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Abstract

:

In a flotation process, the particle–bubble and particle–particle interactions are key factors influencing collection efficiencies. In this work, the generalized Sutherland equation collision model and the modified Dobby–Finch attachment model for potential flow conditions were used to calculate the efficiencies of particle–bubble collision and attachment, respectively, for a flotation particle size of 80 μm. The negative effects of increase in the suspension viscosity due to the presence of fine particles on the flotation performance of fine particles have been reported, but there is no overarching model coupling the suspension viscosity and the flotation performance in the literature. Therefore, our study addressed this very important research gap and incorporated the viscosity model as a function of solid concentration, shear rate, and particle size into a flotation rate constant model that was proposed and conducted for the first time. This is quite a unique approach because the previously developed flotation rate constant model has never been coupled with a suspension rheology model taking into account the solid particle concentration and shear rate, although they are very important flotation variables in practice. The effect of the presence of ultra-fine/fine particles on the viscosity of the suspension and the flotation efficiencies and rate constant of flotation particle size of 80 μm were also investigated in order to better understand the mechanism of the problematic behavior of ultra-fine/fine particles in flotation. This coupling study started with the simplest case: flowing suspensions of inert, rigid, monomodal spherical particles (called hard spheres). Even for hard spheres, the effect of shear rate and particle size which produces deviation from the ideal case (constant viscosity at constant temperature regardless of shear rate) was clearly identified. It was found that the suspension viscosity increases with the decrease in fine/ultra-fine particle size (i.e., 1 µm–8 nm) and at higher solid particle concentration. Then, the colloidal particle suspensions, where interparticle forces play a significant role, were also studied. The suspension viscosity calculated for both cases was incorporated into the flotation efficiencies and rate constant models and discussed in terms of the effects of the presence of ultra-fine and fine particles on the flotation kinetics of flotation particle size of 80 μm.
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1. Introduction


Mechanical froth flotation is one of the most widely used processes for separating valuable minerals in mineral processing plants. It also has extensive applications in different industries such as paper [1], plastic [2], petrochemical [3], and waste recycling [4]. Flotation takes place in three different phases (i.e., solid (particles), liquid (water), and gas (bubbles)).



Bubble–particle interactions are widely acknowledged to be the most important sub-process in froth flotation. These interactions can be quantified based on statistical approaches on successful transfer of particles on bubbles towards the froth phase and then concentrates. These interactions were categorized into collision (   E c   ), attachment (   E a   ), and stability (   E s   ) sub-processes [5]. A clear understanding of these sub-processes is basically essential in the estimation of flotation kinetic rates. Figure 1 shows a schematic overview of the sub-processes    (   E c   )   ,    (   E a   )   , and    (   E s   )    involved in the overall process of froth flotation [6], and their details will be described in Section 2.



The mechanisms of particle–bubble interactions control flotation selectivity and collection efficiency [7]. Flotation selectivity is a measure of the relative recovery of the hydrophobic particles (referred to as valuable mineral(s) in direct flotation) to that of the hydrophilic particles (referred to as non-valuable mineral(s) or gangue) [8]. The collection efficiency is the probability that the colliding bubble and particle will form a permanent aggregate, resulting in a successful transfer of particle into the concentrate, referred to as orthokinetic heterocoagulation in flotation science [9,10].



To explain and quantify the contributions of collision    (   E c   )   , attachment    (   E a   )   , and stability    (   E s   )    efficiencies in particle–bubble attachment, an analytical model has been developed and used under turbulent flotation conditions, referred to as a general flotation kinetic model, which allows us to calculate the flotation rate constant as a function of particle size with measurable particle, bubble, and hydrodynamic quantities [5,11]. The flotation rate is the rate of valuable material/particle recovery in a flotation product (concentrate) per unit time. Numerous researchers have studied the kinetics aspects of froth flotation, paying special attention to particle and bubble sizes and their complex interactions in flotation cells [12,13].



The suspension viscosity, which is affected by the presence of fine/ultra-fine particles as well as the clay minerals [6], also plays a key role in influencing the flotation rate constant. Several studies showed that the presence of fine particles increases the pulp viscosity and thus has a negative effect on the flotation kinetics [14,15,16,17,18,19,20]. The suspension viscosity is affected by the solid concentration, shear rate, and particle size [21,22]. However, to the best knowledge of the authors, there is no study which incorporates these parameters into the flotation rate constant model by coupling with a suspension viscosity model. This incorporation was performed in this study for the first time.



A number of studies have indicated a strong relationship between flotation performance and pulp rheological property [17,18,23,24,25]. A higher pulp viscosity usually corresponds to a lower recovery of valuable minerals. In the pulp zone of a flotation cell (Figure 1), a high pulp viscosity can result in increased turbulence damping, poor gas dispersion, a reduced mobility of particles and mineralized bubbles, and a low particle–bubble collision efficiency [26,27]. All of these factors can lead to a reduced flotation efficiency.



In operating flotation plants, the viscosity of the pulp can vary significantly. Zhang (2014) [23] reported a change in the pulp viscosity in a flotation cell between 0.001619 to 0.000641 Pa s while evaluating the effect of viscosity changes on bubble size in a mechanical flotation cell. Chen et al. (2017) [18] studied the effect of amorphous silica on pulp rheology and copper flotation and reported the apparent viscosity of 0.286 Pa s at 20 vol.% amorphous silica suspension, and 0.093 Pa s at 20 vol.% quartz suspension; both of these values were obtained at a shear rate of 100 s−1.



Farrokhpay et al. (2011) [24] studied the processing of low-grade coarse composite particles in porphyry copper ores and used the viscosity of 0.0076 Pa s at 50 vol.% glycerol–water mixture. Farrokhpay et al. (2016) [25] studied the behavior of swelling clays vs. non-swelling clays in flotation, and they found out that copper recovery was decreased drastically (90% to 80%) in the presence of 15 wt.% swelling clay, montmorillonite; however, in the presence of 15 wt.% non-swelling clays, illite and kaolinite, the copper recovery decreased slightly to 87% and 88%, respectively. The copper grade decreased from 18% to about 1% in the presence of 30 wt.% and 15 wt.% of kaolinite and montmorillonite, respectively, and to about 5% in the presence of 30 wt.% illite. They reported that the apparent viscosities of the ore slurry in the presence of 15 wt.% montmorillonite, 30 wt.% of kaolinite, and 30 wt.% illite at a shear rate of 100 s−1 were 0.17, 0.03, and 0.02 Pa s, respectively.



Farrokhpay et al. (2018) [17] studied the behavior of talc and mica in copper ore flotation and reported that the viscosities of the ore slurry in the presence of 7.5 wt.% talc and 30 wt.% muscovite at a shear rate of 100 s−1 were 0.038 and 0.012 Pa s, respectively. Forbes et al. (2014) [28] studied the effect of rheology and slime coating on the natural floatability of chalcopyrite in a clay-rich flotation pulp and reported viscosity values between 0.001 and 0.15 Pa s. They reported copper recovery of 92% at quartz/kaolinite content of 100/0; however, with the change in quartz/kaolinite content (i.e., 70/30, and 30/70), the copper recovery was reduced to 87% and 82%, respectively. Table 1 summarizes the literature discussing the influence of the suspension viscosity on the flotation performance.



It has been demonstrated that there is a considerable variation of the shear rate distribution inside the flotation cell with the highest values close to the impeller [29]. The other areas in the flotation cell may have relatively small shear rate values, which can be even close to zero [20]. This causes the ore–clay mixtures, which are non-Newtonian, to have different shear stresses and viscosities at different locations in the flotation cell.



In our recent article [6], the correlation between flotation and rheology of fine particle suspensions was reviewed. The presence of values (e.g., critical raw materials) in fine/ultra-fine particles/grains in a complex manner has defined those ores as complex. There has been increasing demand for the beneficiation of complex ores, due to the noticeable decrease in the accessibility of high-grade and easily extractable ores. In order to maintain the sustainable use of limited resources, the effective beneficiation of complex ores is urgently required [30]. It can be successfully achieved only with selective particle/mineral dispersion/liberation and the assistance of mineralogical and fine particle characterization, including a proper understanding of the rheological behavior of complex ores in the context of fine particle separation/processing.



In this work, the parameters which affect the viscosity of flotation pulp (i.e., solid concentration, shear rate, and particle size) were studied in detail. Three cases of particles are discussed: (a) non-interacting non-Brownian hard spheres, (b) non-interacting Brownian hard spheres, and (c) interacting colloidal particles. Modified Krieger–Dougherty model and our predictive model developed for the viscosity of fine/ultra-fine particles were used to calculate the relative viscosity, and then the suspension viscosity. The particle–particle interactions (van der Waals and electric double-layer interactions) of colloidal particles were addressed by using the Derjaguin–Landau–Verwey–Overbeek (DLVO) theory [31,32]. The calculated suspension viscosity was then incorporated into the flotation kinetic model to calculate the flotation efficiencies and rate constant.



In this article, Section 2 will introduce the theoretical background for the modeling work performed in this study. Section 3 will introduce the results and discussion on the modeling work, followed by Section 4 with conclusions.
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Table 1. Summary of the literature discussing the influence of change in viscosity on flotation performance.
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	Researcher
	Reported Suspension Viscosity
	Flotation Results

(Rate Constant or Recovery/Grade)
	References





	Farrokhpay et al., 2011
	The viscosity of 50 vol.% glycerol–water mixture, used in their study, was 0.0076 Pa s.
	The recovery of coarse composite copper-bearing particles (+210 μm) of porphyry copper ore, recovered in the tailings of rougher, at a grind size of d80 = 250 μm, increased from 83 to 90% with the increase in viscosity from 0.001 to 0.0076 Pa s.
	[24]



	Shabalala et al., 2011
	The viscosity of kaolin ore slurry increased exponentially to the maximum values of between 0.03 and 0.08 Pa s with the increase in solid concentration from 15 to 40 wt.% of kaolin.
	Bubble size generated within kaolin ore suspension decreased from 1 to 0.65 mm with the increase in solid concentration from 30 to 40 wt.% at an impeller speed of 650 rpm.
	[26]



	Forbes et al., 2014
	The viscosity of pulp containing chalcopyrite and clay minerals (kaolinite and quartz) was found between 0.001 and 0.15 Pa s.
	The recovery of chalcopyrite (copper) was 92% at quartz/kaolinite content of 100/0; however, with the change in quartz/kaolinite ratio (i.e., 70/30 and 30/70), the chalcopyrite recovery reduced to 87% and 82%, respectively.
	[28]



	Cruz et al., 2015
	The viscosity of copper–gold ore slurry increased from 0.0035 to 0.014 Pa s with the increase of solid concentration of bentonite from 0 to 15 wt.% at a shear rate of 100 s−1.
	The baseline flotation of their ore (i.e., 100 wt.% ore without bentonite/kaolinite) resulted in a copper recovery of 92% at a grade of 10% copper, and 81% gold recovery at a grade of 7 ppm gold.

The addition of 15 wt.% bentonite to the ore (100 wt.%) decreased the recovery (i.e., copper recovery from 92 to 83% and gold recovery from 81 to 64%) and slightly decreased in copper and gold grades from 10 to 8% and 7 ppm to 5 ppm, respectively.

The addition of 30 wt.% kaolinite to the ore (100 wt.%) did not decrease copper and gold recoveries but did decrease copper and gold grades from 10 to 2% and 7 ppm to 1 ppm, respectively.
	[20]



	Wang et al., 2015
	The apparent viscosity of Telfer clean ore increased from 0.001 to 0.008 Pa s with the increase in solid concentration of bentonite from 5 to 25 wt.% at a shear rate of 100 s−1.
	The copper recovery decreased from 76 to 25% with the increase in solid concentration of bentonite from 0 to 20 wt.%; however, it slightly decreased the copper grade from 5.1 to 5%.

The copper recovery decreased from 80 to 67% with the increase in solid concentration of kaolin from 0 to 20 wt.%; however, it decreased the copper grade from 5 to 4%.
	[16]



	Zhang & Peng, 2015
	The apparent viscosity of a copper–gold ore increased from 0.0018 to 0.0076 Pa s with the increase in solid concentration of bentonite from 0 to 15 wt.% at a shear rate of 100 s−1.
	The copper recovery decreased from 82 to 60% with the increase in solid concentration of bentonite from 0 to 15 wt.%. The gold recovery decreased from 78 to 65% with the increase in solid concentration of bentonite from 0 to 15%.
	[14]



	Farrokhpay et al., 2016
	The apparent viscosity of their copper ore slurry in the presence of 15 wt.% montmorillonite, 30 wt.% of kaolinite, and 30 wt.% illite at a shear rate of 100 s−1 was 0.17, 0.03, and 0.02 Pa s, respectively.
	The copper recovery decreased (90 to 80%) in the presence of 15 wt.% swelling clay (montmorillonite); however, in the presence of 15 wt.% non-swelling clays (illite and kaolinite), the copper recovery decreased slightly to 87% and 88%, respectively.

The copper grade decreased from 18% to about 1% in the presence of both 30 wt.% of kaolinite and 15 wt.% of montmorillonite, respectively; however, it decreased to about 5% in the presence of 30% illite.

The copper ore flotation rate constants were 0.51 s−1 and 0.49 s−1 in the presence of 15 wt.% of kaolinite and 15 wt.% of illite, respectively, and 0.33 s−1 in the presence 15 wt.% of montmorillonite, as compared with the copper ore flotation rate constant of 0.70 s−1 in the absence of clay minerals.
	[25]



	Basnayaka et al., 2017
	The viscosity of gold ore increased from 0.0018 to 0.0035 Pa s by the addition of 10 wt.% kaolin at pH 7, a shear rate of 100 s−1, and polyacrylate depressant concentration of 0 and 200 g/t, respectively; however, by the addition of 5 wt.% bentonite, the viscosity increased to 0.0060 Pa s, under the same conditions.
	The flotation rate constant of their gold-bearing pyrite ore was decreased from 13.71 to 3.37 s−1 (822.6 to 202.2 min−1) without and with the presence of 10 wt.% kaolin at pH 7, air rate of 5 L/min, and polyacrylate depressant concentration of 0 and 200 g/t, respectively. The presence of bentonite under same conditions reduced the flotation rate constant to 4.14 s−1 (248.4 min−1).
	[33]



	Chen et al., 2017
	The apparent viscosity of amorphous silica and quartz suspension increased from 0.109 to 0.147 Pa s with the increase in the concentration of amorphous silica (in amorphous silica and quartz suspension) from 30 to 50 vol.%, at a shear rate of 100 s−1.
	The copper recovery dropped sharply from 95 to 63.6% after the percentage of amorphous silica increased from 30 to 50 vol.%.

The copper grade decreased slightly from 3.9 to 3.8% with the increase in the concentration of amorphous silica (in amorphous silica and quartz suspension) from 30 to 50 vol.%.
	[18]



	Farrokhpay et al., 2018
	The viscosity of their copper ore slurry increased from 0.010 to 0.038 Pa s with the increase in solid concentration of muscovite from 0 to 30 wt.% at a shear rate of 100 s−1; however, with the increase in solid concentration of talc from 0 to 7.5 wt.%, there was a slight increase in the slurry viscosity from 0.010 to 0.012 Pa s, at a shear rate of 100 s−1.
	The flotation grade decreased (19 to 2%) with the increase in solid concentration of muscovite from 0 to 30 wt.%; however, the change in the recovery was reported negligible.

The flotation recovery (90 to 83%) and grade (19 to 2%) decreased with the increase in solid concentration of talc from 0 to 7.5 wt.%.
	[17]









2. Theory


2.1. Collection Efficiency (   E  coll    )


Particle–bubble interaction is a central issue in physiochemical hydrodynamics [34], colloid hydrodynamics [35], surface forces [36], surface rheology [37], the dynamics of wetting films [38,39], colloid stability [31], and heterocoagulation [40,41], as well as the dynamics of adsorption at liquid interfaces [10].



In froth flotation, these interactions can be quantified statistically based on successful transfer of particles through bubble surfaces towards the froth phase and concentrates [42]. The collection (or capture) efficiency    E  coll     of a particle can be defined as Equation (1) [43].


   E  coll   =  E c   E a   E s   



(1)




where    E c    is the collision efficiency,    E a    is the attachment efficiency, and    E s    is the stability efficiency of the particle–bubble aggregate. The collision, attachment, and stability efficiencies are defined as the fraction of particles colliding with a bubble, the fraction of colliding particles which actually attach to the bubble surface, and the fraction of the particle–bubble aggregate which stably reaches to the froth, respectively [44]. A deep understanding of these sub-processes is fundamentally necessary in predicting flotation rate constant [43,45,46].



Figure 2 shows the angles involved in particle–bubble interaction (i.e.,  θ ,    θ a   , and    θ t   ). For a particle to attach to a rising bubble, it must strike with a bubble at a point where its induction time is either equal or greater than the sliding time (induction and sliding time will be discussed in detail in Section 2.1.2). Note that    θ a    is an angle where sliding time is just equal to the induction time; however,  θ  is an angle (which can be between the vertical axis and the angle    θ a   ) where sliding time is greater than the induction time, so if a particle will strike at any angle  θ  up until    θ a   , it will get attached to the bubble [5,44].



2.1.1. Collision Efficiency (   E c   )


Particle–bubble collision is the primary and the most important sub-process of flotation that has a significant effect on the flotation rate constant and flotation recovery [11,48,49,50]. The first prediction for the particle–bubble interaction with a mobile bubble surface was proposed by Sutherland [51], who assumed the potential flow around the air bubbles and employed a simplified particle motion equation while neglecting inertial forces due to particle. He simply assumed that particle and bubble size are the main parameters as represented in Equation (2).


   E  c − su   =   3  d p     d b     



(2)







As seen in this equation, coarser particles have a better chance of colliding with a bubble, as the calculated collision rate is directly proportional to the particle size.



The Sutherland model was found to overestimate the collision efficiency and has been improved by Dukhin [52] by introducing the inertial forces into the calculations, where it was proposed that the inertial forces have a strong influence on the collision efficiency even when they are weak. Taking into account the approximations of bubble surface mobility, particle size, angle of tangency, hydrodynamic interactions, and inertial forces (both positive and negative), an analytical equation was obtained for the collision efficiency, known as the Generalized Sutherland Equation (GSE) [7,53,54], expressed by Equation (3).


    E c  =  E  c − su     sin  2   θ t  exp  {   [  3  K 3   (  ln  3   E  c − su     − 1.8  )  −   4  (   2 3  +     cos  3   θ t   3  − cos  θ t   )      sin  4   θ t     ]  cos  θ t   }     



(3)




where    θ t    is an angle of tangency (maximum collision angle, shown in Figure 2), expressed as a dimensionless number and described by Equation (4).


   θ t  = arcsin    (  2 β  (    1 +  β 2    − β  )   )     1 2     



(4)




where the dimensionless number  β  is defined as Equation (5).


  β =   4  E  c − su     9  K 3     



(5)




where    E  c − su     is defined by Equation (2), and    K 3    is defined by Equation (6).


   K 3  =   2  v b   (   ρ p  −  ρ f   )   r p    2    9 μ  r b     



(6)




where    v b    is a bubble velocity;    ρ p    and    ρ f    are particle and fluid densities, respectively;    r p    is a particle radius;  μ  is a dynamic viscosity of the liquid; and    r b    is a bubble radius. Equation (3) along with Equations (4)–(6) were used to calculate the collision efficiency in this study.




2.1.2. Attachment Efficiency    (   E a   )   


The attachment sub-process plays a key role in the aggregation of particle–bubble and its floating transition to the froth zone. It is controlled by particle and bubble surface properties, especially the particle wettability. After a successful collision, a particle slides over the thin liquid film, which forms between the bubble and particle when they come close each other. Later, this film can get thinner and finally reach the critical thickness, leading to the rupture of the film, and then the three-phase contact forms and starts to expand over the particle surface to reach an equilibrium of contact angle on the particle surface [47,55].



Since the early work of Sutherland [51], it has been widely accepted that particle–bubble attachment occurs when the particle–bubble contact time is longer or equal to the induction time [47,56]. The contact time is considered to be the time for which a particle and a bubble are in contact after their collision and is defined as the sum of the impact time and the sliding time. The sliding time is defined as the time taken by a particle to travel from the point of collision to the point where it gets attached to or leaves the bubble surface. The contact time for small-size particles (which possess low mass) mainly refers to the sliding time, since the impact time is much smaller than the sliding time and thus can be approximated to zero [57]. The induction time (tind) is defined as the time for the liquid thin film to get thin and rupture, and for the three-phase line of contact to expand until an equilibrium value is obtained [44].



The Dobby–Finch attachment model [45] was used to calculate the attachment efficiency, which is defined as the ratio of the area corresponding to an angle    θ a    (adhesion angle) to the area corresponding to    θ t    (maximum collision angle, Figure 2). The basic equation for this model is mathematically expressed as Equation (7).


   E a  =     sin  2   θ a      sin  2   θ t       



(7)







This applies to a particle that collides with the bubble surface at a certain collision angle and then slides along the surface toward the equator of the bubble, for a sliding time which is just equal to the induction time. This particular collision angle is called the adhesion angle (   θ a   ) [5,44]. The angle    θ a    relates both the sliding and induction times to the attachment efficiency, and can be calculated from Equation (8)


   θ a  = 2 × arctan × exp  [  −  t  ind   ×   2  (   v p  +  v b   )  +  v b     (     d b     d p  +  d b     )   3     d p  +  d b     ]     



(8)




where    v p    is a particle velocity,    v b    is a bubble velocity,    d p    is a particle diameter, and    d b    is a bubble diameter. The induction time (   t  ind    ) is related to the particle size and can be expressed by Equation (9) [44]


   t  ind   = A  d p B     



(9)




where A and B are dimensionless parameters. A is dependent upon particle contact angle and bubble size, whereas B, with a literature value of 0.6, is independent of particle contact angle and bubble size [5,44]. By using experimental data reported by Dai et al. (1999) [44], Koh and Schwarz [58] also proposed the expression shown in Equation (10).


   t  ind   =   75  θ   d p  0.6      



(10)







Note that    θ t    is a maximum collision angle, which is defined as the angle above which no collision between particle and bubble is possible, and it can be calculated by using Equation (4); however, the dimensionless number  β  in Equation (4) can be expressed as a function of bubble Reynolds number    (   R  e b    )    and is calculated by Equation (11).


  β =   12  d b   ρ f     d p   (   ρ p  −  ρ f   )   R  e b        



(11)




where bubble Reynolds number    (   R  e b    )    is calculated by Equation (12).


   R  e b   =    v b   d b   ρ f   μ     



(12)







Equation (7) together with Equations (4) and (8) and Equations (10)–(12) were used to calculate the attachment efficiency in this study.




2.1.3. Stability Efficiency    (   E s   )   


Particle–bubble stability is controlled by both the attachment forces acting on the bubble–particle aggregate and the external shear stresses in a flotation cell [5]. If the attachment force is greater than the sum of all stress forces, the aggregate remains stable on its way from the pulp phase to the froth phase. The ratio of the detachment forces    (   F  det    )    to the attachment forces    (   F  att    )    characterizes the aggregate stability. This ratio is a dimensionless parameter, the so-called Bond number    B 0 *   , and is given by Equation (13) [5].


   B 0 *  =    F  det      F  att     =    F g  −  F b  +  F d  −  F ℴ     F  ca   +  F  hyd        



(13)




where the forces acting upon the particle are the capillary (   F  ca    ), hydrostatic (   F  hyd    ), buoyancy (   F b   ), gravitational (   F g   ), machine acceleration (   F d   ), and capillary pressure (   F ℴ   ), respectively. The equation for the Bond number can be derived as Equation (14) [5].


   B 0 *  =    d p    2   (  Δ  ρ p  g +  ρ p   a c   )  + 1.5  d p   (    sin  2  ω  )  f  (   d b   )     |  6 γ      (  sin ω  )   [  sin  (  ω + φ  )   ]   |       



(14)







With,


  f  (   d b   )  =  (    4 γ    d b    −  d b   ρ f  g  )     



(15)




where  γ  is a surface tension,    a c    is a particle centrifugal acceleration in a turbulent flow field,  g  is a gravitational constant,  φ  is a particle contact angle, and   ω = 180 ° −  φ 2   , which refers to the location of a particle at the liquid–vapor interface. The particle centrifugal acceleration    a c    depends on the level of turbulence ( ε ) in the flotation cell, and it can be approximated to Equation (16).


   a c  = 29.6    ε   2 3         (   d p  +  d b   )     1 3         



(16)







If the bubble–particle aggregate stability efficiency, Es, is exponentially distributed [8], then Es can be determined from Equation (17).


   E s  = 1 − exp  (  1 −  1   B 0 *     )     



(17)







Equation (17) together with Equations (14)–(16) were used to calculate the stability efficiency in this study.





2.2. Flotation Rate Constant under Turbulent Flow Condition


A general flotation kinetic model was developed for potential flow conditions and is able to calculate the flotation rate constant of particles as a function of particle size as defined in Equation (18).


  k = 2.39    G f     d b   V  c e l l      [    0.33  ε   4 3     d b      7 9       υ   1 3      ×    (     ρ p  −  ρ f     ρ f     )     2 3    ×  1   v b     ]  ×  E c   E a   E s     



(18)




where    G f    is a gas flow rate,    V  c e l l     is a flotation cell volume,  ε  is a turbulence dissipation energy, and  υ  is a kinematic viscosity. To date, this model equation has been widely accepted [42,59]. Pyke et al., 2003 and Duan et al., 2003 [5,11] reported a good agreement between the model and experimental results for quartz and chalcopyrite particles of diameters ranging from 8 to 100 µm.




2.3. Viscosity Modeling and Factors Affecting Viscosity


Three kinds of forces coexist to various degrees in flowing suspensions: hydrodynamic, Brownian, and colloidal forces [60]. Hydrodynamic (or viscous) forces exist in all flowing suspensions and arise from the relative motion of particles to the surrounding fluid [21]. The Brownian force is the ever-present thermal randomizing force acting on particles suspended in a medium (i.e., liquid or gas). Colloidal forces are potential forces and are elastic in nature [61,62]. The relative magnitude of these forces and, therefore, the bulk rheology depend on the particle size. Brownian motion and interparticle forces quickly equilibrate for sub-micrometer-size suspensions, while hydrodynamic forces dominate for particles larger than approximately 10 μm. For particles in the intermediate range (10−3 μm < d < 101 μm), the flow behavior is determined by a combination of hydrodynamic forces, Brownian motion, and interparticle forces [6]. The idea of this study is to propose a viscosity equation incorporating those three kinds of forces based on previously suggested equations.



The viscosity of flowing suspensions depends on the shear rate, as well as the characteristics of the continuous phase and the discrete phase. In general, the viscosity of the suspension    ( η )    is directly proportional to the viscosity of the continuous phase, or liquid’s viscosity    (   η L   )   , which can be Newtonian or non-Newtonian. Then, most rheological models are expressed in terms of the relative viscosity of the suspension    (   η r   )   , defined as Equation (19).


   η r  =  η   η L       



(19)







2.3.1. Hard Sphere Suspensions


This study begins with the simplest case: suspensions of hard spheres, which are considered to be rigid spherical particles, with no interparticle forces other than infinite repulsion at contact. In other words, there are no attractions or long-range repulsion between the particles.



The viscosity of hard sphere suspensions is affected by viscous forces and Brownian motion. However, Brownian motion is only noticeable for particles smaller than roughly 1 μm [61]. Consequently, hard spheres have been classified as Brownian or non-Brownian, depending on their size [5]. The flow of suspensions of non-Brownian hard spheres is totally dominated by hydrodynamic forces, while Brownian hard spheres interact through both hydrodynamic and Brownian diffusion forces. Brownian hard spheres are non-aggregating colloidal particles.



The hydrodynamic disturbance of the flow field induced by solid particles in a liquid media leads to an increase in the energy dissipation and viscosity [61]. At low solid fraction (in the dilute regime), the relative viscosity of hard-sphere suspensions was first described by the theoretical equation of Einstein, as shown in Equation (20).


   η r  = 1 +  [ η ]  ϕ    



(20)




where  ϕ  and    [ η ]    are the solid fraction and the viscosity of the dispersion medium, respectively. At higher concentrations, particles crowding produces hydrodynamic interactions (as well as increasing probability of collision) between particles, resulting in significant positive deviations from Equation (20). Many models have been proposed to describe the concentration dependence of the relative viscosity of concentrated suspensions. One of the most useful expressions is the semi-empirical equation of Krieger and Dougherty for monodisperse suspensions, Equation (21).


   η r  =    (  1 −  ϕ   ϕ m     )    −  [ η ]     ϕ m       



(21)




where    (   ϕ m   )    is the maximum packing fraction of particles. As particle concentration approaches the level corresponding to a dense packing of particles    (   ϕ m   )   , there is no longer sufficient fluid to lubricate the relative motion of particles, and the viscosity rises to infinity. Although the theoretical    (   ϕ m   )    value of monodisperse spheres is 0.74 (in a face-centered cubic (FCC) array), experimental observations have shown that loose random packing is close to 0.60, and that dense random packing (or random close packing (RCP)) is close to 0.64. Practical experience shows that the product    [ η ]     ϕ m    in Equation (21) is often around 2 for a variety of situations. Then, Krieger and Dougherty’s equation is usually simplified to Equation (22) [63,64].


   η r  =    (  1 −  ϕ   ϕ m     )    − 2      



(22)








2.3.2. Effect of Shear Rate


At low particle concentrations, the viscosity of hard sphere suspensions (Equation (20)) is independent of shear rate (   γ .   ). At higher concentrations, the viscosity exhibits a typical three-stage dependence with shear rate: (1) at low shear rates, they show Newtonian behavior, with a constant zero-shear viscosity    (   η 0   )   ; (2) at intermediate shear rates, the viscosity decreases following a shear-thinning behavior (a phenomenon characteristic of some non-Newtonian fluids in which the fluid viscosity decreases with increasing shear stress); and (3) at high shear rates, the viscosity attains a limiting and constant value, the infinite-shear viscosity    (   η ∞   )   . The decrease in viscosity at increasing shear rates is either due to the alignment of suspended particles in the direction of flow or to the shear thinning behavior of the suspending liquid (the continuous phase) [65].



In the case of Brownian hard spheres, viscous forces disturb the microstructure against the restoring effect of Brownian motion. In the low-shear-rate regime, Brownian diffusion predominates over hydrodynamic interactions, and the suspension shows a high viscosity    (   η 0   )    due to the random arrangement of particles. Inversely, in the high-shear-rate regime, hydrodynamic forces predominate over Brownian diffusion, and the layers of particles can move freely past each other, giving a low viscosity    (   η ∞   )   . Both    η 0    and    η ∞    increase uniformly with solid fraction, and shear thinning is only detectable for   ϕ > 0.25 − 0.30   and only substantial for   ϕ > 0.5   [66]. This rheological behavior was originally described by a simple model developed by Krieger and Dougherty [67], where the apparent viscosity depends on    η 0   ,    η ∞   , and the shear stress [68,69]. In the modified Krieger and Dougherty model, the Brownian and hydrodynamic effects can be properly scaled by plotting the viscosity of the suspension as a function of the dimensionless Peclet number, instead of the shear rate or the shear stress. The Peclet number is defined as the ratio of the hydrodynamic to the thermal force and can be calculated as Equation (23).


  P e =   6 π  a 3   η L   γ .     k B  T      



(23)




where  a  is a radius of hard sphere,    k B    is Boltzmann’s constant, and  T  is an absolute temperature. The relative viscosity of Brownian hard-sphere suspensions can be properly described by this model in terms of the Peclet number, as Equation (24).


   η r  =  η  r ∞   +    η  r 0   −  η  r ∞     1 +    (    P e   P  e c     )   n       



(24)




where   n = 1   for monodisperse suspensions, and the fitting parameter   P  e c    is a characteristic Peclet number, which depends on the volume fraction of particles [21]. Expressions for    η  r 0    ( ϕ )    and    η  r ∞    ( ϕ )    can be obtained by replacing    ϕ  m 0   ≈ 0.63   and    ϕ  m ∞   ≈ 0.71   into Equation (22), respectively.




2.3.3. Colloidal Suspensions


Colloidal suspensions may be defined as biphasic systems where the discrete phase is subdivided into elemental units (particles/droplets) that are large compared to simple molecules, but small enough so that interparticle forces are significant in governing system properties. The size of colloidal particles is typically considered to be from a few nanometers to a few micrometers [62].



In the colloidal particles, the interactions are controlled by a range of attractive and repulsive interparticle forces [70]. DLVO theory is one of the best-known theories for describing the particle–particle interactions with the summation of the van der Waals potential    (   V  V D W    )    and electrical double-layer potential    (   V  E D L    )    [32,71]. If the total potential energy    (   V T  =  V  V D W   +  V  E D L    )    is high and positive, particles repel each other; otherwise, particles attract each other. This is a straightforward theory that can explain particle coagulation/dispersion in different colloidal systems [72,73,74,75,76]. The following paragraphs will introduce and explain the equations used for the potential energy calculation.



Equations used to calculate the potential energies between similar particles are as below [32]:


   V A  = −   A a   12 H      



(25)






  H =  {     (      0.52  ϕ   )     1 3    − 1  }  × D    



(26)






   V R  =   64 π a n  k B  T  γ 2  exp  (  − κ H  )     κ 2       



(27)






  n =  N A  C    



(28)






  κ =    (    2 n  z 2   e 2    ε  ε 0   k B  T    )     1 2       



(29)






  γ =    e   (    z e ζ   2  k B  T    )    − 1    e   (    z e ζ   2  k B  T    )    − 1      



(30)




where  A  is the Hamaker constant,  a  is the particle radius,  H  is the interparticle separation distance defined by solid fraction  ϕ  and particle diameter D in this study (Equation (26)),  n  is the number concentration of ions (defined in Equation (28)),    N A    is the Avogadro’s number,  C  is the concentration of ions,  κ  is the Debye–Huckel reciprocal length (defined in Equation (29)),  γ  is the reduced surface potential (unitless, defined in Equation (30)),  z  is the ionic valence,  e  is the elementary charge,  ε  is the dielectric constant of the medium,    ε 0    is the permittivity of free space, and  ζ  is the zeta potential. In this study, Equation (26) was applied in order to determine a certain value of H for the specific  ϕ  and D and to perform the viscosity calculation by using Equation (33).



Equations used to calculate the potential energies between similar particles but different particle sizes are as below [77]:


   V A  = −   A  a 1   a 2    6  (   a 1  +  a 2   )  H      



(31)






   V R  =    ε 0  ε  a 1   a 2   (   ζ 1 2  +  ζ 2 2   )    4  (   a 1  +  a 2   )    ×  [   {    2  ζ 1   ζ 2     (   ζ 1 2  +  ζ 2 2   )    × l n  (    1 +  e  − κ H     1 −  e  − κ H      )   }  + l n  (  1 −  e  − 2 κ H    )   ]     



(32)







The equation we propose in this study to calculate the relative viscosity is Equation (33), incorporating a combination of hydrodynamic forces, Brownian motion, and interparticle forces, and later on, Equation (19) was used to calculate the viscosity of the suspension    ( η )   .


   η r  =  η  r ∞   +    η  r 0   −  η  r ∞     1 +    (    P e   P  e c     )   n    +  k 1   η L  ϕ exp  (     V T     k B  T    )     



(33)










3. Results and Discussion


This section is composed of two parts. The Section 3.1 and Section 3.2 will first illustrate and discuss the effect of particle size and suspension viscosity on the flotation efficiencies and rate constant of the particle size range between 8 and 100 µm based on the previously proposed equations. The Section 3.3 and Section 3.4 will then show and discuss the suspension viscosity calculated by viscosity model equations and their integration to the flotation efficiencies and rate constant model that are now able to calculate and investigate the effect of the solid concentration/fraction and shear rate on flotation efficiencies and rate constant of selected flotation particle size of 80 µm. Literature values summarized in Table 1 were used to compare with our calculated values. The suspension viscosity calculation results presented in this section were made on quartz particle suspensions, using the liquid viscosity of water at 25 °C as 0.00091 Pa s [78], suspension pH as 10, and salt concentration and type as 1 × 10−2 M KNO3, respectively. pH 10 is a typical pH for quartz flotation [79]. The zeta potential value of quartz particle was extracted from our previous report [80]. After our preliminary calculations (Appendix A Figure A1, presented in Section 3.1), the flotation efficiencies and rate constant were calculated using the calculated suspension viscosity and for the following conditions: turbulence dissipation energy   ε = 10   m2 s−3, gas flow rate as 0.0035 m3 min−1, bubble diameter as 0.0014 m, volume of cell as 0.00225 m3, quartz particle density as 2650 kg/m3, bubble velocity as 0.18 m s−1, liquid–vapor surface tension as 72.8 m Nm−1, particle contact angle as 80°, and flotation particle diameter as 80 μm [5].



3.1. Calculated Flotation Collection Efficiencies    E c   ,    E a   ,    E s   , and Rate Constant  k 


Appendix A Figure A1 shows results for calculated collision    (   E c   )   , attachment    (   E a   )   , and stability    (   E s   )    efficiencies and flotation rate constant,  k , using Equations (3), (7), (17) and (18), respectively, as a function of particle diameter. It can be seen that    E c    increases with an increase in particle diameter, while both    E a    and    E s    decrease with increasing particle size. The combination of these efficiencies in Equation (18) produced the characteristic shape of the flotation rate constant versus particle size curve, with a maximum value obtained at intermediate particle size (60–80 µm). The low values of flotation rate constants obtained on each side of this maximum are due to low collision efficiencies for fine particles and low attachment and stability efficiencies for coarse particles, as discussed in literature and our recent review article [5,6].



Appendix A Figure A1 also shows the effect of dissipation energy on these efficiencies and flotation rate constant. With increasing dissipation energy (ε),    E s    decreases as a result of a larger acceleration force on the particle–bubble aggregate as increasing ε plays a role of detachment force, while the flotation rate constant increases because of increased particle–bubble collision frequency. Pyke et al. (2003) [5] reported an agreement with the quartz particles with an advancing water contact angle of 80° interacting with gas bubbles 1.4 × 10−3 m in diameter introduced at a gas flow rate of 3.5 × 10−3 m3 min−1 and at an agitation speed of 650 rpm in a Rushton flotation cell. According to them, the best fit of the experimental and calculated flotation rate constant was obtained with a fluid velocity of 0.18 ± 0.01 ms−1 and a dissipation energy of 38 ± 7 m2 s−3 (95% confidence limits).




3.2. Effect of Suspension Viscosity on    E c   ,    E a   ,    E s   , and Rate Constant  k 


Suspension viscosity was varied between 0.0005 and 1 Pa s, and the flotation efficiencies and rate constant were calculated by using the flotation kinetics model introduced in Section 2 as a function of particle diameter (8–100 µm). The results shown in Figure 3a indicate that the increase in viscosity increases the collision efficiency    (   E c   )    with the greater particle diameter. The increase in suspension viscosity decreases the Stokes number (Equation (6)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)). As shown in Figure 2, a higher    θ t    means a higher collision probability between particle and bubble. With the increase in particle size, the probability of collision between bubble and particle increases (as explained by the Sutherlands [51] (Equation (2)), and thus the collision efficiency increases with the increase in particle diameter.



The attachment efficiency    (   E a   )    decreases with an increase in the suspension viscosity and particle diameter. In other words, the higher the particle diameter, the lower the attachment efficiency. On the other hand,    E a    becomes constant above a certain suspension viscosity (around above 0.008 Pa s) regardless of the particle size (Figure 3b). Schubert (2008) [81] argued that low pulp viscosity causes a reduction in turbulence damping, which increases the probability of particle–bubble attachment. The increase in suspension viscosity decreases the bubble Reynolds number (Equation (12)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)), and as shown in Equation (7), a higher    θ t    reduces the attachment efficiency.



Stability efficiency    (   E s   )    remained unaffected by the change in suspension viscosity as it varies with the change in turbulence dissipation energy    ( ε )   , particle diameter    (   d p   )   , and bubble diameter    (   d b   )    (Equation (16)) [82]. As  ε  and    d b    remained constant throughout the study, the decrease in    E s    from 1 to 0.91 corresponds with the increase in particle size from 60 to 100 µm, respectively (Figure 3c). This decrease can be explained by the fact that the larger particles have higher mass, and therefore their probability to successfully reach to the concentrate through the pulp phase via particle–bubble aggregate becomes lower than that of smaller particles, as seen in the Bond number (Equation (14)).



The increasing suspension viscosity decreases the flotation rate constant ( k ), with the maximum value of 3.97 min−1 at 80 µm and 0.0009 Pa s. The  k  decreased above the viscosity value 0.0009 Pa s (Figure 3d). However, the value of  k  increases below 0.00091 Pa s, that is, the viscosity of water at 25 °C [78]. Therefore, considering water is used in flotation operations, 0.00091 Pa s was selected to calculate the maximum value of  k . This also agrees with the study performed by Pyke et al. (2003) [5] and Duan et al. (2003) [11] who reported the optimum flotation rate constant of 7 min−1 with the quartz particles with an advancing water contact angle of 80° interacting in a Rushton flotation cell with gas bubbles 1.4 × 10−3 m in diameter introduced at a gas flow rate of 3.5 × 10−3 m3 min−1 and at an agitation speed of 650 rpm. Chen et al. (2017) [18] reported the decrease in copper flotation recovery from 95 to 63.6% with an increase in pulp viscosity from 0.109 to 0.147 Pa s in the presence of 30 vol.% and 50 vol.% of amorphous silica in a suspension of the mixture of amorphous silica and quartz, respectively. This agrees with the  k  calculated and shown in Figure 3d, and  k  decreased from 1.347 to 1.227 min−1 with increase in the suspension viscosity from 0.109 to 0.147 Pa s. As seen in Figure 3d, k is more affected by    E a    since the magnitude of    E a    is higher than    E c   , while    E s    remain unchanged.



It should also be noted that the flotation kinetics model is limited to the use of suspension viscosity as low as 0.0005 Pa s. Below this value of suspension viscosity, the flotation efficiencies and rate constant are overestimated and thus not plotted in Figure 3.



The results presented in this section clearly illustrate the effect of particle size and suspension viscosity on the flotation efficiencies and rate constant. The following Section 3.3 and Section 3.4 will then show and discuss the effect of the solid concentration/fraction and shear rate on the suspension viscosity and then flotation efficiencies and rate constant by using/developing viscosity model equations that were coupled with flotation efficiencies and rate constant models for the first time.




3.3. Suspension Viscosity Calculation


3.3.1. Modified Krieger and Dougherty Model—Hard Sphere Suspensions


The suspension viscosity was calculated using Equations (24) and (19) for quartz as particles. The results are shown in Figure 4, and it can be seen that the suspension viscosity decreases with an increase in shear rate, at both solid fractions (i.e.,   ϕ = 0.1   and   0.5  ). With the increase in solid fraction, there is a significant increase in suspension viscosity. The suspension viscosity increases with the decrease in ultrafine particle size (i.e., 1 µm–8 nm) at both particle fractions.



In the smaller solid fraction (  ϕ = 0.1  , Figure 4a), at smaller particle size (i.e., 8 nm–1 µm), the effect of shear rate on decreasing the suspension viscosity is significant because the thermal diffusion is more dominant than the hydrodynamic forces. On the other hand, above 1 µm, the effect is very limited because the hydrodynamic forces are quite dominant as compared with the thermal diffusion at lower solid fraction (  ϕ = 0.1 )   compared with the high solid fraction (  ϕ = 0.5  ) [21].



In the higher solid fraction (  ϕ = 0.5  , Figure 4b), at smaller particle size (i.e., 8 nm–40 nm), the effect of shear rate on decreasing suspension viscosity is very limited because the thermal diffusion is more dominant than the hydrodynamic forces [21]. At the intermediate ultra-fine particle size (i.e., 60 nm–10 µm), the effect of shear rate on the decreasing suspension viscosity is more significant because the hydrodynamic forces are more dominant as compared with the thermal diffusion with increasing shear rate. At above the intermediate particle sizes (i.e., 50 µm), the effect of shear rate on the suspension viscosity again becomes very limited because the hydrodynamic forces are dominant regardless of the shear rate.




3.3.2. Our Predictive Model—Hard Sphere and Interacting Colloidal Particle Suspensions


Homogeneous Case (i.e., Same Particle with Same Sizes)


The suspension viscosity was calculated using Equations (33) and (19) for the same quartz particles with the same sizes. Figure 5 shows the calculated suspension viscosity for the homogeneous case (i.e., same particles with same sizes) at   ϕ = 0.1   and   0.3  . It can be seen in Figure 5a,b that with the increase in solid fraction from   ϕ = 0.1   to   0.3  , there is significant increase in suspension viscosity (0.00123–0.00128 Pa s to 0.00272–0.00331) because the total potential energy increases with the increase in  ϕ  [21]. Chen et al. (2017) [18] discussed a similar trend of increase in suspension viscosity with the increase in solid concentration and reported the apparent viscosity of amorphous silica and quartz suspension increased from 0.109 to 0.147 Pa s with the increase in the concentration of amorphous silica (in the mixture of amorphous silica and quartz suspension) from 30 to 50 vol.%, at a shear rate of 100 s−1. Schubert (1999) [81] reported that the suspensions containing higher percent of solids produce higher slurry viscosity, particularly in the case of interacting particles. Ndlovu et al. (2011) [83] reported an increase in the suspension viscosity from 0.010 to 0.074 Pa s with an increase in the solid concentration from 25 to 35 vol.% (62.5 to 87.5 wt.%) of pure vermiculite, respectively. They also reported an increase in the suspension viscosity from 0.011 to 0.023 Pa s with an increase in the solid concentration from 30 to 35 vol.% (79.5 to 92.75 wt.%) of pure quartz, respectively.



Table 2 shows the calculations of the DLVO total potential energies at different solid fractions as a function of ultra-fine particle sizes. At higher solid fractions (i.e.,   ϕ = 0.4   and   0.5  ), the values of total potential energy become very high (>5 × 103, Table 2) due to the decrease in interparticle distance (Equation (26)), which results in abnormal values of suspension viscosity. On the other hand, for the lower solid fractions (i.e.,  ϕ  ≤ 0.3) and the case of same quartz particles with same particle sizes, the DLVO calculations result in acceptable total potential energies and were thus applied in the calculations of suspension viscosities as well as flotation efficiencies and rate constants.




Homogeneous Case (i.e., Same Particles with Different Particle Sizes)


The suspension viscosity was calculated using Equations (33) and (19) (for same quartz particles with different sizes). In all these calculations, the coarse particle size was kept constant (i.e., 80 µm), and the suspension viscosity was calculated for four different scenarios (Figure 6). They are the suspension containing (a) 90 vol.% coarse particles (   a 1   ) and 10 vol.% ultra-fine/fine particles (   a 2   ) at   ϕ = 0.1  , (b) 10 vol.% coarse particles (   a 1   ) and 90 vol.% ultra-fine/fine particles (   a 2   ) at   ϕ = 0.1  , (c) 10 vol.% coarse particles (   a 1   ) and 90 vol.% ultra-fine/fine particles (   a 2   ) at   ϕ = 0.5  , and (d) 90 vol.% coarse particles (   a 1   ) and 10 vol.% ultra-fine/fine particles (   a 2   ) at   ϕ = 0.5  . Here, coarse particle refers to the mechanical flotation size particle (i.e., 80 µm selected from Appendix A Figure A1), and we intend to study the effect of the presence of ultra-fine/fine particles on the viscosity of coarse and ultra-fine/fine particle mixture suspension (Figure 6) and then the flotation efficiencies and rate constant of coarse particle (Section 3.4.2).



It can be seen that the presence of more ultrafine particles (90 vol.%) increases the suspension viscosity at lower shear rate (<0.001 s−1) at both solid fractions (  ϕ = 0.1   and   0.5  ). The increase in the suspension viscosity was more at higher solid fraction (  ϕ = 0.5  , Figure 6c) as compared with the lower solid fraction (  ϕ = 0.1  , Figure 6a). This was obvious because particles crowding enhances thermal diffusion and colloidal interactions, and the suspension shows a high viscosity at low shear rate (≤0.001 s−1), while it decreased and becomes constant due to the domination of hydrodynamic interactions at higher shear rate (>0.001 s−1). Genovese [21] discussed the similar behavior of interacting particles and reported that the suspension viscosity decreased significantly from 0.2548 to 0.00254 Pa s between varied shear rates from 0.01 to 1000 s−1 when the solid fraction    ( ϕ )    was 0.345. Schubert (1999) [81] also reported that suspensions containing a higher percent of solids produce higher slurry viscosity, particularly in the case of interacting particles.



When the presence of fine/ultra-fine particles was low (=10 vol.%), shear rate showed an almost negligible effect on the change in suspension viscosity at both solid fractions (  ϕ = 0.1   and   0.5  , Figure 6b,d). The suspension viscosity was least affected even at the low shear rates (Figure 6b,d). Genovese [21] discussed the similar behavior of interacting particles and reported that the suspension viscosity remained almost constant (i.e., 0.00099 Pa s) at different shear rates, varying from 0.01 to 1000 s−1, when the solid fraction    ( ϕ )    was as low as 0.176. With the higher solid fraction (  ϕ = 0.5  ), there is a slight increase (2%) in the suspension viscosity at the lowest shear rate (0.0001 s−1), possibly due to thermal diffusion and colloidal interactions enhanced by many particle systems (Figure 6d).



From these results, it can be deduced that the presence of little amount of fine/ultra-fine particles in the suspension of coarse and fine/ultra-fine particles (e.g.,    a 1  :  a 2  = 9 : 1  ) has an almost negligible effect on the suspension viscosity at low solid fraction (i.e.,   ϕ = 0.1  ) (Figure 6b). Even at higher solid fraction (  ϕ = 0.5  ), the effect on the suspension viscosity remains negligible (other than at very low shear, as discussed earlier) (Figure 6d). Contrary to this, the large amount of fine/ultra-fine particles in the suspension of coarse and fine/ultra-fine particles (e.g.,    a 1  :  a 2  = 1 : 9  ) has a limited effect on the suspension viscosity (0.00123289 to 0.00123295 Pa) at low solid fraction (i.e.,   ϕ = 0.1  ) (Figure 6a). At the higher solid fraction (  ϕ = 0.5  ), the effect of fine/ultra-fine particles on the suspension viscosity becomes very significant (0.01048 to 0.02061 Pa s), and this can be observed by the magnitude of the suspension viscosity, which lies between 0.01 to 0.02 Pa s (100% increase, Figure 6c).



Table 3 shows the calculations of the DLVO total potential energies between an 80 µm particle and a fine/ultra-fine particle at different solid fractions as a function of fine/ultra-fine particle sizes. The increase in solid fractions (i.e.,   ϕ = 0.1   to   0.5  ) causes a decrease in total potential energy, meaning stronger attractive interaction between two particles. For example, the total potential energy between ultra-fine particle size of 8 nm and coarse particle size of 80 µm decreased from 9.98 × 10−1 to 9.27 × 10−1 with an increase in solid fraction from 0.1 to 0.5. The reason behind this decrease is that with the increase in solid fraction, interparticle distance (Equation (26)) decreases, resulting in stronger van der Walls attraction. Similarly, behavior can be seen with the increase in fine/ultra-fine particle size (8 nm to 100 µm); for example, with the increase in fine/ultra-fine particle size (8 nm to 100 µm) at solid fraction 0.1, the total potential energy decreased from 9.98 × 10−1 to 8.92 × 10−1. The DLVO calculations shown in Table 3 were thus applied in the calculations of suspension viscosities as well as flotation efficiencies and rate constants.






3.4. Flotation Efficiencies and Rate Constant Calculations


3.4.1. Incorporation of the Modified Krieger and Dougherty Model—Hard Sphere Suspensions


The calculations of flotation efficiencies and rate constant were carried out by using the suspension viscosity calculated by the modified Krieger and Dougherty model (Equations (19) and (24)) for the conditions mentioned in Section 3. Figure 7 and Figure 8 show that with the increase in solid fraction (i.e.,   ϕ = 0.1    to    0.5  ), the flotation efficiencies (   E c  =  0.0672–0.0682 to 0.1369–0.1525 and    E a  =   0.4702–0.4788 to 0.3422–0.3438) and rate constant (3.3–3.4 to 2.1–2.4 min−1) changed significantly; however,    E s    remained the same. The collision efficiency    (   E c   )    increases with the decrease in ultra-fine/fine particle size (i.e., 100,000 to 8 nm) at both solid fractions (i.e.,   ϕ = 0.1  , Figure 7a and   0.5  , Figure 8a). This can be explained due to the fact that with the decrease in fine/ultra-fine particles (i.e., 100,000 to 8 nm), the suspension viscosity increases (from 0.00123 to 0.00128 Pa s for   ϕ = 0.1  , and from 0.01047 to 0.02136 Pa s for   ϕ = 0.5  ) (Figure 7e and Figure 8e), and as explained earlier, the increase in suspension viscosity decreases the Stokes number (Equation (6)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)). As shown in Figure 2, a higher    θ t    means a higher collision probability between particle and bubble.



At the low solid fraction (i.e.,   ϕ = 0.1  , Figure 7a), the effect of shear rate on collision efficiency    (   E c   )    was quite dominant on the fine/ultra-fine particle size between 8 and 1000 nm, which was attributed to an increase in the hydrodynamic contributions. At the higher solid fraction (i.e.,   ϕ = 0.5  , Figure 8a), the effect of shear rate on    E c    was dominant on intermediate ultra-fine/fine particle sizes (i.e., 60 nm–10 µm), because with increasing shear rate the hydrodynamic forces were more dominant as compared with the thermal diffusion, while above 10 µm and below 60 nm, the effect of shear rate was less dominant on the collision efficiency, because the thermal diffusion was more dominant than the hydrodynamic forces.



The stability efficiency varies with the change in turbulence dissipation energy    ( ε )   , particle diameter    (   d p   )   , and bubble diameter    (   d b   )   , as shown in Equation (16), which does not take into account the suspension viscosity, although the presence of fine/ultra-fine particles affected the suspension viscosity (Figure 7e and Figure 8e). All these parameters in Equation (16) remained constant in the model calculations discussed in this section, therefore stability efficiency remained unchanged (   E s   , Figure 7b and Figure 8b).



The attachment efficiency (Figure 7c and Figure 8c) at both solid fractions (  ϕ = 0.1   and   0.5  ) decreases with the decrease in fine/ultra-fine particle size since the increased suspension viscosity at higher fine/ultra-fine particle sizes causes decrease in the attachment efficiency. Schubert (2008) [81] argued that a low pulp viscosity causes a reduction in turbulence damping, which increases the probability of particle/bubble attachment.



As seen in Figure 7e and Figure 8e, the increase in fine/ultra-fine particle size (10,000 to 100,000 nm or 10 to 100 µm) shows low suspension viscosity values (around 0.00123 Pa s for   ϕ = 0.1   and 0.01047 Pa s for   ϕ = 0.5  ) as compared with the smallest ultra-fine particle (8 nm), which shows slightly higher suspension viscosity values (around 0.00128 Pa s for   ϕ = 0.1   and 0.02136 Pa s for   ϕ = 0.5  ), and this change correlates with slightly higher    E a    values (around 0.478 for   ϕ = 0.1   and 0.343 for   ϕ = 0.5  ) as compared with the smallest ultra-fine particle (8 nm), with    E a    values around 0.470 for   ϕ = 0.1   and 0.342 for   ϕ = 0.5  . It was also observed in Figure 7c and Figure 8c that with the increase in solid fraction (  ϕ = 0.1   to   0.5  ),    E a    magnitude decreased; for example, at   ϕ = 0.1  ,    E a  = 0.4788   and at   ϕ = 0.5  ,    E a  = 0.343   for 100,000 nm (or 100 µm) at shear rate of 0.0001. This can be explained by the fact that at higher solid fraction, the increase in suspension viscosity (Figure 7e and Figure 8e) decreases the particle settling velocity    (   v p  =   g  d p    2   (   ρ p  −  ρ f   )    18 μ    )    and the maximum adhesion angle (Equation (8)), thus decreasing the attachment efficiency (Equation (7)).



Similar to the collision efficiency    (   E c   )   , the effect of shear rate on    E a    was dominant at lower solid fraction (  ϕ = 0.1  , Figure 7c) in the fine/ultra-fine to intermediate particle sizes (i.e., 8 nm–1 µm), as    E a    increased from 0.470 to 0.477 for 8 nm ultra-fine particle, with an increase in shear rate from 1 to 1000 s−1 (Figure 7c). Similarly,    E a    increased from 0.475 to 0.488 for 1000 nm ultra-fine particle, with an increase in shear rate from 0.0001 to 0.01 s−1 (Figure 7c). On the other hand, at the higher solid fraction (  ϕ = 0.5   Figure 8c), the effect of shear rate on    E a    was also dominant in the intermediate fine/ultra-fine particle sizes but in a different range (i.e., 120 nm–10 µm) from   ϕ = 0.1   (Figure 7c), as    E a    increased from 0.3422 to 0.3429 for 120 nm particles, with an increase in shear rate from 10 to 1000 s−1.    E a    also increased from 0.3422 to 0.3438 (Figure 8c) for 10 µm particles, with an increase in shear rate from 0.0001 to 0.01 s−1. The dominancy of shear rate affecting    E a    was observed because the hydrodynamic forces were more dominant as compared with the thermal diffusion with increasing shear rate.



The slight decrease in flotation rate constant (k) was observed with the decrease in fine/ultra-fine particle sizes at both solid fractions (i.e.,   ϕ = 0.1   and   0.5  , Figure 7d and Figure 8d). For example, at the low solid fraction   ϕ = 0.1  , the flotation rate constant slightly decreased from 3.37 to 3.34 min−1 with the decrease in the presented particle size from 100 µm to 8 nm at a shear rate of 100 s−1 (Figure 7d). Similarly, at the higher solid fraction   ϕ = 0.5   (Figure 8d), the flotation rate constant decreased from 2.42 to 2.11 min−1 with the decrease in particle size from 100 µm to 8 nm at a shear rate of ≤100 s−1. As stated earlier and discussed in this article and the literature, the presence of fine/ultra-fine particles has deleterious effects on the flotation rate constant/flotation performance [17,18]. Farrokhpay et al. (2016) [25] reported the copper ore flotation rate constant of 0.68 s−1 (40.2 min−1) in the presence of 10 wt.% kaolinite or illite, and 0.60 s−1 (36 min−1) in the presence of 10 wt.% montmorillonite, as compared with the copper ore flotation rate constant of 0.70 s−1 (42 min−1) in the absence of clay minerals. They also increased the content of fine/ultra-fine clay mineral particles as 30 wt.% kaolinite, 30 wt.% illite, or 15 wt.% montmorillonite and found further decrease in flotation rate constant to 0.51, 0.49, and 0.33 s−1, respectively.



It can also be seen that with the decrease in fine/ultra-fine particle size, the suspension viscosity increases at both solid fractions   ϕ = 0.1   and   0.5   (Figure 7e and Figure 8e); however, this increase is greater at higher solid fraction   ϕ = 0.5  . For example, at   ϕ = 0.1   (Figure 7e),   η = 0.00123   Pa s for particle size of 100 µm, while   η = 0.00125   Pa s for particle size of 8 nm at a shear rate of 100 s−1. At   ϕ = 0.5   (Figure 8e),   η = 0.0104   Pa s for particle size of 100 µm, while   η = 0.0212   Pa s for particle size of 8 nm at a shear rate of 100 s−1. This increase in the suspension viscosity causes decrease in the flotation rate constant. For example, at   ϕ = 0.1  ,  k  decreased very slightly from 3.37 to 3.34 s−1 with the decrease in particle size from 100 µm to 8 nm, at a shear rate of 100 s−1, while at   ϕ = 0.5  ,  k  noticeably decreased from 2.42 to 2.12 s−1 with the decrease in particle size from 100 µm to 8 nm, at a shear rate of 100 s−1. Basnayaka et al., 2017 [33] reported that the suspension viscosity increased from 0.0018 to 0.0035 Pa s by the addition of 10 wt.% kaolin at pH 7, a shear rate of 100 s−1, and a polyacrylate depressant concentration of 0 and 200 g/t, respectively. This increase in viscosity caused decrease in the flotation rate constant of the gold-bearing pyrite ore from 13.71 to 3.37 s−1 (822.6 to 202.2 min−1).



As seen in Figure 7a and Figure 8a, at both solid fraction   ϕ = 0.1   and   0.5  , the collision efficiency (   E c   ) increases from 0.0672 to 0.0682 (1.49% increase) for   ϕ = 0.1  , and from 0.1370 to 0.1525 (11.31% increase) for   ϕ = 0.5   with the decrease in fine/ultra-fine particle size (100 µm to 8 nm). On the other hand, as seen in Figure 7c and Figure 8c, there is a decrease in the attachment efficiency (   E a   ) from 0.4788 to 0.4702 (1.8% decrease) for   ϕ = 0.1  , and from 0.3438 to 0.3422 (0.47% decrease) for   ϕ = 0.5  , with the decrease in the fine/ultra-fine particle size (100 µm to 8 nm). As shown in Figure 7d and Figure 8d, the flotation rate constant ( k ) also decreases from 3.377 to 3.319 (1.72% decrease) for   ϕ = 0.1  , and from 2.421 to 2.114 (12.68% decrease) for   ϕ = 0.5 ,   with the decrease in fine/ultra-fine particle size (100 µm to 8 nm). It can be clearly seen that the attachment efficiency has direct influence on the flotation rate constant, and this can be explained by the magnitude of    E a   , which is greater than the    E c    and thus has more impact on the overall  k .




3.4.2. Incorporation of Our Predictive Model—Hard Sphere and Interacting Colloidal Particle Suspensions


Homogeneous Case—Same Particles with the Same Sizes


The calculations of flotation efficiencies and rate constant were carried out by using the suspension viscosity calculated by our predictive model (Equations (19), (25), (27) and (33)) for the same quartz particles with the same sizes (Figure 9 and Figure 10) under the following conditions: pH = 10, zeta potential value = −50 mV, and salt concentration and type = 1 × 10−2 M KNO3, as well as the other conditions mentioned in Section 3. The flotation efficiencies and rate constant (Figure 9 and Figure 10) almost follow the same general trends as of the modified Krieger and Dougherty model coupling (Figure 7 and Figure 8), with a slight change in their absolute values (increase in    E c    and decrease in    E a    and  k , but    E s    remained same). For instance, at solid fraction   ϕ = 0.1  , with the decrease in fine/ultra-fine particle size (100 μm to 8 nm)    E c    increased from 0.06729 to 0.06830 (1.5% increase),    E a    decreased from 0.4788 to 0.4702 (1.8% decrease),  k  decreased from 3.3775 to 3.3196 min−1 (1.71% decrease), and    E s    remained unchanged. As our predictive model incorporates the total potential energies calculated by using the DLVO theory (Table 2), it leads to this additional increase in the magnitude of flotation efficiencies and rate constant. The DLVO calculations were made using Equations (25)–(30) for the conditions stated in the beginning of this section. At a lower solid fraction (  ϕ = 0.1  ), with the increase in particle size (8 nm to 100 μm), the interparticle distance (calculated from Equation (26)) increased; therefore, the total potential energies (van der Walls and electric double-layer) decreased, resulting in a decrease in the suspension viscosity from 0.001285 to 0001232 Pa s (4.12% decrease). Otsuki and Hayagan (2020) [73] studied the surface properties of hematite and gangue minerals and their mixtures with the bentonite binder to understand and properly control their surface properties for pelletization of fine hematite ores. They calculated the total potential between quartz–quartz particles and reported the similar trend of decrease in total potential with the increase in interparticle distance, as we reported here. As shown in Table 2, at higher solid fractions (  ϕ > 0.3 )  , the DLVO calculations become inapplicable because the calculated viscosity values from Equation (33) are too high; thus, the following flotation efficiencies and rate constant calculations were made at  ϕ  ≤ 0.3, and their results are shown in Figure 9 (  ϕ =   0.1) and Figure 10 (  ϕ =   0.3) in this section. At the higher solid fraction (  ϕ =   0.3), the interparticle distance decreases (e.g., for 8 nm and 80 μm particles, interparticle distance decreased from 5.86 to 1.61 nm, with the increase in solid fraction from   ϕ = 0.1   to   ϕ = 0.3  ), and thus the van der Waals potential energy    V A    decreased from −0.472 × 10−21 to −1.71 × 10−21 KBT, while electrical double-layer potential    V R    increased from 5.46 × 10−21 to 22.1 × 10−21 KBT, and the total potential energy    V T    increased from 4.99 × 10−21 to 20.4 × 10−21 KBT with the increase in solid fraction from   ϕ = 0.1   to   ϕ = 0.3  ). This resulted in higher values of the suspension viscosity (i.e., 0.002729–0.003314 Pa s for   ϕ =   0.3, as compared to 0.00123–0.00128 Pa s for   ϕ =   0.1) (Figure 9e and Figure 10e). This indicates that electrostatic repulsive interaction could be responsible for the increase in suspension viscosity, as Sakairi et al. (2005) [84] reported that electrostatic repulsion was the cause of increase in their montmorillonite suspension yield stress. The higher suspension viscosity leads to the change in flotation efficiencies (Figure 10a,c) and rate constant (Figure 10d). For example,    E c    increased from 0.06729–006830 for   ϕ =   0.1 to 0.09849–0.09146 for   ϕ =   0.3,    E a    decreased from 0.4788–0.4702 for   ϕ =   0.1 to 0.3768–0.3658 for   ϕ =   0.3,  k  decreased from 3.377–3.319 min−1 for   ϕ =   0.1 to 2.720–2.7163 min−1 for   ϕ =   0.3, and    E s    remained constant.



The decrease in flotation rate constant with the decrease in fine/ultra-fine particle size can be due to the deleterious effect of fine/ultra-fine particles, which agrees with the literature. Basnayaka et al., 2017 [33] reported that the suspension viscosity increased from 0.0018 to 0.0035 Pa s by the addition of 10 wt.% (3.77 vol.%) kaolin at pH 7, a shear rate of 100 s−1, and a polyacrylate depressant concentration of 0 and 200 g/t, respectively. This increase in viscosity caused a decrease in the flotation rate constant of the gold-bearing pyrite ore from 13.71 to 3.37 s−1 (822.6 to 202.2 min−1, 75.4% decrease). The presence of bentonite under the same conditions reduced the flotation rate constant to 4.14 s−1 (248.4 min−1, 69.8% decrease). Using their suspension viscosity values for the case of kaolin, in our predictive model, the flotation rate constant clearly indicates its decrease from 2.982 to 2.703 min−1 (9.36% decrease), although the literature system and our system are different. Our predictive model calculations were made on the quartz particles.



Zhang and Peng (2015) [14] reported a decrease in copper recovery from 80 to 60% in the absence and the presence of 15 wt.% bentonite, which caused an increase in the apparent viscosity from 0.0018 to 0.0079 Pa s. Using their suspension viscosity values in our predictive model, the flotation rate constant decreases from 2.982 to 2.514 min−1 (15.69% decrease). The possible reasons for such decreases in flotation rate constant were reported as the occurrence of slime coating or physical adsorption of clay mineral particles onto the copper-containing mineral surface [28].




Homogeneous Case—Same Particle with Different Particle Sizes


The calculations for flotation efficiencies and rate constant were carried out by using the predictive model for the same quartz particles with different particle sizes (Figure 11, Figure 12, Figure 13 and Figure 14) for the conditions mentioned in Section 3 and the previous section “Homogeneous Case—Same Particles with the Same Sizes”. It can be seen in Figure 11a that at low solid fraction (  ϕ = 0.1  ), when the percentage of coarse particle (i.e., 80 µm) was 10 vol.% as compared with the fine/ultra-fine particles (i.e., 90 vol.%), there is a slight decrease in collision efficiency (0.06730 to 0.06729, 1.4% decrease) with the increase in fine/ultra-fine particle size (8 nm to 100 μm) with increasing shear rate (0.0001 to 100 s−1). However, it can be seen that the decrease in collision efficiency took place up to the shear rate of 0.01 s−1, and above 0.01 s−1 shear rate, the collision efficiency became almost constant. This can be explained by the effect of suspension viscosity (Figure 11e), as below the shear rate of 0.01 s−1, the suspension viscosity very slightly increases (from 0.00123289 to 0.00123295 Pa s with the decrease in fine/ultra-fine particle size of 100 μm to 8 nm). The increase in suspension viscosity decreases the Stokes number (Equation (6)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)). As shown in Figure 2, a higher    θ t    means higher collision probability between a particle and a bubble.



Figure 11c shows a very limited decrease in attachment efficiency from 0.4788 to 0.4787 (0.02% decrease) with the decrease in fine/ultra-fine particles (100 µm to 8 nm). This can be explained by the fact that the decrease in fine/ultra-fine particles size increased the suspension viscosity. The increased suspension viscosity decreases the bubble Reynolds number (Equation (12)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)), and as shown in Equation (7), a higher    θ t    reduces the attachment efficiency.



Figure 11d shows negligible change in flotation rate constant from 3.3775 to 3.3774 min−1 (0.003% decrease) with the decrease in the fine/ultra-fine particle size (100 µm to 8 nm). This can be explained by the effect of suspension viscosity and the flotation efficiencies (   E c    and    E a   ). The decrease in fine/ultra-fine particles very slightly increased the suspension viscosity from 0.00123289 to 0.00123295 Pa s (0.005% increase), especially at low shear rates (below 0.01 s−1). This degree of suspension viscosity increase caused negligible change in the flotation rate constant, from 3.3775 to 3.3774 min−1 (0.003% decrease).



Secondly, although the collision efficiency increased with the decrease in fine/ultra-fine particle size and the attachment efficiency decreases with the increase in fine/ultra-fine particle size, the magnitude of these two efficiencies affected the flotation rate constant. It can be seen that the magnitude of attachment efficiency (Figure 11c) (between 0.4788 and 0.4787) is much greater than the collision efficiency (Figure 11a) (between 0.06730 and 0.06729). Thus, the attachment efficiency has more influence than the collision efficiency on flotation rate constant, which decreased with the decrease in fine/ultra-fine particles.



When the percentage of coarse particles (i.e., 80 µm) was 90 vol.% as compared with the ultra-fine/fine particles (i.e., 10 vol.%), there was very little change in the flotation efficiencies (   E c    increased from 0.067299379 to 0.067299535, 0.00023% increase;    E a    decreased from 0.478806 to 0.478805, 0.00021% decrease) and rate constant (3.377532–3.377522, 0.0003% decrease) (Figure 12a,c,d). This can be explained by the fact that at a higher concentration of coarse particles, the viscosity change was very limited (0.001232890 to 0.001232899, 0.0007% increase) (Figure 12e). Therefore, it had an almost negligible effect on the flotation efficiencies and rate constant. Wang et al. (2015) [16] reported an increase in apparent viscosity of copper–gold ore slurry from 0.00085 to 0.00095 Pa s (10.5% increase) with an increase in solid concentration from 0 to 5 wt.% of bentonite, and this change in suspension viscosity decreased the copper recovery from 90% to 88%. Contrary to this, with 15 wt.% of bentonite, the apparent viscosity of the suspension increased to 0.0023 Pa s, and the copper recovery decreased to 80%. Thus, it can be deduced that when the fine/ultra-fine particles are present in a small quantity (i.e., 10 vol.%), they have very limited influence on the flotation efficiencies and rate constant (Figure 12a,c,d), as they have almost negligible influence on the suspension viscosity (Figure 12e).



At the higher solid fraction (i.e.,   ϕ = 0.5  ), when the percentage of coarse particle (i.e., 80 µm) was 10 vol.% as compared with the fine/ultra-fine particles (i.e., 90 vol.%), the collision efficiency (Figure 13a) showed a similar increasing trend with the decrease in fine/ultra-fine particle size as that for   ϕ = 0.1   (Figure 11a). However, its magnitude increased (0.06730 to 0.06729 for   ϕ = 0.1  , and 0.1371 to 0.1518 for   ϕ = 0.5  ), and this increase can be explained by our calculation results showing that at higher solid fraction    (  ϕ = 0.5  )   , the suspension viscosity increases (from 0.010410134 to 0.02049303 Pa s, 96.8% increase with the decrease in fine/ultra-fine particle size of 100 μm to 8 nm). The increase in suspension viscosity decreases the Stokes number (Equation (6)), which in turn increases the maximum collision angle (   θ t   ) (Equation (4)). As shown in Figure 2, a higher    θ t    means a higher collision probability between a particle and a bubble.



The attachment efficiency (Figure 13c) also showed a similar decreasing trend with the decrease in fine/ultra-fine particle size as that for   ϕ = 0.1  . However, its magnitude was decreased (0.4788 to 0.4787 for   ϕ = 0.1  , and 0.3422 to 0.3438 for   ϕ = 0.5  ), and this can be explained by the fact that at higher solid fraction    (  ϕ = 0.5  )   , the magnitude of suspension viscosity increased for   ϕ = 0.5   (0.01048 to 0.02035 Pa s) as compared with the ones for   ϕ = 0.1   (0.00123289 to 0.00123295 Pa s).



The flotation rate constant k (Figure 13d) was mainly influenced by the significant decrease in the attachment efficiency    E a    and the suspension viscosity that is a function of the solid fraction (Equations (19) and (33)). Therefore, with the increase in solid fraction, k decreased from its range between 3.3775 and 3.3774 min−1 at   ϕ = 0.1   to its range between 2.137 and 2.421 min−1 at   ϕ = 0.5  .



When the percentage of coarse particles (i.e., 80 µm) was 10 vol.% as compared with the ultra-fine/fine particles (i.e., 90 vol.%), at the higher solid fraction    (  ϕ = 0.5  )   , the role of shear rate was clearly observed. The increase in shear rate (0.0001 to 0.01 s−1) causes decrease in the suspension viscosity from 0.02035 to 0.01040 Pa s (48.9% decrease, Figure 13e). This shows that the hydrodynamic forces are dominant on the interparticle forces above 0.01 s−1 shear rate, and the viscosity does not change significantly, showing that the hydrodynamic forces become fully dominant on the interparticle forces. Genovese (2012) [21] calculated a relative viscosity (   η r   ) and reported that    η r    increased with solid fraction and decreased with shear rate, but he mentioned that the shear thinning effect was only noticeable at approximately   ϕ > 0.25   and at high shear rates (>100 s−1) where hydrodynamic forces become more significant than interparticle forces. He further explained that the viscosity decrease in this shear-thinning region was due to the ordering of particles along the flow direction.



When the percentage of coarse particles (i.e., 80 µm) was 90 vol.% as compared with the fine/ultra-fine particles (i.e., 10 vol.%), at solid fraction    (  ϕ = 0.5  )   , the suspension viscosity (Figure 14e) shows a similar behavior as that of the solid fraction    (  ϕ = 0.1  )    (Figure 12e). This behavior was obvious, as the coarse particles were 90% in volume, which did not allow the other 10% of fine/ultra-fine particles to change the suspension viscosity and later on the flotation efficiencies and rate constant. As the flotation efficiencies and rate constant are directly influenced by the suspension viscosity, which in this case did not change, almost negligible change was seen, as shown in Figure 14a,b,d.







4. Conclusions


Flotation of fine particles has become particularly important in recent years as advances in grinding are allowing low-grade mineral deposits to be economically exploited. The fine particles have several deleterious effects on the entire flotation process—that is, (1) their high level of entrainment, in the wake of the rising bubbles, can dilute the concentrate if the entrained particles are gangue minerals; and (2) the increase in the suspension viscosity, which has negative effect on the flotation efficiencies and rate constant. The latter effect was addressed in this work by understanding and calculating the suspension viscosity of fine/ultra-fine particles ranging from 8 nm to 100 μm and then incorporating it into the flotation kinetics model to calculate the flotation efficiencies and rate constant for a mechanical flotation size particle (i.e., 80 μm) for the first time. This coupling study started with the simplest case: flowing suspensions of inert, rigid, monomodal spherical particles (called hard spheres) at low shear rates. Then, the effect of viscosity of the colloidal particle suspensions, where interparticle forces play a significant role, on the flotation efficiencies and rate constant for a mechanical flotation size particle were studied. It was observed that coupling the flotation kinetics model and viscosity model clearly addressed the change in flotation efficiencies and rate constant as a function of suspension viscosity that can be varied with solid concentration, shear rate, and particle size. Our modelled results clearly and systematically illustrated the effect of the above-mentioned parameters on suspension viscosity and thus flotation efficiencies and rate constant at the very first time, while the previous literature provides valid discussion within limited and very specific points of interest. From our model calculations, it was found that under our calculated conditions, the magnitude and change in the attachment efficiency assigned by the change in suspension viscosity were often greater than those of the collision and stability efficiencies. Thus, the trend observed in the attachment efficiency with the change in suspension viscosity greatly influenced the flotation rate constant. With our model, for example, effects of composition of raw materials and flotation reagent for real mineral systems on flotation rate constant can be studied in the future.
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Nomenclature




	  A  
	Hamaker constant



	  a  
	Radius of hard spheres



	    B 0 *    
	Bond number



	  C  
	Concentration of ions



	    d b    
	Bubble diameter



	    d p    
	Particle diameter



	  e  
	Elementary charge



	    E  coll     
	Collection efficiency



	    E c    
	Collision efficiency



	    E a    
	Attachment efficiency



	    E s    
	Stability efficiency



	    F  att     
	Attractive forces



	    F b    
	Buoyancy force



	    F  ca     
	Capillary force



	    F d    
	Machine acceleration force



	    F  det     
	Detachment forces



	    F g    
	Gravitational force



	    F  hyd     
	Hydrostatic force



	    F ℴ    
	Capillary pressure force



	    G f    
	Gas flow rate



	  H  
	Interparticle separation distance



	  k  
	Flotation rate constant



	    k B    
	Boltzman’s constant



	    N A    
	Avogadro’s number



	  n  
	Number concentration of ions



	   P e   
	Peclet number



	   P  e c    
	Characteristic Peclet number



	    r b    
	Bubble radius



	    R  eb     
	Reynolds number



	    r p    
	Particle radius



	  T  
	Absolute temperature



	    t  ind     
	Induction time



	    V  c e l l     
	Volume of flotation cell



	  υ  
	Kinematic viscosity



	    v b    
	Bubble velocity



	    v p    
	Particle velocity



	  z  
	Ionic valence



	    θ a    
	Collision angle



	    θ t    
	Maximum collision angle



	  φ  
	Contact angle



	    ρ p    
	Particle density



	    ρ f    
	Fluid density



	   Δ  ρ p    
	    ρ p  −  ρ f    



	  μ  
	Dynamic viscosity



	  η  
	Suspension viscosity



	    η L    
	Liquid’s viscosity



	    η r    
	Relative viscosity



	    [ η ]    
	Intrinsic viscosity of the particles



	  ϕ  
	Solid volume fraction



	    ϕ m    
	Maximum packing fraction



	    γ .    
	Shear rate



	  γ  
	Reduced surface potential



	  κ  
	Debye–Huckel reciprocal length



	  ε  
	Dielectric constant of the medium



	    ε 0    
	Permittivity of free space



	  ζ  
	Zeta potential
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Figure A1. Calculated (a) collision    (   E c   )   , (b) attachment    (   E a   )   , and (c) stability    (   E s   )    efficiencies as well as (d) flotation rate constant (k) as a function of particle diameter    (   d p   )    and dissipation energy    ( ε )    (10, 20, and 38 m2 s−3), (   d b  = 0.0014   m ,    ρ p  = 2650   k g    m  − 3   ,    v b  = 0.18   m    s  − 1   ,   φ = 80 ° ,   μ = 0.001   N   s    m  − 2    ). 






Figure A1. Calculated (a) collision    (   E c   )   , (b) attachment    (   E a   )   , and (c) stability    (   E s   )    efficiencies as well as (d) flotation rate constant (k) as a function of particle diameter    (   d p   )    and dissipation energy    ( ε )    (10, 20, and 38 m2 s−3), (   d b  = 0.0014   m ,    ρ p  = 2650   k g    m  − 3   ,    v b  = 0.18   m    s  − 1   ,   φ = 80 ° ,   μ = 0.001   N   s    m  − 2    ).
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Figure 1. Sub-processes of particle–bubble interactions along with their predominant regions, modified from [6]. 
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Figure 2. Schematic of different angles involved in particle–bubble attachment, modified from [47]. 






Figure 2. Schematic of different angles involved in particle–bubble attachment, modified from [47].



[image: Metals 12 00409 g002]







[image: Metals 12 00409 g003 550] 





Figure 3. Effect of quartz particle suspension viscosity on calculated (a)    E c   , (b)    E a   , (c)    E s   , and (d)  k , as a function of particle diameter, at ε = 10 m2 s−3. 
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Figure 4. Suspension viscosity as a function of shear rate calculated by the modified Krieger and Dougherty model at (a) solid fraction, ϕ = 0.1, and (b) solid fraction, ϕ = 0.5. Note: the major y-axis of subfigure (a) is made for the purpose of comparison. 
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Figure 5. Viscosity of quartz particle suspension as a function of shear rate calculated by using our predictive model, at solid fraction (a) ϕ = 0.1 and (b) ϕ = 0.3. Note: the major y-axis of subfigure (a) is made for the purpose of comparison. 
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Figure 6. Viscosity of quartz particle suspension as a function of shear rate by a predictive model, (a)   ϕ = 0.1 ,    a 1  :  a 2  = 1 : 9  , (b)   ϕ = 0.1 ,    a 1  :  a 2  = 9 : 1  , (c)   ϕ = 0.5 ,    a 1  :  a 2  = 1 : 9  , and (d)   ϕ = 0.5 ,    a 1  :  a 2  = 9 : 1  . Note: the major y-axis of subfigure (d) is made for the purpose of comparison. 
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Figure 7. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using the (e) respective suspension viscosity calculated by modified Krieger and Dougherty model at   ϕ = 0.1  . Note: the major y-axes of subfigure (a,e) are made for the purpose of comparison. 
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Figure 8. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using the (e) respective suspension viscosity calculated by modified Krieger and Dougherty model at   ϕ = 0.5  . Note: the major y-axes of subfigures (c,d) are made for the purpose of comparison. 
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[image: Metals 12 00409 g008]







[image: Metals 12 00409 g009 550] 





Figure 9. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same quartz particles with same sizes) at   ϕ = 0.1  . Note: the major y-axes of subfigures (a,e) are made for the purpose of comparison. 
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Figure 10. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same quartz particles with same sizes) at   ϕ = 0.3  . Note: the major y-axes of subfigures (c,d) are made for the purpose of comparison. 
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Figure 11. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same particles with different sizes (   a 1  :  a 2  = 1 : 9  ), at   ϕ = 0.1  ). 
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Figure 12. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same particles with different sizes (   a 1  :  a 2  = 9 : 1  ), at   ϕ = 0.1  ). 
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[image: Metals 12 00409 g012]







[image: Metals 12 00409 g013 550] 





Figure 13. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same particles with different sizes (   a 1  :  a 2  = 1 : 9  ), at   ϕ = 0.5  ). 
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Figure 14. Flotation efficiencies: (a) collision, (b) stability, (c) attachment, and (d) rate constant by using (e) the suspension viscosity calculated by the predictive model (same particles with different sizes (   a 1  :  a 2  = 9 : 1  ), at   ϕ = 0.5  ). 
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Table 2. DLVO total potential energies between two quartz particles at different solid fractions and particle sizes for the same quartz particles with the same particle sizes.
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	ϕ/a
	8 (nm)
	12 (nm)
	16 (nm)
	20 (nm)
	24 (nm)
	28 (nm)
	32 (nm)
	36 (nm)
	40 (nm)
	60 (nm)
	120 (nm)
	500 (nm)
	1000 (nm)
	10,000 (nm)
	50,000 (nm)
	100,000 (nm)





	0.1
	3.36
	1.91
	1.31
	1.07
	9.70 × 10−1
	9.26 × 10−1
	9.06 × 10−1
	8.98 × 10−1
	8.94 × 10−1
	8.92 × 10−1
	8.92 × 10−1
	8.92 × 10−1
	8.92 × 10−1
	8.92 × 10−1
	8.92 × 10−1
	8.92 × 10−1



	0.176
	1.51 × 101
	9.63
	5.24
	3.04
	1.99
	1.47
	1.20
	1.05
	9.57 × 10−1
	8.35 × 10−1
	8.24 × 10−1
	8.24 × 10−1
	8.24 × 10−1
	8.24 × 10−1
	8.24 × 10−1
	8.24 × 10−1



	0.2
	2.40 × 101
	1.80 × 101
	1.01 × 101
	5.53
	3.30
	2.19
	1.62
	1.30
	1.11
	8.33 × 10−1
	7.99 × 10−1
	7.99 × 10−1
	7.99 × 10−1
	7.99 × 10−1
	7.99 × 10−1
	7.99 × 10−1



	0.3
	1.42 × 102
	3.19 × 102
	3.69 × 102
	2.85 × 102
	1.76 × 102
	9.81 × 101
	5.30 × 101
	2.91 × 101
	1.67 × 101
	2.39
	6.91 × 10−1
	6.59 × 10−1
	6.59 × 10−1
	6.59 × 10−1
	6.59 × 10−1
	6.59 × 10−1



	0.4
	5.20 × 102
	5.55 × 103
	3.16 × 104
	1.07 × 105
	2.39 × 105
	3.78 × 105
	4.54 × 105
	4.38 × 105
	3.57 × 105
	3.12 × 104
	1.63 × 101
	3.99 × 10−1
	3.99 × 10−1
	3.99 × 10−1
	3.99 × 10−1
	3.99 × 10−1



	0.5
	1.13 × 101
	7.41 × 102
	4.18 × 104
	2.05 × 106
	8.72 × 107
	3.25 × 109
	1.06 × 1011
	3.05 × 1012
	7.73 × 1013
	1.40 × 1020
	3.80 × 1032
	4.60 × 1025
	5.73 × 103
	1.69 × 10−3
	1.69 × 10−3
	1.69 × 10−3
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Table 3. DLVO total potential energies between coarse (80 µm) and fine/ultra-fine particles at different solid fractions and particle sizes for the same quartz particles with different particle sizes.
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	ϕ/a
	8 (nm)
	12 (nm)
	16 (nm)
	20 (nm)
	24 (nm)
	28 (nm)
	32 (nm)
	36 (nm)
	40 (nm)
	60 (nm)
	120 (nm)
	500 (nm)
	1000 (nm)
	10,000 (nm)
	50,000 (nm)
	100,000 (nm)





	0.1
	9.98 × 10−1
	9.97 × 10−1
	9.97 × 10−1
	9.96 × 10−1
	9.96 × 10−1
	9.96 × 10−1
	9.95 × 10−1
	9.95 × 10−1
	9.95 × 10−1
	9.94 × 10−1
	9.91 × 10−1
	9.82 × 10−1
	9.75 × 10−1
	9.30 × 10−1
	8.94 × 10−1
	8.92 × 10−1



	0.176
	9.96 × 10−1
	9.95 × 10−1
	9.95 × 10−1
	9.94 × 10−1
	9.93 × 10−1
	9.93 × 10−1
	9.92 × 10−1
	9.92 × 10−1
	9.91 × 10−1
	9.89 × 10−1
	9.85 × 10−1
	9.70 × 10−1
	9.58 × 10−1
	8.86 × 10−1
	8.29 × 10−1
	8.25 × 10−1



	0.2
	9.96 × 10−1
	9.95 × 10−1
	9.94 × 10−1
	9.93 × 10−1
	9.92 × 10−1
	9.92 × 10−1
	9.91 × 10−1
	9.91 × 10−1
	9.90 × 10−1
	9.88 × 10−1
	9.83 × 10−1
	9.65 × 10−1
	9.52 × 10−1
	8.69 × 10−1
	8.04 × 10−1
	8.00 × 10−1



	0.3
	9.92 × 10−1
	9.90 × 10−1
	9.88 × 10−1
	9.87 × 10−1
	9.86 × 10−1
	9.85 × 10−1
	9.83 × 10−1
	9.82 × 10−1
	9.82 × 10−1
	9.77 × 10−1
	9.68 × 10−1
	9.37 × 10−1
	9.12 × 10−1
	7.69 × 10−1
	6.66 × 10−1
	6.60 × 10−1



	0.4
	9.82 × 10−1
	9.78 × 10−1
	9.74 × 10−1
	9.71 × 10−1
	9.69 × 10−1
	9.66 × 10−1
	9.64 × 10−1
	9.62 × 10−1
	9.60 × 10−1
	9.51 × 10−1
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