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Abstract: A high-temperature equation of state (EoS) for the fcc phase of solid lead and liquid lead
was developed herein using experimental data on thermodynamic properties, volumetric thermal
expansion, compressibility, temperature-dependent bulk modulus, and sound velocity from ultrasonic
measurements and melting curve. The whole totality of experimental data was optimized using
the temperature-dependent Murnaghan EoS over a pressure range of 0–130 kbar. The temperature
dependences of thermodynamic and thermophysical parameters were described herein using an
expanded Einstein model. The resultant EoS describes well the whole set of available experimental
data within measurement uncertainties of individual parameters.

Keywords: equation of state; solid and liquid lead; melting curve; behavior modeling

1. Introduction

Thermodynamic and thermophysical properties of lead are a subject matter of nu-
merous experimental and theoretical studies. The experimental data available involve
measurements of enthalpy, heat capacity, and thermal expansion at normal pressure over a
wide temperature range. For solid lead, the temperature effect on adiabatic bulk modulus
and the pressure effect on its density have been explored. For liquid lead, numerous mea-
surements of its density and sound velocity as a function of temperature have been carried
out. Information on the phase diagram in the vicinity of high pressures and temperatures
has also been made public. A variety of equations of state (EoS) have been suggested for
different phase modifications of solid lead and describe their behaviors satisfactorily over a
wide range of pressure- and temperature-related variations. However, a similar wide-range
equation of state for liquid lead is lacking so far, which would predict liquid lead properties
over a pressure range of practical importance, at least up to 100 kbar, when the temperature
changes from the melting to the boiling point [1].

Apart from thermodynamic properties, only two parameters have been measured
for liquid metals by now: the temperature dependence of volume (thermal expansion)
and sound velocity from which adiabatic and isothermal bulk compression moduli can
be estimated. Based on these data, it is impossible to build a strict equation of state, as
the liquid phase compressibility is unknown. However, if the pressure dependence of
melting temperature is used as additional data, there occurs one more limitation on the
liquid phase properties because the chemical potentials of the solid and liquid phases are
equal at the point of melting. In such a case, there appears a possibility to find the equation
of state for liquid metals through the means of a simultaneous solution of the system of
thermodynamic and thermophysical equations for solid and liquid phases at a time. To
check this possibility, we chose lead whose properties have been studied in sufficient detail
for both solid and liquid phases.

The present study aimed to perform complete thermodynamic and thermophysical
characterization of the solid and liquid phases of lead, given the latest experimental data,
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and construct a wide-range equation of state for liquid lead using the findings. Since
only properties of the face-centered cubic (fcc) structure of solid lead have been studied
in sufficient detail to date, and only individual parameters have been measured for the
hexagonal close-packed (hcp) and body-centered cubic (bcc) phases, the present study is
confined to examining the fcc solid phase and molten lead.

2. Physicochemical Model

The thermodynamic parameters were optimized herein taking into account the rec-
ommendations reported [2], on the basis of the expanded Einstein model using multiple
functions similar to those described in [3]. An analogous model was used to describe the
thermal expansion of solid lead. As is shown [4], such a functional form with a different
number of terms approximates well experimental data for a wide array of crystal materials.

2.1. Thermodynamic Functions

Different types of functions were employed to describe the thermodynamic properties
of solid and liquid lead in the standard state because temperature-dependent variations
in the heat capacity of these phases are dramatically different. For solid lead, a three-
term Einstein equation was used with a correction power extra term in order to consider
anharmonic effects. Thermodynamic functions of solid lead at zero pressure were adopted
in the following form:

HT − H0 =
3

∑
i=1

Yiθi
exp(θi/Ti)− 1

+ hTm (1)

CP =
dHT
dT

=
3

∑
i=1

(
θi
T

)2 Yi exp(θi/T)

[exp(θi/T)− 1]2
+ mhTm−1 (2)

S = ∆S0 +
3

∑
i=1

Yi

{
θi
T

exp(θi/T)
exp(θi/T)− 1

− ln[exp(θi/T)− 1]
}
+

m
m − 1

hTm−1 (3)

where T is the temperature, Н is the enthalpy, CP is the heat capacity, S is the entropy, Yi, θi,
A and m are the constants, and ∆S0 is the integration constant.

The variation in the heat capacity of liquid lead with temperature has a complex
nature. Starting from the melting point, the heat capacity declines, reaches its minimum,
and then begins to rise slowly. Several equations have been proposed for the approximation
of heat capacity. For instance, Sobolev et al. [5] suggested the following relationship over a
temperature range of 600–2000 K:

CP =

(
dH
dT

)
P◦

= a + bT + cT2 + dT−2 (4)

Arblaster [6] used a quadratic equation with a temperature range divided into two
intervals from 600.612 to 1500 K and from 1500 to 2400 K as follows:

CP = a − bT + cT2 (5)

In the present study, the thermodynamic functions for liquid lead were adopted in the
following form:

HT − H0 = aT2 + bT1.5 + cT + dT0.5 + e (6)

CP =

(
dH
dT

)
P
= 2aT + 1.5bT0.5 + c + 0.5

d
T0.5 (7)

S = 2aT + 3bT0.5 + c ln T − dT−0.5 + c0 (8)

where a, b, c, d, e, and c0 are the constants.



Metals 2022, 12, 16 3 of 19

The molar Gibbs energy (chemical potential µ◦) at standard pressure P◦ = 0.1 MPa is
determined by the common relation:

Gm ≡ µ◦ = [HT − H0]− TS (9)

2.2. Description of Molar Volume

The Tait equation was used to describe the pressure-dependent molar volume of solid
and liquid lead [7,8]. This equation provides a good approximation of density data for
solid and liquid substances at pressures of up to a few GPa [8]. Hansen [9] employed this
equation to approximate densities of liquid metals (Pb, Hg, Sn, Bi) depending on melting
points at temperatures of up to 923 K under comparatively low pressures, not above 3 kbar.
Here, we adopted the following high-temperature form of the Tait equation [7,9]:

P =
BT

n0 + 1

{
exp

[
(n0 + 1)

(
1 − V

VT

)]
− 1
}

(10)

where P is the pressure, V is the volume, VT and BT are the molar volume and isothermal
bulk modulus at zero pressure and temperature T, respectively, and n0 is the derivative of
the bulk modulus with respect to pressure. The temperature effect on molar volume V was
described via the temperature dependences VT and BT.

The isothermal bulk modulus for both solid and liquid lead was adopted as an inverse
quadratic relationship similar to that in Dinsdale’s study [10].

BT =
B0

1 + B1T + B2T2 (11)

where B0 is the bulk modulus at P = 0, and T = 0.
The temperature-dependent molar volume of solid and liquid lead was described

herein by different equations. To describe the thermal expansion of solid lead over a wide
temperature range, a relationship similar to that for enthalpy was adopted [1]:

ln

(
VS

T
VS

0

)
=

3

∑
i=1

XiΘi
exp(Θi/Ti)− 1

+ gTk (12)

where VT
S is the molar volume at zero pressure and temperature T, V0

S is the molar volume
at P = 0 and T = 0, and Xi, Θi, g, and k are the constants.

The following equation was used for the molar volume of liquid lead:

VL
T =

VL
0

1 + A1T + A2T2 + A3T3 (13)

where V0
L is the “hypothetical” molar volume of liquid lead at zero pressure and zero

temperature; A1, A2, and A3 are the constants.
The melting point of lead (Tm) was assumed equal to 600.612 ± 0.001 K in line with

the recommendations [11] that rely on precision measurements of lead with a 99.9999%
purity [12].

2.3. Melting Curve

The chemical potentials (molar Gibbs energy) of solid (µS) and liquid (µL) phases in
the melting curve must be equal [13].

µS = µL (14)
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The relationship between the chemical potential of condensed substances and pressure
is determined by the adopted equation of state via the following expression [13]:

∆µ =

P∫
P◦

VdP (15)

This pressure correction can be estimated by integration of Equation (10). The melting
point at each pressure is determined by a simultaneous solution of Equations (9), (14) and (15)
for solid and liquid phases.

3. Selected Experimental Data
3.1. Thermodynamic Properties

The thermodynamic properties of lead were discussed in several reference books and
review papers (Table 1). Isobaric heat capacities (CP) over a temperature range from 100 K
to the melting point of lead reported in different literature sources are well consistent with
each other and differ by less than 1%. The difference in other thermodynamic functions
within this temperature range is considerably smaller. The most complete and detailed
overview of the literature data on thermodynamic properties of solid lead was reported in
Arblaster’s study [6] that was taken as a basis herein.

Table 1. Reference sources and review sources of data on heat capacity of solid and liquid lead (
CP, J·mol−1·K−1).

∆T (K)
Solid Liquid

Refs.
CP (298.15) CP (Tm) CP (Tm)

298.15–1800 26.61 29.40 30.58 [14] (Robie, 1978)

100–3600 26.650 29.742 30.627 [15] (Glushko, 1982)

298–2000 26.652 29.414 30.627 [16] (Pankratz, 1984)

298.15–2019 26.835 29.410 30.671 [17] (Barin, 1995)

298–1800 26.65 29.74 30.63 [18] (Robie, 1995)

0–3000 26.836 29.414 30.627 [19] (Chase, 1998)

600.6–1500 – – 30.62 [20] (Sobolev, 2007)

600.6–2000 – – 30.7 [5] (Sobolev, 2008)

600.6–2000 – – 30.621 [1] (Sobolev, 2010)

0.5–2400 26.492 30.062 30.817 [6] (Arblaster, 2012)

The data, presented in the reference books and review papers, on the heat capacity of
liquid lead (Table 1) over a temperature range between the melting point and 1400 K are in
relatively good agreement with each other. A considerable difference is, however, observed
at higher temperatures, which is explained by the lack of sufficiently accurate experimental
data at higher temperatures.

In Chase’s reference book [19], the heat capacity values for liquid lead were derived
by graphical extrapolation of the data [21] to its boiling point. For the estimation of
thermodynamic functions, Arblaster [6] used theoretical calculation results [22] based on
which the 1500 K value was considered as the temperature of minimum heat capacity. The
heat capacities reported in [6] at temperatures above 1500 K differ considerably from those
reported in other studies and seem to be overestimated. For instance, the difference attains
12–16% at 2400 K, compared with the data reported in [15,19]. Here, we used Glushko’s
data [15] to optimize the thermodynamic properties of liquid lead.
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3.2. Thermodynamic Properties of Solid Lead

In constructing the equation of state for solid lead, the measured data on thermal
expansion, isothermal compressibility, and adiabatic bulk modulus were employed. The
isothermal bulk modulus included in the equation of state is estimated by the following
common relation [1]:

BT =

(
1

BS
+

TVα2

CP

)−1

(16)

where BS is the adiabatic bulk modulus, and α is the volumetric thermal expansion coefficient.

3.2.1. Molar Volume

As some studies report relative values of the sample length or volume rather than the
absolute ones, a baseline value of the molar volume of lead at standard temperature should
be found. Data on volumetric properties of lead at room temperature are listed in Table 2.
In the case in which volumetric properties of lead are represented by unit cell density or
parameter in the original literature source, they were used to calculate the molar volume.
For comparative purposes, the said parameters are quoted for all the literature sources. All
data were reduced to the same temperature of 298.15 K and, if necessary, recalculated from
kX units into Å in line with Arblaster’s study [23]. The average molar volume calculated
from the data given in Table 2 was 18.269 ± 0.004 cm3/mol.

Table 2. Lattice parameter (a), density and molar volume of lead with a face-centered cubic (fcc)
lattice at room temperature.

a (Å) ρ (g/cm3) Vm (cm3/mol) Refs.
4.9499 11.348 18.270 [24] (Owen, 1933)
4.9497 11.349 18.263 [25] (Lu, 1941)
4.9511 11.340 18.272 [26] (Klug, 1946)

4.95032 11.3448 18.2718 [27] (Straumanis, 1949)
4.9505 11.344 18.266 [28] (Swanson, 1953)
4.9509 11.341 18.270 [29] (Feder, 1958)
4.9508 11.342 18.269 [30] (Takahashi, 1969)
4.9505 11.342 18.268 [31] (Kramer, 1972)
4.9507 11.342 18.268 [32] (Vold, 1977)
4.9510 11.340 18.271 [33] (Mao, 1990)
4.9502 11.346 18.262 [34] (Vohra, 1990)
4.9503 11.345 18.271 [35] (Khairulin, 1992)
4.9510 11.34 18.272 [36] (Trunin, 2001)
4.9510 11.340 18.272 [37] (Bogoslovskaya, 2002)
4.9502 11.346 18.262 [38] (Lubarda, 2003)
4.9510 11.3400 18.272 [39] (Rothman, 2005)
4.9510 11.3400 18.272 [40] (Stankus, 2006)
4.9513 11.338 18.275 [41] (Strassle, 2014)
4.9507 11.341 18.269 Average

Note: The highlighted data are derived from the cited literature; the other data were obtained by recalculation.

3.2.2. Thermal Expansion

The data on the thermal expansion of solid lead can be found in several reference
books [42–44]. Here, we used the measured data from earlier studies [45–51] overviewed
by Touloukian et al. [45] and from more recent studies [36,41], and these data were co-
processed altogether. The measurement results reported [52] were disregarded because
these are significantly distinct from those of the other authors, which is probably due to a
low initial lead density of 11.2566 g/cm3 at 293 K (Table 2).

3.2.3. Isothermal Compressibility

The isothermal compressibility of solid lead was examined in a series of
studies [33,34,41,42,53–59]. Bridgman measured the compressibility of solid lead at pres-
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sures ranging from 5 to 25 kg/cm2 [54] and from 10 to 100 kg/cm2 [53]. The compressibility
data of lead at room temperature and pressures of up to 45 kbar and 100 kbar were re-
ported by Vaidya et al. [56] and Gray [42], respectively. Some studies investigated the
compressibility of lead at several temperatures: at 293 and 396 K (0–30 kbar) [55], and at
298 (0.3–87.4 kbar) and 80 K (0.6–89 kbar) [41]. A series of studies were concerned with
examining phase transitions of solid lead under isothermal compression. Mao et al. [33,57]
explored the phase transition of lead from the face-centered cubic (fcc) structure to the
hexagonal close-packed (hcp) system at a pressure of 140 kbar and further to the body-
centered cubic (bcc) arrangement at pressures above 1000 kbar. Vohra et al. [34] quantified
compressibility and phase transitions of lead at pressures of up to 272 GPa. The experi-
mental findings were processed separately for all of the three phases. Kuznetsov et al. [59]
constructed a P,T phase diagram for lead using synchrotron XRD measurement data at
pressures of up to 40 GPa and temperatures of up to 800 K in the vicinity involving the
fcc-to-hcp phase transition. Liu et al. [60] theoretically investigated the phase transitions of
lead at high pressure using the first-principles, pseudopotential total-energy method.

3.2.4. Adiabatic Bulk Modulus

The adiabatic bulk modulus of solid lead was estimated herein from the measure-
ments reported in the studies [32,61,62] in which elastic moduli of lead were quantified
at temperatures ranging from 300 to 600 K [32], from 3.2 to 300 K [61], and at 195 and
296 K [62].

3.3. Liquid Lead

There are no directly measured data on isothermal compressibility and bulk modulus
of liquid lead in the literature. Therefore, the measurement results of thermal expansion
and sound velocity were used herein. The adiabatic bulk modulus was estimated by the
following equation [1]:

BS ≡ −V
(

dP
dV

)
S
= ρu2

S (17)

where ρ is the density and uS is the sound velocity. The isothermal bulk modulus as part of
the equation of state was calculated by Equation (16).

3.3.1. Thermal Expansion

There exist a vast number of studies (more than 45) on measuring the temperature-
dependent density of liquid lead. Some of those were analyzed in the review papers [1,63,64]
and are not presented herein. In all of the reviews, the temperature-dependent density of
liquid lead was approximated by linear function as follows:

• ρ = 11,420 − 1.242·T [63];
• ρ = 11,441 − 1.2795·T [1];
• ρ = 11,400 − 1.239·T [64].

However, most of the studies were left out of account in the aforesaid reviews and
hence disregarded in constructing the approximate relationships. The disregarded studies
are listed in Table 3.
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Table 3. Supplementary experimental data on density of liquid lead.

∆T (K) Purity (%) Form a ∆ρ b Refs.

623.15–923.15 – T – [65] (Flinn, 1971)

657.15–824.15 99.999 E ~0.5 [66] (Schwaneke, 1978)

600–1100 99.999 P, E ±0.5 [67] (Saar, 1987)

615; 1160 – D – [68] (Mentz-Stern, 1989)

616.15–1286.15 99.9 T ±0.1 [69] (Hansen, 1989)

613.15–1213.15 – P, E 0.5 [70] (Tsuchiya, 1990)

616.15–1286.15 99.9 T, E ±0.1 [71] (Hansen, 1990)

600.7–1600 99.992 T 0.3–0.5 [35] (Khairulin, 1992)

604–1044 99.99 P, E 0.05 [72] (Wang, 2003)

623.1–773.1 99.9985 T, E 0.2 [73] (Alchagirov, 2003)

604.7–745.5 99.99 T, E 0.1 [74] (Alchagirov, 2003)

604.4–1702.6 99.99 T, E 0.4 [52] (Stankus, 2004)

573–773 – E 0.1 [75] (Kurshev, 2005)

600.1–1500 99.9985 T, E 0.2–0.3 [76] (Stankus, 2007)

600.55–773.15 99.998 T, E 0.2 [77] (Alchagirov, 2007)

600.7–1100 99.99 E 0.3–0.5 [78] (Khairulin, 2008)

600.6–1173 99.999 P, E 0.1 [79] (Kanchukoev, 2009)

604–1703 99.9996 E 0.2 [80] (Popel, 2011)

874–1274 99.9985 T, E, P 0.76 [81] (Shevchenko, 2011)

874–1274 99.9985 T, E, P 0.760 [82] (Chentsov, 2012)

600.6–1100 99.9999 E, P 1 [83] (Kashezhev, 2012)

601–1100 99.99 E 0.3 [84] (Khairulin, 2013)

600.6–1100 – E – [85] (Kambolov, 2014)
a Form of data: D—individual measurements; E—equation; P—plot; T—table. b Reported error (%).

For the calculation of thermal expansion of liquid lead, the present study used ex-
perimental data from primary sources outlined in review papers [1,20,63,64], and these
were supplemented with measurement results from studies listed in Table 3 and from
Hansen’s study [9]. Hansen [9] performed volumetric measurements of liquid lead over
a temperature range of 669–921 K at elevated pressures of up to 3 kbar, with an error
of ±0.2%.

3.3.2. Sound Velocity

There is a considerable number of studies on measuring the sound velocity in liquid
lead particles. Most of the studies were discussed in review papers [1,20,63,86]. For simul-
taneous processing, we used data from studies outlined in the aforementioned reviews,
supplemented with measurement results from the other reports [65,70,81,87–90]. All the
measurements of the sound velocity in liquid lead samples were performed at temperatures
of at most ~1400 K. Hixson et al. [91] measured the density-dependent sound velocity in
solid and liquid lead samples at a pressure of 0.13 kbar. As an optical pyrometer was
not available, the samples’ temperatures were not measured; instead, temperatures were
calculated through approximation of the data reported [92]. Therefore, the data from the
study in [92] were not employed for optimization.
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3.4. Melting Curve

The fcc−hcp phase transition pressure for the solid phase of lead at room temper-
ature is 134 ± 6 kbar, as recommended in [93]. Given the data reported in the study by
Kuznetsov et al. [59], who investigated the phase diagram of lead at pressures below 400
kbar and temperatures below 800 K, the pressure of the fcc−hcp−liquid triple point was
assumed to be equal to 130 kbar. Therefore, it is this pressure to which all the parameters of
the fcc phase of solid lead were optimized.

The melting curve of lead has experimentally been examined at pressures of up to
5 kbar [94], 14 kbar [95], 60 kbar [96,97], 79 kbar [98], 120 kbar [99], and 800 kbar [100].
McDaniel et al. [94] and Dewaele et al. [100] approximated the measured data via Simons’
equation. The melting curve of lead has also been studied theoretically at pressures below
1000 kbar [101,102].

4. Calculation Procedure

The error function representing a weighted root-mean-squared deviation was adopted
as an optimization criterion as follows:

R =

√√√√ 1
N

[
N

∑
i=1

w2
D

(
Dc

i − Dm
i

Dm
i

)2
]

where N is the total number of experimental points; Di is the values of different parameters
(enthalpy, heat capacity, molar volume, etc.); wi is the weighting coefficients of these param-
eters. Superscripts c and m denote the calculated and measured properties, respectively.
The weighting coefficients were evaluated based on relative errors in the measurement of
different parameters.

The function was minimized via the Nelder–Mead simplex method for multidimen-
sional minimization [103].

5. Results

The parameters obtained by optimization for the fcc phase of solid lead are listed
in Table 4. Table 5 shows parameters for liquid lead. At the melting temperature, the
calculated isothermal bulk moduli for solid and liquid lead are 335.03 kbar and 300.77 kbar,
respectively. The lower bulk moduli value for liquid lead evinces its high compressibility,
as one should expect.

Table 4. Summation of optimized parameters of EoS for the fcc phase of solid lead.

Equation, Parameter Value

Thermodynamic functions (1)–(3)

Υ1 0.612185

Υ2 16.0473

Υ3 9.08323

θ1, K 17.6535

θ2, K 50.0926

θ3, K 119.641

∆S0, J·mol−1·K−1 0.035200

h, K–m 4.85078 × 10−7

m 3.31693

Equation of state (10) n0 5.25202

Bulk modulus (11)

B0, kbar 489.03

B1, K 3.8676 × 10−4

B2, K 6.3173 × 10−7
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Table 4. Cont.

Equation, Parameter Value

Thermal expansion (12)

V0
S, cm3/mol 17.8754

X1 6.3894 × 10−5

X2 2.1486 × 10−5

X3 1.1473 × 10−4

Θ1, K 71.1214

Θ2, K 1949.26

Θ3, K 4117.35

g, K–k 2.0082 × 10−6

k 1.36326

Table 5. Summation of optimized parameters of EoS for liquid lead.

Equation, Parameter Value

Thermodynamic functions (6)–(9)

a, J·mol−1·K−2 6.23666 × 10−3

b, J·mol−1·K−1.5 −0.751793

c, J·mol−1·K−1 58.1052

d, J·mol−1·K−0.5 −354.600

e, J·mol−1 2843.67

c0, J·mol−1·K−1 245.951

Equation of state (10) n0 5.59745

Bulk modulus (11)

B0, kbar 451.01

B1, K 5.8382 × 10−4

B2, K 4.1329 × 10−7

Thermal expansion (13)

V0
L, cm3/mol 18.2152

A1, K−1 −1.0094 × 10−4

A2, K−2 −4.6828 × 10−9

A3, K−3 5.6664 × 10−13

Comparisons between the calculated and measured data are given in Figures 1–10. 
 

 

 
Metals 2021, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/metals 

 
Figure 1. Heat capacity of solid lead. 

Figure 1. Heat capacity of solid lead.
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Figure 1 displays a calculated heat capacity of the fcc phase of lead when compared
with the data from other sources. For solid lead, the relationship derived herein provides a
good approximation of the data from the study [6] and is close to the reference data [15,19].
The enthalpy of liquid lead plotted against temperature, as depicted in Figure 2, also
reproduces well the data from the studies [6,15,19]. It should be noted that the resultant
relationship is on a par with the enthalpy measurement results obtained by the resistive
pulse-heating technique over a temperature range of 2000–5000 K [104].
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Figure 2. Enthalpy of liquid lead plotted against temperature. The vertical scratch marks indicate an
error in the data reported in the literature source [25].

The molar volume and volumetric thermal expansion coefficient (VTEC) of solid
lead plotted against temperature are illustrated in Figures 3 and 4. The total number of
experimental points was 290 for molar volume and 69 for VTEC. For the molar volume, the
mean absolute deviation of calculation from the experiment was 0.0017 cm3/mol, the mean
relative deviation was 0.009%, and the root-mean-square deviation (RMS) was 0.012%.
The calculated molar volume of lead at 298.15 K was 18.2670 cm3/mol, which is in good
agreement with the baseline value (Table 2). The deviations were significantly higher for
VTEC, which is due to greater errors in this measure: the mean relative deviation increased
two orders of magnitude to 0.92%.

Figure 5 displays the molar volume of fcc−Pb plotted against pressure at temperatures
of 80, 298, and 396 K. The root-mean-square deviation of the calculated and measured data
were 0.14% (80 K), 0.10% (298 K), and 0.14% (396 K). Table 6 compares the EoS parameters
obtained herein with the literature data.



Metals 2022, 12, 16 11 of 19

Figure 3. Molar volume of solid lead plotted against temperature.

Figure 4. Volumetric thermal expansion coefficient (VTEC) of solid lead plotted against temperature.
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Figure 5. Molar volume of solid lead plotted against pressure at different temperatures.

Figure 6. Adiabatic bulk modulus (BS) and isothermal bulk modulus (BT) of solid lead plotted
against temperature.
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Figure 7. Density of liquid lead as a function of temperature.

Figure 8. Temperature-dependent sound velocity in liquid lead.
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Figure 9. Temperature-dependent adiabatic bulk modulus of liquid lead.
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The differences in bulk compression moduli and their derivatives with respect to
pressure for different EoS listed in Table 6 are explained by the conceptually different forms
of the equations used, as well as by experimental error (scatter in the data), quantity, and
range of the processed data. The greater the data quantity and accuracy, and the wider
the pressure range, the more precise the approximation formula for EoS. For instance, a
study [56] performed measurements up to 45 kbar, while another study [33] performed
measurements ranging from 44.2 to 139 kbar. In the study by [41], measurements and
calculations were performed over a range from 0.3 to 87.4 kbar, and the calculated error
of the bulk modulus was estimated to be ±20 kbar. In this case, different bulk modulus
values were obtained even when the same data were treated by different EoS. For instance,
in the study [58], the data approximation by different EoS resulted in bulk modulus values
that differed by 14%, while the bulk modulus derivative differed by 50%. Therefore, it is
more likely that the EoS derived in the present study allows the compressibility of the fcc
phase to be described more precisely over a wider pressure range.



Metals 2022, 12, 16 15 of 19

Table 6. Parameters of EoS for the fcc phase of lead.

V0 *1 (cm3/mol) B0 (kbar) n0 EoS *2 Refs.

18.256 399.82 6.76 Mur [56] (Vaidya, 1970)

– 431 4.6 ± 0.3 Mur [57] (Mao, 1977–1978)

18.271 399 6.13 (10) Vinet [33] (Mao, 1990)

18.263 432.0 4.87 BM3 [34] (Vohra, 1990)

18.156 462 4.6 BM3 [60] (Liu, 1991)

18.265
420 6.1 H11

[58] (Schulte, 1995)
480 4 ± 1 H12

18.251 405 5.74 BM3 [59] (Kuznetsov, 2002)

18.2748

410.1 5.72 BM3

[41] (Strassle, 2014)412.5 5.72 Vinet

411.3 5.72 HoAp1

18.2670 417.5 5.25 Tait Present work

*1 at 298 K; *2 Mur: Murnaghan EoS; Vinet: Rydberg–Vinet EoS; BM3: third-order Birch–Murnaghan EoS; H11,
H12, HoAp1: modifications of Holzapfel EoS.

Figure 6 illustrates the bulk compression modulus of solid lead plotted against tem-
perature. The dependence obtained in the present study reproduces well the experimental
data and is consistent with the isothermal bulk modulus reported [105].

Figure 7 shows the temperature-dependent density of liquid lead when compared
with the experimental data from the studies listed in Table 3. It should be noted that the
dependence derived herein by optimization of the measured data from 46 studies over
a temperature range between lead melting point and 1600 K almost coincides with that
recommended by Assael et al. [64]. The calculated density of liquid lead at its melting point
is 10.655 g/cm3 (the present work), and 10.656 g/cm3 as reported [64]. The densities at
1600 K are 9.412 and 9.418 g/cm3, respectively.

The temperature dependence of the sound velocity in liquid lead obtained herein by
optimization of the measured data from 31 studies somewhat differed from the resulting
equations adduced in the review papers by [1,86] (Figure 8). It should, however, be noted
that the calculated temperature-dependent adiabatic bulk modulus of liquid lead depicted
in Figure 9 almost matches the data reported in [106].

Figure 10 displays the melting point of lead plotted against pressures of up to 140 kbar
when compared with the experimental and calculated data. The calculated melting curve
reproduces well the measured data and differs negligibly from the reported one [102].

6. Conclusions

The findings presented in this study demonstrate that the model used herein can
describe the experimental data available for the fcc phase of solid lead and molten lead over
a wide range of pressures and temperatures within experimental uncertainty. Nevertheless,
all thermodynamic and thermophysical parameters of solid and liquid lead are mutually
agreeable over a pressure range of up to 130 kbar and a temperature range of up to 1400 K,
which is due to the melting curve included in the simultaneous co-optimization. The
constructed wide-range EoS for liquid lead can be used as the basis for estimation and
refinement of properties of the other solid lead phases.
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