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Abstract: The bearing-rotor-gear system is an important mechanical component for transmitting
motion and power. Due to the complex responses, the condition assessment of the transmission
system becomes more difficult. Thus, a model of the bearing-rotor-gear system with a misaligned
rotor is built for implementing the complex response analysis. The misalignment rotor is realized by
offset connection of couplings, and the creative excitation force is transferred to the bearing inner
ring through the rotor. The constructed model is checked by the corresponding experiment. From the
simulation results, it is found that vibration responses are modulated by rotor frequencies, and there
are rotor frequencies, harmonic frequencies of bearings, and gear pairs in the spectrum. When the
misalignment defect is deepening, the high-order harmonic responses are excited. If the revolving
speed increases, the modulation of the rotor frequencies is accentuated, the vibration intensity
generated by gear pairs is attenuated, while the harmonic response and super-harmonic response
of bearings can be suppressed, and the system vibrates mainly at the low-frequency band. When
the load becomes higher, the amplitudes of the rotor frequencies, meshing frequencies, and defect
frequencies are all increased.

Keywords: bearing-rotor-gear systems; misaligned rotor; response analysis; input speed; load;
harmonic responses

1. Introduction

The bearing-rotor-gear system is often used in the machinery industry. The torque,
speed, and rotation direction are adjusted by gear pairs, and the bearing plays an indispens-
able supporting role; the bearing and gear pair are connected by the rotor [1–3]. However,
due to the harsh working environment, manufacturing and assembly accuracy, eccentric
wear of the rotor, thermal expansion, and other factors, misalignment defects of the rotor
are often caused [4,5]. When there is a misalignment rotor in the system, the bending
deformation and wear of the rotor may be generated [6]. Thereupon, localized failures
of gear pairs and bearings will be caused [7–9]. Moreover, the vibration response is more
complicated, and the system operating state is not easy to be identified [10]. Therefore, it is
meaningful to build a model for vibration analysis of the bearing-rotor-gear system with
the misaligned rotor.

In recent years, lots of researchers have paid attention to the responses of rotor-
coupling-bearing systems with misalignment defects, and the motion law and vibration
characteristics have been summarized by using the established model, which provides
an important theoretical basis for the identification of rotor systems. According to the
Lagrange energy equations and the modal synthesis method, an analytical model of the
rotor-coupling-bearing system with the misaligned rotor was built by Xu [11], and the
results were verified by experiments [12]. The forces by gear and spline couplings are
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described by Marmol [13]. Based on this conclusion, the misalignment defect caused
by the flexible coupling was further analyzed by Y.S. Lee [14], who used beam elements
to replace the flexible coupling. Then, the model was improved by Hussain [15] and
DeSmidt [16], and the vibration characteristic of the rotor system with misaligned rigid cou-
plings was studied. Through this improved model, Hussain and Redmon [17] investigated
the vibration characters of the rotor system further. The response of the flexible disc with
misaligned couplings was studied by Dewell [18]. The amplitude of the even-numbered
super-harmonics was most sensitive to the angular misalignment. The model of the rotor-
bearing system was built by Sekharl [19], and the reaction forces and moments of the flexible
coupling were input into this model. It was also found that the fundamental frequency
component is hardly affected by the misalignment defect, but the second super-harmonic is
severely affected. Lees [20] proposed a model of dual-rotor systems with misaligned rigid
couplings and found that the harmonic components are caused by torsion and bending
deformations of the rotor. The dynamic model of the rotor system supported by journal
bearings was proposed by Pennacchi [21], and the effects of misalignment defects on the
nonlinear characteristics of the system were analyzed.

Through the above literature, vibration responses of the rotor-bearing system with the
misaligned rotor have been discussed by lots of researchers. However, the influence of a
misaligned rotor on vibration responses of the bearing-rotor-gear system is rarely revealed.
Moreover, the response of gearboxes is more complicated. Therefore, an analytical model
of the bearing-rotor-gear system with the misaligned rotor is proposed. The misaligned
defect is realized by the offset connection of the coupling, and the caused excitation forces
are transferred to the bearing inner ring through the rotor, then the vibration responses are
analyzed. Finally, the obtained model is checked by the relative experiments. The work
described in the paper could improve the basic theory of rotor dynamics, and the origin for
some components in the complex vibration frequencies of the bearing-rotor-gear system
may be explained. The obtained results also could provide theoretical support for the fault
diagnosis of rotating mechanical systems.

2. Dynamic Model for the Bearing-Rotor-Gear System with the Misaligned Rotor

In order to avoid the extreme complexity of the model, some reasonable simplifications
are made: the rotor is rigid, the axial movement of the transmission system is ignored,
and the misalignment defect is realized by the offset connection of the coupling.

2.1. Dynamic Model for the Bearing-Rotor-Gear System

According to the Lagrange energy equations, a model is given for the bearing-rotor-
gear system, which is shown in Figure 1. The corresponding system equations are [22]:
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where If1, If2, Ipin, and Ige are the inertia moment of input rotor, output rotor, driving gear,
and driven gear; θf1, θf2, θpin, and θge are the relative rotation angles; mpj, msj, and mrj are the
mass of outer ring, inner ring, and resonator in the supporting bearings, j = 1,2,3,4; mpin and
mge represent the driving and driven gear, kpxj, kpyj, ksxj, ksyj, and kryj are the stiffness of outer
ring, inner ring, and resonator; cpxj, cpyj, csxj, csyj, and cryj are the relative damping; xpj, xsj,
xpin, and xge are the displacement of the outer ring, inner ring, driving gear, and driven gear
in the x direction; ypj, ysj, ypin, yge, and yrj are the displacement in the y direction; Rpin and
Rge are the base radius of driving and driven gear; Tin and Tout are motor torque and load
torque; fxj and fyj are contact forces in the supporting bearings; Fx and Fy are the excitation
forces generated by the misaligned rotor; FM is the meshing force for the gear pairs.

2.2. Model for the Supporting Ball Bearings

In order to obtain contact forces in the supporting bearings, the model for the sup-
porting ball bearings is developed. As shown in Figure 2, the interaction between the
outer ring and resonator in the bearing is simplified as a spring-damping system in the y
direction, which is similar to the acceleration sensor for obtaining the acceleration signal of
the system. Contact forces are calculated based on the Hertz method, and viscous force is
ignored. Bearing 1 is an example, and the relative forces can be given as [23]:
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where: nb is the number of balls; kre1 and cre1 are the equivalent stiffness and damping
coefficient between the ball and raceway; the value of n is 1.5; i is the serial number of balls.
θi is the azimuth angle of ith ball and can be simulated by:

θi =
2π(i − 1)

nb
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(
1 − db
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)
ws

2
t + θ0 (3)

Figure 1. Dynamic model of the bearing-rotor-gear system.

Figure 2. Model of the supporting ball bearing.

In the above equation, db is the ball diameter; dm denotes the bearing pitch diameter;
θ0 represents the initial angle of the ith ball; ws and εi represent angular speed and contact
deformation between the ring and the ball, and the expression is:

εi =
(
ys − yp

)
sin θi +

(
xs − xp

)
cos θi − cbw (4)
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where cbw is the bearing clearance, and γi is given as:

γi =

{
1 δi > 0
0 else

(5)

2.3. Model for the Gear Pairs

The meshing force FM between the gear pairs includes the viscous force Fc and elastic
force Fk, and the relative expressions can be given as:

FM = Fk + Fc
Fk = kt

(
Rpinθpin − Rgeθge − ypin + yge − et

)
Fc = ct

(
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.
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.
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.
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where ct is the meshing damping, kt is the meshing stiffness [24], which is:
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where kb, ks, kh, kf, and ka denote bending stiffness, contact stiffness, radial stiffness,
deformation potential stiffness, and shear stiffness; 1 is for the driving gear, and 2 is
for the driven gear. The calculation methods for the above stiffness are based on the can-
tilever beam model, which can be seen in Figure 3. In this figure, α1 is the actual meshing
angle, α2 is half of the tooth angle. F is the meshing force, which can be decomposed into
Fa and Fb. hx is the distance between any point on the tooth profile and OP, h is the distance
between the actual meshing point and OP. Rb, R, and Ra are the base radius, the pitch radius,
and the tip radius. dx is the integral element, x is the distance between dx and the actual
meshing point, and d is the upper limit of the integral, which means the radial distance
between the actual meshing point and the base circle. More details have been listed in the
works of [25–27].

Figure 3. Cantilever beam model.

et is the transmission error, which is simulated by trigonometric functions [28]:

et = eo + em sin(2π fmt + ϕo) (8)

where em and eo represent the fluctuation and average error, ϕo is the initial phase, fm is the
meshing frequency, and the relative calculation equation is listed in Appendix A.
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2.4. Model for the Misaligned Rotor

The excitation forces Fx and Fy are generated by the misaligned rotor, and a relative
model is constructed. As shown in Figure 4a, the misaligned rotor is modeled by the offset
connection of the coupling between the motor output rotor and the gearbox input rotor,
∆δ represents parallel misalignment, ∆α represents angular misalignment, and ∆ε is the
distance from the left to the right in the coupling. The comprehensive misalignment ∆L of
the rotor is expressed as [29]:

∆L = ∆δ + ∆ε tan(∆α) (9)

Figure 4. The model for the misalignment rotor: (a) the misaligned rotor; (b) exciting forces.

In Figure 4b, the coordinate system is established, O is the static center of coupling
housing, the dynamic center k of the coupling housing is (x,y), and the input angular
velocity of the bearing-rotor-gear system is ω. The angular velocity of the coupling housing
is also dθ/dt = ω. According to the geometric relationships, the dynamic center k can be
obtained as: {

x = ∆L sin θ cos θ = 1
2 [∆δ + ∆ε tan(∆α)] sin(2θ)

y = ∆L cos θ cos θ − 1
2 ∆L = 1

2 [∆δ + ∆ε tan(∆α)] cos(2θ)
(10)

Then, the following equation can be obtained:{
∂2x
∂t2 = −2ω2[∆δ + ∆ε tan(∆α)] sin(2θ)
∂2y
∂t2 = −2ω2[∆δ + ∆ε tan(∆α)] cos(2θ)

(11)

Thus, the acceleration of the dynamic center k of the coupling is:

αk =

√(
∂2x
∂t2

)2

+

(
∂2y
∂t2

)2

= −2ω2[∆δ + ∆ε tan(∆α)] (12)

The exciting forces generated by the coupling are FL and FR, respectively, and the
resultant force is F, which can also be further decomposed as [30,31]:{

Fx = F sin(2ωt) = mcαk sin(2ωt) = −2mcω2[∆δ + ∆ε tan(∆α)] sin(2ωt)
Fy = F cos(2ωt) = mcαk cos(2ωt) = −2mcω2[∆δ + ∆ε tan(∆α)] cos(2ωt)

(13)

where mc is the mass of the coupling housing.

3. Results

The Runge–Kutta method is selected for solving the gear-rotor-bearing system equa-
tions. The acceleration response in the vertical axis of the resonator in bearing 1 is given,
which can be used to discuss the vibration characteristic of the system. In order to highlight
the frequency components, the acceleration response is in the process of the logarithm, and
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the corresponding unit is also changed from the original m/s2 to dB. The bearing types and
defect frequencies are selected in Table 1, and the relative calculation equations are listed in
Appendix A. The parameters for the bearing-rotor-gear system are shown in Tables 2 and 3.
The calculation process can be seen in Figure 5.

Table 1. Bearing types and defect frequencies.

Bearings Types Defect Frequency of
Inner Raceway fi/Hz

Defect Frequency of Outer
Raceway fo/Hz

Bearing 1 6304 132.79 81.13
Bearing 2 6304 132.79 81.13
Bearing 3 6308 37.71 21.92
Bearing 4 6308 37.71 21.92

Table 2. Main parameters of the gear pairs.

Parameters Driving Gear Driven Gear

Pressure angle α/(◦) 20 20
Modulus m/mm 2 2

Number of teeth z 23 81
Young’s modulus E/GPa 216 216

Tooth width W/mm 24 24

Table 3. Parameters of the bearing-rotor-gear system model.

Parameters Value

Inertia moment of input rotor If1/(kg·m2) 0.0021
Inertia moment of driving gear Ipin/(kg·m2) 4.365 × 10−4

Inertia moment of driven gear Ige/(kg·m2) 8.362 × 10−4

Inertia moment of output rotor If2/(kg·m2) 0.0105
Load Tout(N/m) 30

Average transmission error eo/m 3.0 × 10−5

Transmission fluctuation range em/m 2.0 × 10−5

Torsional stiffness of rotor kf1, kf2/(Nm/rad) 4.4 × 105

Torsional damping of rotor cf1, cf2/(Nms/rad) 5.0 × 105

Support stiffness in the bearings ksj, kpj, krj/(N/m) 6.7 × 107

Support damping in the bearings csj, cpj, crj/(Ns/m) 1.8 × 105

Mass of coupling housing mc/kg 1
Mass of driving gear mpin/kg 0.96
Mass of driven gear mge/kg 2.88

Rotation frequency of input rotor fr1/Hz 30
Meshing frequency fm/Hz 690

For verifying the theoretical model, the relative experiment is performed. The test
bench of the bearing-rotor-gear system is shown in Figure 6a. The defective rotor can be
seen in Figure 6b, the misalignment defect is realized by adding spacers to the fixing bolts
of the gearbox, and the offset connection between the motor output rotor and the gearbox
input rotor can be controlled by the number of spacers. The transmission ratio of gear
pairs is 23:81, and the supporting bearing types are 6308 and 6304, which are manufactured
in the NSK Ltd, Tokyo, Japan. The speed of the motor is set as 1800 rpm, and the load
torque is 30 Nm. The acceleration sensor is used for measuring the vibration signal, and the
sampling frequency is 30 kHz. The measuring point is on the bearing housing, which is
the closest to the misaligned coupling. Moreover, the acceleration responses in the vertical
direction are sampled. Finally, the measured time-domain signal is processed by using a
four-layer wavelet transform [32], and the high-frequency signal of each layer is filtered,
then the low-frequency signal in the fourth layer is reconstructed to achieve low-pass
filtering and noise reduction.
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Figure 5. The flow chart of the calculation process.

Figure 6. Experimental equipment: (a) the bearing-rotor-gear system test bench; (b) the rotor
misalignment defect.

After the experiment is performed, the acceleration responses are measured, and the
comparison between the experiment and simulation can be seen in Figure 7. As shown in
Figure 7a, when the rotor system is misaligned, the time-domain responses for the bearing-
rotor-gear system are modulated by the rotor frequency fr1, the time-domain response
fluctuates up and down, and the interval between adjacent shocks is the rotor frequency
fr1. The frequency-domain response for the gearbox is given in Figure 7b. There are rotor
frequency fr1 and harmonic frequencies, such as fo1 ± fr1, fm ± fr1. Through the comparison,
it is found that frequency components obtained by the experiment are far more than the
simulation result. This is mainly because there are some simplifications in this theoretical
model; the uncertain excitations in the experiment can rarely be considered. However,
the frequency components obtained by the calculation method can all be found in the
experiment result. Thus, the theoretical model is verified.
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Figure 7. The comparison between experiment and simulation: (a) time-domain response; (b) frequency-
domain response.

4. Discussion
4.1. Vibration Response for the Bearing-Rotor-Gear System with the Misaligned Rotor

Based on the built model, vibration responses of the bearing-rotor-gear system with
the misaligned rotor are investigated. The results are given in Figure 8. As shown in
Figure 8a, acceleration responses of the healthy bearing-rotor-gear system are relatively
stable, and time-domain response is slightly modulated by defect frequency fo1. When
the rotor is misaligned, there are obvious fluctuations on the response curve, which is
modulated by the rotor frequency fr1. With the increase in the comprehensive misalignment
∆L, the fluctuation trend increases, and the amplitude modulation of fr1 on the response
curve is enhanced. Figure 8b shows the frequency-domain response of the bearing-rotor-
gear system. It is found that the spectrum of the healthy system is mainly composed of outer
raceway frequency in the bearings and meshing frequency between the gear pairs, such as
fo1, 2fo1, 3fo1, 4fo1, fm, and 2fm. When there is a misalignment rotor, the rotor frequency and
the relative harmonic frequencies can also be found, such as fr1, fo1 ± fr1, fo1 ± 2fr1, and fm
± fr1. These harmonic frequencies are mainly excited by the misalignment rotor, and the
harmonic frequencies for the bearing are extremely sensitive. As the misalignment defect
deepens, the frequency components of the spectrum become more complex, and there are
high-order harmonic frequencies, such as 2fo1 ± fr1, 3fo1 ± fr1, fm ± 2fr1, 2fm ± fr1, and 2fm
± 2fr1. This indicates that higher-order harmonic responses are excited with the deepening
misalignment defect.

In order to discuss the vibration characteristic of the bearing-rotor-gear system with
the misaligned rotor, some indicators are given, which are shown in Figure 9. The root
mean square (RMS) and peak-to-peak (xp-p) in the statistics method are used to process
the acceleration responses, which are listed in Figure 6a. When the comprehensive mis-
alignment of the rotor magnifies from ∆L = 0 to ∆L = 0.2 + 0.2 × tan(1◦)mm, xp-p, and RMS
are consistently increasing, the vibration generated by the system becomes more severe.
The amplitudes of the rotor frequency fr1, defect frequency fo1, and meshing frequency
fm are extracted, and the relative results are plotted in Figure 6b–d. It is found that the
amplitude of fr1 magnifies continuously with the aggravation of the defect degree, and the
amplitude modulation effect is enhanced. In addition, the amplitude of fo1 and the har-
monic frequency fo1 + fr1 is also increasing, which means that the fundamental frequency
and harmonic responses of the bearing are enhanced, and the support and modulation
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effect of the bearing is also strengthened. The change in the amplitude of fm is almost
imperceptible, and the amplitude of fm ± fr1 is increasing. The fundamental frequency
response for the gear pairs is almost unaffected. However, the relative harmonic response
is enhanced.

Figure 8. Vibration characters of the bearing-rotor-gear system with the misaligned rotor: (a) acceler-
ation response; (b) frequency spectrum.

Figure 9. Indicators for vibration characteristics of the bearing-rotor-gear system with the misaligned
rotor: (a) RMS and xp-p; (b) amplitudes of fr1; (c) amplitudes of fo1 and fo1 + fr1; (d) amplitudes of fm
and fm ± fr1.
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4.2. Influence of Speed on Vibration Responses for the Bearing-Rotor-Gear System

When the input speed is increasing, vibration characters of the bearing-rotor-gear
system may become more obvious. Thus, for discussing the influence of speed on vibration
responses of the bearing-rotor-gear system with a misaligned rotor, the comprehensive
misalignment is set to ∆L = 0.1 + 0.1 × tan (1◦) mm, the input speed is set as rotor frequency
fr1, the relative results are given in Figure 10. As seen in Figure 10a, when the input
speed is raised, the fluctuation of the time-domain response is more severe, and the
amplitude modulation effect of the rotor frequency fr1 and the defect frequency fo1 is
enhanced. The interval between adjacent shocks is the rotor frequency fr1, so the modulation
effect of the rotor frequency is more obvious. In order to facilitate the comparison of the
frequency-domain response, the order analysis method in the work of [33] is used to discuss
the frequency composition of the spectrum at different speeds, as shown in Figure 10b.
The frequency order Or1 of the input rotor is defined as 1, then the fundamental order of
the bearing outer raceway is Oo1 = 0.5nbfr1(1 − db⁄dm)⁄fr1 = 2.57, and the fundamental order
of the gear pairs is Om = z1fr1⁄fr1 = 23. When the input speed is raised, the composition
of the order spectrum is similar. There are still Or1, Oo1, and Om, as well as the harmonic
order, such as Oo1 ± 1 and Om ± 1. However, the higher-order frequency is difficult to find,
and the harmonic orders are mainly distributed in the low-frequency band, which shows
that the super-harmonic response and high-order harmonic response of bearings and gear
pairs can be blocked so that the bearing and gear pair mainly vibrate at the fundamental
frequency or low-frequency band.

Figure 10. Influence of speed on vibration characters of the bearing-rotor-gear system: (a) acceleration
response; (b) frequency spectrum.

The same method is used to quantify vibration responses at different speeds, which is
shown in Figure 11. The amplitudes of xp-p and RMS magnify with the increasement of the
input speed. On the contrary, the amplitude of fm is reduced, which means the vibration of
the gear pairs is no longer the main source of system vibration. The fundamental frequency
response of the gear pairs is weakened due to the misalignment defect, and the vibration of
the transmission system is mainly caused by the misalignment defect and the supporting
action of the bearing.
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Figure 11. Indicators for vibration characteristics of the bearing-rotor-gear system at different speeds:
(a) RMS and xp-p; (b) amplitudes of fr1, fo1, and fm.

4.3. Influence of Load on Vibration Responses of the Bearing-Rotor-Gear System

When the bearing-rotor-gear system with the rotor misalignment defect is operated
under different loads, the comprehensive misalignment is set to ∆L = 0.1 + 0.1 × tan (1◦)
mm, and the input rotational frequency fr1 is 30 Hz. The relative results are shown in
Figure 12. It can be seen that the acceleration responses are little affected by the load,
and the response curves under different loads are similar. As the load increases, only the
amplitude of the response is in enlargement. The spectrum composition under different
loads is also extremely similar, such as fr1, fo1, fo1 ± fr1, fm, and fm ± fr1, and there are no
other new frequency components in the spectrum.

Figure 12. Influence of load on vibration characters of the bearing-rotor-gear system: (a) acceleration
responses; (b) frequency spectrum.

The amplitudes of the frequencies are extracted in Figure 13. When the load in-
creases, the amplitudes of fr1, defect frequency fo1, and meshing frequency fm are also
enlarged, which indicates the vibration caused by the bearings and the gear pairs is in-
tensified, and the amplitude modulation of fr1 is also enhanced. The amplitudes of the
harmonic frequencies fo1 ± fr1 and fm ± fr1 are both increasing, and the harmonic response
is also enhanced.
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Figure 13. Indicators for vibration characteristics of the bearing-rotor-gear system at different loads:
(a) amplitudes of fr1, fo1, and fm; (b) amplitudes of fo1 ± fr1 and fm ± fr1.

5. Conclusions

In order to realize vibration responses of the bearing-rotor-gear system with the
misaligned rotor, a mathematical model is established. The bearings and the gear pairs
are stitched by the misalignment rotor. The misalignment defect is realized by the offset
connection of the coupling, and the excitation forces are transferred to the bearing inner
ring through the rigid rotor. The established model is verified by the experiment. The main
conclusions are summarized as follows:

(1) When there are misalignment defects on the rotor, the vibration responses of the
system are modulated by rotor frequencies, and there are rotor frequencies in the
spectrum. Harmonic responses of gear pairs and the bearing outer raceways are
excited. As the misalignment defect deepens, the high-order harmonic responses
increase.

(2) The modulation caused by the rotor misalignment defect is accentuated. When the
input speed is raised, the vibration caused by the gear pairs is attenuated, the harmonic
response and super-harmonic response of the bearings can be suppressed, and the
system vibrates mainly at the fundamental frequency.

(3) When the load is increasing, the amplitude of the rotor frequency, meshing frequency,
and defect frequency of the bearing outer raceway are all enlarged.
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Appendix A

The defect frequencies are calculated by the following equations [33,34]:

(1) Rotor frequency

fr =
ws

60
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(2) Bearing outer ring frequency

fo =
fr

2
nb

(
1 − db

dm

)
(3) Bearing inner ring frequency

fi =
fr

2
nb

(
1 +

db
dm

)
(4) Meshing frequency for the gear pairs

fm = z1 fr
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