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Abstract: Dynamic analyses of vertical hydro power plant rotors require the consideration of the
non-linear bearing characteristics. This study investigates the vibrational behavior of a typical vertical
machine using a time integration method that considers non-linear bearing forces. Thereby, the influ-
ence of support stiffness and unbalance magnitude is examined. The results show a rising influence
of unbalance on resonance speed with increasing support stiffness. Furthermore, simulations reveal
that the shaft orbit in the bearing is nearly circular for typical design constellations. This property is
applied to derive a novel approximation procedure enabling the examination of non-linear resonance
behavior, using linear rotor dynamic theory. The procedure considers the dynamic film pressure for
determining the pad position. In addition, it is time-efficient compared to a time integration method,
especially at high amplitudes when damping becomes small.

Keywords: tilting-pad bearing; rotor dynamics; vertical rotor; hydroelectric power plant rotor;
non-linear bearing forces; non-linear rotor resonance behavior; approximation method

1. Introduction

Hydroelectric power plants are often equipped with vertical rotors. Today, these types
of machines are commonly guided by tilting-pad journal bearings due to their excellent
stability properties and tunable nominal bearing clearance. Most hydro units operate in
the subcritical speed regime. Nevertheless, for the design and specification of the machine,
as well as outstanding operation conditions, the knowledge of the resonance speed is of
particular importance.

Due to the vertical alignment, no gravity forces are acting on the guide bearings, and
thus the dynamic unbalance forces exceed the static forces in wide ranges of operation
conditions, especially with an increasing rotor speed. The bearing stiffness of these nearly
statically unloaded bearings significantly increases with the amplitude of shaft orbit and,
consequently, the dynamic properties of the system depend on the unbalance excitation
magnitude. Theoretical investigations show that the resonance speed increases with rising
unbalance [1]. Furthermore, the resonance speed can differ between the run-up and the
run-down procedure [1]. Aside from the impact of thermal effects, this property can be
primarily attributed to the nonlinear increase in bearing stiffness.

For non-linear simulation of tilting-pad bearing forces, the pad movement must be
known. This enables the calculation of the Reynolds equation based on relative movement
between journal and pads. For consideration of the pad inertia the equations of motions
must be solved [2–6]. Theoretical investigations of large hydro units indicate that the shaft
orbit is nearly circular [3–6]. On the contrary, analyses of small size machines demonstrate
that the orbit approaches the shaft movability curve for high amplitudes, e.g., [7–9]. Theo-
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retical analyses on vertical rotor systems show the significant impact of bearing clearance
on the resonance speed, as well as on the systems damping factor [10,11].

In this investigation the dynamic behavior of a typical larger-type vertical machine is
studied considering non-linear bearing forces. Hereby, the influence of bearing clearance,
bearing support stiffness and unbalance magnitude is examined. Based on the results, a
method approximating non-linear behavior using a time-efficient linear rotor dynamics
program is derived.

2. Materials and Methods
2.1. Rotor Modelling

The elastic shaft of the rotor is modelled by Finite Elements using Timoshenko
beam theory with continuously distributed inertias [12]. Thereby, the shear factor ac-
cording to [13] is used. That leads to the system of ordinary differential equations in
inertial coordinates:

M
..
x(t) + (G(ω) + C(ω, xstat))

.
x(t) + K(ω, xstat)x(t) = F(t) (1)

Herein, the mass matrix M, the gyroscopic and damping matrices G and C, the stiffness
matrix K, as well as the displacement vector x are located on the left. The gyroscopic matrix
is a function of angular rotor speed ω. Stiffness and damping of the journal bearings depend
on rotor speed ω and displacement xstat and, consequently, the stiffness and damping
matrix of the rotor bearing system also depends on it. The force vector F is located on the
right-hand side of the equation. For linear rotor dynamic analyses, Equation (1) can be
solved after x using a harmonic ansatz. The homogenous part of the equation can be used
for Eigenvalue analyses, e.g., for the creation of Campbell diagrams.

To consider non-linear bearing characteristics, bearing forces are added as external
forces acting on the rotor. A modified force vector F∗ contains bearing, unbalance, gyro-
scopic, gravity and damping forces:

M
..
x(t) + Kx(t) = F∗(t, ω, x) (2)

The system behavior will be solved in the time domain using a numerical time
integration method. Here, bearing forces will be updated with lateral journal displacement
and velocity in each time step. Introducing a new state vector q =

(
x,

.
x
)T provides a

first-order state space formulation of Equation (2).

.
q = Aq + BF̃(t, ω, q), F̃ =

(
F∗

0

)
(3)

After a modal reduction, Equation (3) can be solved by a numerical time integration
method. This study applies the trapezoidal rule according to [14]:

qn+1 = qn + 0.5 ∆t
( .
q(tn, qn) +

.
q
(
tn+1, qn+1

))
(4)

Based on the last time step “n” the state vector at the current time step “n + 1” can
be calculated. In this study a modified MATLAB solver ode23t is used. The entire rotor
calculations are performed with an in-house code earlier introduced by the authors in [15].

2.2. Non-Linear Bearing Modelling (NLIN)

Two-dimensional Reynolds equation describes oil flow in the lubricant gap:

∂

∂x

(
F2

Kx

∂p
∂x

)
+

∂

∂z

(
F2

Kz

∂p
∂z

)
= U

∂

∂x

[
ρ∗
(

h − F1

F0

)]
+

∂

∂t
(ρ∗h) (5)
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Herein, F0, F1 and F2 are factors that consider the radial variable viscosity distribution
in the lubricant film [16]:

F0 =

h∫
0

dy
η

, F1 =

h∫
0

y
η

dy, F2 =

h∫
0

y
η

(
y − F1

F0

)
dy (6)

where U is the sliding velocity of the shaft, h is the local gap height, ρ∗ is the local fill
factor of the fluid film and η is the dynamic viscosity of the lubricant. Local turbulent flow
is approximated by the coefficients Kx and Kz according to [17,18]. Figure 1 depicts the
lubricant gap solution domain coordinate system (x, y, z) of Reynolds equation and the
relation to the rotor coordinate system (xR, yR, zR).
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Figure 1. Coordinate system of (a) the rotor and (b) the lubricant gap on example of a 4-tilting-pad bearing.

A mass conserving algorithm based on JFO theory is used for solving Reynolds
equation [19]. The algorithm described in [19] for the stationary case is extended for
the consideration of the time dependency of the instationary case, for example [20]. The
viscosity factors can be derived from solution of the three-dimensional energy equations
considering the dissipation by friction, heat transfer in the oil film and heat conduction in
journal and pads. The temperature distribution is calculated for a centered journal position
for different rotor speeds at stationary rotation. A more comprehensive description of the
theoretical models, in particular the energy equation can be found in [21,22].

Pad movability is predicted by solving the pad’s equations of motion for transversal
and tilting directions. Figure 2 shows the pad coordinate system (ζ, η, θ) for a description
of the transversal equations of motion.
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The (ζ, η, θ)-coordinate system is located in the bearing center. The ζ-axis is directed
to pivot position and the θ-axis is in parallel to the axial bearing axis. For the description
of the tilting motion a body-fixed (ζk, ηk, θk)-coordinate system is introduced at the pad’s
center of gravity where the inertia tensor is constant. Tilting motion is described by the
orientation angle ϕθ of the (ζk, ηk, θk)-system relative to the (ζ, η, θ)-system. Equations of
motion for the mass m and the mass moment of inertia Jθ of a single pad are as follows: m

m
Jθ




..
ζ
..
η
..
ϕθ

 =

 Fζ

Fη

Mθ


oil

+

 Fζ

Fη

−lζ Fη + lη Fζ


pivot

(7)

Right side of Equation (7) includes oil film and pivot forces and oil film and pivot
moments with regard to the center of gravity of the pad, respectively. Equation (7) is
transformed to a first-order state space formulation analogously to the procedure for
Equations (2) and (3). For a given lateral and angular pad position and velocity at a
certain time step, the equations can be solved according to Equation (4). The lubricant film
thickness is a result of the relative position of journal and pads. Pivot forces are calculated
by the relation between pivot stiffness and relative displacement at the pivot point:

Fζ = −kpivot∆ζpivot Fη = −kpivot∆ηpivot (8)

Thus, the unsteady system behavior is determined by the numerical time integration
of the rotor and pad motion. However, the calculation is continued until a quasi-stationary
state is reached for a certain rotor speed.

2.3. Linear Bearing Modelling (LIN)

For linear dynamic analyses, the pad assembly method is applied according to [23,24].
Oil film stiffness and damping are calculated by a first-order perturbation of Reynolds
equation. The pad is assumed to be massless; therefore, a resulting stiffness and damping
of the series connection of oil film and pivot stiffness can be calculated. For this purpose,
a harmonic oscillation of the pads is assumed that is synchronous to the shaft rotating
frequency. The single-pad dynamic coefficients are vectorially assembled to an overall
bearing stiffness and damping matrix which leads to the kc-model:(

Fx
Fy

)
=

[
kxx kxy
kyx kyy

]
︸ ︷︷ ︸

k

(
xR
yR

)
+

[
cxx cxy
cyx cyy

]
︸ ︷︷ ︸

c

( .
xR.
yR

)
(9)

Common rotor dynamics analyses use the kc-model for the consideration of the
linearized bearing forces in equations of motion (1).

2.4. Approximation of Non-Linear Bearing Characteristics (QLIN)

The approach of the kc-model allows a simple exchange of bearing properties between
the bearing manufacturer and the plant manufacturer. The aim of this section is to find
a similar procedure for the non-linear system that allows the bearing calculation to be
separated from the rotor calculation. It should also be applicable similar to the kc-model in
a rotor dynamics program to prevent the time-consuming co-simulation with a bearing
program. For this purpose, so called “global coefficients” are determined. Subsequently,
global coefficients are identified by the subscript “g”. Non-linear investigations show that
the orbit of the relative oscillation within the bearing is nearly circular, even for extreme
amplitudes, as shown in Section 3.2. This property is related to limited stiffness of the
pivot support and inertia of the rotor in general. Consequently, a circular orbit for the
approximation of the bearing forces is assumed. Figure 3 shows a snapshot of the kinetics
during a circular shaft movement. Radial and tangential film forces Fr and Ft, journal
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orbit radius er, and tangential velocities
.
et can be used for the determination of the global

stiffness and damping characteristics.
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The global stiffness kg,r in direction of journal orbit radius er and the main damping
cg,t in direction of tangential orbit velocity

.
et are calculated according to Equation (10):

kg,r =
Fr

er
, cg,t =

Ft
.
et

(10)

Based on Equation (10), the relation of the stiffness and damping matrix in cartesian x-y-
coordinates is established in the following. The assumption of a circular orbit leads to the demand
that the 2 × 2 stiffness and damping matrices are invariant due to rotations ϕ of the coordinate
system, as expressed in Equation (11):

kg = T(ϕ) kg T(ϕ)T , cg = T(ϕ) cg T(ϕ)T , 0 ≤ ϕ ≤ 2π, T =

[
cos(ϕ) sin(ϕ)
− sin(ϕ) cos(ϕ)

]
(11)

This is fulfilled if main stiffness and damping coefficients, in both directions, are equal and the
cross-coupling coefficients are zero or equal in magnitude but with opposite signs:

kg,yy = kg,xx, kg,xy = −kg,yx, cg,xx = cg,yy, cg,yx = −cg,xy (12)

Finally, stiffness and damping matrices of a particular orbit radius and rotor speed result in:

kg =

[
kg,xx kg,xy
kg,yx kg,yy

]
=

[
Fr/er 0

0 Fr/er

]
, cg =

[
cg,xx cg,xy
cg,yx cg,yy

]
=

[
Ft/

.
et 0

0 Ft/
.
et

]
(13)

For this purpose, a circular journal movement must be specified using a journal bearing
calculation program. Despite the circular journal orbit, the forces may differ from a circular shape.
The coefficients are determined for each point on the orbit and averaged over one revolution.
Figure 4 exemplarily shows the impact of rotor speed and orbit radii on bearing stiffness and
damping coefficients.
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Figure 4. Global (a) stiffness and (b) damping coefficients.

The bearing stiffens with rising rotor speeds and orbit radii. The damping reduces
with rotor speed in the investigated range. For each rotor speed a maximum damping
value exists at a particular radius. With a rising orbit radius, the damping initially increases.
After passing the maximum value the damping decreases. Particularly disadvantageous
is the increasing stiffness with the simultaneous decrease in damping. This leads to a
reduction in the relative damping of the system.

Global coefficients can easily be used in rotor dynamic analyses by updating the
coefficients with a bearing orbit as demonstrated in Figure 5. The coefficients are iteratively
adjusted until the change in the journal orbit radius satisfies a criterion of convergence.
In the following, this procedure is referred to as quasilinear analysis (QLIN). It is recom-
mended to use the solution of the last operating point as the initial condition of the next
speed step to enable a path tracing in the simulation.
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In [25], a similar but different approach is presented using the integrated mean value
of local bearing stiffness determined for each journal eccentricity. It is assumed that the
stiffness is independent of the load direction using the mean value of the load on pad and
load between pad configurations. The authors conclude that this is a good approximation
for bearings with many pads. Additionally, the method presented here considers the
influence of the squeeze film term of Reynolds Equation (5) on the pad position.
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2.5. Validation of the Non-Linear Bearing Model (NLIN)

For validation of the non-linear bearing model a comparison with measurement of a
5-tilting-pad bearing is done. Table 1 shows the parameter of the bearing.

Table 1. Parameter of the 5-tilting-pad bearing.

Parameter Value

Rotor speed, 1/min 3600
Number of pads 5

Inner diameter, mm 120
Length, mm 52.8

Pad thickness, mm 17.8
Pad preload 0.643

Pad arc length, ◦ 50
Pivot offset 0.5

Lubricant ISO VG 32
Supply temperature, ◦C 50

Figure 6 compares measured [26] and non-linearly (NLIN) predicted amplitudes
for different static and dynamic loads. The load is directed between the pads and has
a static part Fstat and a dynamic, harmonic part Fharm. Thus, the total force amounts to
F = Fstat + Fharm· sin(ω·t). Measurement and prediction match very well, both in general
characteristic and in absolute values.
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3. Results
3.1. Preliminary Considerations

The basics of the resonance shift of a rotor-bearing system due to the increase in the
oil film stiffness with higher amplitudes can be explained using a simple rotor model. The
rotor model in Figure 7 consists of the rotor mass m, the elastic shaft ksha f t, the oil film
stiffness koil and the bearing support stiffness ksup.
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For calculating the natural frequency of the system, the resulting stiffness:

kres =
1

1/(2koil) + 1/
(
2ksup

)
+ 1/

(
ksha f t

) , (14)

is formed, whereas the lowest value for koil is the film stiffness of the bearing center.
Considering all these elasticities of the system, the lower resonance speed ω0,l can be
calculated by:

ω0,l =
√

kres/m =

√√√√ 1

1/(2koil) + 1/
(
2ksup

)
+ 1/

(
ksha f t

) 1
m

. (15)

Oil film stiffness koil increases with rising amplitudes of the journal. For high ampli-
tudes the oil film stiffness can be assumed as rigid and the upper resonance speed becomes:

ω0,u =

√√√√ 1

1/
(
2ksup

)
+ 1/

(
ksha f t

) 1
m

. (16)

Finally, the formula for the resonance ratio ω0,l/ω0,u is:

ω0,l

ω0,u
=

√
1

2ksup
+

1
ksha f t

/

√
1

2koil
+

1
2ksup

+
1

ksha f t
. (17)

Its solution is depicted in Figure 8 and depends on the both stiffness ratios: koil/ksha f t
and ksup/ksha f t. The resonance ratio is independent of the rotor mass. The curves in
Figure 8 show the shift of resonance with oil film stiffness (<100%) to the upper resonance
(=100%). A non-linear analysis should be considered for a low ratio of koil/ksha f t and a
high ratio of ksup/ksha f t due to a high possible shift of the resonance speed.
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The upper and lower resonance speed of an arbitrary rotor system described by
Equation (1) can be calculated in a similar way. The lower resonance speed is reached if
film stiffness and damping of the bearing center is used in the calculation. Since bearing
stiffness is composed of film stiffness and pivot stiffness, the upper resonance speed is
calculated if film stiffness is assumed to be rigid and only the pivot elasticity remains.
For this purpose, the pivot stiffnesses kpivot,i are summarized vectorially and averaged
appropriately, which leads to the resulting isotropic bearing stiffness for high orbit radii:

kbearing ≈ 0.5
Npad

∑
i=1

kpivot,i· cos2(τpivot,i
)

(18)

Herein, τpivot,i is the angular position of the pivot. The factor 0.5 in Equation (18) is
applied because approximately half the number of pads are loaded for high amplitudes.
On the opposite side, the film thickness of unloaded pads is high. Therefore, their film
stiffness is low, and pivot stiffness can be neglected for the circular orbit. Equation (18)
proved to be well suited for the consideration of the pivot elasticity in a linear analysis. The
result for an 8-pad bearing with identical pads is kbearing = 2kpivot and for a 4-pad bearing
kbearing = kpivot.

3.2. Investigation of a Hydro Plant Rotor

The rotor model of the investigated fictitious hydro unit is depicted in horizontal
representation in Figure 9. The active generator length extends over the sections 13 to 16
and the turbine is located in sections 35 to 37. An unbalance is placed in the middle of the
generator on node 15.
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In this design, three identical tilting-pad bearings with eight pads guide the powertrain.
The none-drive-end (NDE), the drive-end (DE), and the turbine bearing (TU) are located
on nodes 7, 20, and 33. Table 2 includes the most important rotor data.

Table 2. Rotor data.

Parameter Value

Total mass, t 70.4
Generator mass, t 59.7

Turbine mass, t 5.5
First critical speed, rigid bearings, 1/min 3120

Second critical speed, rigid bearings, 1/min 3493
Distance between bearings, m

(NDE-DE/DE-TU) 4.5/3.2

The bearing design parameters are summarized in Table 3. Four different bearing
variants are investigated. The geometry of the first three bearing variants can be transferred
into each other by adjusting the bearing clearance, which modifies the pad preload. The
fourth variant is identical to variant 1 but has a stiffer bearing support.

Table 3. Bearing design parameters.

Parameter All Variants Variant 1 Variant 2 Variant 3 Variant 4

Number of pads 8
Radial clearance, µm 150 200 250 150

Preload 0.9167 0.8889 0.8611 0.9167
Diameter, mm 800
Length, mm 210

Angular span of pads, ◦ 27
Bearing support stiffness, kN/µm, NDE 2 2 2 4
Bearing support stiffness, kN/µm, DE 3.33 3.33 3.33 6.66
Bearing support stiffness, kN/µm, TU 1.25 1.25 1.25 2.5

Pivot support stiffness of each pad, kN/µm 5
Pivot offset 0.5
Lubricant ISO VG 46

Supply temperature, ◦C 45

In the first instance, all investigations are carried out using the variant 1 bearing.
Figure 10 depicts the natural frequencies and their damping in a Campbell diagram. The
stiffness and damping of the bearing center are used. While the bearing stiffness increases
with rotor speed, the damping decreases. The modifications are most significant at low
speeds. Therefore, the eigenvalues also change predominantly in the low speed range. The
first critical speed is located at n ≈ 1700 rpm. Figure 10 additionally shows the shape
forms of the eigenfrequencies for the first and second critical speeds. The shape of the first
eigenvalue indicates that it can be excited by an unbalance located at the generator, whereas
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the second eigenvalue is particularly excited by a turbine unbalance. The second critical
speed is reached at n ≈ 2250 rpm. Since the machine operates in the subcritical regime,
the first critical speed is of practical importance. For these reasons, an unbalance located at
the generator (node 15) is assumed. To study the influence of the unbalance, the balance
quality grade G6.3 is used as reference, which leads to an unbalance of u = 3.6 m·kg. The
particular unbalance is specified as a percentage value of the G6.3 unbalance. Eigenvalues
change at low speeds.
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Figure 10. Campbell diagram of the rotor using bearing stiffness and damping of the bearing center; shape forms of the
natural frequencies of the first and second critical speed, variant 1.

Figure 11 includes the Bode plot for the absolute generator and turbine and the relative
bearing vibrations due to the unbalance of G6.3 (100%). The maximum resonance amplifi-
cation is reached at a rotor speed of n = 1720 1/min. At a rotor speed of n = 2240 1/min the
second resonance is reached. All amplitudes are given as 0-Peak value.
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Figure 12a compares the generator amplitudes of the linear (LIN) and non-linear
solution for the unbalance G6.3 (40%) and the variant 1 bearings in a run-up simulation.
For verification purposes, the nonlinear (NLIN) solution and the quasi-linear (QLIN)
solution are depicted. A very good approximation quality of the quasi-linear analysis can
be determined. The resonance speed increases from n = 1720 1/min to n = 1880 1/min
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compared to the linear analysis. Amplitudes are much higher than in the linear solution.
After passing the resonance speed the amplitude “jumps” in the supercritical regime with
low level amplitudes. The dashed line marks the path of the jump. In Figure 12b the
behavior of the run-up and the run-down can be seen. Between the run-up and the run-
down a hysteresis can be observed. Coming from the supercritical regime, the resonance
speed for the run-down is lower than the resonance speed for the run-up because the
bearings are less stiff at smaller amplitudes. A hysteresis only occurs when the unbalance
is sufficiently large.
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Figure 12. Generator amplitude response, unbalance G6.3 (40%) for linear (LIN), quasi-linear (QLIN) and non-linear (NLIN)
analyses (variant 1): (a) comparison of different analysis types; (b) hysteresis between the run-up and the run-down (QLIN).

Relative bearing amplitudes and bearing forces are depicted in Figure 13. They
correspond to the rotor amplitudes of Figure 12. For an unbalance of G6.3 (40%) the relative
bearing amplitudes of the NDE and the DE bearing already become larger than the nominal
bearing clearance of ∆R = 150 µm. The maximum bearing load is more than three times
higher than the linearly predicted one. Amplitudes and bearing loads of the TU-bearing
are much lower than in the other two bearings.
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(QLIN) analysis, unbalance G6.3 (40%), variant 1, run-up.

A circular orbit is assumed for the quasi-linear analysis. The calculation results of the
nonlinear analysis are now used to verify this assumption. Figure 14 shows the absolute
and the relative journal orbit in the DE-bearing for the balance quality G6.3 (40%). Two
operation points are depicted, the first is in the subcritical speed regime and the second is at
resonance speed. The relative journal orbit is smaller than the absolute journal orbit because
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of the elastic flexibility of the bearing support. At the subcritical operation point, absolute
and relative journal orbits are smaller than the bearing clearance. A circular orbit can be
observed. Even at the rotor speed of maximum resonance amplification the orbit remains
circular, although the relative orbit is larger than the nominal bearing clearance. This
behavior is feasible due to the pivot elasticity in particular. Consequently, the assumption
of a circular orbit is proven in the investigated range.
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Figure 14. Absolute and relative journal orbit of the DE-bearing (NLIN), unbalance G6.3 (40%); (a) rotor speed n = 1500
1/min; (b) n = 1880 1/min, variant 1.

The impact of unbalance on the characteristics of resonance speed is depicted in Figure
15 for the different 8-tilting-pad bearing design parameter. Variants 1, 2 and 3 differ only in
bearing clearance and, therefore, they have the same upper limit of n = 2031 1/min. The
smaller the clearance, the higher the lower limit of the resonance speed becomes. Variant
4 features the same clearance as variant 1 but a stiffer bearing support. Consequently,
upper and lower limits are higher. According to the deliberations of Section 3.1 the possible
resonance shift is bigger than the one of variant 1. Generally, the maximum resonance speed
comes close to the upper limit. The resonance speed cannot be calculated for any desired
high unbalance, because the damping becomes very small and, consequently, amplitudes
become very high.

When damping disappears at high unbalances, a quasi-stationary condition can no
longer be determined. However, a quick run-up through the resonance speed may still be
possible and can prevent a bearing damage.
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3.3. Application to Non-Cricular Orbits

Finally, an academic case is investigated in which the assumption of a circular journal
motion is no longer valid. For this, the number of pads is reduced to four and the pivot
stiffness is increased by 100 times. Table 4 includes the design parameter of the 4-tilting-pad
bearing. All other parameters agree with those of the 8-tilting-pad bearings in Table 3.

Table 4. Design parameters of the 4-tilting-pad bearing.

Parameter Value

Number of pads 4
Radial clearance, µm 150

Preload 0.9167
Angular span of pads, ◦ 55

Pivot support stiffness of each pad, kN/µm 500

Figure 16 compares the absolute amplitudes of the NDE bearing for different analysis
types and unbalances. Since a deviation from the circular orbit is expected, the time
averaged orbit radius is evaluated for the non-linear analysis. Resonance magnification
rises at a greater rate, with the increasing unbalance. The quasi-linear analysis still provides
a good approximation of the non-linear case.
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Figure 16. Absolute NDE bearing amplitudes for the 4-tilting-pad bearing for three different unbal-
ances and analysis types.

Absolute and relative journal orbits at the maximum resonance amplification and
maximum examined unbalance are depicted in Figure 17. As expected, the non-linear
calculation deviates from the circular orbit and fits the journal movability curve of the four
pads. Quasilinear analysis predicts a relative journal orbit that is alternately slightly larger
or smaller. Overall, the approximation quality proves to be very accurate.
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Figure 17. (a) Absolute and (b) relative journal orbit of the NDE 4-tilting-pad bearing, non-linear (NLIN) and quasi-linear
(QLIN) analysis, n = 2000 1/min, unbalance G6.3 (75%).

4. Discussion

The resonance speed of vertical aligned rotors can exhibit a significant dependence
on unbalance due to the stiffening of the bearing with increasing deflection. An upper
and a lower limit enclose the range of resonance speeds. These limits can be calculated by
linear rotor dynamic analyses. While the lower limit is obtained by taking into account the
lubricant film stiffness of the bearing center, the upper limit can be estimated by neglecting
the film stiffness. The actual resonance speed is located within this range and depends on
the unbalance. It can be estimated using linear rotor dynamics and global bearing stiffness
and damping. Assuming a circular journal orbit, the global coefficients can be calculated
with a typical thermo-hydrodynamic bearing code. The benefit of this procedure is the
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separation of rotor and bearing analysis which enables an easy exchange of the bearing
properties between two parties, for example bearing and plant manufacturer. Furthermore,
it provides the possibility of evaluating the non-linear bearing properties without the
execution of a rotor dynamic analysis.

The method is also faster compared to a time integration, especially if system damping
becomes small in the area of maximum resonance magnification. The exact amount of time
saved depends on many factors. Non-linear analysis takes longer if the system has more
degrees of freedom, if the damping ratio becomes low or if the system becomes stiff in the
mathematical sense. The computation time of the quasi-linear analysis is nearly completely
assigned to the determination of the global coefficients. The subsequent calculation of the
Bode diagram, on the other hand, consumes no significant computing time. Therefore, the
time saving of the quasi-linear analysis increases with the number of calculated operating
points. In the calculations performed here, the quasi-linear analysis was up to 50 times faster
than the non-linear analysis for a single Bode plot. If more operating points are calculated
for the same bearing, the quasi-linear analysis correspondingly becomes more efficient.

In this study, a typical hydro plant rotor guided by tilting-pad bearings was investi-
gated, whereby different bearing variants were examined. The variants differ in bearing
clearance, bearing support stiffness and the number of pads. With regard to the design
parameters, it is almost exclusively the elasticity ratios of the lubricant film, shaft and
support stiffness that are decisive in determining the resonance shift. Good results can be
achieved with the approximation procedure if the number of pads is high and the pivot
stiffness is low, as this effects nearly circular orbits. This is the case for many large-type
machines. The error theoretically becomes greater if the number of pads is small and at the
same time the pivot stiffness is high, or if static forces dominate over the unbalance forces.
Nevertheless, the analysis produces a good approximation of the synchronous amplitude,
even in the case of non-circular orbits, as shown for the four-pad tilting-pad journal bearing
in this study.
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Nomenclature
A orbit radius
A system matrix of the state space model
B input matrix of the state space model
c damping coefficient
C damping matrix
er,

.
et journal orbit radius and tangential orbit velocity

Fr, Ft film forces in radial and tangential direction
F0, F1, F2 viscosity factors
Fζ , Fη film forces/pivot forces in ζ and η direction
F force vector
F* modified force vector for non-linear analysis
G gyroscopic matrix
h local gap height
Jθ mass moment of inertia of a single pad
k stiffness coefficient
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koil oil film stiffness
kbearing bearing stiffness
kpivot pivot stiffness
kres resulting stiffness
ksha f t shaft stiffness
ksup support stiffness
Kx, Kz factors for turbulent flow approximation
K stiffness matrix
lζ , lη distance from pivot to center of gravity of the pad in ζ and η direction
m mass
Mθ,oil film moment with regard to the center of gravity of the pad
M mass matrix
n rotor speed
Npad number of pads
p film pressure
q state vector of the state space model
t time
T rotation matrix
u unbalance
U sliding velocity of the shaft
x displacement vector
x, y, z coordinates of the lubricant gap solution domain
xR, yR, zR coordinates of the rotor system
ζ, η, θ coordinates for the transversal motion of the pads
ζk, ηk, θk coordinates for the tilting motion of the pads
η dynamic viscosity of the lubricant
ρ∗ local fill factor
ω angular rotor speed
ω0 angular eigenfrequency
τpivot,i angular pivot position of the i-th pad

Abbreviations
DE drive end
NDE non-drive end
TU turbine end
LIN linear analysis
NLIN non-linear analysis
QLIN quasi-linear analysis
G6.3 balance quality G6.3 grade
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