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Abstract: Tilting pad journal bearings (TPJB) are used in turbomachinery for their stability at high
speeds. For design purposes, it is necessary to preliminarily investigate the turbomachine rotor
dynamic behavior by simulation. The dynamic characteristics of all components must be known as
precisely as possible and experimental validation of each single model is required. While a lot of work
has been carried out on bearings, the ball-and-socket stiffness is still estimated by means of Hertzian
formulas. Recently, some authors have used the finite element method, but it seems that nothing has
been done experimentally to date. This paper describes the test rig designed to determine the stiffness
of a TPJB ball-and-socket pivot by equipping the grippers of a tensile universal testing machine with
specifically designed interfaces. A methodology for evaluating the stiffness from the experimental
results is reported. Preliminary compression results are presented and compared with the analytical
ones obtained using Hertz’s formula showing significant differences for the ball-and-socket conformal
contact.
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1. Introduction

For a predictive rotordynamic characterization of a turbomachine, it is essential to
know the stiffness of all its components, including tilting pad journal bearings (TPJBs) and
consequently their pivots, typically rocker-back or ball-and-socket. The latter consists of a
conformal contact joint made of a spherical cap and a spherical seat (Figure 1).
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1. Introduction 
For a predictive rotordynamic characterization of a turbomachine, it is essential to 

know the stiffness of all its components, including tilting pad journal bearings (TPJBs) 
and consequently their pivots, typically rocker-back or ball-and-socket. The latter consists 
of a conformal contact joint made of a spherical cap and a spherical seat (Figure 1). 

 
Figure 1. Tilting pad journal bearing with ball-and-socket pivots. 

The effect of pivot stiffness has proven to play an important role on the bearing dy-
namic behavior whenever it is of the same order of magnitude of the oil film stiffness [1–
3]. The most common approach in evaluating the stiffness of the pivot is that based on 
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Figure 1. Tilting pad journal bearing with ball-and-socket pivots.

The effect of pivot stiffness has proven to play an important role on the bearing dy-
namic behavior whenever it is of the same order of magnitude of the oil film stiffness [1–3].
The most common approach in evaluating the stiffness of the pivot is that based on Hertzian
formulas, with all the approximations that this entails: absence of friction, small contact
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area, and bodies equivalent to half-spaces. A review of Hertzian equations is presented
in [4], and formulas for pivot stiffness necessary for inclusion in tilting pad bearing com-
puter programs are proposed. Similar formulas are proposed in [5]. Some of them are
summarized in the following section.

Advances have been made especially in analytical and numerical approaches for
non-conformal and soft contact problems to overcome the limits of Hertz’s theory related
to its assumptions, and many researchers have addressed these issues even in recent years.
In [6], the attention is focused on non-conformal and almost conformal contact of ball
and ball-socket and the Finite Element (FE) results and solutions of Hertz’s contact theory
are compared. A new universal approximate model for frictionless conformal and non-
conformal spherical contacts, obtained by combining analytical and numerical methods,
is proposed in [7] and adopted in [8], focusing on the free-edge effect in spherical plain
bearings, and in [9] to investigate the effects of external load, radius clearance values, and
material parameter on the contact mechanics of spherical fixed ring roller cone drill bits
journal bearings. The effects of normal loads and friction coefficients on the distribution
of both axial and circumferential contact stress in spherical plain bearings are studied,
adopting both theoretical methods and FE simulations, in [10]. A generic contact mechanics
analytical approach for the determination of sub-surface stresses, which is applicable to
both highly conforming as well as concentrated counter-forming contacts, is presented
in [11]. Robust, mathematically closed-form contact models, easy-to-implement for non-
Hertzian soft and conformal contacts, using a set of independent Kelvin–Voigt elements
spread all over the contact surfaces, are proposed in [12] and validated through FE analysis.
The effects of conformity on local contact related quantities at the wheel–rail interface are
investigated by means of FE models, and also with an adapted Kalker’s rolling contact
theory approach in [13]. Analytical and numerical contact models for dry and lubricated
clearance joints are reviewed in [14]. Moreover, the validity of the Hertz theory for spherical
indentation on soft elastic solids undergoing large deformations using nanoindentation
tests and finite element method is investigated in [15], showing significant theoretical
under- and overestimations of the contact radius and maximum contact pressure. Even
the effect of roughness has been studied. In [16], rough contacts are investigated, showing
that accounting for roughness in a rough contact yields more accurate solutions and that
comparisons between atomistic contacts and Hertz’s theory can be improved by a Gaussian
filtering method.

Indeed, a Finite Element calculation, though time-consuming, can provide an accurate
evaluation of contact characteristics when non-ideal geometrical shapes and features are
concerned. Nonetheless, even these complex approaches involve approximations related
to modeling the contact and constraint conditions that need an experimental validation.
In [17], for example, optical techniques are applied to investigate the mechanical response of
a spherical plain bearing comparing the experimental results to the FE solutions, studying
the effects of boundary conditions.

Contact stiffness of conformal surface (flat) specimens has been evaluated by impact
in [18] and by applying a static load focusing on the effect of roughness in [19]. The
experimental data of normal force and deformation are fitted using nonlinear contact laws.

To date, TPJB pivot stiffness has been determined loading a single pad of the bearing
mounted on the bearing test rig by pressing together the bearing and the shaft in dry
conditions and measuring the relative axes displacement [20,21]. The estimated stiffness
was used in TPJB computer programs and rotordynamic predictions improved compared
to the ones obtained using Hertzian formulas.

The purpose of this paper is to present an experimental equipment and a procedure for
determining the stiffness of a single TPJB ball-and-socket pivot, set up and tuned by means
of a series of tests. The experimental results are reported and compared to the theoretical
ones obtained with Hertzian formulas. As there is lack of experimental analysis in this field
compared to the number of publications on analytical and numerical studies of spherical
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conformal contacts, the proposed original approach can be a useful contribution for further
progress.

Relevant Hertzian Formulas for Deformation and Stiffness in Point Contacts

A review of the main formulas that can be found in the literature specifically addressed
to pivot stiffness is reported in the following paragraphs.

According to the Hertzian theory [22], by considering two spheres with radii R1 and
R2 pressed together with a force W, the relative displacement δ of the spheres at the centre
of the contact can be evaluated with the formula:

δ =

(
3
2

)2/3( W2

E2R

)1/3

= 1.310
(

W2

E2R

)1/3

(1)

where R and E are the equivalent radius and elasticity modulus, respectively:

1
R

=
1

R2
± 1

R1
,

1
E
=

1
2

[
1 − ν2

1
E1

+
1 − ν2

1
E1

]
(2)

where ν is the Poisson ratio and the subscripts 1 and 2 refer to the two bodies. The positive
sign has to be chosen in the first of Equation (2) if the centres of curvature of the two
spheres are in opposite half-spaces with respect to the plane tangent to the spheres at
their theoretical contact point, while the negative sign has to be used for the other case,
corresponding to a sphere in a spherical seat.

By manipulating the above formulas, load and stiffness can be easily obtained:

W =
2
3

δ3/2R1/2E =
2
3

(
δ3RE2

)1/2
(3)

K =
∂W
∂δ

=

(
3
2

)1/3(
WRE2

)1/3
= 1.145

(
WRE2

)1/3
(4)

It is worth mentioning that, as also reported in [4], the stiffness evaluated by the above
formula is a tangent spring rate that gives the local slope of the load vs. deflection curve,
corresponding to tanβ in Figure 2. This is the most significant value of stiffness under
dynamic conditions when a dynamic load, smaller than the static one, is applied.
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Some authors use the ratio of the total applied load and deformation that is a secant
stiffness, Ks, corresponding to tanα in Figure 2. By dividing load by displacement, given,
respectively, by Equations (1) and (3), we obtain:

Ks =
W
δ

=

(
2
3

)2/3(
WRE2

)1/3
= 0.763

(
WRE2

)1/3
(5)



Machines 2022, 10, 81 4 of 16

As it is also evident from the figure, and by comparison of Equations (4) and (5), Ks < K
and their ratio is Ks = 2/3 K. Some authors use the formula for Ks instead of the one for K
for the evaluation of the pivot stiffness [3,21].

It must be remarked that different notations can be found in the literature. The ones
reported above are commonly used in many books, for instance [23–25]. In fact, sometimes
slightly different formulas are used for the equivalent radius and elasticity modulus by
including or not including the numerical coefficient 1/2 in Equation (2). Obviously, the
other formulas are varied accordingly.

Different notations are often employed for TPJB pivots. Kirk and Reedy’s [4], based
on the formulas reported in [26], are commonly used. They are reported in Appendix A for
completeness.

In the Results section, the experimental results will be compared with the ones obtained
with some of the above formulas.

2. Materials and Methods
2.1. The Experimental Apparatus

The test rig consists of a Schenck uniaxial testing machine (load capacity 250 kN,
maximum frequency about 10–20 Hz) with grippers equipped with specifically designed
interfaces (Figures 3 and 4).
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The upper and lower interfaces are, for some aspects, similar, in the sense that they both
have a cylindrical end to be inserted into the grippers of the machine, a larger cylindrical
central part in contact with the gripper plane surface, and finally a flanged end with
3 threaded holes at 120◦ to which the upper or lower ring, respectively, is fixed by screws
(Figure 5). They differ for the specimen fixing system. The upper interface flange has a
central threaded pin that fixes the spherical cap specimen. The lower interface flange has
just a plane surface, and the seat specimen is free to adjust its position with respect to
the cap, centered by its spherical surface. There is a 1 mm radial clearance between the
specimens and the rings.
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Two proximity sensors are screwed on the lower ring along with a laser sensor, fixed
by means of a suitable bracket (Figure 5a). The sensors are located at radial distance of
70.5 mm from the ring center and at a mutual angular distance of 120◦. On the upper ring,
three screws act as targets to the three displacement sensors (Figure 5b). The upper ring
has also three slotted holes arranged at 120◦ through which the screws pass, fixing it to the
upper interface. This allows us to adjust the upper ring angular position with respect to the
lower one for target–sensor alignment.

The proximity sensors are eddy current sensors with a measurement range of
0.2–2.2 mm, rated output of 126.50 µm/V and 124.38 µm/V, respectively, and a linear-
ity error of 0.1–1.5%. The laser sensor has a measuring range of ±0.25 mm and a rated
output of 26.66 µm/V. The sensors average measurement repeatability is about 3 µm. Due
to the axial symmetry of the specimens and of the sensors location, the displacement mea-
sures acquired simultaneously from the three sensors should provide, in ideal conditions,
the same value. The apparently redundant measuring system makes it possible to check
eventual load misalignment and sensor malfunctioning.
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2.2. The Test Articles

The test articles are the components of a 280 mm diameter TPJB pad pivot. They
consist in a spherical cap and a spherical seat (Figure 6) made of steel with nominal sphere
diameter of 127 mm with a µm tolerance on sphericity and a smooth surface with roughness
Ra below 1 µm. The cap has a circular base of 88.9 mm diameter and a height of 20.3 mm. It
has a central axial threaded blind hole. The seat is a cylinder of 88.8 mm diameter, 23.5 mm
high, with a spherical segment convex top. On the seat top, there is a spherical cup of
34.64 mm base radius, 10.28 mm deep, with a central thru axial hole of 5 mm diameter. The
diametral clearance between cap and seat ranges from 0.046 to 0.104 mm.
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2.3. The Test Procedure

The tests consisted of compression load ramps applied to the ball-and-socket spec-
imens on the uniaxial testing machine. The machine lower gripper slowly approaches
the upper one, under force control, until the two specimens come in contact. The load is
increased linearly from 5 kN up to 150 kN and then decreased to 5 kN at a rate of 1 kN/s.
Due to the machine control capability, 5 kN was chosen as the zero point for the sensors and
as the starting point for the load ramp and measurement recording. A sampling frequency
of 10 Hz was used. Each test comprised two consecutive ramps and was repeated 5 times.

Tests with consecutive ramps at various frequencies (0.5, 5, and 10 Hz) were also
performed and followed by single ramps to check for eventual response changes.

Tests were performed at ambient temperature, in dry and boundary lubricated contact
conditions between the cap and the seat and also between the specimens and the fixture
interfaces.

2.4. Stiffness Evaluation

The approximate evaluation of the stiffness Ki done by simply using the incremental
ratio for each single value of the load Wi,

Ki =
Wi+1 − Wi−1

δi+1 − δi−1
(6)

where δi is the corresponding displacement, was not possible due to some local fluctuation
of the recorded values of load and displacement. Therefore, some tests were performed
with the curve fitting (nonlinear least square) method. Matlab® and spreadsheets were
indifferently used. Two formulas were used for optimization, one with two and one with
four constants:

δ = c1Wc2 (7)

δ = c1 + c2Wc3 e−c4W (8)
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and the corresponding stiffnesses were simply obtained by differentiation:

K =
[
c1c2W(c2−1)

]−1
, (9)

K =
[
c2e−c4W

(
c3W(c3−1) − c4Wc3

)]−1
(10)

3. Results
3.1. Displacement Measurements

Sample results of the tests performed in dry conditions are reported in Figure 7, as
plots of displacement measured by the three sensors in the up and down load ramp, for
two consecutive tests. Negligible differences can be observed in the results of the up and
down load ramps. One proximity measures a quite lower displacement with respect to the
other sensors, while the second proximity gives a rather different response in the first test
with respect to the other.
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Some tests with cycles at higher frequencies were also performed. Examples of test
results obtained at 0.5 Hz and 5 Hz are reported in Figure 8 (the sampling rates were 10
and 50 Hz, respectively). In these cases, the differences between the sensors responses are
reduced compared to those of the quasi-static test, probably due to an adjustment of the
specimens position during cycling.
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Figure 8. Measured displacement vs. applied load in a dynamic test at 0.5 Hz (a) and 5 Hz (b) in dry
conditions.

Additional repetitions of single up and down load ramps show different values
recorded by the single sensors (Figure 9) but the trends of the mean values are very similar
before and after load cycling, as evident from Figure 10, where a comparison among the
mean values of the three cases is made.
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Figure 9. Measured displacement vs. applied load, after cycling, in dry conditions.

Lubrication of the surfaces in contact was found to noticeably reduce the differences
between the measurements of the three sensors. The reason is to be found in the constrain-
ing effect of friction on the samples in dry conditions that prevents a good self-centering
of the seat with respect to the cap made possible by lubrication. Two examples of results
obtained from static tests with boundary lubricated surfaces are presented in Figure 11.
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Figure 11. Measured displacement vs. applied load in two tests in boundary lubricated conditions.

Examples of cyclic tests at 0.5 and 5 Hertz are reported in Figure 12. Additionally, in
these cases the curves of the different sensors overlap, and even if the band of the cyclic
curves widens with increasing frequency, there seems to be no effect of frequency on the
mean values. These results obtained in boundary lubricated conditions, compared to
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the corresponding ones of Figure 8, obtained in dry conditions, confirm the influence of
lubrication observed above.

The results of an additional repetition of a single up and down ramp after load cycling
is reported in Figure 13 showing no significant difference among the values recorded by
the single sensors and with respect to the previous tests.
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Figure 12. Measured displacement vs. applied load in dynamic test at 0.5 Hz (a) and 5 Hz (b) in
boundary lubricated conditions.
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Finally, comparing the mean values of some dry tests with the ones with lubricant
(Figure 14), no significant differences can be detected, considering the zeroing made in a
quite arbitrary manner at the start of each test.
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Figure 14. Average measured displacement vs. applied load in boundary lubricated conditions.

3.2. Evaluated Stiffness

Regarding stiffness, as explained in the Methods section, it was derived from best-fit
displacement expressed by the two and four constants formulas reported in Section 2.4.
Figure 15 shows an example of the displacement curves obtained by the optimization
process. The following optimized constant values were obtained in this case: for the
2-constant formula, c1 = 1.9671, c2 = 0.4838, for the 4-constant formula, c1 = −242.56,
c2 = 239.02, c3 = 0.015, c4 = −0.00018. Optimization can be pushed to higher levels and
very different values of the constants can be found that give similar results. To give an
idea of how the results can be different, using only the values of displacement for loads
greater than 40 kN, the following constants were obtained (green dotted curve of Figure 15):
c1 = 4.1607, c2 = 0.6649, c3 = 0.6732, and c4 = 0.0005.
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Although the displacement curves appear very similar, even small differences produce
quite significant differences in the stiffness trend (Figure 16).



Machines 2022, 10, 81 12 of 16

Machines 2022, 10, x FOR PEER REVIEW 12 of 17 
 

 

results can be different, using only the values of displacement for loads greater than 40kN, 
the following constants were obtained (green dotted curve of Figure 15): c1 = 4.1607, c2 = 
0.6649, c3 = 0.6732, and c4 = 0.0005. 

 
Figure 15. Measured and best-fit displacements vs. applied load. 

Although the displacement curves appear very similar, even small differences pro-
duce quite significant differences in the stiffness trend (Figure 16). 

 
Figure 16. Stiffness obtained from different best-fit displacements vs. applied load. 

3.3. Comparison with Results of Hertzian Formulas 
Displacement and stiffness were also calculated by means of Hertzian formulas con-

sidering Young’s modulus E = 2×1011 N/m2 and Poisson’s ratio ν = 0.3 for both bodies. As 
Hertzian deformations are greatly influenced by the clearance between the spherical cap 
and seat, the maximum and minimum gap provided by the manufacturer for the tested 
pair were considered. The mean values obtained in one of the tests, namely the second 
average up load ramp in dry conditions, were used for comparison with the Hertzian re-
sults (Figure 17). The displacement zero of the experimental curve was shifted in order to 
fit the mean of the calculated values for the maximum and minimum clearance at the 
starting measured load. 
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3.3. Comparison with Results of Hertzian Formulas

Displacement and stiffness were also calculated by means of Hertzian formulas con-
sidering Young’s modulus E = 2 × 1011 N/m2 and Poisson’s ratio ν = 0.3 for both bodies.
As Hertzian deformations are greatly influenced by the clearance between the spherical cap
and seat, the maximum and minimum gap provided by the manufacturer for the tested
pair were considered. The mean values obtained in one of the tests, namely the second
average up load ramp in dry conditions, were used for comparison with the Hertzian
results (Figure 17). The displacement zero of the experimental curve was shifted in order
to fit the mean of the calculated values for the maximum and minimum clearance at the
starting measured load.
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The outlined method for contact stiffness evaluation, based on best fitting of experi-
mental results, appears of simple application and valid even though similar solutions can 
be obtained with quite different constants. The 4-constant fitting of the experimental 

Figure 17. Experimental displacement vs. applied load compared with minimum and maximum
clearance Hertzian displacement.

The differences between the experimental and Hertzian displacement trends produce
the differences in stiffness shown in Figure 18. These results will be discussed in the
following section, where an explanation of this apparent incongruity will be provided.
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Figure 18. Experimental stiffness vs. applied load compared with the ones evaluated with Hertzian
formulas with minimum and maximum clearance.

4. Discussion and Conclusions

Despite the apparent dispersion of the results obtained in these preliminary tests,
the mean measured displacement values are always comparable, even in dry conditions.
In boundary lubricated conditions, that is, more realistic ones, the results are practically
overlapping, showing the good repeatability of the tests.

The outlined method for contact stiffness evaluation, based on best fitting of experi-
mental results, appears of simple application and valid even though similar solutions can
be obtained with quite different constants. The 4-constant fitting of the experimental curves
shows to be the best over the entire load range, while the simpler 2-constant one is quite
satisfactory at higher loads.

Even if it is questionable to use of the Hertzian formulas for contacts with a high level
of conformity, there is another aspect that can explain the differences evidenced by the
trends in Figure 17: the presence of the central hole in the spherical seat. That means that
the zero-load condition corresponds to a single contact point of conformal surfaces for the
Hertzian model and to a circular line contact of non-conformal surfaces in the real case
(Figure 19). The effect is exaggerated in the figure, because the hole actually has a diameter
of 5 mm compared to the 127 mm diameter of the sphere, and the spherical seat has been
schematically represented as a plane surface.
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Figure 19. Schematic picture of the contact between the spherical cap and the seat hole edge.

The deformed contact zones are evidently quite different, particularly for the lower
loads. In the real case, due to the initial contact between non-conformal surfaces (the
ball and the hole edge), the contact stiffness is lower. By increasing the load, the two
cases become more similar. It can also be noted from the trends of Figure 17 that the
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experimental deformation rate becomes closer to the calculated one for the minimum
clearance at sufficiently high loads, about 40 kN for the present results. This is better
evidenced in Figure 20, where the experimental curve has been shifted in order to have the
same displacement of the Hertzian calculated ones with minimum clearance at 40 kN.
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Figure 20. Hertzian displacement compared with the experimental displacement (shifted in order to
have the same displacement value at 40 kN) vs. applied load.

In conclusion, this paper proposed a test rig realized by adapting a uniaxial testing
machine and a methodology based on best fitting of experimental compression results
to determine the stiffness of a TPJB ball-and-socket pivot. The experimental setup and
procedure showed their validity in terms of repeatability in a load range of 5 to 150 kN
in boundary lubricated conditions while in dry conditions particular care had to be taken
in data processing averaging the measurements of the different sensors. The preliminary
compression results compared with the analytical ones obtained using Hertz’s formula
displayed non-negligible differences, especially at low loads, that have been ascribed to the
presence of a hole in the spherical seat. Additional tests and finite element analysis of this
kind of contact will be performed in order to better verify the applicability of the Hertzian
formulas, so widely used for tilting pad bearing ball-and-socket pivots, focusing on the
actual bearing operating load range and geometrical characteristics.
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Appendix A

The formulas proposed by Kirk and Reedy [4], based on the formulas reported in [26],
are commonly used for evaluation of deformation and stiffness of TPJB pivots. For the
spherical pivot in [5], we can find for deflection and stiffness, respectively:

δ = 1.040

(
W2C2

2
C1

)1/3

(A1)

K = 1.442

(
WC1

C2
2

)1/3

(A2)

where
C1 =

DH DP
DH − DP

(A3)

C2 =
1 − ν2

P
EP

+
1 − ν2

H
EH

(A4)

with D diameter and subscripts H and P referring to the housing (or spherical seat) and to
the pivot, respectively. Note that the difference DH − DP is the diametral clearance.

It is easy to verify that Formulas (A1) and (A2) coincide with Formulas (1) and (4)
being C1 = 2R and C2 = 2/E.

For the ball-and-socket, the equivalent radius can be also expressed as a function of
the radial clearance c:

R =
RH RP

c
(A5)

Actually, Kirk and Reedy used slightly different notations, with CE instead of C2 and
CD instead of C1, and provided a formula for the stiffness of a sphere in a spherical seat
made with the same material with EHP = EH = EP and νH = νP = 0.3:

K = 0.968
(

WC1E2
HP

)1/3
(A6)

It is easy to verify that Equation (A2) gives the same result by using C2 = 2
(
1 − 0.32)/

EHP = 1.82/EHP. It must be remarked that, in some papers, the coefficient 0.968 is
incorrectly used instead of 1.442 in Formula (A2).

For the secant stiffness, Equation (5), the following formula is often used for ball-and-
socket pivot:

Ks = K
2
3
= 0.961

(
WC1

C2
2

)1/3

=
1

1.040

(
WC1

C2
2

)1/3

(A7)
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