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Abstract: This work investigates the issue of a hybrid trajectory tracking control algorithm (HTCA) for
robot manipulators (RMs) with uncertain dynamics and the effect of external disturbances. Following
are some proposals for achieving the control target. Firstly, to achieve the active disturbance rejection,
we propose a uniform second-order sliding mode disturbance observer (USOSMDO) to obtain directly
the lumped uncertainties without their prior upper-bound information. Secondly, a fixed-time
singularity-free terminal sliding surface (FxSTSS) is proposed to obtain a fixed-time convergence of
the tracking control error (TCE) without the singularity in the control input. Then, using information
on the proposed USOSMDO, our HTCA is formed based on the FxSTSS and the fixed-time power
rate reaching law (FxPRRL). The control proposal not only stabilizes with the global fixed-time
convergence but also attains high tracking accuracy. In addition, the chattering problem also is
handled almost completely. Finally, numerical simulations verify the effectiveness and advantages of
applying the proposed HTCA to a FARA robot.

Keywords: geometric homogeneity; Lyapunov stabilization; Samsung FARA-AT2 robot; solidworks

1. Introduction

Academics and industries have become increasingly interested in RMs due to their
widespread use in a variety of fields, for example, the automotive industry, military, space
and ocean exploration, logistics and storage, etc. In general, it is challenging to obtain
accurate information on dynamical models for robot control, mainly because dynamics
have complex structures. The performance and stability of the control system are ad-
versely affected by unidentified nonlinearities. When the unknown external disturbance
is factored in or the dynamics model contains uncertainties, the problem becomes even
more challenging.

The RMs can be controlled with a variety of control strategies, such as computed
torque control (CTC) [1], PID [2], sliding mode control (SMC) [3,4], adaptive control
(AC) [5], soft computing-based SMC [6], etc, to improve their performance, reliability,
and safety. SMC has gained considerable attention for addressing these disturbing factors
and achieving purposes of perturbation attenuation. Asymptotic stability of the control
system can only be achieved with conventional SMC regulations for RMs based on linear
sliding surface (LSS), whereas achieving high-accuracy tracking control within a finite-time
frame is necessary. Due to parasitic dynamics and the time delay of switching control law,
undesirable chattering will happen in the sliding stage of the SMC. As a result of these
problems, the use of a large sliding value will lead to severe chattering. Chattering can
be attenuated using several methods, including boundary layer technique (BLT) [4], high-
order SMC (HOSMC) [7], continuous approximations (neural network (NN) [8] or fuzzy
logic system (FLS) [9]), and modified reaching laws [10,11]. One effective reaching law for
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attenuating chattering is the power rate reaching law (PRRL) since the discontinuous term
is wholly removed. Consequently, the SMC based on the PRRL has gained great attention
since its introduction.

To enhance the performance of asymptotic stabilization systems, finite-time control
was introduced for nonlinear systems or RMs. Compared to the asymptotically stable
systems, the finite-time stable system provides better performance in terms such as tracking
accuracy and convergence. There are two main types of approach: geometric homogene-
ity [12–14] and the Lyapunov stabilization [15–18]. According to the first method, the ho-
mogeneous system of degree k exhibits finite-time stability if its origin is asymptotically
stable and owns a negative degree of homogeneity [13]. Researchers pay more attention to
the second technique due to the intrinsic uncertainty of the system dynamics, as well as
the external disturbances affecting the system. In order to achieve stability and finite-time
convergence with SMC algorithms, nonlinear sliding surfaces have been introduced to
replace traditional linear surfaces. For example, the trajectory tracking techniques for RMs
with finite-time convergence was developed in Refs. [19,20] using Lyapunov stabilization
criteria and nonsingular terminal SMC (NTSMC). The introduced algorithms are capable
of handling uncertain dynamics and unbounded disturbances in finite time. In Ref. [21],
to ensure the finite-time convergence of the RMs’ trajectory, an AC was synthesized by
transforming a Lyapunov function into a non-Lipschitz one. Ref. [22] presented a T-S fuzzy-
model-based finite-time SMC for mechanical systems despite the presence of uncertain
dynamics and external disturbance environments and it was applied to the robot. Ref. [23]
proposed an AC based on NN for providing finite-time convergence of trajectories without
using joint acceleration signals for RMs. Although each of these methods has provided a
finite-time control performance, the convergence performance was affected by the initial
conditions of the system states. Initially, fixed-time stability was proposed by Ref. [24],
which extended the finite-time stability. Stabilization time in a fixed-time stable system can
be pre-limited regardless of the initial states of the controlled system. Therefore, fixed-time
stabilization methods are potential candidates for high-performance applications. Recently,
this method has been widely applied in many fields and many subjects, such as RMs [25,26],
uncertain surface vessels [27], spacecrafts [28], and other mechanical systems [29].

There have been numerous disturbance observers developed to provide an accurate
estimation of disturbance information for the nonlinear systems [30–35]. In the field of
robot control, the observer is widely used to approximate unknown internal dynamics and
external disturbances. Other observers were used in active fault-tolerant controllers [19,36].
Sliding mode observer (SMO) is more robust than other observers; it obtains smaller es-
timation errors. Unfortunately, because of using a discontinuous function, this method
generates chattering. Therefore, higher-order sliding mode observer (HOSMO) has been de-
signed for the purpose of eliminating chattering [37,38]. It is unfortunate that conventional
HOSMOs do not allow fixed-time convergence. As a result, we developed a disturbance ob-
server capable of reconstructing the disturbance information and guaranteeing fixed-time
convergence in this paper.

Motivated by the above discussions, the purpose of the work is to investigate the issue
of the HTCA with fixed-time performance for RMs with uncertain dynamics and the effect
of external disturbances. The significant novelties and contributions from our work can be
given as:

• The goal of attenuating the total uncertainties has been thoroughly solved with the
proposal of USOSMDO. The observer not only accurately approximates the unknown
components but also obtains them in fixed time.

• The FxSTSS is proposed to form a fixed-time convergence for the TCE to the
sliding surface.

• For the design of the FxPRRL, we used a simple tuning function. In a bounded amount
of time, the TCEs rapidly approaches the sliding surface thanks to this technique.
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• The control proposal not only stabilizes with the global fixed-time convergence but
also attains higher tracking accuracy compared to some state-of-the-art control systems
such as SMC [39] and NFTSMC [40].

• The chattering problem is thoroughly addressed.
• Proof of the stability and settling time of the introduced techniques was

sufficiently yielded.

The content of this paper is organized into five main sections. The first piece of
content is the introduction. Section 2 is problem formulation. Section 3 provides the
control. A discussion of simulated performance on a 3-DOF FARA-AT2 robot is presented
in Section 4. Section 5 provides the conclusions from the obtained results of the study.

Some notions are provided for the reader’s convenience in our paper. Rn is the real
n-dimensional space; Rn×m is the set of m by n real matrices; ·T is the transpose of; ‖·‖ is
Euclidean norm of; |·| is absolute value of; dycµ = |y|µsign(y); d

dt dyc
µ = µ|y|µ−1 .

y.

2. Problem Formulation
Description of Robot Manipulator Dynamics

The dynamics of an n-degree-of-freedom (DOF) robot manipulator are defined as [41]:

M(θ)
..
θ + C(θ,

.
θ)

.
θ + G(θ) + Ff (

.
θ) + δ = τ, (1)

where
..
θ,

.
θ, θ ∈ Rn×1 are, respectively, acceleration vector, velocity vector, and position vector.

M(θ) ∈ Rn×n, C(θ,
.
θ) ∈ Rn×n, and G(θ) ∈ Rn×1 represent the inertia matrix, the centripetal-

Coriolis matrix, and gravitation force vector, respectively. Ff (
.
θ) ∈ Rn×1 is interior friction

vector, δ represents exterior disturbance vector, and τ ∈ Rn×1 is torque vector.
The existence of uncertainties in the RMs is inevitable. Therefore, Equation (1) is fully

expressed in the below form:

(Mc(θ) + M∆(θ))
..
θ + (Cc(θ,

.
θ) + C∆(θ,

.
θ))

.
θ + (Gc(θ) + G∆(θ)) + Ff (

.
θ) + δ = τ, (2)

where M∆(θ), C∆(θ,
.
θ), G∆(θ), and Ff (

.
θ) are unknown dynamics of the robot. Mc(θ),

Cc(θ,
.
θ), and Gc(θ) are the calculated value of M(θ), C(θ,

.
θ), and G(θ). The lumped un-

certainty can be considered a new variable. As a result, Equation (2) is transformed into:

Mc(θ)
..
θ + Cc(θ,

.
θ)

.
θ + Gc(θ) +ψ = τ, (3)

where ψ = M∆(θ)
..
θ + C∆(θ,

.
θ)

.
θ + G∆(θ) + Ff (

.
θ) + δ is the lumped uncertainty.

For the purpose of tracking trajectories, these dynamic models must take into account
nonmodular dynamics, coupled nonlinear dynamics, external disturbances, and parametric
variations, all of which require robust control. Moreover, providing robots with superior
control performance is not an easy matter. Therefore, the main purpose of the paper
is to form a control system for RMs that not only stabilizes with the global fixed-time
convergence but also attains better control performance compared to some state-of-the-art
control systems, such as SMC and NFTSMC.

3. Control Design Preparation
3.1. Preliminaries

The following are some preliminaries regarding the finite-time stability/fixed-time
stability and Lemmas.

Consider the following system

ẏ = f (y(t)), y(0) = y0, f (0) = 0, y ∈ Ω ⊂ Rn, (4)

where f : Ω× R+ → Rn is a continuous function in an open neighborhood Ω of the origin
y = 0.
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Definition 1 ([42]). In Equation (4), the system’s origin is (locally) finite-time stable if it is Lya-
punov stable and there is a convergence time function T(y0) > 0 satisfying limt→t0+T y(t, y0) = 0
for any initial condition y0 ∈ Ω at t0.

Definition 2 ([42]). The system (4) is termed the fixed-time stability if it is the finite-time sta-
bility and the convergence time function T(y0) is bounded by a positive number Tmax, that is
T(y0) ≤ Tmax.

Lemma 1 ([43,44]). Consider the system, if there exist some constants 0 < ρ0 < 1 and κ0 > 0
such that

.
L(y) ≤ −κ0Lρ0(y), where L(y) is the selected Lyapunov function, then the origin of the

system (4) is a finite time stable.

Lemma 2 ([42]). For a scalar system

ẏ = −ψ0dycµ0 − κ0dycρ0 , (5)

where ψ0 > 0, κ0 > 0, µ0 > 1 and 0 < ρ0 < 1. This system is fixed-time stable and its convergence
time T(y0) is a bounded function by: T(y0) < Tmax , 1

ψ0(µ0−1) +
1

κ0(1−ρ0)
.

Lemma 3 ([34,45]). For the system{
ẋ0 = −Π1Ψx0 + x1
ẋ1 = −Π2Ψx1 − ḋ

, (6)

where Ψx0 = dx0c
1
2 + Adx0c

3
2 and Ψx1 = 1

2dx0c0 + 2Ax0 +
3
2 A2dx0c2. If A > 0,

∣∣ḋ∣∣ ≤ dmax,
dmax is a positive constant, and Π1 and Π2 are obtained from the set:

Π =

{
(Π1, Π2) ∈ R2

∣∣∣0 < Π1 ≤ 2
√

dmax , Π2 >
Π2

1
4

+
4d2

max

Π2
1

}
∪
{
(Π1, Π2) ∈ R2

∣∣∣Π1 > 2
√

dmax , Π2 > 2dmax

}
.

Then, the states x0 and x1 will be converged to zero within a fixed time T0 [45].

3.2. Design of an USOSMO

The objective of this subsection is to design a USOSMO that estimates all uncertain
terms directly. A developed observer converges in finite time for bounded uncertain terms
and for all initial conditions, with a uniformly bounded convergence time.

Transforming Equation (3) into the following form:

..
θ = V(θ)τ + H(θ,

.
θ) + φ, (7)

where H(θ,
.
θ) = −M−1

c (θ)(Cc(θ,
.
θ)

.
θ + Gc(θ)), V(θ) = M−1

c (θ), and φ = −M−1
c (θ)ψ.

In the state space, Equation (7) becomes{ .
y1 = y2.
y2 = V(y1)τ + H(y1, y2) + y3

, (8)

where y1 = θ ∈ Rn, y2 =
.
θ ∈ Rn, and y3 = φ.

For the system (8), the USOSMO is designed to achieve precisely the estimation of the
lumped uncertainty: 

ỹ2 = y2 − ŷ2
˙̂y2 = V(y1)τ + H(y1, y2) + ŷ3 + ξ1Ψ1(ỹ2)

˙̂y3 = −ξ2Ψ2(ỹ2)
, (9)
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where Ψ1(ỹ2) = [ỹ2]
1
2 + γ[ỹ2]

3
2 and Ψ2(ỹ2) =

1
2 [ỹ2]

0 + 2γỹ2 +
3
2 γ2[ỹ2]

2. y2 has an approxi-
mate value of ŷ2. ξ1, ξ2, and γ represent the observer’s parameters. ξ1 and ξ2 are selected
based on Lemma 3.

The synthesis of the USOSMO is described by the below theorem.

Theorem 1. For the robot system described as Equation (8), if the condition | .y3| ≤ dmax is satisfied,
dmax is a positive constant, then the estimated value ŷ3 from USOSMO output (9) will attain the
true value y3 in fixed time.

Proof of Theorem 1. The USOSMO’s output errors are determined by{
ỹ2 = y2 − ŷ2
ỹ3 = ŷ3 − y3

. (10)

By utilizing Equation (9), we can find the derivative of Equation (10) based on time,
as follows: { ˙̃y2 = −ξ1Ψ1(ỹ2) + ỹ3

˙̃y3 = −ξ2Ψ2(ỹ2)− ẏ3
, (11)

where ỹ3 is the USOSMO’s estimation error.
Take a look at Equation (11), it is a uniformly exact convergent according to Lemma 3.

That means ỹ2 = 0 and ỹ3 = 0 in fixed time T0 as Lemma 3.
This proof is completed.

3.3. Design of FxSTSS

Define, respectively, the position and velocity control errors as y1e = y1 − y1d and
y2e = y2 −

.
y1d. ye =

[
y1e y2e

]T is vector of the TCE. Therefore, Equation (8) is recon-
structed as { .

y1e = y2e.
y2e = V(y1)τ + H(y1, y2) + y3 −

..
y1d

. (12)

To obtain singularity-free and provide fixed time convergence, the novel FxSTSS is
proposed as follows:

s = y1e +
1

κ
1

ρ1
1

[
ψ1dy1ecµ1 +

.
y1e
] 1

ρ1 , (13)

where ψ1 > 0, κ1 > 0, µ1 > 1, and 1
2 < ρ1 < 1.

In the control system design subsection, we will examine the singularity problem
formed from the sliding surface with a detailed analysis.

When the FxSTSS (13) converges to zero, s = 0, we can obtain

.
y1e = −ψ1dy1ecµ1 − κ1dy1ecρ1 . (14)

In the same way that Lemma 2 stated, the FxSTSS (13) possesses the same characteris-
tics as the sliding surface in Ref. [42]. Therefore, it achieves a fixed-time convergence with
the settling time T(ye0) < Tmax , 1

ψ1(µ1−1) +
1

κ1(1−ρ1)
, ye0 = ye(0).

3.4. Design of the Proposed HTCA

Set Υ = ψ1dy1ecµ1 +
.
y1e, so, |Υ|

1
ρ1
−1

=
[
ψ1dy1ecµ1 +

.
y1e
] 1

ρ1
−1. Then, differentiating

the FxSTSS (13) according to time, we obtain

.
s =

.
y1e +

1

κ
1

ρ1
1

1
ρ1
|Υ|

1
ρ1
−1
(

ψ1µ1dy1ecµ1−1 .
y1e +

..
y1e

)
. (15)
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Inserting (12) into (15) yields

.
s =

.
y1e +

1

κ
1

ρ1
1

1
ρ1
|Υ|

1
ρ1
−1
(

ψ1µ1dy1ecµ1−1 .
y1e + V(y1)τ + H(y1, y2) + y3 −

..
y1d

)
. (16)

Based on Equation (16), an overview of the proposed HTCA is synthesized below

τ = τeq + τob + τr, (17)

where

τeq = −V+
(

ψ1µ1dy1ecµ1−1 .
y1e + H(y1, y2)−

..
y1d

)
−V+κ

1
ρ1
1 ρ1|Υ|

1− 1
ρ1

.
y1e,

τob is provided by Observer (9)
τob = −V+ŷ3,

and τr is the FxPRRL

τr = −V+κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2sign(s).

V+ is the pseudo inverse of the V. κ2, ψ2 > 0, and 0 < ρ2 < 1 are constants.

Remark 1. With the sliding surface designed in Equation (13), the τeq exists the term |Υ|1−
1

ρ1
.
y1e.

Interestingly, this term does not produce a singularity. When
.
y1e 6= 0, y1e = 0, we have

| .y1e|
1− 1

ρ1
.
y1e ≥

.
y

2− 1
ρ1

1e , 2− 1
ρ1

is a positive power term.

Theorem 2. Using the estimated disturbance ŷ3 from the observer (9), the FxSTSS (13), and the
FxPRRL τr, the controller (17) will provide convergence and stability for the robot system (8) within
a fixed time.

Remark 2. The stabilization process of this method is summarized into three phases as follows:
firstly, the estimated value of disturbance ŷ3 from USOSMO output (9) will attain the true value of
disturbance y3 in fixed time, that means ŷ3 = y3, i.e., ỹ3 = 0; secondly, the TCEs will be converged to
the FxSTSS with the bounded reaching time as Tr < Tmax , π

2κ2ψ2(1−ρ2)
; finally, the TCEs maintain

along the FxSTSS to equilibrium with settling time T(ye0) < Tmax , 1
ψ1(µ1−1) +

1
κ1(1−ρ1)

.

Proof of Theorem 2. Adding (17) to (16) obtains

.
s = −κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2sign(s)− ỹ3. (18)

After the first phase, ỹ3 = 0, so,
.
s = −κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2sign(s).

Choosing a candidate Lyapunov function as L = 1
2 s2 then, differentiating it,

one obtains .
L = −s

(
κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2sign(s)

)
= −κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2+1

≤ −κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2+1

≤ −κ2|s|ρ2+1 = −
√

2κ2(L)
ρ2+1

2

. (19)
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Note that 0 < ρ2 < 1; then, we have 0 < ρ2+1
2 < 1. Thus, the origin s is globally

finite-time stable according to Lemma 1. The reaching time can be computed by solving
differential Equation (18) with ỹ3 = 0:

.
s = −κ2

(
1 + ψ2

2 |s|2(1−ρ2)
)
|s|ρ2sign(s). (20)

Rewriting Equation (20) as

ψ2(1− ρ2)|s|−ρ2

1 + ψ2
2 |s|2(1−ρ2)

sign(s)ds = −κ2ψ2(1− ρ2)dt. (21)

Defining Tr = T(s0) to be the settling time that is gained by solving Equation (20).
Integrating Equation (21) from the time 0 to Tr gives

s(Tr)∫
s(0)

ψ2(1− ρ2)|s|−ρ2

1 + ψ2
2 |s|2(1−ρ2)

sign(s)ds =
Tr∫

0

−κ2ψ2(1− ρ2)dt. (22)

If s > 0 for 0 ≤ t ≤ Tr, then

arctan
(

ψ2s1−ρ2
)∣∣∣s(Tr)

s(0)
= −κ2ψ2(1− ρ2)t|Tr

0 . (23)

We have s(Tr) = 0, so

− arctan
(

ψ2s1−ρ2
0

)
= −κ2ψ2(1− ρ2)Tr. (24)

Consequently, Tr can be given as

Tr =
arctan

(
ψ2s1−ρ2

0

)
κ2ψ2(1− ρ2)

. (25)

If s < 0 for 0 ≤ t ≤ Tr, then Tr can be obtained with the same way of calculation

Tr =
arctan

(
ψ2(−s0)

1−ρ2
)

κ2ψ2(1− ρ2)
. (26)

Therefore, the settling time is

Tr =
arctan

(
ψ2|s0|1−ρ2

)
κ2ψ2(1− ρ2)

< Tmax ,
π

2κ2ψ2(1− ρ2)
. (27)

The proof has been fully confirmed.

Figure 1 shows the proposed control structure.
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Figure 1. Proposed control structure.

4. Simulations

This section shows and discusses the simulation performance from three different
methods, including the suggested synthesis, the conventional SMC, and NFTSMC on the
designed 3-DOF FARA-AT2 robot. SOLIDWORKS is used to build the mechanical model
of this robot. A geometric graphic model of the FARA-AT2 robot is depicted in Figure 2.
The geometry parameters are taken from the Samsung FARA-AT2 robot, as shown in
Figure 3. We then use the Simmechanics toolbox to export a robot manipulator model to
MATLAB/SIMULINK environment. The dynamical computations of 3-DOF FARA-AT2
robot are based on Refs. [41,46]. The Euler method was used to find the solutions of
differential equations with an ODE5 0.001 s time step in MATLAB/SIMULINK.
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For this trajectory tracking simulation, the desired trajectories at each joint are given as: 

1

2

3

0.5cos( / 2) 0.5
0.3cos( ) 0.3   
0.2cos( ) 0.2   

d

d

d

q t
q t
q t

= −
 = −
 = −

 (32) 

where dq and dq are the first order and second order derivatives of the desired position, respectively. 
The friction at each joint was assumed to be: 

1 1 1

2 2 2

3 3 3

0.2 ( ) 0.3
0.2 ( ) 0.3
0.2 ( ) 0.3

f

f

f

F sgn q q
F sgn q q
F sgn q q

 = +
 = +
 = +

 
 
 

 (33) 

The total torque function at each joint was assumed to be: 

1 1

2 2 2 2

3 3

                                            
(1 ( )) ( ) 5        

                                            

t

t

t

t f t t
τ τ

τ ρ τ
τ τ
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4.1. System Configuration and Parameter Selection for the Robot

Table 1 contains the parameters required for the design of the robot and its
dynamic calculation.

Table 1. Essential parameters for the design of a FARA-AT2 robot.

Description Link 1 Link 2 Link 3

Length (m) l1 = 0.15 l2 = 0.255 l3 = 0.41

Weight (kg) m1 = 56.5 m2 = 35.6 m3 = 58.9

Center of Mass (mm)
lc1x = −98.3× 10−3

lc1y = −2.9× 10−3

lc1z = −85.4× 10−3

lc2x = −5.5× 10−3

lc2y = 0.001× 10−3

lc2z = −156.9× 10−3

lc3x = 54.6× 10−3

lc3y = −0.01× 10−3

lc3z = 80.5× 10−3

Inertia (kg·m2)
I1xx = 0.39
I1yy = 0.59
I1zz = 0.56

I2xx = 0.76
I2yy = 0.44
I2zz = 0.39

I3xx = 0.22
I3yy = 1.2
I3zz = 1.2

In joint space, the robot is required to track the trajectory below accurately:
θ1d = 0.5 cos(t/2)− 0.5
θ2d = 0.3 cos(t)− 0.3
θ3d = 0.2 cos(t)− 0.2

[rad]. (28)

To evaluate the estimation ability of the observer, the efficiency, and the robust-
ness of the proposed controller, we assume that there are effects of uncertain factors
on the robot, such as external disturbances and interior frictions. Each joint has assumed
interior friction of Ff 1(

.
θ) = 0.1sign(

.
θ1) + 2

.
θ1 [N·m], Ff 2(

.
θ) = 0.1sign(

.
θ2) + 2

.
θ2 [N·m],

and Ff 3(
.
θ) = 0.1sign(

.
θ3) + 2

.
θ3 [N·m], respectively. Each joint has assumed exterior distur-

bance of δ1 = 4 sin(t) [N·m], δ2 = 5 sin(t) [N·m], and δ3 = 6 sin(t) [N·m].
The proposed controller is compared to a newly published NFTSMC [40] and the

conventional SMC [39] for controlling robots about its control performance. Since the
structure of each controller is different, ensuring a fair comparison is not easy. Therefore,
to ensure a comparison that is as fair as possible, we used the control parameters of
NFTSMC from Ref. [40] for simulation on the robot. The control parameters of the proposed
controller are selected experimentally to achieve good performance and bring out its full
possibility. The robot states are considered with the same initial conditions. Table 2 provides
the control parameters selected for the proposed method.

Table 2. Parameters of the proposed controller.

Description Symbol Value

USOSMO (9) ξ1, ξ2, γ 3, 40, 2
√

20

FxSTSS (13) ψ1, κ1, µ1, ρ1 0.2, 3, 1.4, 0.6

FxPRRL(17) ψ2, κ2, ρ2 10, 40, 0.6

The conventional SMC’s [39] control input is
s =

.
y1e + ψ3y1e

τ = V−1(y1)(τeq + τr)
τeq =

..
y1d − H(y1, y2)− ψ3

.
y1e

τr = −(κ3s + κ4sign(s))

, (29)

in which ψ3, κ3, and κ4 are positive constants.
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The NFTSMC [40] was designed with the following control law
s = y1e + ψ4(1 + y2

1e)
q
p arctan(y1e)

.
y

q
p
1e

τ = V−1(y1)(τeq + τr)

τeq =
..
y1d − H(y1, y2) +

p
ψ4q (1 + y2

1e)
q
p−1

(1 + 2q
p y1e arctan(y1e)

.
y

2− q
p

1e )

τr = −(κ5s + κ6sign(s))

, (30)

in which q, p are positive odd integers, 1 < q
p < 2, ψ4, κ5, and κ6 are positive constants.

The accuracy of the TCEs is calculated by using the roots–mean–square algorithm
(RMSA) as Equation (31) when the TCEs are in the sliding motion phase to equilibrium.
Therefore, the TCEs are calculated in the period of time between the 2nd and 30th seconds
in the simulation. The computed results are shown in Table 3.

E1 =

√
1
K

K
∑

i=1
|(θd1i − θ1i)|2; E2 =

√
1
K

K
∑

i=1
|(θd2i − θ2i)|2; E3 =

√
1
K

K
∑

i=1
|(θd3i − θ3i)|2, (31)

in which K is the number of the calculated samples. Roots–mean–square error (RMSE)
of Joint 1, Joint 2, and Joint 3 are E1, E2, and E3, respectively. [θ1i, θ2i, θ3i]

T is the real joint
angle vector and [θd1i, θd2i, θd3i]

T is the desired joint angle vector at time index i.

Table 3. RMSEs via three control algorithms.

Control System E1 E2 E3

SMC 6× 10−4 1.8× 10−3 4.5× 10−3

NFTSMC 2.34× 10−5 1.473× 10−4 7.561× 10−4

Proposed Synthesis 2.74× 10−6 7.78× 10−6 1.991× 10−5

4.2. Discussion of Performance Results

Firstly, the approximation ability of the proposed USOSMO is discussed. The estima-
tion performance from observer is shown in Figure 4. As shown in Figure 4, the proposed
USOSMO achieved fast convergence and high accuracy of disturbance estimation. The esti-
mated value ŷ3 from the USOSMO output (9) quickly attained the true value y3 in fixed
time. USOSMO’s estimation errors have a fixed-time uniform convergence regardless of
the initial condition. This is really important for the robustness improvement of the con-
troller and obtaining the smallest possible TCEs. After that, we will analyze any tracking
issues from the simulation results.

Figure 5 shows the real trajectory of the robot’s end-effector compared to the desired
trajectory. Figure 6 depicts the real trajectory positions of the robot joint generated by
three different methods compared to the desired path. Each method can be successfully
used to control the robot to track its desired path. Figures 7–9 show, respectively, the
TCEs at each joint between the real trajectory position and the desired path. Looking at
Figures 7–9 and comparing the results in Table 3, the suggested control synthesis proves its
superiority in trajectory tracking problems when minimizing the smallest TCEs among the
three controllers. The NFTSMC [40] is a recent modern control method, so it also achieved
relatively high tracking accuracy, its accuracy is higher than the conventional SMC.
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Figure 4. Estimation performance the proposed USOSMO.

Figure 5. The desired trajectory and the real trajectory of the robot’s end-effector.



Machines 2023, 11, 140 12 of 16

0 5 10 15 20 25 30

Time [s]

-0.5

0

0.5

J
o

in
t 

1
 [

ra
d

]

Reference Trajectory SMC NFTSMC Proposed Method

0 5 10 15 20 25 30

Time [s]

-0.4

-0.2

0

0.2

0.4

J
o

in
t 

2
 [

ra
d

]

0 5 10 15 20 25 30

Time [s]

-0.2

-0.1

0

0.1

0.2

0.3

Jo
in

t 
3

 [
ra

d
]

0 0.5 1

0

0.1

0.2

Reference Trajectory SMC NFTSMC Proposed Method

0 0.5

-0.1

0

0.1

0 1
0

0.05

0.1

0.15

Figure 6. The real trajectory positions under three controllers versus the desired path.
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Figure 7. The TCE comparison between the position of the first joint and the desired path.

In convergence terms, the suggested HTCA also has the best performance, its TCEs
quickly reach equilibrium in the shortest time, while the TCEs of the NFTSMC converge to
equilibrium faster than those of the conventional SMC.
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Figure 9. The TCE comparison between the position of the third joint and the desired path.

In the control torque signal of the proposed method, the chattering behavior has been
minimized to the smallest possible extent, as shown in Figure 10, because its discontinuous
control law has been removed. Although a discontinuous control law is not used to deal
with uncertain components, the robustness of the controller is achieved at a high level so
that it provides good tracking accuracy. Due to using the same sliding gain to cope with
the effects of uncertainties, the other two methods have similar chattering behavior. It can
be concluded that the combination of the proposed USOSMO and the proposed FxPRRL is
a very good solution to deal with the influence of uncertainty and chattering.
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Figure 10. Comparison of the control torques from three strategies.

5. Conclusions

As part of our recent research, we investigated the HTCA for robot manipulators with
uncertain dynamics and the impact of external disturbances. The USOSMDO was proposed
to estimate directly the lumped uncertainties, thereby achieving the active disturbance
rejection. Then, by integrating the TSMC and the developed USOSMDO, our control
synthesis was formed, and not only the fixed-time convergence of the TCEs but also
the high tracking accuracy was guaranteed. In addition, the chattering problem also
was handled almost thoroughly. Finally, numerical simulations verified the benefits and
effectiveness of the HTCA to a designed 3-DOF FARA-AT2 robot.

In future work, we will apply the developed method to the real FARA-AT2 robot that
is available in our laboratory as depicted in Figure 3.
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