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Abstract: Condensing boilers use waste heat from flue gases to pre-heat cold water entering
the boiler. Flue gases are condensed into liquid form, thus recovering their latent heat of vaporization,
which results in as much as 10%–12% increase in efficiency. Modeling these heat transfer phenomena is
crucial to control this equipment. Despite the many approaches to the condensing boiler modeling, the
following shortcomings are still not addressed: thermal dynamics are oversimplified with a nonlinear
efficiency curve (which is calculated at steady-state); the dry/wet heat exchange is modeled in a
fixed proportion. In this work we cover these shortcomings by developing a novel hybrid dynamic
model which avoids the static nonlinear efficiency curve and accounts for a time-varying proportion of
dry/wet heat exchange. The procedure for deriving the model is described and the efficiency of the
resulting condensing boiler is shown.
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1. Introduction

It is a well-known fact that energy used by buildings is responsible for over a third of Europe
and US global energy consumption and carbon dioxide (CO2) emissions which heavily contribute
to climate change [1]. One way to achieve reduced energy consumption in the building sector is via
better control, which has been estimated to provide a 10%–40% energy saving potential [2]. As every
control design starts from a good knowledge of the system to be controlled, in this work we will
focus on the development of a novel hybrid dynamic model for a very crucial equipment of today’s
buildings: condensing boilers. The relevance of the condensing boiler case arises from the fact that,
with respect to total heating, ventilating and air conditioning (HVAC) operations, boilers are estimated
to contribute to 85% of the energy consumption and 67% of the CO2 emissions [3]. Condensing boilers
are increasingly being adopted and due to their typical bimodal behavior (condensing, noncondensing
mode), modeling and control of condensing boilers is nontrivial and not completely explored yet.
The exit flue gas temperature of a conventional gas fired boiler is usually high and a great amount
of heat energy is lost to the environment. Condensing boilers aim at recovering both, the sensible
heat and the latent heat by adding a condensing heat exchanger (see Figure 1). Return water of the
heating system is used as the cooling medium of the condensing heat exchanger. As such, condensing
boilers achieve better performances when return temperatures from the heating system are lower
and above all, when these temperatures are below the dew temperature of the flue gas: this allows
recovering the latent heat of water vapor in the flue gas, so as to achieve significantly higher efficiency
levels than conventional boilers. The key point is maintaining a high difference between delivery and
return temperature. When this condition is not maintained, the boiler will operate in a non condensing
mode [4].
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Figure 1. Condensing boiler.

The development of analytical boiler models is the base of optimal boiler design and monitoring:
in [5] a simple model was developed to predict the seasonal efficiency of condensing boilers based on
the efficiency at full load evaluated at return water mean temperature. In [6] an analytical model of
heat and mass transfer processes in a flue gas condensing heat exchanger system was developed to
predict the heat transferred from flue gas to cooling water and the condensation rate of water vapor in
the flue gas. The main purpose of these models is to predict the boiler efficiency according to certain
choices of design parameters. In fact, the use of these models allows the computation of relevant
variables like flue gas exit temperature, cooling water outlet temperature, water vapor mole fraction,
and condensation rate of water vapor using the analytic model. Other condensing boiler models
have been developed in [7–11]. Despite the numerous modeling approaches, we can still identify
the following shortcomings in existing models:

• Thermal dynamics are either neglected or oversimplified with a nonlinear efficiency curve followed
by two point thermal nodes. It is important to point out that the efficiency curve is always calculated
by installers and specifiers of domestic/commercial heating systems, at steady-state. Therefore, it
might not be able to represent the dynamics of the boiler.

• The condensing/noncondensing behavior is either neglected or oversimplified with two heat
exchangers with a fixed proportion of dry/wet heat exchange. Required is a model that is
capable of capturing possible time-varying proportions of dry/wet heat exchange occurring
during dynamical behavior.

With this work we aim at overcoming these shortcomings. We develop a model which is able
to both, capture highly dynamic heat transfer behavior and describe the proportion of dry/wet heat
exchange according to the temperature of the return water. Due to its hybrid nature, the proposed
model paves a way for hybrid control of smart heating systems. In recent years this has been a fruitful
line of research, among the main contributions being the following [12–18]. In fact, boiler operation is
only one part of a bigger control system which regulates energy supply and demands in buildings:
different supervisory control architecture based on model predictive controllers, rule-based strategies
or other multiobjective optimization techniques [19–23].

The rest of the paper is organized as follows: Section 2 gives the basics of boiler functioning
and the heat exchanges involved during operation. Section 3 develops a hybrid dynamic model of
the condensing boiler. In Section 4 the simulation results are presented and analyzed and Section 5
concludes the work.
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2. Boiler Operation and Involved Heat Exchanges

This section focuses on the basics of the condensing boiler functioning and the various heat
transfer phenomena involved. As shown in Figure 1 the key boiler components involved are the burner,
combustion chamber, two portions of the heat exchanger and stack. The burner mixes the fuel and
oxygen together and, with the assistance of an ignition device, provides a platform for combustion.
The combustion reaction taking place in the combustion chamber with 15% excess air is given as:

CH4 +
2

0.85
O2 +

7.56
0.85

N2 → CO2(g) + 2H2O(g) + 8.89N2(g) + 0.353O2(g) (1)

The combustion gas consists of the products of Equation (1) in the volume composition given
by: 8.17% of CO2 (Carbon dioxide), 16.33% of H2O (Water Vapor) , 2.88% of O2 (Oxygen) and 72.62%
of N2 (Nitrogen). The combustion gas/exhaust gas moves through the heat exchanger transferring
heat to the cold return water in the process. An idealized heat exchanger involving heat exchange of
combustion gas on one side and water on the other side can be described as shown in Figure 2.

Figure 2. Ideal heat exchanger (edited from [24]).

The heat exchanger consists of four zones namely combustion gas, extended surface, tube wall and
water. It is assumed that the thermal resistances of the tube wall and extended surface materials can be
neglected. The basis for the assumption is that thermal resistances of the tube wall and extended surface
materials (cast steel or aluminium) can be neglected as compared to the thermal resistance of water
and gas. Therefore, if the extended surface temperature gradient is accounted for by an effectiveness
term, heat transfer from combustion gas will be with reference to extended surface temperature and
the heat transfer from water will be with respect to tube wall surface temperature. The evolution of
combustion gas temperature Ta in (◦C) is given by [24]:

∂Ta

∂t
= − wa

ρa Aa f

∂Ta

∂l
− hoDo

Caρa Aa f
(Ta − Tf ) (2)

where the first term represents the heat exchange within the combustion gas side and the second term
represents the heat exchange with the extended surface temperature Tf in (◦C). In Equation (2) Ca is
the thermal capacitance of the combustion gas in (kJ/kg◦C), wa is the mass flow rate of the combustion
gas with respect to equivalent free flow area in (kg/s), ho is the surface convection coefficient for
the effective combustion gas side in (kW/m2 ◦C), Do is the combustion gas side perimeter of the heat
transfer surface in (m), ρa is the combustion gas density in (kg/m3) and Aa f is the effective free flow
area on the combustion gas side in (m2). The evolution of water temperature Tw in (◦C) is given by [24]:

∂Tw

∂t
=

ww

ρw Aw f

∂Tw

∂l
− hiDi

Cwρw Aw f
(Tw − Tt) (3)
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where the first term represents the heat exchange within the water side and the second term represents
the heat exchange with the tube wall temperature Tt in (◦C). In Equation (3) Cw is the thermal
capacitance of water in (kJ/kg◦C), ww is the mass flow rate of water with respect to equivalent free flow
area in (kg/s), hi is the tube internal surface convection coefficient on the water side in (kW/m2 ◦C),
Di is the water side perimeter of the heat transfer surface in (m), ρw is the water density in (kg/m3) and
Aw f is the effective free flow area on the water side in (m2). The evolution of tube wall temperature is
given by [24]:

dTt

dt
= − hi

Ctρtdt
(Tt − Tw)−

(Tt − Tf )

CtρtdtRt f
(4)

where the first term represents heat exchange with the water temperature and the second term
represents heat exchange with extended surface temperature. In Equation (4) ρt is the density of tube
wall material in (kg/m3), Ct is the thermal capacitance of the tube wall material in (kJ/kg◦C), dt is
the tube wall thickness in (m) and Rt f is the thermal resistance between tube wall and extended surface
core in (m2 ◦C/kW). The evolution of extended surface temperature is given by [24]:

dTf

dt
= − ho

C f ρ f d f
(Tf − Ta)−

Di
C f ρ f d f Rt f

(Tf − Tt) (5)

where the the first term represents heat exchange with the combustion temperature and the second term
represents heat exchange with tube wall temperature. In Equation (5) ρ f is the density of extended
surface material in (kg/m3), C f is the thermal capacitance of the extended surface material in (kJ/kg◦C)
and d f is the extended surface wall thickness in (m). Notice that Equations (2)–(5) are sensible heat
balance equations.

Depending on the cold return water temperature, the condensing boiler operates in two modes,
namely: condensing and non condensing modes. Correspondingly, there are two types of heat
exchange (dry and wet heat exchange) involved in the heat exchanger which will be explained in the
subsequent sections. A condensate drain is installed to collect the condensed water vapor. Hot water
produced by a boiler is typically pumped through pipes and delivered to equipment throughout the
building, which can include hot water coils in air handling units, service hot water heating equipment,
and terminal units [25]. Flue gas exits the boiler through a stack.

Remark 1. Summarizing, all the temperatures are functions of both space and time. As such we end up with
a set of partial differential Equations (2)–(5). In order to obtain a more tractable model, we perform a spatial
discretization of Equations (2)–(5), which will result in a set of ordinary differential equations which are functions
of time. A temporal discretization at this point is not necessary, because the resulting model can be easily handled
by ordinary differential equation initial value problem solvers (e.g., implemented in MATLAB R©/Simulink R©).

3. Dynamic Thermal Modeling

The partial differential equations of the sensible heat balance on the combustion gas side given by
Equation (2) and water side given by Equation (3) are spatially discretized to obtain a model suitable
for simulation and analysis. As shown in Figure 2 the heat exchanger can be discretized into n elements.
The temperature of combustion gas, water, tube wall and extended surface has to be divided into
smaller elements Ta,w,t, f x

for x ∈ 1, 2, . . . , n, each one modeled as a separate state. Due to the fact that
the inlet gas and the return water are inputs to the boiler and to the fact that the water is in counter flow
to the gas flow, we use backward discretization in space for the water side and forward discretization
in space for the flue gas side. For the non-condensing mode, the resulting equations are as follows:
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dTax

dt
= − wa

ρax Aa f ∆l
(Tax − Tax−1)−

hoDo

Caρax Aa f
(Tax − Tfx ) (6)

dTwx

dt
=

ww

ρw Aw f ∆l
(Twx+1 − Twx )−

hiDi
Cwρw Aw f

(Twx − Ttx ) (7)

dTtx

dt
= − hi

Ctρtdt
(Ttx − Twx )−

(Ttx − Tfx )

CtρtdtRt f
(8)

dTfx

dt
= − ho

C f ρ f d f
(Tfx − Tax )−

Di
C f ρ f d f Rt f

(Tfx − Ttx ) (9)

Note that Tax in (◦C) is the state corresponding to the combustion gas temperature in element
x, Tfx in (◦C) is the state corresponding to the extended surface temperature in the element x,
Twx in (◦C) is the state corresponding to the water temperature in the element x, Ttx in (◦C) is the state
corresponding to the tube wall temperature in the element x, Twx+1 in (◦C) is the water temperature
in the element x + 1, ρax in (kg/m3) is the density of combustion gas in the element x, Tax−1 in (◦C)
is the combustion gas temperature in the element x − 1 and ∆l is the length of the element in (m).
Notice that in Equation (6) the density of combustion gas varies from element to element as the boiler
is a constant-pressure combustion system.

Reduced flue gas temperature is what causes condensation in a boiler. The point at which
condensing will occur, also called the dew point of the products of natural gas combustion, is about
54.4 ◦C [26]. Above this temperature, the moisture en-trained in flue products as water vapor will
remain vaporized. The heat transfer phenomenon occurring under this condition is called dry exchange
and the boiler is said to operate in non condensing mode. The (spatially discretized) heat transfer
associated with the combustion gas, extended surface, tube wall and water during dry exchange are
given by Equations (6)–(9).

Below 54.4 ◦C, the water vapor will change phase and condense out of the flue products as liquid.
When this phase change occurs, additional energy is released which is beyond the sensible heat of
the flue products. In a boiler, this phase change occurs on a heating surface and the released energy
transfers through the heating surface into the boiler water on the other side. By capturing this energy,
which is lost out of the exhaust stack in a typical boiler, a condensing boiler gains in efficiency [26].
The higher efficiency in condensing boilers is due to the condensation of water vapor and the
consequent use of latent heat to reheat the return water. Naturally, the products of combustion cannot
be reduced in temperature to 54.4 ◦C unless the heating surfaces in the boiler are also at temperatures
less than or equal to 54.4 ◦C. The only way to accomplish this is to have an entering boiler water
temperature of less than or equal to 54.4 ◦C. When, the return water temperature is less than or equal
to 54.4 ◦C the boiler is said to operate in condensing mode and the various heat transfer phenomenon
occurring in this mode are called wet exchange. The (spatially discretized) heat transfer associated
with the combustion gas, extended surface, tube wall and water during wet exchange are as follows:

dTax

dt
= 0 (10)

dTwx

dt
=

ww

ρw Aw f ∆l
(Twx+1 − Twx )−

hiDi
Cwρw Aw f

(Twx − Ttx ) (11)

dTtx

dt
= − hi

Ctρtdt
(Ttx − Twx )−

(Ttx − Tfx )

CtρtdtRt f
(12)
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dTfx

dt
= − ho

C f ρ f d f
(Tfx − Tax )−

Di
C f ρ f d f Rt f

(Tfx − Ttx ) + Pcond (13)

Observe that the flue gas temperature never goes below 54.4 ◦C in which case, it would change
phase while keeping its temperature constant, i.e. releasing an equivalent amount of heat so as to make
the derivative of the flue gas temperature zero as shown in Equation (10). Therefore, the term Pcond is
calculated by assuming phase change of flue gas at constant temperature:

Pcond =
wa

ρax Aa f ∆l
(Tax − Tax−1) +

hoDo

Caρax Aa f
(Tax − Tfx ) (14)

Remark 2. As the heat transfer equations are modeled in such a way that they can switch between dry or wet
exchange as dictated by the cold return water temperature, the resulting model is hybrid: note that with “hybrid”
we mean the concept, typically used in systems and control theory, of a hybrid dynamical system, i.e., a dynamic
system that exhibits both continuous and discrete dynamic behavior—a system that can both flow and change
regime. In particular, in the proposed approach, the change of regime is given by the flue gas reaching its dew
point and changing phase. Thereby the proposed modeling approach captures the bimodal behavior exhibited by a
typical condensing boiler.

The condensing boiler model has been built in MATLAB R©/Simulink R© and consists of
five elements (n = 5) for the heat exchanger. The proposed modeling approach is modular so that
the user can add and remove as many elements as desired, thereby making the discretization fine or
coarse. In every element the heat exchange equations associated with the combustion gas, extended
surface, tube wall and water are modeled in such a way that the heat transfer is governed by either
dry exchange Equations (6)–(9), or wet exchange Equations (10)–(14) as dictated by the cold return
water temperature. As the equations associated with dry and wet exchange are continuous functions
of time, the resulting model is dynamic in nature.

4. Simulation Results and Analysis

The efficiency of the boiler is the main factor in the overall efficiency of a domestic/commercial
central heating system. To calculate the efficiency it is essential to find the input power supplied and
the output power. The input power Pin in (kW) is given by:

Pin = wngHv (15)

where wng is mass flow rate of the natural gas in (kg/s) and Hv is heating value of natural gas in
(kJ/kg). The output power is given by [27]:

Pout = wwCw(Tsup − Tret) (16)

where Tsup in (◦C) is the hot supply water temperature leaving the boiler and Tret in (◦C) is cold
return water temperature entering the boiler. The ratio of Pout and Pin gives efficiency (%) of the
condensing boiler:

E f f iciency =
Pout

Pin
· 100 (17)

To calculate the efficiency, steady state experiments are performed on the MATLAB R©/Simulink R©

model of the condensing boiler. Initially mass flow rate of natural gas (wng), water mass flow rate (ww)
and return water temperature (Tret) are kept fixed and a long simulation is run till steady state has been
reached for Pout and Pin. Once steady state is reached, Pout and Pin are calculated and consequently the
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efficiency is obtained using Equation (17). The steady state experiment is repeated for different values
of return water temperature (Tret) varying from 20 ◦C to 70 ◦C. The resulting efficiency is plotted as
a function of return water temperature for two firing rates in Figure 3. In order to validate the model,
we compared the efficiency of the proposed model with the efficiency of a real condensing boiler,
namely a CREST Condensing Boiler by Lochinvar, whose efficiency curve and boiler parameters can
be found in [28,29]. From Figure 3 we can observe a good match between the efficiency curves of a real
boiler and the proposed model, thereby validating the model.

Figure 3. Effect of return (inlet) water temperature on efficiency of condensing boiler.

Analyzing the efficiency curve of the proposed model for 100% firing rate in Figure 4, it can
be observed that the efficiency curve piece-wise resembles the typical condensing boiler efficiency
curve given in literature [25]. Also from Figure 4 it can be seen that when return water temperature is
below the dew point of exhaust gas, greater efficiency is achieved as expected for a typical condensing
boiler. Above the dew point temperature, the boiler operates in non condensing mode and thus
has lower efficiency and below the dew point temperature the boiler operates in condensing mode
and consequently has a greater efficiency. Thus, the bimodal behavior of a condensing boiler is also
exhibited in Figure 4.

Figure 4. Effect of return (inlet) water temperature on efficiency of condensing boiler.
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Further, results of the evolution of supply water and the return water (inlet) temperature as
a function of time of the dynamic model is shown in Figure 5. To be noted is that the return water
temperature used for comparison is obtained from experimental data published in [8,10]. As evident
from Figure 5, a close match is obtained between real data and the proposed model.

Figure 5. Effect of supply and return water (inlet) temperature as a function of time.

5. Conclusions

Modeling heat transfer phenomena in condensing boilers is crucial to improve their efficiency
via better controls. In this work, we have shown a novel condensing boiler modeling approach with
the following characteristics: contrary to the state of the art, the nonlinear efficiency curve is obtained
via a hybrid modeling approach, rather than fixing a priori, a polynomial nonlinear efficiency curve
(which is typically calculated at steady-state); contrary to the state of the art, the dry/wet heat exchange
is modeled in a time varying proportion (depending on the return water temperature). The procedure
for deriving the model has been described which results in a hybrid dynamical model. The efficiency
of the resulting condensing boiler has been shown, highlighting the typical bimodal behavior of
condensing boilers.
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