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Abstract

:

To study the variation rules of nonlinear stiffness of double-row angular contact ball bearings (DR-ACBB), this paper proposed a general mathematic model for DR-ACBB under three different configurations based on the improved quasi-static model of ball bearings, an explicit expression stiffness matrix of DR-ACBB is analytically derived, and a double-layer nested iterative algorithm based on the Newton–Raphson method is designed to realize the efficient solution of the proposed model. Then, the effects of the preload, speeds, and loads on the nonlinear stiffness variations of DR-ACBB under different arrangements are comparatively analyzed. The results show that DR-ACBB under the DB and DF configurations have the same variation rule in axial and radial stiffness; that is, a nonlinear soft-spring stiffness characteristic (i.e., the stiffness decreases with the external load) within the low-speed range and light load condition, and a nonlinear hard spring stiffness characteristic (i.e., the stiffness increases with the external load) within the high-speed range or heavy load condition.
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1. Introduction


As the core functional component of various rotating machinery systems, double-row angular contact ball bearings (DR-ACBB) have been widely used in rail transportation, CNC machine tools, and aerospace and other fields. Compared with traditional single-row angular contact ball bearings, DR-ACBB show better rigidity and carrying capacity. Due to the strong nonlinear coupling between the loads and deformations of single-row angular contact ball bearings (SR-ACBB), the stiffness characteristics of DR-ACBB cannot be obtained by the linear superposition of two single ball bearings. Unfortunately, studies on DR-ACBB are relatively few, and only a small number of static simplified models have been reported in recent years.



Bercea [1] proposed a unified model for different types of double-row rolling bearings under a face-to-face arrangement; however, a study on the stiffness formulation of double-row rolling bearings was not involved. Gunduz and Singh [2,3] conducted a comprehensive study on the mechanical modeling and stiffness matrix calculation for static DR-ACBB, and the effects of the preload and arrangement forms are detailed, discussed, and analyzed. On this basis, Dick [4] presented a simplified mathematical model to predict the load distribution, stiffness variations, and vibration responses for DR-ACBB with raceway defects of varying length, depth, and surface roughness. Xu et al. [5] further studied the influence of ring angular misalignments on the load distribution and stiffness coefficients for DR-ACBB. Above all, not only the effects of ball inertia forces have been ignored—the relationship between DR-ACBB and SR-ACBB has not been explicitly determined.



In order to accurately predict the mechanical and stiffness characteristics of DR-ACBB at different speed ranges, the influence of the centrifugal forces and gyroscopic moments of internal balls need to be fully considered. Furthermore, according to the structure features of DR-ACBB, the mechanics and motion states of the SR-ACBB should be determined first. Different from the study on DR-ACBB, large numbers of the modeling methods and characteristics analyses of SR-ACBB have been widely reported [6,7,8,9,10,11,12,13,14,15,16,17,18]. Among them, due to its high computational efficiency and accuracy, the improved quasi-static model based on the no-macro-sliding hypothesis has been widely used in load distribution calculations and stiffness characteristic analyses [10,13].



As the basic aspect of the dynamic modeling and characteristic analysis of bearing and rotor systems, research on the stiffness matrix of ball bearing has been paid attention to for a long time [19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34]. Especially in recent years, multi-degree-of-freedom stiffness matrix calculations based on analytical differential [24,25,26,27,28] and numerical difference [29,30,31] methods have become a trend in this field. Compared with the numerical method, the analytical method has higher calculation efficiency, stability, and accuracy. However, all the above studies were only conducted for SR-ACBB, mainly focusing on stiffness softening behaviors; that is, the stiffness of ball bearings decrease as their rotating speed increases. However, an analysis of the nonlinear stiffness characteristics of ball bearings is rarer [32]. Considering the significant difference between the dynamic response of nonlinear and linear systems, it is impossible to accurately predict the dynamic characteristics of the bearing and rotor support system based on linear stiffness assumptions. Furthermore, DR-ACBB can have different configurations, which may lead to more abundant nonlinear stiffness characteristics for DR-ACBB under different load conditions and speed ranges. Therefore, it is of great significance to systematically and comprehensively study the nonlinear stiffness characteristics of DR-ACBB.



This paper presents a comprehensive study on the nonlinear stiffness characteristics of DR-ACBB under three different arrangements. First, based on the improved quasi-static model of SR-ACBB, the load and displacement relationships between DR-ACBB and two SR-ACBB are given by the vector transformation under multi-coordinate systems. Then, the analytical derivation of the stiffness matrix for DR-ACBB under different arrangements is presented, and a double-layer nested iterative algorithm based on Newton–Raphson is designed for the high-efficiency solution of the proposed model. At last, the influences of the rotating speed, preload, and external force on the nonlinear stiffness characteristics of DR-ACBB under different arrangements are comparatively analyzed.




2. Theoretical Analysis


The three typical configuration forms of DR-ACBB are shown in Figure 1: (i) back-to-back (DB) arrangement; (ii) face-to-face (DF) arrangement; and (iii) tandem (DT) arrangement. To build a universal model of DR-ACBB in the above different configurations, the following assumptions are given to simplify the complexity:




	(1)

	
Two SR-ACBBs have the same structural parameters, that is, the raceway contact curvature radii ri and ro, the raceway contact diameters di and do, and the ball diameter and number D and Z, respectively;




	(2)

	
The influence of the lubrication and cage is not considered;




	(3)

	
The outer raceway is fixed while the inner ring moves and rotates with the central shaft.









In order to further improve the supporting rigidity and operation accuracy, DR-ACBB is always designed with a split inner raceway, which provides a lock nut or spacer convenient for the axial preloading [3,18]. Therefore, compared with SR-ACBB, DR-ACBB have two additional geometry parameters as presented in Figure 2: the center distance between two rows of rolling elements (dc) and the axial clearance of the split inner ring (   δ p   ). During the installation process of double-row ball bearings, the axial clearance    δ p    needs to be eliminated by axial locking force to achieve effective pre-tightening.



2.1. Mechanics Analysis of DR-ACBB


As shown in Figure 2, the DR-ACBB under the DB configuration are chosen as an example to illustrate the detailed modeling process of DR-ACBB under variation operating conditions. At first, it is assumed that DR-ACBB are subjected to arbitrary combined loads at their geometric center, and then two type of coordinate systems are established to aid the derivation the equilibrium equations of DR-ACBB: (i) the global coordinate system of DR-ACBB: O-XYZ; (ii) the local coordinate systems of the single-row ACBB: OL-XLYLZL and OR-XRYRZR. Furthermore, the YL and YR axes, respectively, pass through the ball centers of the left and right side of the ACBB. On this basis, the mechanical equations of the moving inner raceway for DR-ACBB under a DB arrangement can be given as:


   {         F x  =   ∑  k = 1  Z    [   (   Q  i k  L  sin  α  i k  L  −  T  i k  L  cos  α  i k  L   )  −  (   Q  i k  R  sin  α  i k  R  −  T  i k  R  cos  α  i k  R   )   ]         F y  =   ∑  k = 1  Z    [   (   Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L   )  +  (   Q  i k  R  cos  α  i k  R  +  T  i k  R  sin  α  i k  R   )   ]    cos  ψ k           F z  =   ∑  k = 1  Z    [   (   Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L   )  −  (   Q  i k  R  cos  α  i k  R  +  T  i k  R  sin  α  i k  R   )   ]    sin  ψ k         M y  =   ∑  k = 1  Z    {     [     d m  − D cos  α  i k  L   2   (   Q  i k  L  sin  α  i k  L  −  T  i k  L  cos  α  i k  L   )  +    d m  − D cos  α  i k  R   2   (   Q  i k  R  sin  α  i k  R  −  T  i k  R  cos  α  i k  R   )   ]  + ……      [     d c  + D sin  α  i k  L   2   (   Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L   )  +    d c  + D sin  α  i k  R   2   (   Q  i k  R  cos  α  i k  R  +  T  i k  R  sin  α  i k  R   )   ]     }  sin  ψ k           M z  = −   ∑  k = 1  Z    {     [     d m  − D cos  α  i k  L   2   (   Q  i k  L  sin  α  i k  L  −  T  i k  L  cos  α  i k  L   )  −    d m  − D cos  α  i k  R   2   (   Q  i k  R  sin  α  i k  R  −  T  i k  R  cos  α  i k  R   )   ]  + ……      [    −  d c  + D sin  α  i k  L   2   (   Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L   )  +    d c  − D sin  α  i k  R   2   (   Q  i k  R  cos  α  i k  R  +  T  i k  R  sin  α  i k  R   )   ]     }  cos  ψ k           



(1)




where Q and T are the ball raceway’s normal contact load and tangential friction load,  α  and  ψ  are the contact angle and position angle of ball, and dm and D are the pitch diameter and ball diameter, respectively. Furthermore, in this paper, unless otherwise stated, the subscripts i and o, respectively, indicate the parameters used for inner and outer ball raceway action analysis, and the subscript k indicates the parameters used for the kth ball. The superscripts L and R, respectively, denote the parameters used for modeling the left-side and right-side DR-ACBB.



To simplify the above mechanical equations of DR-ACBB, the mechanical equations of two SR-ACBBs need to be determined first. As shown in Figure 2b, it is assumed that the restoring force vectors generated by two SR-ACBBs at the local coordinate center points OL and OR are written as FL = {FxL, FyL, FzL, MyL, MzL} and FR = {FxR, FyR, FzR, MyR, MzR}, respectively. Then, the expressions of the mechanical equations of two SR-ACBBs are presented in Equations (2)–(5):


   {       F  x L   =   ∑ 1 Z    F  a k  L           F  y L   =   ∑ 1 Z    F  r k  L  cos  ψ k           F  z L   =   ∑ 1 Z    F  r k  L  s i n  ψ k           M  y L   =   ∑ 1 Z    (     d m  − D cos  α  i k  L   2   F  a k  L  +   D sin  α  i k  L   2   F  r k  L   )  sin  ψ k           M  z L   = −   ∑ 1 Z    (     d m  − D cos  α  i k  L   2   F  a k  L  +   D sin  α  i k  L   2   F  r k  L   )  cos  ψ k           



(2)




with


   {       F  a k  L  =  Q  i k  L  sin  α  i k  L  −  T  i k  L  cos  α  i k  L         F  r k  L  =  Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L         



(3)




and


   {       F  x R   =   ∑ 1 Z    F  a k  R           F  y R   =   ∑ 1 Z    F  r k  R  cos  ψ k           F  z R   =   ∑ 1 Z    F  r k  R  s i n  ψ k           M  y R   =   ∑ 1 Z    (     d m  − D cos  α  i k  R   2   F  a k  R  +   D sin  α  i k  R   2   F  r k  R   )  sin  ψ k           M  z R   = −   ∑ 1 Z    (     d m  − D cos  α  i k  R   2   F  a k  R  +   D sin  α  i k  R   2   F  r k  R   )  cos  ψ k           



(4)




with


   {       F  a k  R  =  Q  i k  R  sin  α  i k  R  −  T  i k  R  cos  α  i k  R         F  r k  R  =  Q  i k  R  cos  α  i k  R  +  T  i k  R  sin  α  i k  R         



(5)







Substituting Equations (2) and (4) into Equation (1), then one can obtain:


   {         F x  =  F x L  −  F x R       F y  =  F y L  +  F y R           F z  =  F z L  −  F z R         M y  =  M y L  +  M y R  +    d c   2   (   F z L  +  F z R   )         M z  =  M z L  −  M z R  −    d c   2   (   F y L  −  F y R   )         



(6)







The above Equation (6) can be further rewritten to the following matrix operation:


    F  T  =   N  1  (    d c   2  ) ×   F   L  T  +   N  2  (    d c   2  ) ×   F   R  T   



(7)




with


     N  1  (    d c   2  ) =  [     1   0   0   0   0     0   1   0   0   0     0   0   1   0   0     0   0       d c   2     1   0     0    −    d c   2     0   0   1     ]    ,     N  2  (    d c   2  ) =  [      − 1    0   0   0   0     0   1   0   0   0     0   0    − 1    0   0     0   0       d c   2     1   0     0       d c   2     0   0    − 1      ]    



(8)







Furthermore, the displacement vectors (dL and dR) of two SR-ACBBs at the local coordinate center points OL and OR can be calculated by the relative displacement vector of DR-ACBB at the global coordinate center points O (d = {   δ x   ,   δ y   ,   δ z   ,   θ y   ,   θ z   }):


    d   L  T  =  [       δ x L         δ y L         δ z L         θ y L         θ z L       ]  =  [      0.5  δ P   +   δ x         δ y  −    d c   2   θ z         δ z  +    d c   2   θ y         θ y         θ z       ]  =   N  1 T  (    d c   2  ) ×  d  +  [      0.5  δ P       0     0     0     0     ]   



(9)






    d   R  T  =  [       δ x R         δ y R         δ z R         θ y R         θ z R       ]  =  [      0.5  δ P  −  δ x         δ y  +    d c   2   θ z        −  δ z  +    d c   2   θ y         θ y        −  θ z       ]  =   N  2 T  (    d c   2  ) ×  d  +  [      0.5  δ P       0     0     0     0     ]   



(10)







Based on the above equations, it can be found that the relative displacement vectors of two SR-ACBBs at the local coordinate center points OL and OR can be determined by the matrix transformation of the relative displacement vector of DR-ACBB. Furthermore, the same initial preload displacement (     δ p   / 2   ) is also considered in the relative displacement vector calculation of two SR-ACBB.



Similarly, the ring mechanical equations of DR-ACBB under DF and DT arrangements can also been given in a simplified matrix formation, as follows:




	i.

	
DF arrangement:











    F  T  =   N  3  (    d c   2  ) ×   F   L  T  +   N  4  (    d c   2  ) ×   F   R  T   



(11)






    d   L  T  =  [       δ x L         δ y L         δ z L         θ y L         θ z L       ]  =  [      0.5  δ p  −  δ x         δ y  −    d c   2   θ z        −  δ z  −    d c   2   θ y         θ y        −  θ z       ]  =   N  3 T  (    d c   2  ) ×   d  T  +  [      0.5  δ p       0     0     0     0     ]   



(12)






    d   R  T  =  [       δ x R         δ y R         δ z R         θ y R         θ z R       ]  =  [      0.5  δ p  +  δ x         δ y  +    d c   2   θ z         δ z  −    d c   2   θ y         θ y         θ z       ]  =   N  4 T  (    d c   2  ) ×   d  T  +  [      0.5  δ p       0     0     0     0     ]   



(13)








	ii.

	
DT arrangement:











    F  T  =   N  1  (    d c   2  ) ×   F   L  T  +   N  4  (    d c   2  ) ×   F   R  T   



(14)






    d   L  T  =  [       δ x L         δ y L         δ z L         θ y L         θ z L       ]  =  [         0   . 5   δ p  +  δ x         δ y  −    d c   2   θ z         δ z  +    d c   2   θ y         θ y         θ z       ]  =   N  1 T  (    d c   2  ) ×   d  T  +  [      0.5  δ p       0     0     0     0     ]   



(15)






    d   R  T  =  [       δ x L         δ y L         δ z L         θ y L         θ z L       ]  =  [      0.5  δ p  +  δ x         δ y  +    d c   2   θ z         δ z  −    d c   2   θ y         θ y         θ z       ]  =   N  4 T  (    d c   2  ) ×   d  T  +  [      0.5  δ p       0     0     0     0     ]   



(16)




where the transfer matrices N3 and N4 used in the above expressions are written as:


     N  3  (    d c   2  ) =  [      − 1    0   0   0   0     0   1   0   0   0     0   0    − 1    0   0     0   0    −    d c   2     1   0     0    −    d c   2     0   0    − 1      ]    ,     N  4  (    d c   2  ) =  [     1   0   0   0   0     0   1   0   0   0     0   0   1   0   0     0   0    −    d c   2     1   0     0       d c   2     0   0   1     ]    



(17)







Then, to further determine the ball raceway’s normal contact loads and tangential friction loads, the force analysis of the local balls in DR-ACBB needs to be conducted. As shown in Figure 3, taking the kth ball inside the left-side ACBB to build the local mechanical equations [9]:


   {       Q  i k  L  sin  α  i k  L  −  T  i k  L  cos  α  i k  L  −  Q  o k  L  sin  α  o k  L  +  T  o k  L  cos  α  o k  L  = 0        Q  i k  L  cos  α  i k  L  +  T  i k  L  sin  α  i k  L  −  Q  o k  L  cos  α  o k  L  −  T  o k  L  sin  α  o k  L  +  F  c k  L  = 0        



(18)




where Fc is the ball centrifugal force, and then the ball raceway’s normal contact load Q and tangential friction load T can be further given as [13]:


    {       Q  i k  L  =  K  i k  L     (   δ  i k  L   )     3 2           Q  o k  L  =  K  o k  L     (   δ  o k  L   )     3 2            ,    {       T i L  =   2  Q  i k  L     Q  i k  L  +  Q  i k  L       M  g k  L   D         T o L  =   2  Q  o k      Q  i k  L  +  Q  o k  L       M  g k  L   D          



(19)







In addition, the geometric position change of the kth ball inside the left-side ACBB for DR-ACBB under a DB arrangement is shown in Figure 4, and the initial positions of the inner-ring’s curvature center and ball center are changed from points and    O  b k  L    to points     O ˙   i k  L    and     O ˙   b k  L   , respectively. Therefore, the ball raceway’s normal deformation is given as:


   {       δ  i k  L  =   [   (  A  1 k  L  −  X  1 k  L  )  2  +   (  A  2 k  L  −  X  2 k  L  )  2  ]    1 / 2    − (  r i  − 0.5 D )        δ  o k  L  =   [   (  X  1 k  L  )  2  +   (  X  2 k  L  )  2  ]    1 / 2    − (  r o  − 0.5 D )        



(20)




with


   {       A  1 k  L  =  (   r i  +  r o  − D  )  sin  α 0  +  δ x L  + 0.5  d m  sin  ψ k   θ y L  − 0.5  d m  cos  ψ k   θ z L         A  2 k  L  =  (   r i  +  r o  − D  )  cos  α 0  + cos  ψ k   δ y L  + sin  ψ k   δ z L         



(21)




where    α 0    is the static initial contact angle of DR-ACBB without preload.



Furthermore, in order to ensure the stability and convergence of the subsequent iterative calculation, the ball raceway’s actual contact states need to be judged to cover the possible ball raceway separation [35]:


   {       δ  i k  L  = 0       δ  i k  L  = eps          i f             [   (  A  1 k  L  −  X  1 k  L  )  2  +   (  A  2 k  L  −  X  2 k  L  )  2  ]    1 / 2    ≤ (  r i  − 0.5 D )       [   (  X  1 k  L  )  2  +   (  X  2 k  L  )  2  ]    1 / 2    ≤ (  r o  − 0.5 D )       



(22)







In the above expression, a small real number of eps is set to ensure the positive contact deformation between the ball and outer ring (i.e., the ball never separates from the outer ring due to the inertia force).



In order to shorten the article space, this paper will not repeat the derivation process of the ball inside the right-side ACBB.




2.2. Iterative Calculation of the Proposed Model


In order to calculate the load distribution and deformation of DR-ACBB, two kinds of nonlinear equations need to be solved simultaneously: (1) the equilibrium equations of balls (i.e., Equation (18), and the number of equations is 4*Z); (2) the ring equilibrium equations (i.e., Equation (7)/Equation (11)/Equation (14), and the number of equations is 5). Therefore, how to construct a reasonable iterative algorithm to ensure the efficient and stable solution of the above equations is also a key research direction in this paper.



As shown in Figure 5, the detailed calculation process based on the two-layer nested iterative algorithm used in this paper is presented. The inner iteration is used to solve the ball equilibrium equations and the outer iteration is used to solve the ring equilibrium equations. Through further observation, both the displacement vector d and stiffness matrix K of DR-ACBB play an important role in the iterative operation. The displacement vector d is continuously modified through the stiffness matrix K until the iteration errors are less than the set threshold value, and the stiffness matrix K needs to be updated continuously by the calculation results of the inner iteration. Furthermore, the parallel calculation scheme can be used in ball mechanical equations solutions to further improve the calculation efficiency.




2.3. Analytical Formulation of the Stiffness Matrix of DR-ACBB


To calculate the analytical expression of the stiffness matrix of DR-ACBB, the explicit relationship of the stiffness matrices between DR-ACBB and SR-ACBBs need to be determined first. As the typical multi-degree-of-freedom nonlinear system, the variation stiffness matrix K of DR-ACBB are given as the Jacobian matrix of the external load vector F to the relative displacement vector d:


   K  =   ∂  F    ∂  d    =   ∂  (   F x  ,  F y  ,  F z  ,  M y  ,  M z   )    ∂  (   δ x  ,  δ y  ,  δ z  ,  θ y  ,  θ z   )     



(23)







Taking DR-ACBB under a DB configuration as an example, according to Equations (7), (9), and (10), the above expression can be further extended as follows:


     [  K  ]    DB   =    [    ∂  F    ∂  d     ]    DB   =   N  1    ∂   F   L     ∂  d    +   N  2    ∂   F   R     ∂  d     



(24)




with


   {        ∂   F   L     ∂  d    =   ∂   F   L     ∂   d   L       ∂   d   L     ∂  d    =   K   L     N  1 T          ∂   F   R     ∂  d    =   ∂   F   R     ∂   d   R       ∂   d   R     ∂  d    =   K   R     N  2 T         



(25)




where KL and KR denote the stiffness matrix of two SR-ACBBs. Substituting Equation (25) into Equation (24), one can obtain:


     [  K  ]    DB   =    [    ∂  F    ∂  d     ]    DB   =   N  1    K   L     N  1 T  +   N  2    K   R     N  2 T   



(26)







Similarly, the stiffness matrices of DR-ACBB in the DF and DT configurations are given as follows:


     [  K  ]    DF   =    [    ∂  F    ∂  d     ]    DF   =   N  3    K   L     N  3 T  +   N  4    K   R     N  4 T   



(27)






     [  K  ]    DT   =    [    ∂  F    ∂  d     ]    DT   =   N  1    K   L     N  1 T  +   N  4    K   R     N  4 T   



(28)







Then, taking the left-side ACBB of DR-ACBB in a DB arrangement, a brief review of the analytical formulation of SR-ACBB is presented.



At first, the stiffness matrix of SR-ACBB can also be calculated by the Jacobian matrix of the restoring load vector FL and displacement vector dL at the local coordinate center points OL. Considering that the relationships of the external forces and deformations of SR-ACBB are determined by both the explicit and the implicit equations, the intermediate variables xk = {X1k, X2k, A1k, A2k} are introduced to divide the stiffness matrix calculation into two steps:


    K   L   =   ∑  k = 1  Z    (    ∂   F   L     ∂   x   k       ∂   x   k     ∂   d   L      )     



(29)







The detailed derivation process for the differential operations of the explicit and the implicit equations can refer to [26,27].



Similarly, the stiffness matrix of the right-side ACBB can also be calculated, and then the complete analytical expression of the stiffness matrix of DR-ACBB under different configurations can be obtained by Equations (26)–(28).





3. Numerical Simulation and Discussions


In this section, the influence of the speeds, external loads, and configuration forms on the nonlinear stiffness variation of DR-ACBB 3210 (The detailed parameters is given in Table 1) is discussed. In addition, unless otherwise specified, the axial clearance of the split inner ring for the initial preload of DR-ACBB is    δ p    = 12 μm (i.e., it corresponds approximately to the static preload force of 340 N), and the operating rotating speed is 5000 rpm.



3.1. Analysis of Nonlinear Stiffness Characteristic of the Axially Loaded DR-ACBB


At first, as shown in Figure 6, the variation curves of the axial ring displacements and axial load distributions with the axial external load for DR-ACBB in three different configurations are presented. One can find that, due to the symmetry of the structure for DR-ACBB in DB and DF configurations, they have the same change curve, and similar phenomena also occur for DR-ACBB under pure radial load conditions in the subsequent analysis, while DR-ACBB under a DT configuration have better unidirectional load carrying capacities (i.e., the deformation under the same load is smaller). furthermore, by further observing Figure 6b, with the increase in the axial load, two SR-ACBBs inside DR-ACBBs under DB and DF configurations show different force states; that is, the axial restoring force generated by the left-side ACBB gradually increases, and the axial restoring force generated by the right-side ACBB decreases until it completely disappears. While for DR-ACBB under a DT configuration, since the installation direction of two SR-ACBBs is the same, the axial external force is evenly shared by two SR-ACBBs, so the stiffness and stiffness variation of DR-ACBB under a DT configuration satisfies the linear superposition principle. Therefore, the follow-up research in this paper is mainly aimed at a nonlinear stiffness characteristics analysis of DR-ACBBs under DB and DF configurations. In fact, DR-ACBB under a DT configuration cannot be used alone because the axial restoring force generated by the initial preload cannot be balanced without the external load.



Then, the influence of rotating speeds on the axial and radial stiffness variation rules versus axial load for DR-ACBBs under DB and DF configurations are shown in Figure 7 (i.e., DR-ACBBs under DB and DF configurations show the same stiffness variation curves). It can be found that when DR-ACBB operated at a low-speed range (i.e., 1000 rpm), both the axial and radial stiffness of DR-ACBB show a similar two-stage variation characteristics; that is, the bearing stiffness decreases in the light load range and increases in the heavy load range, which indicates that DR-ACBBs under DB and DF configurations show the nonlinear spring characteristics of soft first and then hard with the increase in axial load. By further observing Figure 8a, the dividing point of the above two-stage stiffness change curves for DR-ACBB at 1000 rpm is approximately located at the complete unloaded point of the right-side ACBB. Furthermore, as the rotating speed increases to 5000 and 8000 rpm, the axial external load range corresponding to stiffness attenuation gradually decreases until it disappears; at the same time, the phenomenon of the completely unloaded single-side ACBB is also not found, as shown in Figure 8b,c. In summary, DR-ACBB under DB and DF configurations show nonlinear soft-spring stiffness characteristics at a low-speed range and light (axial) load condition, while they show a nonlinear hard spring stiffness characteristic at relatively high-speed ranges or heavy (axial) load condition.



In addition, the comparison results of the angular stiffness versus axial external load of DR-ACBBs under DB and DF configurations are presented in Figure 9. One can find that the DR-ACBB under a DB configuration have a bigger angular stiffness and show a similar varying tendency to radial stiffness, while for DR-ACBB under a DF configuration, the bending moment resistance is poor due to the small angular stiffness, and the change trend of angular stiffness in its attenuation range is gentler.



Lastly, the influences of rotating speed on axial stiffness and the actual preload of DR-ACBB without external load are presented in Figure 10a. One can find that although the actual preload increases with rotating speed due to the action of ball centrifugal forces and the fixed-position preload mechanism [33], the axial stiffness of DR-ACBB still shows a significant attenuation tendency with rotating speed. Furthermore, it can be seen from Figure 10b that the initial preload plays a key role on the nonlinear stiffness variations of DR-ACBB. One can find that, increasing the preload can not only improve the overall stiffness of DR-ACBB but also expand the axial load range corresponding to the stiffness attenuation. Furthermore, the influence strength of initial preload decreases obviously at the large axial load condition, and the stiffness of DR-ACBB is mainly determined by the external load at this time.




3.2. Analysis of Nonlinear Stiffness Characteristic of the Radially Loaded DR-ACBB


In this section, the nonlinear stiffness characteristics of DR-ACBB subjected to the radial load will be detailed, discussed, and analyzed.



First, as shown in Figure 11, the variation curves of the radial stiffness along the Y-axis and Z-axis versus the external load along the Y-axis for DR-ACBB under DB and DF configurations at static conditions are given (i.e., DR-ACBBs under DB and DF configurations still have the same radial stiffness variation rules). Similar to the nonlinear stiffness variation of the axially loaded DR-ACBB, the stiffness varying with radial load shows a multi-stage variation characteristic, and DR-ACBB also show the nonlinear spring characteristics of soft first and then hard with the increase in radial load. Furthermore, the changing rules of the ball number in the loaded area for SR-ACBB are also given in Figure 11. One can find that some of the rolling balls are unloaded under the action of a large radial load, which has an important impact on the size and variation trend of the stiffness of DR-ACBB.



On this basis, Figure 12 gives the influence rules of the rotating speed on the radial stiffness versus the radial load for DR-ACBB under DB or DF configurations. One can find that the stiffness variation trends of DR-ACBB in two different radial directions are slightly different; however, on the whole, they still show the following law: DR-ACBB under DB and DF configurations present a nonlinear soft-spring stiffness characteristic of a low-speed range and light (radial) load condition, while they show a nonlinear hard spring stiffness characteristic at a high-speed range or heavy (radial) load condition.



In addition, the comparison results of the angular stiffness versus radial external load of DR-ACBBs under DB and DF configurations are presented in Figure 13. One can find that DR-ACBB under a DB configuration still have a bigger angular stiffness and show a similar varying tendency to radial stiffness, while the angular stiffness of DR-ACBB under a DF configuration is relatively small, showing a gentle change trend in its attenuation range.



Lastly, the influences of the initial preload on the radial stiffness variations versus radial load of DR-ACBB are given in Figure 14. One can find that increasing the preload can also improve the overall stiffness and expand the radial load range corresponding to the stiffness attenuation of DR-ACBB. Similar to the axial-loaded condition, the influence strength of the initial preload also decreases obviously at the large radial load condition, and the stiffness of DR-ACBB is mainly determined by the external load at this time.




3.3. Analysis of Nonlinear Stiffness Characteristic of the Combined-Loaded DR-ACBB


As shown in Figure 15, the nonlinear stiffness variation curves for DR-ACBB subjected to constant radial loads (i.e., 0 N, 100 N, 200 N, 300 N) and varying axial loads are presented. It can be found that both DR-ACBBs under DB and DF configurations show the nonlinear spring characteristics of soft first and then hard with axial load, and the axial load ranges corresponding to the stiffness softening decrease with constant radial load. Furthermore, compared to DR-ACBB under a DB configuration, nonlinear stiffness variation curves versus the axial loads of DR-ACBB under a DF configuration are more complex and show obvious multi-stage change trends under a large load range.



Then, the nonlinear stiffness variation curves for DR-ACBB subjected to constant axial loads (i.e., 0 N, 100 N, 200 N, 300 N) and varying radial loads are presented in Figure 16. It can be found that both DR-ACBBs under DB and DF configurations show the nonlinear spring characteristics of soft first and then hard with axial load, and the axial load ranges corresponding to the stiffness softening decrease with constant axial load.



At last, we accurately simulate the actual bearing load conditions and illustrate the difference of the nonlinear stiffness characteristics of DR-ACBBs under DB and DF configuration. As shown in Figure 17, we assume that a rigid rotor system supported by DR-ACBB is subjected to radial load at the shaft end, and then the change curves of the radial and angular displacements and stiffness of DR-ACBB are calculated and presented in Figure 18. One can find that the radial and angular displacements of DR-ACBB under a DB configuration are less than those of DR-ACBB under a DF configuration, and the radial stiffness of DR-ACBBs under both DB and DF configurations shows a nonlinear soft spring stiffness characteristic under the light load range, while showing a nonlinear hard spring stiffness characteristic under the heavy load range, and the DB configuration shows a larger load range corresponding to the bearing stiffness attenuation. Furthermore, the angular stiffness of DR-ACBBs under two different configurations slightly fluctuates with radial external load, and the angular stiffness of DR-ACBB under DB configuration is far larger than that of DR-ACBB under a DF configuration. In summary, DR-ACBB under a DB configuration have better radial bearing capacity due to their large angular stiffness.





4. Conclusions


In this paper, based on the improved quasi-static model of SR-ACBB, a general model is proposed to calculate and analyze the complex nonlinear stiffness characteristics of DR-ACBB under different arrangements, and the influences of the rotating speed, preload, and external force on the nonlinear stiffness characteristics of DR-ACBB under different arrangements are comparatively analyzed. This paper provides a theoretical foundation for the modeling and nonlinear dynamic analysis of the complex rotor-bearing system. Based on the above studies, the following conclusions are given:




	(1)

	
DR-ACBBs under DB and DF configurations have the same variation rule in axial and radial stiffness, and DR-ACBBs under DB and DF configurations show the nonlinear spring characteristics of soft first and then hard with the increase in external load;




	(2)

	
The SR-ACBB or part of the balls may be unloaded for DR-ACBB under the large load ranges, which further leads to the sudden change in the nonlinear stiffness characteristics of DR-ACBB;




	(3)

	
The initial preload has a great influence on the nonlinear stiffness characteristics of DR-ACBB, and it can effectively increase the external load range corresponding to the stiffness attenuation of DR-ACBB;




	(4)

	
DR-ACBB under a DB configuration have higher angular stiffness and bending moment resistance than those of DR-ACBB under a DF configuration.
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Figure 1. Three configurations of DR-ACBB: (a) DB arrangement; (b) DF arrangement; (c) DT arrangement. 
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Figure 2. The coordinate systems and force state of DR-ACBB under DB arrangement: (a) the diagram of DR-ACBB; (b) the diagram of the single-side ACBB. 
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Figure 3. The force analysis of local ball for DR-ACBB under DB arrangement. 
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Figure 4. The geometric analysis of local ball of the left-side ball bearing for the double-row ball bearing in DB arrangement. 
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Figure 5. The detailed iterative calculation flow diagram for DR-ACBB. 
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Figure 6. The result curves of the axial displacements and load distributions versus the axial load for DR-ACBB under different configurations (N = 1000 rpm): (a) the axial displacement; (b) the axial load distribution. 
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Figure 7. The axial and radial stiffness variation curves versus the axial external load for DR-ACBB at three different speeds: (a) the axial stiffness; (b) the radial stiffness. 
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Figure 8. The change curves of the axial stiffness of two SR-ACBBs versus the axial external load for DR-ACBB under DB configuration: (a) rotating speed = 1000 rpm; (b) rotating speed = 5000 rpm; (c) rotating speed = 8000 rpm. 
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Figure 9. The comparison results of the angular stiffness versus axial external load of DR-ACBB under DB and DF configurations: (a) DB configuration; (b) DF configuration. 
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Figure 10. The effects of the speed and preload on the nonlinear stiffness variations of DR-ACBB: (a) the actual preload and axial stiffness varying with the speed; (b) the axial stiffness varying with axial load of DR-ACBB with different initial preloads (δp/2). 






Figure 10. The effects of the speed and preload on the nonlinear stiffness variations of DR-ACBB: (a) the actual preload and axial stiffness varying with the speed; (b) the axial stiffness varying with axial load of DR-ACBB with different initial preloads (δp/2).



[image: Lubricants 11 00044 g010]







[image: Lubricants 11 00044 g011 550] 





Figure 11. The results of the radial stiffness and ball number in loaded area versus radial load of DR-ACBB at static: (a) Y-axis radial stiffness; (b) Z-axis radial stiffness. 
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Figure 12. The results of the radial stiffness versus radial load for DR-ACBB under three different rotating speeds: (a) Y-axis radial stiffness; (b) Z-axis radial stiffness. 
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Figure 13. The comparison results of the angular stiffness versus radial load of DR-ACBB under DB and DF configurations: (a–1,a–2) DB configuration; (b–1,b–2) DF configuration. 
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Figure 14. The effects of the initial preload on the radial stiffness variations of DR-ACBB: (a) Y-axis radial stiffness; (b) Z-axis radial stiffness. 
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Figure 15. The results of the nonlinear stiffness variation for DR-ACBB subjected to constant radial loads and varying axial load (N = 1000 rpm): (a) axial stiffness; (b) radial stiffness. 
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Figure 16. The results of the nonlinear stiffness variation for DR-ACBB subjected to constant axial loads and varying radial load (N = 1000 rpm): (a) axial stiffness; (b) radial stiffness. 
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Figure 17. The schematic diagram of a rigid rotor system supported by the double-row ball bearing. 
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Figure 18. The radial and angular displacement and stiffness of double-row ball bearing in different configurations: (a) radial displacement; (b) radial stiffness; (c) angular offset; (d) angular stiffness. 
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Table 1. The key geometrical parameters of DR-ACBB 3210.
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	Parameters
	320





	Curvature radius (inner-raceway) ri (mm)
	4.54



	Curvature radius (outer-raceway) ro (mm)
	4.54



	Contact diameter (inner-raceway) di (mm)
	61.22



	Contact diameter (outer-raceway) do (mm)
	78.78



	Ball number Z
	12



	Ball diameter D (mm)
	8.73



	Pitch diameter dm (mm)
	70



	Preload displacement    δ p   (μm)
	12



	Radial clearance (μm)
	100



	The ball center distance (mm)
	15
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