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Abstract: For nickel-based single crystal superalloy DD6 (AECC Beijing Institute of Aeronautical
Materials, Beijing, China) material, a method for predicting creep rupture time was proposed based on
a newly defined equivalent stress method. An anisotropic creep model for describing the orientation-
dependent creep behavior and lifetime of a nickel-based single crystal superalloy was proposed.
The creep subroutine was written based on the proposed nickel-based single crystal creep model.
The stability of the model was improved by adjusting the iterative algorithm. The creep calculation
results in [001], [011], and [111] loading directions were compared with the experimental results. The
accuracy of the calculation results by the nickel-based single crystal creep subroutine was verified.
The initial time step and maximum time step of the creep subroutine were studied.

Keywords: nickel-based single crystal; DD6 material; creep model; deformation simulation

1. Introduction

Nickel-based single crystal superalloy turbine blades are one of the key technologies
for aero engines since the 1980s. Over the past dozen years, the first, second, and third
generation of nickel-based single crystal superalloys have been developed and applied
successively, to enhance the temperature resistance of aero-engine turbine rotor blade
materials by nearly 90 ◦C [1] compared with directional solidification superalloys. At
present, almost all advanced aero-engine turbine rotor blades have adopted nickel-based
single crystal superalloy.

In the 1970s, the United States first used PWA1422 (Pratt & Whitney Group, Connecti-
cut, United States) directional blades on military engines, and then on civil aircrafts. In
the 1980s, PWA1480 (Pratt & Whitney Group, Connecticut, United States) single crystal
blades were used in the F100 engines. Since then, directional and single crystal blades have
become important features of various advanced engines. The development of directional
solidification technology has greatly improved the high temperature capability of cast
superalloys. After the 1980s, the thrust-to-weight ratio was increased from 8 to 10. The
first-generation single crystal superalloy PWA1480 was used on turbine blades. Subse-
quently, the second-generation single crystal superalloy PWA1484 (Pratt & Whitney Group,
Connecticut, United States) and CMSX-4 (Cannon Muskegon Corporation, Muskegon,
United States) were used. The 100 h rupture strength reached 140 MPa at 1100 ◦C. After the
1990s, the third-generation single crystal alloys RenéN6 and CMSX-10 (Cannon Muskegon
Corporation, Muskegon, United States) were developed. The melting point, initial melting
temperature and service temperature of the alloys were increased by the addition of rhe-
nium, tungsten, and tantalum. The third-generation single crystal superalloy CMSX-10 has
an obvious advantage in creep strength compared to the second-generation single crystal
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superalloy CMSX-4. The fourth-generation single crystal alloy RR3010 (Rolls-Royce, City of
Westminster, United Kingdom) was developed by the British RR company in recent years.
RR3010 has a high temperature capacity of about 100 ◦C higher than that of directional
alloys.

Chinese research on nickel-based single crystal alloys and their processes began in
the 1970s, leading to the development of the DD3 (AECC Beijing Institute of Aeronautical
Materials, Beijing, China) nickel-based single crystal alloy first for aero-engine turbine
rotor blade. It has been successfully used in engine high-pressure turbine rotor blades and
has passed the high-speed test. Due to the lack of breakthroughs in key technologies, the
intermetallic compound-based alloys and ceramic materials, which are considered to be
the next-generation promising replacement materials for turbine rotor blades, still have not
entered the engineering stage. It is expected that for a long period of time in the future,
nickel-based single crystal superalloy will still be the most important rotor blade material
for advanced gas turbine engines [2].

The prerequisite for the strength and life analysis of nickel-based single crystal turbine
rotor blades is the material constitutive model. The research on constitutive models can
be divided into two categories in terms of methods: The macroscopic models based on
phenomenology and the microscopic models based on crystal slip theory.

(1) The macroscopic model uses an anisotropy tensor to describe the inelastic anisotropic
deformation, without considering the specific deformation process of the single crystal. In
literature [3], from the study of the fine and microstructural changes and damage charac-
teristics of the creep process for nickel-based single crystal alloy, a two-parameter creep life
prediction model based on cavity damage and material degradation as damage parameters
was established. The creep rupture time of V-notch DD6 rod specimens was predicted
based on the damage theory in literature [4]. The creep damage and fracture mechanism
were studied for DD6 material under multiaxial stress state in literature [5]. Under the
thermodynamics framework [6], the evolution equation of single crystal damage was
derived by introducing damage variables related to dissipation power and damage state,
and a macroscopic anisotropic viscoplastic damage model of nickel-based single crystal
was established. In literature [7], by the method of combining damage mechanics and
viscoplasticity theory, the viscoplastic unified constitutive model of orthotropic material
was modified and generalized, and the orthotropic viscoplastic unified constitutive model
under the interaction of creep and fatigue loads was established.

(2) The microscopic model considers the complex process of nickel-based single crystal
deformation, and converts the accumulated crystal slip stress and strain into the global
coordinate system to obtain inelastic deformation characteristics. The early work of crystal
plasticity theory is the pioneering work of Taylor [8] and others. Their work clearly shows
that metal plastic deformation is closely related to its crystallographic structure and has
microstructure sensitivity. Based on the work of Taylor, Hill, and Rice [9] performed a
rigorous mathematical description of the plastic deformation geometry and kinematics of
the crystal, and extended the model to a rate-independent viscoplastic finite deformation
analysis. Asaro and Rice [10] and Havner [11], among others, have further developed the
crystal plastic constitutive theory and applied it to rate-dependent viscoplastic analysis.

Regarding the development of constitutive model for nickel-based single crystal
materials, recent work is represented by literature [12,13]. However, the models are rela-
tively complicated. In literature [14], the mapping method was used to simulate the creep
deformation of different orientations comparatively precisely, nevertheless, the creep defor-
mation simulation at different temperatures cannot be achieved. A more accurate creep
deformation simulation of nickel-based single crystal materials at different temperatures
was achieved in literature [15,16], except that only the [001] orientation was experimentally
verified. In literature [17], the creep deformation simulation of the nickel-based single crys-
tal turbine blade model was carried out, although the model still cannot consider multiple
temperatures at the same time. In literature [18], a constitutive model for the mechanical
behavior of single-crystalline superalloys at high temperatures has been developed. The
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model relies on the slip system theory and is able to predict rafting and its influence on
plastic flow. In literature [19], new internal variables representing the microstructural
changes under those specific thermal loadings have been introduced in the framework of
crystal plasticity using a macroscopic approach to account for the transient creep behavior
induced by microstructure changes. In literature [20], a homogenization method including
modified γ/γ′ microstructure area surrounding pores and topologically close-packed (TCP)
phase particles was developed and correlated to creep life. In literature [21], a modified
crystal plasticity constitutive model considering microstructure evolution is developed. In
the literature [22], a physics-based model is proposed to predict the γ/γ′ microstructure
evolution of single crystal (SC) superalloy at medium temperature and high stress level.
The anisotropy of mechanical properties of nickel-based single crystal materials [5,23] is still
a major challenge in the deformation simulation of aerospace engine turbine nickel-based
single crystal blades.

Creep models considering nickel-based single crystal orientation in this paper include:
Second-stage creep strain rate prediction, creep model establishment and parameter fitting,
creep rupture time prediction, flow law based on newly defined equivalent stress, creep
model algorithm, usermat subroutine writing and model verification. Since the creep
strain–time curve is incomplete, and is highly dispersive at different crystal orientations
and temperatures, this paper has not proposed a more accurate model to describe the
creep curves at different temperatures in different crystal orientations. According to
literature [24], the creep curves in different orientations have similar shapes. Assuming
that the creep curves in different orientations have similar shapes, the creep deformation
behavior of all orientations was described with the creep curve shape of [001] orientation.

2. Nickel-Based Single Crystal Creep Model
2.1. Basic Characteristics of DD6 Material

DD6 material is a second-generation nickel-based single crystal superalloy with a
melting point of 1370.5 ◦C. In view of the cubic symmetry of nickel-based single crystal
materials, the elastic properties of DD6 material [24] at different temperatures are shown in
Table 1.

Table 1. DD6 material elastic properties adapted from reference [24].

T/◦C 25 700 760 850 980 1070 1100

E11, E22, E33/GPa 131.5 107.0 105.5 98.0 80.5 69.5 67.5
G11, G22, G33/GPa 136.96 100.21 105.01 60.61 80.44 74.22 63.84

ν11, ν22, ν33 0.344 0.374 0.377 0.383 0.39 0.399 0.413

For the yield strength data in different orientations at different temperatures, the
yield strength under the calculation condition can be obtained by linear interpolation
or polynomial parameter fitting. The uniaxial tensile experimental data [24] for the DD6
material in [001], [011], and [111] three orientations are shown in Table 2. The [011] direction
experience a higher yield strength above 1070 ◦C, instead of at lower temperatures. The
possible reason is the scatter of the database. For each temperature in the literature [24],
only one or two samples were used for the experiment. The model in this paper only uses
the [001] oriented yield strength data.
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Table 2. DD6 material yield strength data adapted from reference [24].

T/◦C
σY[001]
/MPa

σY[011]
/MPa

σY[111]
/MPa

τY[011]
/MPa

τY[111]
/MPa

25 930 - 1180 - -
760 935 - 990 601 571
850 1030 - 905 - -
980 680 590 530 401 -
1070 440 450 370 291.5 297
1100 385 395 320 - -

The predicted tensile yield strength of DD6 material with different orientations at
different temperatures is shown in Figure 1. The plane composed of the x and y axes
corresponds to the standard projection plane. The fitting function used in Figure 1 is
Equation (7). It will be described in detail in Section 2.4.

Figure 1. Yield strength of DD6 material at different temperatures. (a) DD6 material 980 ◦C, (b) DD6 material 1070 ◦C.

It can be observed from the database that the yield strength of DD6 material tends
to isotropic with increase of temperature at higher temperature. The yield strengths
corresponding to different orientations are not much different. Due to the particularity
of the experimental data for the 1070 ◦C, the yield strength in the [111] direction is the
smallest, and in the [011] direction is the largest. The yield surface shape corresponding to
the yield function is the shape of Figure 1b. The special data leads to the maximum yield
strength in the near [001] direction. This abnormal situation requires more material data
for further verification.

2.2. Second Stage Creep Strain Rate Prediction

The creep strain–time curve is processed to obtain the second stage creep strain rate of
the corresponding creep under different orientations, different temperatures, and stress
levels, and fit it by the following activation energy formula [25]. The second stage creep
strain rate is the minimum creep rate, which is the steady-state creep rate.

.
εc = Cσn exp(−

Qijk

RT
) (1)

.
εc is the creep strain rate of second stage of creep, C is the material constant, n is

the stress exponent, and Qijk is the creep activation energy for different orientations. R
is the Boltzmann constant, where R = 0.0083145kJ/(mol · K). The results of the fitting
parameters are shown in Table 3. Base on the potential different deformation mechanisms
in this large temperature window, the stress exponent n evolves for physical reasons. Due
to the lack of material data, the same n is used in this article. The second stage creep
strain rate corresponding to different orientations is calculated and compared with the

experimental results [24]. The percentage error is defined as
.
εc−

.
εc,Fitting

.
εc+

.
εc,Fitting

× 100%. Only the

[001] orientation results are listed here, see Table 4. The maximum percentage error of the
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prediction results is 25.2% at 980 ◦C and 200 MPa. The percentage error of most results is
less than 20%. This is acceptable for engineering.

Table 3. Creep strain rate equation parameter fitting results.

Orientation C n Qijk/KJ/mol

[001] 6.64× 10−3 1.76892 148.04
[011] 3.75× 10−3 3.51889 64.48
[111] 3.61× 10−3 17.35977 641.73

Table 4. [001] orientation creep strain rate prediction results.

Temperature/◦C Stress/MPa .
εc/h−1 .

εc,Fitting/h−1 Percentage Error/%

760 600 2.27× 10−5 1.79× 10−5 11.9
850 500 3.25× 10−5 5.15× 10−5 −22.5
850 570 8.57× 10−5 6.49× 10−5 13.8
980 200 3.15× 10−5 5.27× 10−5 −25.2
980 240 6.93× 10−5 7.28× 10−5 −2.4

1070 50 8.82× 10−6 1.18× 10−5 −14.3
1070 80 3.87× 10−5 2.70× 10−5 17.8
1070 120 6.68× 10−5 5.53× 10−5 9.4

2.3. Creep Model Establishment and Parameters Fitting

The creep strain–time curves under different orientations, temperatures, and stress
levels were fitted using the creep equation [26] εc = η1(1− e−η4ζ) + η2ζ + η3ζη5 . ζ = t

tc
is dimensionless time, tc is the lifetime at a given temperature and stress, and ζ ∈ [0, 1].
ηi(i = 1, 2, 3, 4, 5) are material-dependent parameters, which are a function of dimension-
less stress σ

σ0.2
and dimensionless temperature T

Tm
. The creep equation describes the shape

of the creep curve, as shown in Figure 2. The three terms of the equation can respectively
describe the three stages of creep. The parameters η1 and η4 describe the size and shape of
the first stage of creep respectively. There is η2 =

.
εc,Fitting × tc.

.
εc,Fitting is the strain rate of

the second stage creep. tc is the creep rupture time of the corresponding orientation, temper-
ature, and stress level. The parameter η2 is a strain amplitude. It artificially corresponds to
the slope value of the blue line in Figure 2, since the abscise axis is a relative representation
of the time. The parameters η3, η5 describe the size and shape of the third stage creep. δc is
the creep elongation, where δc = η1 + η2 + η3, and thus η3 = δc − η1(1− e−η4)− η2. Only
the first stage and portion of the second stage creep strain–time curve data of DD6 material
are available, with the missing information of the third stage creep. Referring to the fitting
data of the model parameter η5 of other materials [26], the value of this parameter should
make the third stage of creep curve show a rapid upward trend. Considering the stability of
the program and the less importance of the third-stage creep, η5 is taken as 8.0 in this paper.

The five parameters in the creep model are taken the natural logarithm, and they are
considered to be dependent on temperature and stress, thus having the following form:

ln ηi = ai + bi
T

Tm
+ ci

σ

σ0.2
+ di

T
Tm

σ

σ0.2
. (2)

In the formula, ηi(i = 1, 2, 3, 4, 5) are five parameters in the creep model, T
Tm

is the
normalized temperature according to the melting point, and σ

σ0.2
is the normalized stress

about to the yield strength, where the unit of T is K, the unit of σ is MPa. Due to the
incomplete creep data of DD6 material, the parameter δc is taken as 0.27, the parameter
η5 is taken as 8.0, and there is η2 =

.
εc,Fitting × tc, η3 = δc − η1(1− e−η4) − η2. Among

the five parameters in the creep model, only the [001] orientation creep parameter fitting
results are listed in this paper. The fitting results of the creep curve parameters under
different temperatures and stress levels in [001] orientation are shown in Table 5. Only the
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parameters η1 and η4 need to be fitted using Formula (3). The fitting results of the [001]
orientation creep model parameters are shown in Table 6. Finally, the fitting results of the
normalized creep curve under different temperature and stress levels of [001] orientation
are shown in Figure 3. In these figures the normalized experimental time ranges from 0
to 0.4, so the first stages of creep are described. The creep fitting curves under different
temperatures and stress levels of [001] orientation are shown in Figure 4. There is a certain
error of creep curve fitting result in [001] orientation at 980 ◦C, and the creep curve fitting
results of [001] orientation at 760 ◦C, 850 ◦C and 1070 ◦C are better. One possible reason is
that the value of n and Qijk are not constant with the temperature and stress level. This
difference requires more data to verify.

Figure 2. Creep equation schematic diagram.

Table 5. Creep curve parameter fitting results.

Orientation Temperature/◦C Stress/MPa η1/% η2/% η3/% η4 η5

[001] 760 600 0.01 1.9572 25.0427 0.01 8
[001] 850 500 0.10 1.5556 25.4433 0.01 8
[001] 850 570 1.00 0.7560 25.7928 0.60 8
[001] 980 200 0.01 4.4643 22.5356 0.01 8
[001] 980 240 0.01 2.7698 24.2301 0.01 8
[001] 1070 80 1.50 11.4381 14.1366 3.00 8
[001] 1070 120 0.60 3.0497 23.5138 1.30 8

Table 6. Creep model parameter fitting results.

Orientation Fitting Parameters ai bi ci di

[001]
η1 −121.0399 137.1963 122.1561 −124.7935
η4 −141.1600 170.3370 170.3718 −192.4018
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Figure 3. Normalized creep curve fitting results of [001] orientation. (a) [001] 760 ◦C, (b) [001] 850 ◦C,
(c) [001] 980 ◦C, (d) [001] 1070 ◦C.

Figure 4. Creep curve fitting results of [001] orientation. (a) [001] 760 ◦C, (b) [001] 850 ◦C, (c) [001]
980 ◦C, (d) [001] 1070 ◦C.
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Finally, the creep three-stage model in reference [26] is

εc = η1(1− e−η4ζ) + η2ζ + η3ζη5 . (3)

If only the [001] orientation of the nickel-based single crystal material is considered,
this paper combines the creep data of the nickel-based single crystal DD6 material to
modify the three-stage creep model to

εc = η1(1− e−η4ζ) + Cσne(−
Q
RT )tcζ + (δc − Cσne(−

Q
RT )tc − η1(1− e−η4))ζη5 . (4)

Further, the above formula can be simplified as

εc = η1(1− e−η4ζ) + Cσne(−
Q
RT )tc(ζ − ζη5) + (δc − η1(1− e−η4))ζη5 . (5)

2.4. Creep Rupture Life Prediction

Durable stress–life curve equation (M-S) [24]

lgt = g1 + g2T + g3x + g4x2 + g5x3 (6)

where T = (9/5θ + 32) + 460, the unit of θ is ◦C. There is x = lgσ, the unit of σ is MPa.
The durable stress–life curve equation parameter fitting results [24] of DD6 material in the
[001], [011], and [111] orientations are shown in Table 7. The creep rupture elongation of
[001] orientation is analyzed, as shown in Figure 5, in which the different colors correspond
to different temperatures. The stress level of the same color gradually increases along the
positive direction of the x axis. The creep rupture elongations at different temperatures
take the mean value. It can be found that the creep rupture elongation is dispersive under
different temperatures and different stress levels. The correlation between the creep rupture
elongation and stress level is not obvious at the same temperature. The correlation between
the creep rupture elongation and temperature is not obvious. In view of the limited creep
curves data, it is impossible to get enough data of the third stage creep. In this paper, the
creep rupture elongation δc in the [001] direction of the DD6 material is taken as 27.0%.

Table 7. DD6 material durable stress–life curve equation fitting parameter adapted from refer-
ence [24].

Orientation g1 g2 g3 g4 g5

[001] 75.265 −0.0070722 −66.785 27.970 −4.1698
[011] −2.3539 −0.0083505 27.124 −7.5253 0.14092
[111] 14.747 −0.012407 22.880 −7.0180 0.13924

A nickel-based single crystal yield criterion is proposed, which can be written into the
following form without considering the asymmetry of tension and compression.

(sxx
2 + syy

2 + szz
2)

2
+ I(sxy

2 + syz
2 + sxz

2)
2
+ J(sxx

2 + syy
2 + szz

2)(sxy
2 + syz

2 + sxz
2) = k4 (7)

According to the uniaxial tensile test data of three different orientations [001], [011]
and [111], the corresponding yield strength σY[001], σY[011] and σY[111] in three orienta-
tions at different temperatures of the nickel-based single crystal material can be ob-

tained. Furthermore, the yield function parameters k4 = 4
9 σY[001]

4, I = 4
σY[001]

4

σY[111]
4 and

J = 32
3

σY[001]
4

σY[011]
4 − 2

3 − 6
σY[001]

4

σY[111]
4 can be obtained. All the parameters in the yield function are

dimensionless parameters. Of course, the parameters in the function can also be obtained
from the tensile or torsional yield strengths of other different orientations. It is consid-
ered that the yield surface and the potential energy surface have similar shapes, thus
the above formula is applied to the creep deformation process of the nickel-based single
crystal material.
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Figure 5. Creep rupture elongation in [001] orientation at different temperatures and different stress
levels adapted from reference [24].

Using the durable stress–life curve equation and the DD6 material parameters, the
durability stresses at different temperatures corresponding to different lifetimes in different
crystal orientations are obtained. Combined with the yield function, the durable stress–
life data is calculated to obtain the parameters I, J, k for different given creep rupture
lifetimes at different temperatures, see Table 8. The parameters for the given different
creep rupture lifetimes are averaged, and the parameters I, J are linearly regressed to
temperature, as shown in Figure 6. As the temperature exceeds 1100 ◦C and approaches the
melting point of the material, the parameters I, J all approach 4, that is, the directionality
of the material properties will gradually become insignificant. The results obtained by the
method in this paper show this trend. However, both the values will diverge at higher
temperatures. J > I at low temperature and J < I at very high temperature. Finally,
using the regression coefficients of the obtained parameters I, J and the durable stress–life
curve equation parameters in the [001] orientation, the durability life prediction of the
nickel-based single crystal material can be performed. The durability life prediction results
of different temperatures and different orientations are shown in Table 9. The life prediction
results are better.

Table 8. DD6 material parameters at different temperatures.

Temperature/◦C
Durability Life/h

100 101 102 103 104 105

k/MPa

760 966.92 800.49 643.21 495.40 358.39 236.35
850 777.00 621.09 474.74 339.51 220.37 130.33
980 524.10 384.73 259.03 157.09 92.61 59.68

1070 365.43 242.36 145.20 86.27 56.49 40.65

I

760 4.64 3.91 3.01 2.02 1.10 0.44
850 6.44 5.03 3.42 1.87 0.74 0.22
980 9.88 6.36 3.14 1.15 0.45 0.35

1070 12.56 6.57 2.73 1.54 5.58 —

J

760 20.34 19.63 17.78 14.53 10.09 5.41
850 19.65 18.14 15.14 10.73 5.97 3.00
980 14.36 12.15 8.75 5.41 9.79 —

1070 6.81 6.31 6.09 — — —
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Figure 6. Parameters I, J fitting process.

Table 9. DD6 material durability life prediction results. At different temperatures in different crystal orientations.

Temperature/◦C
Durability Life/h

100 101 102 103 104 105

[001]

760 1.0 1.00× 101 1.00× 102 1.00× 103 1.00× 104 1.00× 105

850 1.0 1.00× 101 1.00× 102 1.00× 103 1.00× 104 1.00× 105

980 1.0 1.00× 101 1.00× 102 1.00× 103 1.00× 104 1.00× 105

1070 1.0 1.00× 101 1.00× 102 1.00× 103 1.00× 104 1.00× 105

[011]

760 10.2 7.58× 101 5.61× 102 4.14× 103 3.09× 104 2.44× 105

850 5.1 3.96× 101 3.09× 102 2.44× 103 2.03× 104 1.94× 105

980 2.1 1.78× 101 1.57× 102 1.47× 103 1.53× 104 1.74× 105

1070 1.2 1.18× 101 1.15× 102 1.17× 103 1.23× 104 1.30× 105

[111]

760 0.4 0.49× 101 0.55× 102 0.61× 103 0.67× 104 0.74× 105

850 0.6 0.63× 101 0.69× 102 0.74× 103 0.80× 104 0.82× 105

980 0.8 0.82× 101 0.86× 102 0.88× 103 0.87× 104 0.84× 105

1070 0.9 0.91× 101 0.93× 102 0.92× 103 0.89× 104 0.87× 105

The prediction results of the creep rupture time corresponding to different crystal
orientations and different temperatures are shown in Figure 7. In the figure, the black, blue,
and red solid lines respectively correspond to the results of durability life experiment under
different temperatures and stress levels in [001], [011], and [111] orientations. In Figure 7d,
as the stress further decreases, the creep fracture time of the blue solid line decreases in the
opposite direction. This is obviously inconsistent with reality, so the second half is drawn as
a straight line. The blue and red dashed lines correspond to durability life prediction results
at different temperatures and stress levels in the [011] and [111] orientations. The partial
data point of durability life prediction results in [011] orientation at 760 ◦C and 850 ◦C are
poor. The durability life prediction results in [011] orientation at other temperatures and
in [111] orientation are better, both within the triple dispersion band. However, due to
the dispersion of the material, the creep durability life has a large dispersion under the
same condition, and there is a phenomenon that individual data points deviate from the
prediction result. Only for time to rupture, there is no creep curve adequately described for
orientations different from [001].
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Figure 7. Prediction results of creep rupture time in different crystal orientations at different temper-
atures. (a) 760 ◦C creep rupture time prediction, (b) 850 ◦C creep rupture time prediction, (c) 980 ◦C
creep rupture time prediction, (d) 1070 ◦C creep rupture time prediction.

2.5. Flow Rule Based on Newly Defined Equivalent Stress

Based on the newly defined yield function form, the yield function without considering
the asymmetry of tension and compression can be written into the following form

f =
√
(sxx2 + syy2 + szz2)2 + I(sxy2 + syz2 + sxz2)2 + J(sxx2 + syy2 + szz2)(sxy2 + syz2 + sxz2). (8)

Among them, I, J are yield function parameters, sij is the partial stress component.
Assuming that the plastic potential energy surface has the same shape as the yield surface,
thus

g =
√
(sxx2 + syy2 + szz2)2 + I(sxy2 + syz2 + sxz2)2 + J(sxx2 + syy2 + szz2)(sxy2 + syz2 + sxz2). (9)

Since the plastic strain increment is dε
p
ij= dλ

∂g
∂σ = dεp

σ
∂g
∂σ , combined with the newly

defined yield function form, the above formula can be further expanded to

dε
p
ij =

3
4

dεp

σ

∂g
∂σxx

=
3
4

dεp

σ

1
g

sij

{
2
3

[(
sxx − syy

)2
+
(
syy − szz

)2
+ (sxx − szz)

2
]
+ J
(

sxy
2 + syz

2 + sxz
2
)}

(i = j) (10)

dε
p
ij =

3
4

dεp

σ

∂g
∂σxy

=
3
4

dεp

σ

1
g

sij

2

{
J
3

[(
sxx − syy

)2
+
(
syy − szz

)2
+ (sxx − szz)

2
]
+ 2I

(
sxy

2 + syz
2 + sxz

2
)}

(i 6= j). (11)

In the above formula, εp is the equivalent plastic strain, and σ is the Mises equivalent
stress. Similarly, the creep strain increment expression dε

p
ij = dλ

∂g
∂σ = dεc

σ
∂g
∂σ can be

obtained, which is further expanded as

dεc
ij =

3
4

dεc

σ

∂g
∂σxx

=
3
4

dεc

σ

1
g

sij

{
2
3

[(
sxx − syy

)2
+
(
syy − szz

)2
+ (sxx − szz)

2
]
+ J
(

sxy
2 + syz

2 + sxz
2
)}

(i = j) (12)

dεc
ij =

3
4

dεc

σ

∂g
∂σxy

=
3
4

dεc

σ

1
g

sij

2

{
J
3

[(
sxx − syy

)2
+
(
syy − szz

)2
+ (sxx − szz)

2
]
+ 2I

(
sxy

2 + syz
2 + sxz

2
)}

(i 6= j). (13)
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In the above formula, εc is the equivalent creep strain. The shear strain increment is
the tensor shear strain.

3. Creep Model Algorithm and Subroutine
3.1. Creep Model Algorithm

Using the virtual displacement principle in incremental form, the stress–strain rela-
tionship adopted is divided into two forms [27], elastic matrix and elastoplastic matrix,
which form the iterative solution equations of constant stiffness and variable stiffness
respectively. The formulas are as follows

dσij =
tDe

ijkl(dεkl − dε
p
kl − dεT

kl − dεc
kl) + dDe

ijklε
e
kl (14)

dσij =
tDep

ijkl(dεkl − dεT
kl − dεc

kl) + dσ0
ij. (15)

The usermat subroutine written in this paper adopts the method of constant stiffness
matrix.

First, it is obtained by the formula t+∆tσ(k+1) −σ0 = De(∆ε− ∆εT − ∆εc(k+1)) [27] as

(I + θ∆tt+θ∆tβ(k)DeC)t+∆tσ(k+1) = De(∆ε− ∆εT)

+[I− (1− θ)∆tt+θ∆tβ(k)DeC]tσ + (t+∆tDe − tDe)
tεe

(16)

The linear equations need to be solved iteratively, where k = 0, 1, 2, · · · , C = [I−
1
3 mmT], mT = [1, 1, 1, 0, 0, 0]. The algorithm is stable, when there is 1/2 ≤ θ ≤ 1. Among
them, there are

t+θ∆tβ(k) =
3
2

t+θ∆t .
εc(k)

t+θ∆tσ(k)
(17)

∆εc(k+1) =
3
2

t+θ∆t .
εc(k)∆t

t+θ∆tσ(k)

t+θ∆tS(k+1) (18)

t+θ∆t .
εc(k) = (1− θ)t .

εc + θt+∆t .
εc(k) (19)

t+θ∆tσ(k) = (1− θ)tσ + θt+∆tσ(k) (20)

t+θ∆tσ(k+1) = (1− θ)tσ + θt+∆tσ(k+1) (21)

t+θ∆tS(k+1) = Ct+θ∆tσ(k+1). (22)

The original iteration formulas for the model proposed in this paper are modified as

∆εc(k+1) =
3
4

t+θ∆t .
εc(k)∆t

t+θ∆tσ(k)
t+θ∆tg

(k)

t+θ∆tS(k+1)h1(k) =
t+θ∆tβ1(k)∆tt+θ∆tS(k+1)h1(k)(i = 1, 2, 3) (23)

∆εc(k+1) =
3
8

t+θ∆t .
εc(k)∆t

t+θ∆tσ(k)
t+θ∆tg

(k)

t+θ∆tS(k+1)h2(k) =
t+θ∆tβ2(k)∆tt+θ∆tS(k+1)h2(k)(i = 4, 5, 6). (24)

In the formulas, t+θ∆tσ(k) adopts the equivalent stress form proposed in this paper.
t+θ∆tβ1(k) and t+θ∆tβ2(k) can be obtained by the following formula

t+θ∆tβ1(k) =
3
4

t+θ∆t .
εc(k)

t+θ∆tσ(k)
t+θ∆tg

(k)
(25)

t+θ∆tβ2(k) =
3
8

t+θ∆t .
εc(k)

t+θ∆tσ(k)
t+θ∆tg

(k)
. (26)
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Among them, t+θ∆tg(k) can be obtained by the following formula

t+θ∆tg(k) = (1− θ)tg + θt+∆tg(k) =
2
3
(1− θ)tσ2 +

2
3

θt+∆tσ2
(k). (27)

The variables h1(k) and h2(k) are respectively obtained by the following formula

h1(k) =
2
3

[(
sxx(k) − syy(k)

)2
+
(

syy(k) − szz(k)

)2
+
(

sxx(k) − szz(k)

)2
]
+ J
(

sxy(k)
2 + syz(k)

2 + sxz(k)
2
)

(28)

h2(k) =
J
3

[(
sxx(k) − syy(k)

)2
+
(

syy(k) − szz(k)

)2
+
(

sxx(k) − szz(k)

)2
]
+ 2I

(
sxy(k)

2 + syz(k)
2 + sxz(k)

2
)

. (29)

The other parameters in Formulas (23) and (24) are as follows

t+θ∆t .
εc(k) = (1− θ)t .

εc + θt+∆t .
εc(k) (30)

t+θ∆tσ(k) = (1− θ)tσ + θt+∆tσ(k) (31)

t+θ∆tσ(k+1) = (1− θ)tσ + θt+∆tσ(k+1) (32)

t+θ∆tS(k+1) = Ct+θ∆tσ(k+1). (33)

The convergence criterion is ‖∆εc(k+1)−∆εc(k)‖
‖∆εc(k+1)‖

≤ er. Using the above iterative method

to update the stress, the process of main program calling the subroutine and the subroutine
iteration process is shown in Figure 8. The direct correlation variable with the nickel-based
single crystal creep model during the iterative process is the equivalent creep strain rate

.
εc.

The time unit of the subroutine is unified as h.

Figure 8. Creep subroutine calling process.

The subroutine calculation flow chart corresponds to the iterative solution part in
the subroutine in Figure 8, as shown in Figure 9. Only the algorithms corresponding to
normal stress and normal strain are listed in the figure. The algorithms corresponding
to shear stress and shear strain are similar so they are not listed. The iterative process
mainly includes four modules: The main iterative module, the creep strain rate solving
module, the newly defined equivalent stress solving module and the intermediate variable
solving module.
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Figure 9. Subroutine calculation flow chart.

3.2. Subroutine Verification

(1) Creep calculation results in [011] and [111] orientations

The creep calculation results of [001] orientation loading are shown in the correspond-
ing results in Section 2.3. The creep calculation results of [011] and [111] orientations
loading are shown in Figure 10. Creep calculation results in [001] orientation at 760 ◦C
and 980 ◦C are conservative, and creep calculation results at 850 ◦C and 1070 ◦C are in
good agreement with experimental results. Creep calculation results in [011] orientation at
760 ◦C and 980 ◦C are conservative, and the creep calculation results at 850 ◦C are close to
experimental results. Creep calculation results in [111] orientation at 980 ◦C and 1070 ◦C
are conservative, and creep calculation results at 850 ◦C are close to experimental results.
The creep calculation results in [011] and [111] orientations are generally conservative.

(2) Influence of time step on calculation accuracy

Firstly, the influence of the maximum time step on the creep calculation results is
investigated. The creep calculation results in [001] orientation with loading of 500 MPa at
850 ◦C are selected, and the initial time steps 10−5 h are set to all. The creep calculation
results with different maximum time steps are compared with the experimental results, as
shown in Figure 11 (1). The creep calculation results are the same for different maximum
time steps. The conclusion can be drawn that the maximum time step has no effect on the
creep calculation results, with a certain range 10−0 − 10−3 h. To further investigate the
influence of the initial time step on the creep calculation results, the creep calculation results
in [001] orientation with loading of 500 MPa at 850 ◦C are selected again. The maximum
time step is 10−3 h. The creep calculation results with different initial time steps are
compared with experimental results, as shown in Figure 11. The creep calculation results
for different initial time steps are the same. It can be seen that the creep calculation results
are not affected by the initial time step when the initial time step is smaller than 10−3 h.
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Figure 10. Nickel-based single crystal creep model predicted and experimental results. (a) [011] 760 ◦C, (b) [011] 850 ◦C,
(c) [011] 980 ◦C, (d) [111] 850 ◦C, (e) [111] 980 ◦C, (f) [111] 1070 ◦C.

Due to the large number of nickel-based single crystal hollow turbine blade elements,
it is necessary to select a larger initial time step and maximum time step to improve the
calculation efficiency. However, in the actual calculation process, a larger initial time
step often leads to non-convergence in parts of Gaussian integration point. To ensure
the convergence of most Gaussian integration points, the initial time step shoule not be
too large. At the same time, the creep convergence curve of the initial stage of creep
calculation (0–0.1 h) oscillates greatly, and the subsequently creep calculation convergence
curve is relatively stable. Hence, in the initial stage, the initial time step is 10−5 h and the
maximum time step is 10−3 h. The initial time step 10−4 h is selected for the subsequent
creep calculation, with the maximum time step 1 h.
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Figure 11. Influence of maximum time step and initial time step on creep calculation results. (a) Maximum time step,
(b) Initial time step.

4. Conclusions

(1) Based on the proposed equivalent stress that can characterize the orientation charac-
teristics of nickel-based single crystals, the creep rupture life in different orientations
is predicted. The corresponding flow rule based on the proposed equivalent stress
is derived. Finally, creep constitutive model and model algorithm for single crystal
materials are proposed.

(2) Creep calculation results in [001], [011], and [111] orientations are compared with
experimental results, and the accuracy of calculation results for the nickel-based single
crystal creep subroutine is verified.

(3) By writing the usermat subroutine, the high precision creep deformation simulation of
the structural parts for nickel-based single crystal materials at different temperatures
and different stress levels can be realized, and the subroutine calculation efficiency
meets engineering application.

(4) Initial time step and maximum time step of the usermat creep subroutine are studied,
and some suggestions for the selection of initial time step and maximum time step
are provided.

Author Contributions: Conceptualization, Y.L., D.W. and Y.W.; methodology, D.W. and Y.L.; software,
Y.L. and J.W.; validation, D.W. and Y.L.; formal analysis, Y.L. and J.W.; investigation, D.W. and Y.L.;
resources, Y.W.; data curation, D.W. and Y.W.; writing—original draft preparation, Y.L. and J.W.;
writing—review and editing, Y.L.; visualization, Y.W.; supervision, Y.W.; project administration, Y.W.;
funding acquisition, Y.W. and X.J. All authors have read and agreed to the published version of the
manuscript.

Funding: This research was funded by National Natural Science Fund.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available in article.

Conflicts of Interest: The authors declare no conflict of interest.



Metals 2021, 11, 254 17 of 18

Abbreviations

ai, bi, ci, di Parameters about ηi
C/s−1 Norton’s power-law creep coefficient
tDe

ijkl ,
tDep

ijkl/MPa Elastic matrix, Elastic-plastic matrix
E/MPa Young’s modulus
g1, g2, g3, g4, g5 Parameters in L-M creep rupture time equation
I, J, k/MPa Parameters in defined yield criterion
n Norton’s power-law creep exponent
Qijk/kJ/mol Activation energy
R/kJ/(mol · K) Boltzmann constant
sij/MPa Deviatoric stress component
tc/h Creep rupture time
T/K Kelvin temperature
Tm/K Melting point
δc Creep fracture elongation
.
εc/s−1 Creep strain rate
εij Strain component
ε/%, εc/%, εp/% Total strain, creep strain, plastic strain
εe

ij, εT
ij, ε

p
ij, εc

ij Elastic strain component, thermal strain component, plastic strain component, creep strain component
εc, εp Equivalent creep strain, equivalent plastic strain
ζ Normalized creep time
η1, η2, η3, η4, η5 Parameters in creep model
θ/◦C Centigrade temperature
σij/MPa Stress component
σ0.2/MPa Yield strength
σ/MPa Equivalent stress
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