue, its prediction effect is poor. Wu et al. proposed a new
multiaxial fatigue life prediction model by incorporating the concepts of nonlinear continuum damage
mechanics and critical plane criteria [36]. Xu et al. asserted the inconvenience of fitting the normal
stress sensitivity parameter from additional experimental data and put forward a simple critical
plane-based damage parameter with no additional material constants, which attempts to provide a
robust method for the multiaxial fatigue analysis of turbine disc alloys [37].

Based on the study of the stress–strain relationship on the critical plane, a new multiaxial fatigue
critical plane-damage parameter based on the FS damage parameter is proposed, considering the effect
of non-proportional additional hardening and average stress. In the microcosmic aspect, it explains
the effects of related parameters on multiaxial fatigue life, rather than being a simple equivalent.
In addition, the influence of phase difference and material properties on the additional hardening
effect is considered. The enhancement factors related to material constants and phase differences are
defined, which can improve the applicability to different loading modes and materials. Meanwhile,
the influence of asymmetrical loading on fatigue life is also considered, and it is represented by normal
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mean stress on the critical plane. The results show that the proposed model is feasible for multiaxial
fatigue life prediction. With uniaxial fatigue data, the remaining life of components can be estimated,
and the costly multiaxial fatigue test can be avoided. Considering the influence of phase difference and
material characteristics on the additional hardening phenomenon, the mean stress under asymmetric
loading is modified to provide a theoretical basis for practical engineering applications.

2. The Critical Plane Method

2.1. Determination of the Critical Plane of a Smooth Specimen

Multiaxial smooth fatigue specimens are selected from thin-walled, round tube specimens.
The thickness of the sample is smaller than the outer diameter. At this point, the most serious
damage plane is always perpendicular to the external plane. The stress–strain state should be indicated
by the elastoplastic Poisson ratio νeq when the material is subjected to multiaxial loading and νeq is
defined as:

νeq =
νeεe + νpεp

εe + εp
(1)

where εe is the elastic phase strain; εp is the plastic phase strain; νe is the elastic Poisson ratio; νp is the
plastic Poisson ratio.

The strain state under tension–torsion loading can be expressed as follows: εx γxy/2 0
γxy/2 −νeqεx 0

0 0 −νeqεx

 (2)

where εx is the positive strain; γxy is the shear strain.
For sine wave loading, {

εx = εa sin ωt
γxy

2 = λ εa
2 sin(ωt− ϕ)

(3)

where εa is the axial strain; ϕ is the phase difference; λ is the ratio of shear strain to axial strain.
The shear strain and normal strain in any plane, which is determined from the angle θ between

the axis of the specimen and the selected plane, are shown in Equation (4) and Equation (5):

γmax(θ)

2
=

εa

2

{[
λ cos 2θ cos ϕ−

(
1 + νeq

)
sin 2θ

]2
+ (λ cos 2θ sin ϕ)2

}1/2
sin(ωt + η) (4)

εn(θ) =
∆εa

2

{[
2
(
1 + νeq

)
λ cos2 θ + λ sin 2θ cos ϕ −2νeq

]2
+ (λ sin 2θ sin ϕ)2

}1/2
sin(ωt− ξ) (5)

where γmax(θ)/2 is the shear strain on the arbitrary plane; εn(θ) is the normal strain on the
arbitrary plane.

The parameters in Equation (4) and Equation (5) are given as follows:

ξ = arc tan

{
λ sin 2θ sin ϕ

1− νeq +
(
1 + νeq

)
cos 2θ + λ sin 2θ cos ϕ

}
(6)

and

η = arc tan

{
λ sin 2θ sin ϕ

λ cos 2θ cos ϕ−
(
1 + νeq

)
sin 2θ

}
. (7)

From Equations (4) and (5), we know that phase difference between γmax(θ)/2 and εn(θ) is ξ + η.
The maximum shear strain γmax(θ)/2 is derived by taking the derivative of Equation (4), that means:
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1
2

∂γmax(θ)

∂θ
= 0 (8)

θ =
1
4

arc tan
2λ
(
1 + νeq

)
cos ϕ(

1 + νeq
)2 − λ2

. (9)

Substituting the known values of νeq, ϕ, and λ into Equation (9), the value of θ is obtained.
There are four options of θ that take γmax(θ)/2 as the extreme value in the range of (−π/2 to π/2).
Two of the values cause shear strain to reach the maximum. Meanwhile, the plane with a larger normal
strain is defined as the critical plane, and means:

εn = max(εn(θ1), εn(θ2)). (10)

2.2. Determination of the Critical Plane of a Notched Specimen

For thin-walled tube specimens loaded with continuous functions, theoretical methods can be
used to calculate the position of the critical plane. However, for those components which have stress
concentration and discontinuous function loading mode, in order to determine the location of the
critical plane, the stress–strain state on the arbitrary plane at the danger point should be identified
first [38]. For cases with notched members and triangular wave (discontinuous function) loading mode,
the critical plane can be determined by the finite element method. The specific steps are as follows:

(1) Elasto-plastic finite element method is used to analyze the mechanics of components, determine
the location of danger points, and obtain the strain components εij at danger points.

(2) The stress and strain components of the arbitrary plane (Figure 1) under different working
conditions are obtained through coordinate transformation.

ε′ = MεMT (11)

where M is coordinate transformation matrix; MT is the transpose matrix of matrix M.

M =

 cos θ cos φ − sin θ cos θ sin φ

sin θ cos φ cos θ sin θ sin φ

− sin φ 0 cos φ

. (12)
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(3) The maximum shear strain γi,max/2 on the i-th plane (θi, φi) is calculated using the
following formula:

γi,max

2
=

1
2

max
1 ≤ j ≤ p− 1
j + 1 ≤ m ≤ p

{
2
√[

εxy(j)− εxy(m)
]2

+ [εxz(j)− εxz(m)]2
}

(13)

where p is the load step.
(4) Let θ change in (0, −2π), φ in (0, −π) according to 1degree step. Then, the maximum shear

strain on the arbitrary plane is calculated and compared. The plane, which has the maximum value of
γi,max/2 (γmax/2 = max(γi,max/2)), is defined as the critical plane.

(5) The normal strain/stress on the critical plane is calculated.
This method is not affected by the shape of the structure or the loading mode and can be used to

solve the problem of determining the position of the critical plane under various complicated structures
and various complicated loading modes. For certain problems that cannot be solved by theoretical
methods, this method can achieve good results.

3. Multiaxial Fatigue Life Prediction Model

In the multiaxial fatigue life prediction based on the critical plane method, different critical planes
are often selected according to different failure modes of fatigue cracks. For the shear failure mode,
the maximum shear plane is generally selected as the critical plane, such as the FS model. For the failure
mode dominated by tensile cracks, the maximum tensile plane is generally selected as the critical plane,
such as the SWT model. Recently, scholars took the maximum damage plane as the critical plane for
multiaxial fatigue damage analysis. Since the fatigue crack failure mode of GH4169 alloy in this paper
belongs to the shear failure mode [37], the accuracy of multiaxial fatigue life prediction using the SWT
model is poor, but the prediction effect using the FS model is conservative.

Fatigue crack initiation is due to the local plastic deformation of the stable slip band. The directions
of the slip band and the maximum shear strain are essentially the same. Thus, the maximum shear
strain is considered to be a control parameter of the crack initiation. However, the maximum
shear strain cannot fully reflect the non-proportional additional hardening effect. Fatemi and
Socie considered the maximum normal stress on the maximum shear strain plane to be the second
control parameter, and the results are better under proportional and non-proportional loading [33].
For multiaxial fatigue problems of alloy GH4169 under proportional and non-proportional loading,
the multiaxial fatigue damage parameter is put forward based on the FS model:

γ∗eq

2
=

γmax

2

(
1 + β

√
σn.maxEεn

σy

)
(14)

where γmax is the maximum shear strain on the critical plane; εn is the normal strain on the critical
surface; σn.max is the maximum normal stress on the critical plane; σy is the yield strength; β is the
parameter related to material which can be fitted using uniaxial fatigue data.

3.1. Considering Additional Enhanced Multiaxial Damage Parameters

Under cyclic loading, the material will undergo cyclic strengthening/softening. Its strengthening
effect is closely related to loading conditions and material properties. For the static characteristics of
materials, the yield stress is usually used to characterize their resistance to deformation. This paper
uses the analogy method to introduce the concept of cyclic yield stress σy

′, in order to compare the
response level of materials to cyclic plasticity more directly. The greater the value of the cyclic yield
stress σy

′, the stronger the ability to resist cyclic deformation, and σy
′ can be expressed as follows:

σ′y = K′
(
εy
)n′ (15)
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where K′ is the cyclic strain enhancement factor; n′ is the cyclic strain enhancement index; εy is the
strain of the material in yielding.

At the same time, the static and cyclic yield strength will affect the cyclic response level, and then
affect the cyclic deformation and strengthening ability. To reflect this, the ratio ρ of the cyclic yield
stress to static yield stress is used:

ρ = σ′y/σy. (16)

The value of ρ indicates the material cycle strengthening ability. Thus, the non-proportional
additional hardening effect is influenced by the phase shift and cycle fatigue characteristics.
The influence of the two factors should be considered when defining the enhancement factor, and the
additional hardening factor is defined as follows:

µ = 1 + ρ·σn

σy
· sin ϕ

2
= 1 +

K′σn sin ϕ

2σ2
y

(
εy
)n′ (17)

where σn is the normal stress on the critical plane; σn/σy reflects the effect of loading conditions on the
additional hardening effect.

It can be seen from Equation (17) that when under proportional loading, µ = 1, there is no
additional hardening effect; when phase difference ϕ = 90◦, the maximum value of µ is obtained,
and the non-proportional additional hardening effect is the most significant. The effects of K′, n′,
and the yield strength of materials on additional hardening are also considered. Combining µ with
Equation (14) is equivalent to a new damage parameter:

γ′eq/2 =
γmax

2

[
1 +

K′σn sin ϕ

2σ2
y

(
εy
)n′
](

1 + β

√
σn.maxEεn

σy

)
(18)

3.2. Mean Strain Correction

From Equations (4) to (7), the normal strain on the critical plane under asymmetric loading
conditions can be obtained:

ε′n(θ)max = εn(θ)max +
εm sin θ + 2νeqγm cos θ

4
(19)

where εm is the mean normal strain; γm is the mean shear strain.
The normal average strain and stress on the critical plane is obtained by Equation (19):

εm
n =

εm sin θ + 2νeqγm cos θ

2
, (20)

σn.m = 2K′(εn.m/2)n′ . (21)

Through the above analysis, the multiaxial fatigue life prediction model can be expressed
as follows:

γ′eq/2 =
σ′f − σn.m

E
(2N)b + ε′f (2N)c. (22)

4. Experimental Verification

In order to verify the accuracy of this multiaxial fatigue life prediction model, experimental results
of alloy GH4169 at 650◦ in the literature [39] were compared and analyzed. The multiaxial fatigue tests
were conducted under proportional and non-proportional loading and the phase differences were 0◦,
45◦, and 90◦. Material performance parameters are shown in Table 1.
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Table 1. Material property parameters [39].

Material K′/MPa n′ E/GPa σy/MPa σ
′

f/MPa ε
′

f b c

GH4169 at 650◦ 1933 0.1483 182 626.4 1476 0.162 −0.086 −0.58

Meanwhile, the FS model and the SWT model are used to predict the fatigue life of alloy GH4169
at 650◦. The predicted results of multiaxial fatigue life are compared with experimental values, and the
range of 2 times error factor is given. The results are shown in Figure 2:
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It can be seen from Figure 2 that multiaxial fatigue life predicted by the SWT model is dangerous,
while the result predicted by the FS model is conservative. Meanwhile, the proposed model has
the best prediction ability for multiaxial fatigue life. In the case of proportional loading, the results
predicted by the FS model, most of which are located in the two-factor band, are superior to that of
the SWT model. In the case of non-proportional loading, the results from the SWT and FS models are
not ideal, outside of the two-factor band (Figure 2a,b). For GH4169 alloy, the agreement between the
results of the theoretical predictions and those achieved by experiments is satisfactory (Figure 2c).

5. Conclusions

The main conclusions of this research are as follows:
(1) Based on FS damage parameters, a new critical plane multiaxial fatigue damage parameter is

proposed by introducing normal stress and normal strain damage parameters on the maximum shear
strain plane.

(2) The material cyclic strengthening ability is expressed by the ratio of cyclic yield stress to
static yield stress. Meanwhile, the influence of the phase difference and load condition on the
non-proportional additional hardening effect is considered. The multiaxial damage parameters,
corrected using additional hardening factors, can accurately reflect the influence of additional
hardening on the multiaxial fatigue life.

(3) The FS model and the SWT model are not adequate in predicting multiaxial fatigue under
non-proportional loading. The experimental results show that the proposed damage parameter method
can accurately predict multiaxial fatigue life.
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