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Abstract: The paper explores the thermodynamic properties of primordial black holes (PBHs) in
the braneworld. Specifically, the researchers examined Hawking radiation and the lifetime of PBHs.
Through their analysis, an exact analytical expression for the Bekenstein–Hawking entropy, temper-
ature, and heat capacity was derived. Their findings suggest that the lifetime of PBHs in the early
universe is reduced by at least one order of magnitude, ultimately leading to their evaporation. This
could explain why we have not observed the final rapid evaporation of PBHs in the recent epoch of
the universe.
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1. Introduction

Primordial black holes (PBHs) are a hypothetical type of black hole believed to have
formed in the initial period of the universe, specifically during the radiation-dominated
era that occurred over a second after the Big Bang. There are several potential mecha-
nisms for the formation of PBHs, including inflation [1–8], the collapse of large density
fluctuations [9,10], phase transition [11–18], cosmic string loops [19,20], and bubble colli-
sions [21–23]. The possibility of similar black holes was first suggested by Zeldovich [24],
and the theory of PBHs was later extended by Hawking [9]. Unlike black holes created
from stellar gravitational collapse, PBHs can have masses significantly smaller or larger
than the stellar mass. Their mass is approximately equal to the horizon mass, that can be
expressed as [25]

M ∼ c3t
G
∼ 1015

(
t

10−23s

)
g . (1)

According to Hawking, the Planck mass, which is relevant on the Planck time scale
of tPl ∼ 10−43 s, would be approximately M ≥ 10−5 g. In comparison, a supermassive
black hole (SMBH) with a mass of M ∼ 106M� could form within just one second, or ∼1 s,
after the Big Bang. According to Hawking [26], PBHs radiate thermally and the evaporation
timescale is calculated by [27]

τ ∼ h̄c4

4πG2 M3 ∼ 1010
(

M
1015g

)3
Gyr . (2)
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However, the lifetime of PBHs with a mass of around 1013g is approximately equal to
the age of the present universe. The Hawking temperature is defined as the temperature
that a black hole would have to have in order to emit radiation at the same rate that it is
losing mass due to Hawking radiation. Alternatively, the temperature of the black hole
(Hawking temperature) can be evaluated via the surface gravity method at the horizon:

T =
κg

2π
, κg =

1
2

dgtt

dr

∣∣∣
r=rh

, (3)

where κg is the surface gravity factor and rh is the radius of the event horizon of the
black hole.

PBHs are sometimes classified as massive compact halo objects (MACHOs). They
have been proposed as a possible explanation for the dark matter (DM) problem, which is
one of the most significant and interesting subjects in modern cosmology and astrophysics.
However, various astrophysical and cosmological observations have placed tight limits on
the abundance of PBHs, making it unlikely that they contribute significantly to DM across
most of the possible mass range. Despite this, PBHs are still considered to be potential
candidates for the seeds of supermassive black holes with a mass range of M ∼ 106–1010M�
at the centers of massive galaxies, as well as intermediate-mass black holes with a mass
range of M ∼ 50–100M� [28].

Gravitational waves emitted by the merger of a binary system of black holes, as ob-
served by the LIGO/VIRGO collaborations, have led three separate groups of scientists to
independently propose a potential primordial origin for the detected black holes [29–31].
Two of these groups have found that the merging rates of the binary system, as inferred
by LIGO, align with a scenario where all dark matter (DM) in the universe consists of
Primordial Black Holes (PBHs). However, the third group argues that the merging rates
are inconsistent with this scenario, suggesting that PBHs may only contribute to less than
approximately 1% of the total DM. The unexpectedly large mass of the black holes detected
by LIGO has sparked renewed interest in PBHs within the mass range of 1 to 100 times the
mass of the Sun (M�). However, an ongoing debate persists regarding the exclusion of this
mass range based on other observations. These include the absence of stellar microlensing,
anisotropies in the cosmic microwave background, the sizes of faint dwarf galaxies, and the
lack of correlation between X-ray and radio sources toward the galactic center. Notably, in a
recent paper by Kashlinsky [32], the author suggests that the observed spatial correlations
in unresolved gamma-ray and X-ray background radiation could potentially be attributed
to PBHs with similar masses, assuming their abundance is comparable to that of dark
matter (DM). While some propose the evaporation of PBHs as a possible explanation for
gamma-ray bursts, this scenario is generally regarded as unlikely. PBHs have also been
suggested as a solution to other problems, such as the dark matter problem, the cosmologi-
cal domain wall problem [33], and the cosmological monopole problem [34]. Since PBHs
can have varying sizes and are not necessarily small, they may have played a role in the
later formation of galaxies. The impact of accreting matter on PBH evaporation has been
investigated in a study by Khlopov [35].

The purpose of this study is to investigate the Hawking radiation and lifespan of PBHs
in the context of the braneworld scenario. Braneworld models are a class of theoretical
models in physics and cosmology that propose the existence of additional spatial dimen-
sions beyond the three that we experience in our everyday lives. These models suggest that
our universe may be a four-dimensional “brane” (short for “membrane”) embedded within
a higher-dimensional space-time called the “bulk”. The idea of braneworlds emerged
from the study of string theory, which posits that fundamental particles are not point-like,
but instead are tiny one-dimensional “strings” that vibrate at different frequencies. In some
versions of string theory, these strings are confined to a four-dimensional brane, while
gravity (which is mediated by a hypothetical particle called the graviton) can propagate
through the bulk. One of the most well-known braneworld models is the Randall–Sundrum
model, proposed by Lisa Randall and Raman Sundrum [36]. This model proposes that our
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universe is a brane embedded within a five-dimensional space-time, and that the observed
weakness of gravity compared to the other fundamental forces can be explained by the
fact that gravity is diluted across the extra dimension. In Ref. [37], the exterior vacuum
solutions of the braneworld model for a spherically symmetric and static system were
derived. Braneworld models have been the subject of intense research in recent years,
as they offer the potential to unify gravity with the other fundamental forces of nature and
provide new insights into the nature of dark matter and dark energy. This new class of
spherical symmetrical black hole solutions was presented in [38–40].

The braneworld models have been extensively studied in the literature as a potential
framework for astrophysical observations. Various tests have been proposed to probe the
models at different scales, including gravitational lensing [41–45], motion of test particles
around black holes [46–48], optical effects in the space-time of rotating braneworld black
holes [49], electromagnetic fields around magnetized neutron stars [50–55], and quasiperi-
odic oscillations (QPOs) in neutron star binary systems [56,57]. Additionally, the flux
energy and thermal spectrum from accretion disks around various classes of static and
rotating braneworld black holes have been investigated in Refs. [58,59]. The weak-field de-
flection angle and bending of light around massive braneworld black holes have also been
studied [60,61]. Additionally, the possibility of detecting braneworld black holes through
their gravitational wave emissions has also been investigated. In Ref. [62], the quasinormal
modes of black holes in the braneworld scenario were studied and compared with those in
general relativity.

The paper is arranged as follows. Section 2 delves into the investigation of the
lifetime of PBHs in the braneworld. Moving on to Section 3, we present the fundamental
equations that describe the thermodynamics of PBHs in the braneworld. In Section 4, we
discuss the emission rate and gray-body factor of PBHs in the braneworld. A summary
of the results obtained is provided in Section 5. Throughout the paper, we adopt the
convention of a metric with a signature of (−,+,+,+), and we use geometrized units
where G = c = h̄ = k = 1. Greek indices range from 0 to 3, while Latin indices range from
1 to 3.

2. Lifetime of PBH in the Braneworld

In this section, we investigate the lifetime of PBHs in the braneworld and examine the
impact of brane tension on the lifespan of static black holes. The space-time metric for a
spherically symmetric, static black hole in the braneworld is given as [37].

ds2 = − f (r)dt2 +
dr2

f (r)
+ r2(dθ2 + sin2 θdφ2) , (4)

with
f (r) = 1− 2M

r
+

Q∗

r2 , (5)

where M represents the total mass of the primordial black hole (PBH) and Q∗ denotes the
brane charge parameter, also known as the “Weyl charge", which is negatively identified
(Q∗ < 0). (For more comprehensive information, refer to [63]). For the sake of convenience
in subsequent calculations, we introduce a new positive brane parameter, denoted as
b2 = −Q∗. Consequently, the sign of the last term in the metric function f (r) will be altered.
The radius of the outer horizon of a black hole can be determined, from the largest solution
of f = 0, as

r+ = M +
√

M2 + b2 ≥ 2M , (6)

which is greater then Schwarzschild radius. The dependence of the event horizon from the
brane parameter is illustrated in Figure 1. The dimensional event horizon is presented in
the left panel and dimensionless one is given in the right panel of the Figure 1.
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Figure 1. (Left panel) Dependence of radius of horizon of PBH form its mass for the different
values of brane tension. (Right panel) Dependence of radius of horizon of PBH form brane tension
parameter b/M.

Recalling Equation (3), the Hawking temperature over the surface of the black hole in
the braneworld can be obtained as

T =

√
M2 + b2

2π
(

M +
√

M2 + b2
)2 ≤

1
8πM

. (7)

Figure 2 draws the dependence of the Hawking temperature from the brane parameter.
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Figure 2. (Left panel) Dependence of temperature of PBH from its mass for the different values of
brane parameter. (Right panel) Dependence of temperature of PBH from brane parameter b/M.

The most important parameter of a PBH is its lifetime. The lifetime of a primordial
black hole (PBH) depends on its initial mass and the mechanisms by which it can lose mass.
PBHs are hypothetical black holes that are thought to have formed in the early universe
shortly after the Big Bang. The rate of energy loss from a PBH in the braneworld can be
approximated with the Stephan–Boltzmann radiation law as

dM
dt
' σAT4 = 4πσr2

+T4 , (8)

where σ = π2/60 is the Stefan-Boltzmann constant, and A represents the surface area of
the black hole horizon. By utilizing the expressions for the temperature (7) and the radius
of the horizon (6), Equation (8) can be rewritten in the following form:

dM
dt

= − 1
240π

(
M2 + b2)2(

M +
√

M2 + b2
)6 . (9)
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Now one can easily calculate the lifetime of a PBH in terms of brane charge parameter:

τ = −240π
∫ 0

M

dM

(M2 + b2)
2

(
M +

√
M2 + b2

)6
. (10)

Before evaluating the integral (10), the brane parameter b can be considered a constant,
denoted as b = const, independent of the mass of the PBH. Evaluating the integral (10)
from M to 0 yields the lifetime τ of the PBH. In the case where b = const, one can obtain
the following expression:

τ = 2560πM3

[
1− 3b2

2M2 −
3b4

64M2(b2 + M2)

+
16M4 − 41b4 − 16b2M2

16M3
√

b2 + M2
+

105b3

64M3 tan−1
(

M
b

)]
. (11)

Note that, in this case, the general relativistic limit of the lifetime takes the standard
value as obtained in Ref. [64]:

τ0 = lim
b→0

τ = 5120πM3 . (12)

The small brane charge parameter ratio of the lifetime of the PBH takes the form

τ = τ0

(
1− 3b2

2M2 +
105πb3

256M3

)
+O

(
b4
)

, (13)

which shows that the lifetime of the PBH will be shorter in the braneworld scenario.
Figure 3 illustrates the fractional lifetime for different values of the brane charge

parameter compared to that of a Schwarzschild black hole (i.e., b = 0). The dependence
on b clearly has an impact on the lifetime of these black holes. It is evident that when
b = const, a value of b = 0.5M reduces the PBH’s lifetime by approximately 30%.
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Figure 3. (Left panel) Fractional lifetime of PBH is a function of brane charge parameter b/M.
(Right panel) Fractional lifetime of PBH is a function of its mass for different values of brane
charge parameter.

3. Thermodynamic Properties of PBH in the Braneworld

In this section we briefly study thermodynamic properties of the black hole in the
braneworld. The entropy of a black hole is a measure of the amount of disorder or ran-
domness associated with its microscopic degrees of freedom. According to the laws of
thermodynamics, any physical system that has a temperature must have an associated
entropy, which measures the degree of disorder in the system. In the case of black holes,
the concept of entropy was first introduced by Stephen Hawking, who showed that black
holes have a nonzero entropy despite being completely black and featureless objects. Ac-
cording to Hawking’s calculations, the entropy of a black hole is proportional to its surface
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area, rather than its volume or mass, as one might expect. The surface of an outer horizon
can be found as A = 4πr2

+. Unlike the temperature, the entropy of the black hole can be
modified when the action is expanded in a power of Riemann tensor. One of the simplest
examples is Gauss–Bonnet action [65]. There will be an additional term of entropy of a
black hole when a cosmological term is in action. This arises due to the outer horizon r+
and cosmological horizon rc, which can be found in [66]. However, in the braneworld, there
is no cosmological term or higher order Riemann tensor. Therefore, one can immediately
use the simple expression S = A/4 for entropy of the brany black hole. Once we have the
surface of the horizon then the area entropy of the black hole can be easily calculated as

S =
A
4

= π
(

M +
√

M2 + b2
)2
≥ 4πM2 . (14)

As we shown that the horizon of black hole increases in the presence of the brane.
Therefore, the area of horizon also increases that means the entropy of black hole should
increases. Figure 4 shows dependence of the entropy from the brane parameter.
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Figure 4. (Left panel) Dependence of entropy of PBH (in Equation (14)) from its mass for the different
values of brane tension. (Right panel) Dependence of entropy of PBH from brane tension parameter
b/M.

The free energy of a black hole is a thermodynamic quantity that characterizes the
ability of the black hole to do work, and is defined as the difference between its total
energy and its entropy multiplied by its temperature: F = E − TS, where F is the free
energy, E is the total energy, T is the temperature, and S is the entropy. In the case of black
holes, the free energy is closely related to the thermodynamic stability of the black hole.
A black hole is said to be thermodynamically stable if its free energy is negative, indicating
that it can release energy and move towards a lower energy state. Conversely, if the free
energy is positive, the black hole is said to be thermodynamically unstable, and it can
absorb energy and grow in size. The free energy of a black hole can be computed using
the Bekenstein–Hawking formula for the entropy and the formula for the temperature of
a black hole. Using Equation (7), one can obtain an expression for the free energy of a
black hole in terms of its mass and the fundamental constants of nature. According to the
definition of free energy F = M− TS of the thermodynamic system, one can have

F = M− TS = M− 1
2

√
M2 + b2 , (15)

As one can see from Equation (15) the free energy F of the thermodynamic system can
be negative, i.e., F < 0 for the values of brane charge parameter b ≥

√
3M. On the other

hand, the absence of brane charge parameter one can obtain F = M/2, that is free energy
in Schwarzschild space-time. Figure 5 shows dependence of the free energy from the brane
tension. As we mentioned before, it decreases due the brane effect.
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Figure 5. Dependence of free energy from brane tension b/M.

Now one can see that in an isoelastic process, the specific heat can be found as

CV = T
∂S
∂T

= T
∂S
∂M

(
∂T
∂M

)−1

= −
2π
√

M2 + b2
(

M +
√

M2 + b2
)2(

2
√

M2 + b2 −M
) . (16)

We now differentiate both sides of Equation (14) and obtain the following simple formula

dS =
2π
(

M +
√

M2 + b2
)2

√
M2 + b2

dM =
dM
T

, (17)

which allows us to write dQ = dM = TdS, (indeed it is correct if we restore the speed of
light dQ = c2dM), where dQ is the heat energy, and it is always lost due to evaporation of
the PBH ∆Q = ∆M = M−M′ > 0, where M and M′ are the masses of the initial and final
stage of PBH.

On the other hand, the heat lost during a temperature change dT can also be expressed
as dQ = CMdT, which allows us to find the specific heat capacity of the PBH:

C = dQ
MdT

=
dM

MdT
, (18)

and

C = −
2π
√

M2 + b2
(

M +
√

M2 + b2
)2

M
(

2
√

M2 + b2 −M
) , (19)

From Equations (16) and (19), one can easily see that the specific heat and the heat
capacity can be related as CV = CM. Figure 6 draws the dependence of the specific head
of the black hole from the brane parameter. It is shown that the specific heat of black hole
increases due to the brane parameter.
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Figure 6. (Left panel) Dependence of specific heat of PBH from its mass for the different values of
brane tension. (Right panel) Dependence of specific heat of PBH from brane tension parameter b/M.

4. Emission Rate and Grey-Body Factor

This section is devoted to the calculation of the emission rate of PBHs and grey-body
factor. The grey-body factor characterizes the efficiency of a black hole to emit Hawking
radiation. It is a dimensionless quantity that ranges from 0 to 1, with 1 being a perfectly
efficient emitter and 0 being a completely absorbing body that does not emit any radiation
at all. The grey-body factor takes into account the fact that not all the radiation generated by
the black hole will be able to escape due to the gravitational attraction of the black hole itself.
The reflection coefficient is the ratio of the reflected wave amplitude to the incident wave
amplitude and depends on the frequency of the radiation, the black hole mass, and the spin
of the emitted particles. It is well accepted that black holes are thermal systems: they have
an associated temperature and entropy and therefore radiate. The differential emission rate
of Hawking radiation in the energy range (ω, ω + δω) is [67–70]

dE
dt

= ∑
`

σ`(ω)
dkdA

exp (ω/T)− (−1)2s , (20)

where dA is the infinitesimal surface area, T is the temperature of PBH, s is the spin weight,
k is the momentum of the emitted particle and σl(ω) is the absorption cross section which
is often called grey-body factor. Our aim is to calculate the grey-body factor for emitted
particle from PBHs through the Hawking radiation. Obviously, it is difficult to obtain
an analytical expression for the grey-body factor; however one can use semi-analytical
approach suggested in Refs. [71–75].

In terms of the tortoise coordinate x, the Regge–Wheeler equation can be written
as [71,74,76]

d2Ψ
dx2 =

[
ω2 −V(r)

]
Ψ , (21)

where ω is the frequency particle. The tortoise coordinate can be found from the follow-
ing expression

dr
dx

= f (r) = 1− 2M
r
− b2

r2 , (22)

the effective potential, V(r), in (21), has the form

V(r) = f (r)
[
`(`+ 1)

r2 +
f ′(r)

r
(1− s2)

]
, (23)

where ` is the specific angular momentum. Keep in mind that, in the case of the tensor field
(gravitational perturbation, i.e., s = 2), Equation (23) will be different, since the metric (4)
in not vacuum solution, there are should be contribution from non-zero components of the
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energy-momentum tensor, that is why in the paper we consider Regge–Wheeler equation
for the scalar (s = 0) and vector (s = 1) fields.

The radial dependence of the effective potential for two cases of scalar (s = 0) and
vector (s = 1) fields for the different values of brane tension parameter is drawn in Figure 7.
From Figure 7 one can easily see that the maxima of the effective potential for the scalar
field (solid lines) is larger with compare to that for the vector field (dashed lines).
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Figure 7. (Color online) Radial dependence of the effective potential for the different values of brane
tension parameter b/M at ` = 2. Solid lines represent scalar field (s = 0) while dashed lines vector
field (s = 1) one.

The grey-body factor or transmission probability can be expressed as [71]

T ≥ cosh−2
{∫ ∞

−∞
ϑ(x)dx

}
, (24)

on the other hand, the reflection coefficient,R, can be found from the relation, T +R = 1.
More precisely, it can be written as

R ≤ tanh2
{∫ ∞

−∞
ϑ(x)dx

}
, (25)

where “cosh” and “tanh” are, respectively, hyperbolic cosine and hyperbolic tangent func-
tions. The function ϑ can be found as [71]

ϑ(x) =
√

h′2(x) + [ω2 −V(x)− h(x)]2

2h(x)
, (26)

where h(x) is the some positive function, h(x) > 0, which satisfies the following conditions;
otherwise it can be arbitrary. It is difficult to find the analytical form of the grey-body factor,
but one can find semi-analytical expression in some approximation. In order to find the
semi-analytical expression, one can study two different scenarios:

First case: We first consider the following case, h = ω, the grey-body factor can
be expressed as

T ≥ cosh−2
{

1
2ω

∫ ∞

−∞
V(x)dx

}
(27)

= cosh−2
{

1
2ω

∫ ∞

r+

[
`(`+ 1)

r2 +
f ′(r)

r

(
1− s2

)]
dr
}

,



Galaxies 2023, 11, 70 10 of 13

now integral in (27) is trivial, it can be easily integrated. The transmission coefficient takes
the form

T = cosh−2

(
ηMr+ + ξb

2ωr3
+

)
, (28)

where η = (`+ 1)2 + `2 − s2 and ξ = `(`+ 1) + 2(1− s2)/3.
The dependence of the transmission and reflection coefficients from the frequency for

the different values of the brane tension parameter is plotted in Figure 8 (left panel). It
is shown that the curve of transmission and reflection coefficients intersect each other in
the braneworld scenario even in the low frequency regime. In the right panel in Figure 8,
the dependence of the transmission and reflection coefficients from the brane tension
parameters for the different fields corresponding to s = 0 and s = 1 is illustrated. It is
shown that in the case of scalar field (s = 0), the transmission and reflection coefficients
lines can be intersected at the larger values of brane tension parameter in comparison with
the vector field case.

b=0
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Figure 8. (Left panel) The transmission and reflection coefficients of PBH for the different values of
brane tension at ` = 2. (Right panel) Dependence of transmission and reflection coefficients of PBH
from the brane tension for the scalar and vector fields at ` = 1.

Second case: It can be assumed that the function h(x) takes the form h =
√

ω2 −V
and obtain

T ≥ cosh−2
{

1
2

∫ ∞

−∞

h′(x)
h(x)

dx
}

= cosh−2
{

ln
h0

h∞

}
= cosh−2

{
ln

√
ω2 −V0

ω

}
, (29)

here, V0 is the maximum value of the effective potential at point r0 = 1
2

(√
8b2 + 9M2 + 3M

)
for spin zero (s = 0) field, but for spin zero field extremum point for the effective potential
will be complicated. That is why we will not include here. Finally, the transmission and
reflection coefficients take the form

T ≥ 1−
V2

0

(2ω2 −V0)
2 , R ≤

V2
0

(2ω2 −V0)
2 . (30)

Note that previous calculations can be easily done for the tensor (s = 2) fields. How-
ever, in that case, one has to make careful calculations, including the source term. This is
because the black hole solution in the presence of the brane is not a vacuum solution.
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5. Conclusions

The primary objective of this paper was to delve into the thermodynamic properties
of PBHs, specifically focusing on their Hawking radiation and evaporation within the
braneworld model. The key outcomes of this study are as follows:

• We have studied the thermodynamic properties of PBHs within the braneworld
model, taking into account the effect of brane tension. Through our analysis, we
were able to derive exact analytical expressions for various thermodynamic quantities
including temperature, entropy, Bekenstein–Hawking entropy, specific heat, heat
capacity, and free energy.

• We have also investigated the impact of the braneworld scenario on the Hawking
radiation and the lifetime of PBHs. Our findings indicate that PBHs in the early
universe experienced a shortened lifetime by at least one order of magnitude, leading
to early evaporation. This early evaporation could explain the absence of specific high-
energy bursts associated with PBH evaporation in the recent epoch of the universe.

• Finally, we have investigated the grey-body factor, which characterizes the efficiency
of a black hole to emit Hawking radiation, by determining the transmission and
reflection coefficients. To obtain these coefficients, we have employed the Regge–
Wheeler equation for massless scalar (s = 0) and vector (s = 1) fields. Our analysis has
revealed that in the braneworld scenario, the transmission and reflection coefficient
curves intersect each other, even in the low frequency regime, which has implications
for the behavior of Hawking radiation from PBHs. Moreover, we have found that
for the scalar field case, the intersection of the transmission and reflection coefficient
curves occurs at larger values of the brane tension parameter compared to the vector
field case.
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