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Abstract: The paper presents a simple and efficient method for identifying two-parametric isotropic
pressure-independent yield criteria. The experimental procedure includes the upsetting of three
types of specimens. The upsetting of cylinders and rings is used to evaluate the effect of friction.
Together with the plane strain compression in a die, these tests provide two points of the yield locus
on the π-plane. The experimental procedure is used in conjunction with the plasticity theory based
on Hosford’s yield criterion. The plastic work is used to describe the hardening of the material.
This hardening law can be reformulated in terms of the equivalent strain after the yield criterion is
determined. The experimental/theoretical procedure above applies to steel C15E.

Keywords: yield criterion; work-hardening; ring compression; cylinder compression; plane
strain compression

1. Introduction

A large class of metal-forming processes is described by rigid- or elastic-plastic models
based on an isotropic pressure-independent yield criterion and its associated flow rule. In
most cases, the von Mises yield criterion is assumed (in a broad sense that the tensile yield
stress may depend on the equivalent strain rate, the equivalent strain, and other internal
variables). A few recent publications include [1–4]. It is often reasonable to assume that
the yield stress depends on the equivalent strain only for cold metal forming processes. In
this case, a single test, usually the standard tensile test, completely determines the material
model. On the other hand, experiments devoted to determining material properties show
a systematic deviation of the actual yield criterion from the von Mises yield criterion. In
particular, an overview of such experimental data has been presented in [5]. Polycrystal
models also predict yield criteria different from the von Mises yield criterion. For example,
the plane stress yield criterion for FCC metals has been computed in [6] using the Taylor
polycrystal model [7]. For practical applications to metal forming simulation, it is desirable
to have a simple and quick method for determining a yield criterion that is more accurate
for a given material than the von Mises yield criterion.

Several isotropic generalized yield criteria have been proposed in the literature [8,9].
The criterion [8] involves two constitutive parameters. A simple and efficient method
for determining these parameters is developed in the present paper. It is supposed that
hardening is isotropic. Kinematic hardening is not considered. Therefore, the yield surface
expands with no translation in the stress space. The method includes compression tests
(cylinder, ring, and plane strain compression). Each of these tests separately is widely
used for determining various material properties. A technique for minimizing friction in
the cylinder compression test has been described in [10]. This technique can be extended
to other specimens’ geometries (for example, [11]). Under these conditions, the cylinder
compression test provides the corresponding yield stress. This yield stress equals the
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tensile yield stress for many metallic materials. The plane strain compression test has
several applications [12–24]. Paper [12] has adopted this test for studying the deformation
of multilayer sheets. The focus has been on the conditions that lead to the simultaneous
flow of the different layers. Paper [13] has used the plane strain compression test for
determining the flow stress considering the effect of friction. The microstructure devel-
opment in Sanicro 28 high-alloy austenitic stainless steel has been investigated in [14].
In [15], the plane strain compression test has been combined with subsequent recrystalliza-
tion annealing to study the behavior of a NiTiFe shape memory alloy. This test has been
employed in [16] to determine the flow curve to increase the accuracy of the simulation
results. An analytical method for interpreting the results of the plane strain compression
with no die has been developed in [17]. The plane strain compression test has been com-
bined with multi-directional forging in [18] to study the texture evolution and mechanical
properties of martensitic steel. Paper [19] has extended the results reported in [15]. The
hot plane strain compression test has been used in [20] to investigate the microstructure
and texture development in a Mg–Dy alloy. Paper [21] has applied multiple plane strain
compression to study the texture evolution in commercially pure copper. The effect of
hydrogen on the flow behavior of a TiAl-based alloy has been reported in [22]. In this
paper, the plane strain compression test has been carried out at elevated temperatures.
The influence of temperature on material properties in plane strain compression has been
studied in [23]. Uniaxial and plane strain compression tests have been employed in [24]
to reveal the influence of sample geometries on determining material behavior. Note that
papers [13,16,17,22–24] have conducted the plane strain compression test without a special
die. A thin strip of metal has been compressed between two flat dies. It has been supposed
that the geometric dimensions of the dies can produce plane strain deformation.

Compression tests have been widely used to determine the flow behavior of materials
for metal forming applications [13,25,26]. These papers are devoted to methods to account
for frictional effects. Paper [13] has treated experimental data from the cylinder and plane
strain compression tests using an inverse method, assuming that the friction coefficient and
the flow stress are unknown. However, it has been assumed that the material (aluminum
alloy AA6082) obeys the von Mises yield criterion. Paper [25] has also utilized an inverse
procedure in conjunction with a finite element modeling of a uniaxial compression test.
The von Mises yield criterion with the flow stress that depends on the equivalent strain,
the equivalent strain rate, and the temperature has been assumed. The material tested is
50CD4 steel. Paper [26] has proposed a method for determining the stress–strain curve
using two compression tests. One of these tests is the same as that described in [10]. The
other is the cylinder compression with teflon sheets or Molykote DX as lubricants. The
slab method has been used to account for friction. The von Mises yield criterion has been
assumed for Aluminum AL2S. Another group of tests for determining materials’ flow
behavior includes combined tension and torsion tests [27,28]. Paper [27] determines the
strain hardening law assuming the von Mises yield criterion. In contrast to the papers
above, an experimental program for determining yield surfaces has been proposed and
carried out in [28]. However, thin-wall tubular specimens have been used in this paper,
which restricts the applications of this study to sheet metal forming. Moreover, even though
the yield criterion has been investigated, the von Mises strain has been accepted as the
effective strain. The effective strain is generally defined using the yield criterion [8].

The present paper aims to develop a simple and efficient method for identifying the
yield criteria proposed in [8] and any other yield criterion that involves two constitutive
parameters. As noted above, the effective strain cannot be defined without specifying the
yield criterion. Therefore, the theoretical part of this paper describes the yield stresses as
functions of the plastic work. Once the yield criterion has been identified, the hardening
laws can be generally rewritten in terms of the effective strain. The method applies to
determine the yield criterion of low carbon steel C15E.



Metals 2023, 13, 471 3 of 13

2. Methodology and Theory
2.1. Methodology

The experimental program includes three compression tests (cylinder, ring, and plane
strain). Under the ideal conditions of vanishing friction, the cylinder and ring compression
tests should lead to identical results. The present approach suggests that real experimental
results are used for revealing the effect of friction. Therefore, the first step of the experi-
mental program is to show that all curves from the cylinder and ring compression tests
lie within a narrow band. If this condition is satisfied, the second step is to compare these
curves and curves from the plane strain compression test. This comparison should allow
for a two-parametric yield criterion to be identified.

Let σ1, σ2, and σ3 be the principal stresses. The yield criterion proposed in [8] reads

n
√
(σ1 − σ2)

n + (σ2 − σ3)
n + (σ1 − σ3)

n =
n√2σY, (1)

where σY is the yield stress in tension and 1 ≤ n < ∞. Since σ2 = 0, σ1 = τY, and σ3 = −τY
in pure shear, it follows from this equation that the shear yield stress is

τY = kσY, (2)

where
k = 1/ n

√
1 + 2n−1 (3)

The yield criterion (1) reduces to the von Mises yield criterion for n = 2 and n = 4. In
this case, k = 1/

√
3. Tresca yield criterion follows from (1) as n→ ∞ . In this case, k = 1/2.

The yield locus corresponding to (1) covers the entire region between the von Mises and
Tresca loci as n varies in the range 4 ≤ n < ∞. Generally, different yield loci are obtained in
the range 2.767 ≤ n < ∞ [8].

Using experimental data from the compression tests above, one can find k from (2)
and n from (3).

2.2. Theory

Hardening laws usually represent the flow stress as a function of the equivalent plastic
strain or the plastic work. However, the definition of the equivalent strain depends on
the yield criterion, the determination of which is the main objective of the present paper.
Therefore, the hardening law below is written in terms of the plastic work. In the case of
isotropic materials, the von Mises and Tresca yield criteria are most often used in metal
forming applications. The Tresca criterion forms one of the two extreme bounds for all
physically reasonable pressure-independent yield criteria. The other bound is usually
called the Schmidt–Ishlinskii yield criterion [29]. One test completely determines each
of the criteria above. The generalized isotropic yield criteria proposed in [8] require
at least two tests. A theoretical description of these tests is required to interpret the
experimental results.

A schematic diagram of specimens is presented in Figure 1 to introduce some notation.
In particular, H0 is the initial height of all specimens, R0 is the initial radius of cylindrical
specimens and the initial outer radius of ring specimens, r0 is the initial inner radius of ring
specimens, L0 is the initial length of strips, and B is the width of strips. The value of B does
not change in the course of deformation under plane strain conditions. The current height
of all specimens is denoted as H. The dimensionless height is defined as

h =
H
H0

. (4)

Moreover, the uniaxial and shear yield stresses are denoted as σY and τY, respectively.
These stresses are functions of the plastic work w. The force required to deform specimens
is denoted as F.

Let ξ1, ξ2, and ξ3 be the principal strain rates. The plastic work is determined from the
following equation: dw

dt
= σ1ξ1 + σ2ξ2 + σ3ξ3 (5)
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where t is the time and d/dt is the convected derivative. All specimens are compressed
between two flat dies. One die is motionless, and the other moves with a velocity V.
Therefore, dH/dt = −V and Equation (5) becomes after employing (4)

− V
H0

dw
dh

= σ1ξ1 + σ2ξ2 + σ3ξ3. (6)
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The initial condition to this equation is

w = 0 (7)

for h = 1.
Friction is ignored in the solutions below.

2.2.1. Cylinder Compression

It is natural to use a cylindrical coordinate system (r, θ, z) whose z-axis coincides with
the axis of the cylinder and the plane z = 0 with the contact surface between the specimen
and the motionless die. The radial and axial velocities are represented as

ur =
Vr
2H

and uz = −
Vz
H

. (8)

It is straightforward to verify that this velocity field is solenoidal. The only non-zero
stress component is the axial stress, σz = −σY. The corresponding strain rate component
follows from (7) as ξz = ∂uz/∂z = −V/H. Then, Equation (6) becomes

dw
dh

= −σY
h

. (9)

Since the material is incompressible, the current radius of the cylinder is R = R0
√

H0/H.
Using this equation and (4), one can find the force F as

F =
πR2

0σY

h
. (10)

Eliminating σY in (9) using (10), one can obtain

dw
dh

= − F
πR2

0
. (11)

It is supposed that the experiment provides F as a function of h. Then, using (7), one
can integrate Equation (11) to obtain

w =
1

πR2
0

1∫
h

F(β)dβ. (12)

Here, β is a dummy variable of integration. Equation (10) can be rewritten as

σY =
hF

πR2
0

. (13)



Metals 2023, 13, 471 5 of 13

The experimental dependence F(h) supplies the right-hand side of (13) as a function
of h. Then, Equations (12) and (13) provide the dependence σY(w) in parametric form, with
h being the parameter.

2.2.2. Ring Compression

Equations (8) and (9) are valid. Since the material is incompressible, the current
cross-sectional area of the ring is s = π

(
R2

0 − r2
0
)
h−1. Using this equation, one can find the

force F as
F = sσY =

π
(

R2
0 − r2

0
)

h
σY. (14)

Eliminating σY in Equation (9) using Equation (14), one can obtain

dw
dh

= − F
π
(

R2
0 − r2

0
) . (15)

Integrating and using (7)

w =
1

π
(

R2
0 − r2

0
) 1∫

h

F(β)dβ. (16)

Equation (14) can be rewritten as

σY =
hF

π
(

R2
0 − r2

0
) . (17)

The experimental dependence F(h) supplies the right-hand side of (17) as a function
of h. Then, Equations (16) and (17) provide the dependence σY(w) in parametric form, with
h being the parameter.

2.2.3. Plane Strain Compression

Any plane–strain pressure-independent yield criterion can be represented as

σ1 − σ2 = 2τY. (18)

Here, σ1 and σ2 are the principal stresses in the planes of flow. In the case under
consideration,

σ1 = 0 and σ2 = −2τY. (19)

It is natural to use a Cartesian coordinate system (x, y, z). The flow is everywhere
parallel to the (x, z) plane. The plane z = 0 coincides with the contact surface between the
specimen and the motionless die. The velocity field is

ux =
Vx
H

and uz = −
Vz
H

. (20)

It is straightforward to verify that this velocity field is solenoidal. Using (4), one can
find the non-zero strain rate components from (20) as

ξx = ξ1 =
V

H0h
and ξz = ξ2 = − V

H0h
. (21)

Substituting (19) and (21) into Equation (6) leads to

dw
dh

= −2τY
h

. (22)

Since the material is incompressible, the current length of the strip is L = L0H0/H.
Using this equation, (4) and (19), one can find the force F as

F =
2BL0τY

h
. (23)

Eliminating τY in (22) using (23), one can obtain

dw
dh

= − F
BL0

. (24)

Integrating and using (7)
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w =
1

BL0

1∫
h

F(β)dβ. (25)

Equation (23) can be rewritten as

τY =
hF

2BL0
. (26)

The experimental dependence F(h) supplies the right-hand side of (26) as a function
of h. Then, Equations (25) and (26) provide the dependence τY(w) in parametric form, with
h being the parameter.

3. Experimental Design

In the present paper, the compression of three different groups of specimens made of
low-carbon steel C15E is performed. The chemical composition of this material (Table 1)
was acquired by an optical emission spectrometer ARL 2460 (method OES OES SRPS
C. A1.011 (2004), Thermo Fisher Scientific, Waltham, MA, USA). The specimens were
machined from a Ø 30 mm annealed rod. The annealing temperature was 720 ◦C and the
cooling was performed in a furnace for eight hours, resulting in the hardness of annealed
material of 142 HB. The compression was carried out at room temperature by different
dies on a Sack&Kiesselbach 6.3 MN hydraulic press with ram speed of 0.05 mm/s. Before
the compression, the specimens were lubricated with stearin. The compression force and
stroke were registered by a Spider 8 Hottinger Baldwin Messtechnik electronic measuring
system. A total of nine specimens were compressed: three specimens for each group.

Table 1. Chemical composition of C15E low carbon steel.

Mass. % C Si Mn S Cr P Al Cu Mo Ni

C15E 0.17 0.25 0.516 0.019 0.017 0.015 0.022 0.140 0.045 0.214

The first group of specimens is circular cylinder Rastegaev specimens [10]. The
nominal initial radius and height of the specimens are R0 = 10 mm and H0 = 20 mm,
respectively. These specimens have small recesses on their end faces which retain the
stearin during the compression. A pair of flat plates are used as a die. A schematic diagram
of the specimens, a specimen image, and a schematic diagram of the process are presented
in Figure 2.

The second group of specimens is rings conventionally used for experimental determi-
nation of friction in cold metal processes [30]. The nominal initial outer radius, inner radius,
and height of the specimens are R0 = 12 mm, r0 = 6 mm and H0 = 8 mm, respectively. This
nominal geometry is slightly modified to include recesses for retaining the stearin, similar
to the Rastegaev specimens. A schematic diagram of the specimens, a specimen image, and
a schematic diagram of the process are presented in Figure 3.

The third group is prismatic specimens for plane strain compression. The nominal
initial length, height, and width are L0 = 20 mm, H0 = 20 mm, and B = 14 mm, respectively.
The compression is performed using a plane strain die [31]. The width of the die channel is
14 mm (Figure 4). Similarly to the previous groups of specimens, the nominal geometry is
slightly modified to retain the stearin during the compression. A drawing and photos of
the billet are presented in Figure 5.

For the calculations that are described in the next section, the elastic deformation for
each specimen group is removed using experimental data for the stiffness of the whole
compression system, including hydraulic press, dies, and specimens.
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4. Experimental Results

Figure 6 presents the images of an upset specimen from each specimen group. The
average stroke for the cylindrical specimens is about 13 mm, while the maximum force
is about 700 kN. The average stroke for the ring specimens is about 5.61 mm, while the
maximum force is about 882 kN. Finally, the average stroke for prismatic specimens is
about 12 mm, while the maximum force is about 560 kN.
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Figure 6. Upset specimens: cylinder (a), ring (b), and prismatic specimen (c).

The load curves for all the specimens are represented by monotonically increasing
functions of the stroke, which is also typical for other warm and cold upsetting and
forging processes (Figure 7). It is evident that the compression force is the highest in ring
upsetting. The compression forces for the cylindrical and prismatic specimens are of a
comparable magnitude.
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Figure 7. Compression force for all three specimen groups.

The main factors that influence the compression force are the area of the contact
surface, yield stress, friction coefficient, and die contact surface geometry. The yield stress
is immaterial in this respect because all the specimens are made of the same material.
Lubrication is carried out by filling the recesses (Figures 2, 3 and 5) with stearin, which
results in low friction. Certain differences in the curves within the same specimen group
(Figure 7) can be explained by unstable contact friction resulting from non-precise stearin
deposition, and the inability to maintain a constant layer of stearin during the entire process.
It is most evident in the case of plane strain compression. The ring and cylinder upsetting
tests exhibit high repeatability, as seen from overlapping load curves.

The uniaxial and shear yield stresses are calculated according to the theoretical deriva-
tion provided in Section 2.2 using the experimental data for the compression force (Figure 7).
The result of this calculation is depicted in Figure 8. All the curves in Figure 8a are within
a rather narrow band, which confirms the first step of the methodology described in
Section 2.1 (please see Appendix A).
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Figure 8. Variation of σy and τy with the plastic work for cylinder and ring (a), and prismatic
specimens (b).

Figure 9 presents the dependence of k on w calculated using the experimental data
(Figure 8) and Equation (2).
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Figure 9. Dependence of k-value on the plastic work.

The value of k varies from 0.557 to 0.582 (approximately). The value of n can be
determined from Equation (3). In particular, n ≈ 5.8 at the beginning of the process. This
result characterizes the initial yield criterion and agrees with the value n ≈ 5.6 calculated
for randomly oriented BCC metals [8]. However, the value of n decreases from its initial
value as the deformation proceeds (Figure 10). In particular, it reaches the value of 3.475 at
the end of the process. Therefore, an accurate description of the material behavior of the
steel investigated requires that n involved in (1) is a function of the plastic work.
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It is generally possible to rewrite the constitutive equations above in terms of the
equivalent strain. However, the corresponding strain rate cannot be expressed as an
explicit function of the strain rate components for the n-values found. Therefore, it is more
convenient to use the constitutive equations in terms of the plastic work.
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5. Conclusions

A simple method for identifying isotropic pressure-independent two-parametric yield
criteria has been developed. The method has been explicitly used with the yield criterion
proposed in [8]. However, any other criterion of the class noted can be treated similarly. The
method includes three compression tests. The compression of cylinders and rings reveals
the effect of friction and determines the uniaxial yield stress. The plane strain compression
determines the shear yield stress.

The method has been applied to low carbon steel C15E. The final result is presented in
Figure 9. The constitutive parameter n involved in the yield criterion (1) can be determined
using this curve and Equation (3). It has been found that the initial yield criterion practi-
cally coincides with the yield criterion calculated for randomly oriented BCC metals [8].
However, an accurate description of the material behavior of the steel investigated requires
that n involved in (1) is a function of the plastic work.

The equivalent strain is adopted much more often as a hardening measure in metal
forming applications compared to the plastic work. Although it is possible to rewrite the
constitutive equations derived in terms of the equivalent strain, it requires a numerical
procedure. Therefore, it is preferable to use the plastic work.
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Nomenclature

h dimensionless height
k ratio of the shear yield stress to the tensile yield stress
n constitutive parameter
r initial inner radius of ring specimens
s current cross-sectional area of the ring specimens
t time
ur, uz radial and axial velocities
ux, uz Cartesian velocity components
w plastic work
B width of strips
F force required to deform specimens
H current height of all specimens
H0 initial height of all specimens
L current length of strips
L0 initial length of strips
R current radius of cylindrical specimens
R0 initial radius of cylindrical specimens and initial outer radius of ring specimens
V velocity
β dummy variable of integration
ξ1, ξ2, ξ3 principal strain rates
ξx,ξz strain rate components in x and z directions
σ1, σ2, σ3 principal stresses
σY yield stress in tension
σz axial stress
τY shear yield stress
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Appendix A

In the case of compression of solid cylinders between two parallel plates without
friction, the normal stress components in the cylindrical coordinate system introduced in
Section 2.2.1 are

σr = σθ = 0 and σz = σY. (A1)

The shear stresses vanish. By definition, σY is the yield stress in uniaxial compression.
The velocity field associated with (A1) is given in (8). The corresponding strain rate field is

ξr = ξθ =
V

2H
and ξz = −

V
H

. (A2)

The shear strain rates vanish. It is seen from (A2) that the equivalent strain rate and the
equivalent strain are independent of spatial coordinates. Therefore, σY is independent of
spatial coordinates, and the equilibrium equations are automatically satisfied. The solution
above is independent of the cylinder’s radius.

In the case of compression of rings, the difference from the previous case is that there is
an inner radius, which is traction free. However, it is evident that the stress distribution in
(A1) satisfies this additional boundary condition. Moreover, the velocity field in (8) shows
that the outer and inner surfaces of the ring remain circular cylinders after any amount
of deformation. Therefore, the cylinder’s solution is also the ring’s solution. In particular,
σz = σY over the contact surface. Consequently, the curves in Figure 8a should coincide
under the ideal conditions.
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