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Abstract: The present paper provides a theoretical prediction of the evolution of material properties
near the friction surface in axisymmetric extrusion and drawing. The method employed is based on
the strain rate intensity factor and uses empirical equations that connect the integrated strain rate
intensity factor with the thickness of a narrow layer of intensive plastic deformation and the hardness
of the surface layer. The material obeys Hosford’s yield criterion. Therefore, the empirical equations
above are reformulated in terms of the work rate intensity factor. Since no numerical method
is available, the strain rate and work rate intensity factors are determined from an approximate
solution. The solution reveals the effect of process and material parameters on the thickness of a
layer of intensive plastic deformation and the hardness of the surface layer. Since the solution is
semi-analytical, it is straightforward to use its results to design the metal forming processes.

Keywords: extrusion; drawing; friction; gradient of material properties; strain rate intensity factor;
work rate intensity factor

1. Introduction

Friction is unavoidable in most metal forming processes. It significantly contributes to
redundant work and the non-uniformity of deformation. Because it is impossible to avoid
friction and it is very difficult to propose an accurate friction law, it is desirable to develop
a method that allows for the prediction of material properties near frictional surfaces. The
present paper concerns such a method that requires no realistic friction law.

Metal forming processes often generate high gradients of material properties within
a narrow layer near frictional interfaces [1]. These layers are advantageous for some
applications [2,3]. Theoretical predictions on the effect of process parameters on the
gradient of material properties are required for designing the processes. The present paper
considers the process of axisymmetric direct extrusion. Its results also apply to the process
of drawing.

A vast amount of literature is devoted to experimental studies of the generation of
material properties near the friction surface in extrusion and drawing [4-12]. These studies
have shown that the evolution of material properties near frictional interfaces is affected by
many process conditions. Therefore, it is reasonable to expect that the process conditions
can be chosen such that the process generates a desirable distribution of material properties.
To this end, a theoretical method that allows for the parameter characterizing material
properties to be calculated is required. Conventional methods are unsuitable because the
evolution of material properties near frictional interfaces does not obey the constitutive
equations that are valid in bulk. The present paper employs the method proposed in [13].
This method is based on the strain rate intensity factor introduced in [14].

The strain rate intensity factor should be determined from the solution of a singular
boundary value problem in plasticity theory. The standard finite element method cannot
solve such problems [15]. The only available numerical method is based on the characteris-
tics theory and applies to plane strain problems [16]. Therefore, this method cannot also
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be used to analyze axisymmetric extrusion and drawing. It has been shown in [17] that
an efficient approximate method of analyzing these processes can be based on solutions
for the material flow through infinite converging channels. The present paper employs
this method. It is assumed that the material obeys Hosford’s yield criterion [18]. The
solutions for the material flow through infinite converging channels for this yield criterion
are available [19,20]. However, these solutions do not provide the strain rate intensity factor
necessary for applying the method [13].

The present paper extends the solution [20] to calculate the strain rate intensity factor.
Paper [13] provides empirical equations that connect the integrated strain rate intensity
factor with the thickness of the layer of intensive plastic deformation and the hardness
of the surface layer. These equations are valid for aluminum 6061. They are based on
experiments under plane strain conditions. In this case, all isotropic pressure-independent
yield criteria have the same form. The present paper proposes to replace the strain rate
intensity factor with the work rate intensity factor to apply the experimental results [13] to
an arbitrary yield criterion in the case of three-dimensional deformation. This approach
has also been used in [21] to extend the concept of the strain rate intensity factor in plane
strain deformation of isotropic materials to anisotropic materials.

2. Statement of the Problem

A rod of initial radius R is extruded through a conical die (total angle 26y). The final
radius of the rod is ry (Figure 1). It is convenient to use a spherical coordinate system
(o, 8, ¢). The axis of symmetry of the process corresponds to 8 = 0. The equation of the
die surface is § = 6. The solution is independent of ¢.

i

| 2R, |

Figure 1. Schematic diagram of the extrusion process.

The stress components in the spherical coordinate system are denoted as gy, 0gg,
Tpg, Tpo, Tpg-, and 0y9. The components 0,y and 0,9 vanish. Therefore, 0y is one of the
principal stresses. The other principal stresses are denoted as 07 and 03. With no loss of
generality, it is assumed that oy > o3.

The material obeys Hosford’s yield criterion [18]. In the case under consideration, this
yield criterion reads

(01— 0gp)" + (0pp — 03)" + (01 — 03)" = 207 1
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Here 1 < n < oo and 0y is the tensile yield stress. In the case of perfectly plastic
materials, the latter is a constitutive parameter. Equation (1) assumes that

01 2> 0pp and 03 < 0. 2)

This assumption should be verified a posteriori. The elastic strains are neglected. The
principal strain rate components are denoted as ¢1, e, and ¢3. In addition, gy, is the
circumferential strain rate. The other non-zero strain rate components in the spherical
coordinate system are ¢pp, Gag, and Gp9. The plastic flow rule associated with the yield
criterion (1) is

&1 = )‘[(Ul —0pg)" !+ (01 — ‘73)1171]'541(? = /\[(%q) G ‘74)4))%1]'53 = —/\[(UW —03)" " 4 (01 - U3)n71]‘ ®)

Here A is a non-negative multiplier.
The stress boundary conditions are

Upg =0 (4)

for 0 = 0 and
Tpo = T @)

for 0 = 6y. Here T, is the shear yield stress. Condition (5) is necessary for the existence of
the strain rate intensity factor [14]. It follows from (1) that
00

Ty — —. 6
"= e ©)

3. General Solution

The method proposed in [13] for predicting the evolution of material properties near
frictional interfaces in metal forming processes requires the theoretical strain rate intensity
factor. The only available numerical method for calculating the strain rate intensity factor is
restricted to plane strain problems [16]. In many cases, a reasonable approximate solution
for extrusion and drawing through conical dies can be based on solutions for the flow of
plastic material through an infinite converging channel [17]. This approach is adopted in the
present paper. The general solutions required were derived in [19,20]. The solution [20] is
more convenient if the yield criterion is written in terms of the principal stresses. Therefore,
this solution is adapted and modified below for calculating the strain rate intensity factor.

Let ¢ be the angle between the axis p and the direction of the principal stress o3
measured from the axis clockwise (Figure 2).

a;

Figure 2. Orientation of the principal stresses.

The transformation equations for the components of tensors in a generic (p, ) plane
lead to
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Opp = %(01 +03) — %(01 — 03) cos 2y, g = %(01 +o03)+ %(0’1 — 03) Cos2p, 09 = f%(al —03) sin 2y 7)
and
1 1 1 1 1 .
Sop = 5(61+83) = 5 (61— G3) cos 29, Ggg = 5 (81 +83) + 5 (61 — 83) o829, Gpp = — 5 (61 — §3) sin 2. (8)

The direction of flow dictates that 0,9 > 0 and 0y > 0gg. Then, it follows from (7) that
sin2¢ < 0 and cos2yp < 0. Consequently,

s s
——<y< - 9
T <y<— ©)

Introduce the following stress variables:
81 = 01 — Ogpg, 52 = Upp — 03,and s3 = 01 — 03. (10)

It is seen from (2) thats; > 0, s, > 0, and s3 > 0. Equations (3) and (10) combine
to give

GG =A(sT =) G — G = A2 s sl and gy = A(s5 T -5, (11)
Substituting the first two equations in (11) into (8), one gets
Cop = % {s?il — 53*1 — (ngfl + 5571 + s?il) cos 21,0},
Goo = 3|51 =57+ (2557 55 51! cos 2y, (12)
oo = —% (ngfl +si7 4 s?’l) sin 2¢.

Eliminating A between the third equation in (11) and the second equation in (12) yields

-1 -1
Cfﬂ B 2(53 — s ) )
Goo sttty (255’_1 +si7t 4 s?‘l) cos 2y

The other independent equations that follow from (12) are the equation of incompressibility

gpp + 699 + gq)go =0 (14)
and o
00

= tan 2¢. (15)

oo — Coe v

The radial velocity found in [20] can be written as

u

Uy = 7p72. (16)

Here u > 0 is an arbitrary function of 6. The other velocity components vanish. This
velocity field satisfies (14). Moreover, {g9 = {»p and Equation (13) becomes

2(33‘1 — s’f‘l)

sl —si7l 4 (25371 +si 4 sTﬁl) cos 2y

=1. (17)
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One can express the strain rate components involved in (15) through u using (16). As

a result,
oo = ?)M;;m’b d % = 3utan2y. (18)
Substituting (10) into (1), one can find
ST+ sy +s5 =207 . (19)

Equations (17) and (19) should be supplemented with the identity:
51+ 85, —s3 =0. (20)

The general structure of Equation (17) through (20) suggests that all quantities involved
in these equations are independent of p. The solution below is based on this assumption.

It remains to consider the equilibrium equations. In the case under consideration,
these equations read

do, P9

(21)
8099 + (0’99 - U‘P‘P) cotf + 30’p9 =0.
The equations in (21) are compatible if

Opp = —AcgInp +5p,(0), 099 = —AcgInp +599(0), and 0y = —AcpInp +544,(6). (22)

Here A is constant, and s,,(6), sg9(6), and sy, () are arbitrary functions of 6. In
particular, the equations in (21) become

d(fpg
dae

It follows from (7), (10), and (22) that

dsg
+25pp — Spg — Spg + 0pg cOt = Aoy and — 7=

d9 -I— (599 — 5(p(p) cotf + 30'P9 =0. (23)

app - 099 - Spp - 599 — *53 CcOs 247, Upp - 0’4)4) — Spp - Sq)q) - $1-5 _ 33CO55Y Coszlp,
4 (24)
000 — Tpp = 566 — Spp = $1—Sp sz + 53c0521p U'pe _ _53512r121/;'
Substituting (24) into (23) yields
253 cos 21/J 70 +sin2¢ 7 ds3 4 353 €052t — 51 + 53 + s3sin2ip cotd = —2A0y,
(25)

dsge +32 ( — 52 + 5308 2¢) cot ) — %s3 sin2¢ = 0.

The second equation can be solved after s1, sy, s3, and 1 are found. Its solution is not
required for calculating the strain rate intensity factor. Therefore, this equation will not be
considered below. Moreover, the only difference between extrusion and drawing appears
in the boundary condition to this equation. Therefore, the derivation below is valid for
both processes.

The first equation in (25) should be solved numerically together with Equations (17),
(19) and (20). Taking into account (7) and (9), one can rewrite the boundary conditions (4)
and (5) as

v=-3 (26)

for6 = 0and -
p=—7 (27)
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for 6 = 6p. The solution of the first equation in (25) satisfying these boundary conditions
determines A.

4. Strain Rate and Work Rate Intensity Factors

The strain rate intensity factor was introduced in [14]. This factor is the coefficient of
the leading singular term in the expansion of the quadratic invariant of the strain rate tensor
in a series in the vicinity of maximum friction surfaces. One can introduce other definitions
resulting from the same singular behavior of the velocity field. All these definitions are
equivalent from the mathematical point of view. In particular, it is straightforward to
calculate the strain rate intensity factor according to any definition if it is known according
to one of these definitions. However, it is important to choose a physically reasonable
definition for using the strain rate intensity factor in constitutive equations. One of the best
candidates is the work rate intensity factor [21]. This factor is adopted in the present paper.

Its definition is given by
w="" 1o <1) (28)
Vz Vz

as z — 0. Here z is the normal distance to the friction surface, w is the plastic work rate,
and W is the work rate intensity factor.
In the case under consideration, the plastic work rate is given by

W = OppCpp + 099Go0 + TppCop + 209G, (29)

However, only the last term approaches infinity near the maximum friction surface.
Therefore, taking into account (5) and (18), one can represent (29) as

3T
w=""F tan2y (30)
1Y
to leading order. Here 1 is the value of u at the friction surface. Using (27), one transforms
(30) to
3Tl g N\ —1 7y -1
w“ﬁ(‘“z) +0{(‘/’+4) ] (1)

as Y — —m /4. Comparing (28) and (31) shows that

p+ 5 =—Ky/Bo—6+0(/6—0) (32)

as 0 — 0. Here K > 0 is constant. Moreover,

B 3Tmuf

One should conduct an asymptotic analysis near the friction surface to find K. The

boundary condition (5) demands s; = Ty, 5o = Ty, and s3 = 2T, at 6§ = 6 (or p = —71/4).
These quantities can be regarded as functions of 1. Then,

Letra” (D) a0+ 5 o+ 5)°),
2 =110+ 5) +a) (0 + ) +o[(v+5)], (34)

Tm

2 =2+al(p+ )+l (9 + 5’ +o[(+ )]
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as  — —m /4. Moreover,

T T\3
C082¢2(¢+4)+O[(¢+4> } (35)
as Y — —rr/4. Substituting (34) and (35) into (17), (19), and (20), one gets
ago) = —ocgo) = wp, océo) =0, (xgl) = rxgl) =1, ucél) = 2u1,
242" 242" (36)
%0 = 301=n)’ 1 = 90-ny
The first equation in (25) can be transformed to
. dss dl[] .
253 cos 2y + sin Zgbﬁ 70 + 353 c0s 2y — 51 + sy + s3sin 2 cotd = —2A0y (37)

The derivative ds3 /d is readily determined from (34). Then, upon substitution from
(34)—(36), Equation (37) supplies

ap  On—1)(cotbo—AVTF2TT) o n 1
o 409(n —1) +1+21-1] <¢+Z) +O[(‘P+4) } (38)
as Y — —r/4. Differentiating (32) yields
d K2 -1 -1
d—lng?(lp+%) +o{(¢+2) ] (39)

as ¢ — —m/4. Comparing (38) and (39) shows that

3 \J (n— 1)(AW—COt90)

K=— 40
V2 9n—1)+1+2n1 (40)
Then, the work rate intensity factor is found from (6), (33) and (40) as
W = Touf 9(n—1)+142-1 )
V21 + 20T/ = 1p5/2 | A1 4271 —cotby

The solution of the second equation in (18) can be represented as

0
U= ugexp (3/ tan 21[Jd19) . (42)

o

It is understood here that the solution of Equation (37) provides # as a function of 6. A
subsequence of the incompressibility equation is

)
TVoR3 = —27'(/ u,0* sin 0d6. (43)
0

Equations (16), (42) and (43) combine to give

V. RZ 9(.) 6
02 0 — ugD, D = / exp 3./ tan2ydd | sin 6d6. (44)
0 9o
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Then, Equation (41) becomes

ooVoRj dn—1)+1+2"1 5,

W prm—
2V2DV1+2-1/n =1\ AY1+2"-T—cot eop

5. Thickness of the Layer of Intensive Plastic Deformation and Hardness at the
Friction Surface

(45)

The empirical equations proposed in [13] involve the strain rate intensity integrated
over the distance traveled by a material particle along the friction surface. The work rate
intensity factor should be integrated similarly. It is seen from Figure 1 that the distance
required is s = p; — p. Here p, is the p— coordinate of point a. The p— coordinate of point
b is denoted as p,. Then, the integrated work rate intensity factor is

w= [ Wd-y. (46)
j

Substituting (45) into (46) and replacing p with s, one gets

S

. oo VoR3 9(n—1)41+42""1 —5/25, _
w= 22D V/1+2n-1y/n—-1 A(’/l-‘rZ”’l—cotGg{ (pa = 7) dy =
(47)
7 VoR3 9(n—1)+1+2"1 11
3v2D V1+2n 11 \| AV T—cotby | (pa—5)*"> 22|

It follows from the geometry of Figure 1 that p, = Ry /siny and p, = r¢/sin 6. Then,
Equation (47) becomes

1
w =0V Rowp | —————7 — 1 (48)
(1-5/pa)™ ]
where 0 <s/ps < (pa — pp)/Pa =1 —19/Rp and

in3/2 —1) 414201
wo = sin®/< 6 In—1)+1+ . (49)

3vV2DV14+2-1/n—1\ AV1+ 21— cotfy

Using (48), one can represent the empirical equations provided in [13] as
o= ap —ap exp{agvovRowo |:(1—s/1p,,)3/2 — 1:| },

(50)

H,; = b1 - bz exp{—bgVO\/Rowo |:(ls/1p,,)3/2 - 1:| }

Here ¢ is the thickness of the layer of intensive plastic deformation generated near
the friction surface. Its dimension is the micron. Consequently, 4; and a; have the same
dimension. The parameter a3V)+/Ry is dimensionless. Additionally, H; is the hardness at
the friction surface. Its dimension is GPa. Consequently, b; and b, have the same dimension.
The parameter b3V)\/Ry is dimensionless. It has been found in [13] that a; = 68.3 um,
Ay = 68.6 um, a3 = 14.6 s- mm /2, b; = 3.2 GPa, b, = 1.6 GPa and b3 = 10.3 s - mm /2
for aluminum 6061. These values of the parameters are used in the following section.

6. Numerical Examples

This section illustrates the solution above with numerical examples. Given Equation
(50), the problem is classified by five parameters (Vp, Ro, Ro/ 79, 89, and n). Therefore, no
comprehensive parametric analysis is feasible. The numerical examples below focus on the
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effect of n and 0 on the thickness of the layer of intensive plastic deformation, assuming
that Vj = 1mm -s~1, Ry = 5mm, and Ry/ry = 1.5. The first equation in (50) is used. The
effect of n and 6y on the hardness at the friction surface can be investigated similarly using
the second equation in (50). Figure 3 depicts the dependence of A on y at n = 2 and n = 20.
It is seen that the effect of the n—value is rather weak. In particular, the curves for this
value in the range 2 < n < 20 lie between the two curves shown in the figure.

1 1 L L Gy

Figure 3. Variation of A with the die angle in the range 2 < n > 20.

The thickness of the layer of intensive plastic deformation along the friction surface
is shown in Figures 4-9. In particular, the curves in Figures 4 and 5 correspond to the
von Mises yield criterion, assuming that 8y = 5° and 6y = 45°. Figure 4 demonstrates
the increases in the thickness along the entire friction surface. It is seen that the gradient
is very high after the material enters the die until the thickness becomes saturated. The
saturation value is practically independent of the angle. Its effect is revealed in a region
near the entrance to the die (Figure 5). Figures 6 and 7 show the thickness of the layer of
intensive plastic deformation along the friction surface for several n—values, assuming
that 6y = 30°. Figures 8 and 9 depict the same distribution for 6y = 15°. It is worth noting
that the Taylor polycrystal model [22] predicts that 7 is close to 6 and 8 for BCC and FCC
materials, respectively [20]. The general tendency is the same as in Figures 4 and 5. In
particular, the gradient in the thickness is very high after the material enters the die until it
becomes saturated (Figures 6 and 8). The effect of n is revealed in a region near the entrance
to the die (Figures 7 and 9).

g, um
70

60
9{) = 50
50 o
b = 45

40
30
20

10
s

005 010 015 020 025 030 Pa

Figure 4. Thickness of the layer of intensive plastic deformation along the friction surface for the von

Mises yield criterion.
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§

0.02 0.04 0.06 0.08 0.10 Pa

Of

Figure 5. Thickness of the layer of intensive plastic deformation near the entrance to the die for the
von Mises yield criterion.

&, um
70

60 n=2
50 |
40
30
20

10
5

005 010 015 020 025 030 P

Figure 6. Thickness of the layer of intensive plastic deformation along the friction surface at 6y = 30°
and different n— values.

¢, um

60
50
40
30

20

5

0.01 0.02 0.03 0.04 0.05 0.06 Pa

Figure 7. Thickness of the layer of intensive plastic deformation near the entrance to the 6y = 30° die
and different n— values.
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oo N N

30

20

10

S

005 010 015 020 025 030 P

Figure 8. Thickness of the layer of intensive plastic deformation along the friction surface at 6y = 15°
and different n— values.

O, um

8

0.01 0.02 0.03 0.04 0.05 0.06 Pa

Figure 9. Thickness of the layer of intensive plastic deformation near the entrance to the 6y = 15° die
and different n— values.

7. Discussion

The present paper provides a theoretical prediction of the thickness of the layer
of intensive plastic deformation generated near the friction surface and the hardness at
the friction surface in axisymmetric extrusion and drawing using the empirical equation
proposed in [13]. The general solution is valid for any value of the exponent involved in
Hosford’s yield criterion [18]. The numerical results were presented for the thickness of
the layer of intensive plastic deformation, assuming that n = 2 (von Mises yield criterion),
n = 6 (good approximation for BCC materials), and n = 8 (good approximation for FCC
materials). The general tendency is that the thickness of the layer of intensive plastic
deformation rapidly increases to an almost saturation value after the material near the
friction surface enters the extrusion/drawing die (Figures 4, 6 and 8). The effects of n—value
and the die angle are revealed in a region near the entrance to the die (Figures 5, 7 and 9).
This general tendency is in agreement with physical expectations. In particular, the mode
of deformation near surfaces with high friction is similar to that in traditional severe
deformation processes [23]. Material properties in the latter become saturated to constant
values during the initial stage of the process [24-27]. This tendency in the evolution of
material properties suggests that the thickness of the layer of intensive plastic deformation
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reaches an almost saturation value shortly after the material near the friction surface enters
the extrusion/drawing die.

The predictive effect of the solution is that the exponent n involved in Hosford’s yield
criterion influences the thickness of the layer of intensive plastic deformation near frictional
interfaces. It can be seen from Figure 4 through Figure 9 that this effect is comparable with
the effect of the die angle. However, available experimental studies mainly focus on the
latter [9-13]. The result of the present paper can be considered as an encouragement to
experimentalists to attempt to verify the theoretical predictions made.

The present theoretical solution is valid for axisymmetric extrusion through a conical
die. High gradients of material properties appear in other extrusion processes [28,29].
The application of the general method to such processes requires the development of a
numerical method that is capable of solving singular boundary value problems.

It is straightforward to obtain numerical results for the hardness distribution along
the friction surface using the general solution found and the second equation in (50).

Funding: This research was made possible by grant 20-79-10340 from the Russian Science Foundation.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.
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Nomenclature

n constitutive parameter involved in Hosford’s yield criterion

i) final radius of the rod

$1,52,53 stress variables introduced in Equation (10)

Uy radial velocity

w plastic work rate

H; hardness at the friction surface

Ry initial radius of the rod

W work rate intensity factor

0 thickness of the layer of intensive plastic deformation

o die semi-angle

Sopr Copr Gogr Gpp  strain rate components referred to the spherical coordinate system
¢1,C3 principal strain rates

(0, 6, @) spherical coordinate system

Tops Upg, 09, Upg  Stress components referred to the spherical coordinate system

o) tensile yield stress

01, 03 principal stresses

T shear yield stress

P angle between the axis p and the direction of the principal stress o3
w integrated work rate intensity factor
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