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Abstract: This paper proposes a novel, fast, and automatic modeling method to build a virtual model
with minimum degrees of freedom (DOFs) without the need for FE models or human judgment.
The proposed program uses the iterative closest point (ICP) algorithm to analyze the mode shape
vector of structural dynamic characteristics to define the position and DOFs of the joints between
structural components. After the multi-body dynamics model was developed in software, it was
converted into an SSM to connect the servo loop model. Then, the mechatronic integration analysis
was performed to verify the dynamic characteristics of the tool center point (TCP) and the workbench
in the experiment and simulation. The model created by the proposed identification process has
a small DOF and can accurately simulate the dynamic characteristics of a machine. This model can
be used for dynamic testing and control strategy development in mechatronic integration.

Keywords: digital twin; virtual machine tool; mechatronic analysis; modal analysis; joint identification

1. Introduction

In recent years, the demand for the high-precision manufacturing of machine tools
and health diagnostics has increased dramatically. Digital twin and virtual machine tool
technology is a powerful solution [1] for predicting the dynamic behavior of machines and
component failures and for improving production speed and quality through optimized
control strategies and mechatronic virtual models before manufacturing processes. The
mechatronic model of a machine tool usually consists of a controller and a mechanical or
dynamic structure model. This study investigated the modeling of mechanical structure
models. Building a virtual model with low degrees of freedom (DOFs) from a real machine
is an important topic.

The entire machine tool structure is quite complex. A full-scale machine tool’s finite
element (FE) model is usually used to present the complete modal state of the machine
tool. The model’s millions of DOFs make computation costly and time-consuming [2], and
it takes a long time to calibrate the FE model [3–6]. Therefore, a solution was developed
to downscale the model by simplifying the high-order model to a model with lower
DOFs but retained flexibility. This is called a top-down modeling approach, and many
scholars have worked on this type of approach. To effectively simulate the dynamic
performance of a machine, the entire machine tool model is divided into sub-structures
to reduce the model’s DOFs. A common sub-structure reduction method is the Craig–
Bampton method [7], which is a component mode synthesis (CMS) method widely used
in finite element method (FEM) commercial software. Bilgili et al. [8] used the Craig–
Bampton method for an FE model to reduce the order and proposed to reduce the model
DOFs by selecting the modes of interest with the kinetic energy of the modes and then
eliminating the unimportant DOFs in the system. Duan et al. [9] established an FE model
for the twin ball screw feed system; they used the Craig–Bampton method to reduce the
sub-structure order and introduced multi-point constraints to connect sub-structures to
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build a complete reduced model. Brussels et al. [10] applied the Craig–Bampton method
to simplify the machine tool model and used it to design an optimal mechatronics system.
Garitaonandia et al. [11] improved and validated the FE model using experimental data
obtained from experimental modal analysis (EMA) to obtain a state-space reduced-order
model. Zaeh et al. [12] proposed a combination of FEM and multi-body simulation (MBS)
techniques to build a dynamic model that can simulate large deformation of a machine.
Lee et al. [13] developed a complete FE model of a 120,000-node feed system, simplified it
to a state-space model (SSM) for each 16-stage system, and linked it to the control system
for simulation.

A top-down modeling method can describe the dynamic characteristics of the structure
in detail, and it is very suitable for the detailed design of a machine. Because of the
complexity of the modeling process, the high DOF of the model, and the long computation
time, although an order-reduction method can indeed reduce the DOFs, the computing
cost and time spent on mechanical and electrical integration are still high. Therefore, the
bottom-up modeling method is usually used. Although this model has a low DOF and
cannot fully describe the dynamic performance of the structure, its modeling process and
computing speed are much faster. Many scholars recommend this approach, and they
usually build dynamic models using the lumped parameter method (LPM) or experimental
data. Huang et al. [14] proposed a dynamic model for a feed drive system considering
elastic deformation, and their model accurately predicted and compensated for elastic
deformation. Wang et al. [15] proposed a dynamic modeling method using in-process
signals from computer numerical control (CNC). Sato et al. [16] established a dynamic
model of an entire machine tool based on the modal human judgment of the machine
structure. Their system had a total of 19 DOFs and addressed the relationship between
the mechanical structure and the controller by simulation combined with a controller. The
same authors proposed a human judgment method for the modal vibration modeling of
the robot and verified the reliability of the model by simulating the modal vibration and
circular trajectory [17].

This study developed a bottom-up automatic approach based on a mathematical
algorithm for the model building process in place of the traditional highly relied-upon
human judgment approach. The method proposed an identification approach for the DOF
and joint position to construct a dynamic model of the lowest DOF using a mode shape
vector. Specifically, according to the concerned mode shape, after the relative displacement
of the components was compensated for by the mechanism, the rotational matrix between
components was found using the iterative closest point (ICP) algorithm. The vector of
the rotational axis was calculated from the rotational matrix. Then, the position of the
rotational axis was calculated. The rotational axis vector and its position were the joint
position and DOF between the two components in the multi-body dynamics model. This
information was used to build a rigid body model of the entire machine in the multi-body
dynamics software RecurDyn, v. 9R5 [18]. The model was then converted into an SSM
for mechanical and electrical integration analysis and verification. The overall process is
shown in Figure 1. The proposed method is developed based on the serial structure of the
vertical machining center. This type of machine is widely used [19]. Therefore, most of the
modeling problems faced by this type of machine can be solved.

The remainder of this paper is organized as follows. Section 2 introduces the proposed
modeling process and algorithms. Section 3 validates the models identified by the proposed
method. Section 4 applies the identified model to perform mechatronic integration analysis
and provides and discusses the results. Finally, Section 5 concludes the paper.
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Figure 1. Overall research process.

2. Proposed Identification of DOF and Joint Position Process

The machine in this study is a three-axis vertical machining center. This serial structure
of machine is widely used [19]. To omit the tedious FE model building process, a virtual
model was constructed with a bottom-up approach. As a result, a simplified model with
minimum DOFs was built. The model can provide sufficient information on the relative
motion between the tool center point (TCP) and the machine tool table. The machining
center was operated without large deformation due to mutual perpendicularity of the
feeding directions. Therefore, low variations in the natural frequency and vibration pattern
in a small range of motion could be assumed. Because the proposed method could identify
the structure of non- feed drive systems, the entire machine structure was divided into two
parts, the casting and the feed drive system, as shown in Figure 2. The modeling method
for the feed drive system is quite mature and has been proposed by many scholars [20–23].
In this study, the modeling was performed using four DOFs. As shown in the figure, KC
is the torsional stiffness between the motor and the coupling. KS and CS are the axial
stiffness and damping between the coupling and the ball screw, respectively. KT and CT
are the stiffness and damping between the table and the saddle, respectively. The casting
system was analyzed using the proposed identification of DOF and joint position (IDDP)
process. The following illustrates the approach to construct a virtual model by selecting
DOF information from the mode shape, as shown in Figure 3.
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Step 1: Experimental data collection and pre-processing. Perform EMA was conducted
to obtain the frequency response function (FRF) for the structure. The natural frequency
( fi) and mode shape were selected (Section 2.1).

Step 2: Component grouping. The model analyzed was a series-type mechanism. It
was necessary to find the relative relationship between the components to compensate for
the relative displacement of the components through the mechanism (Section 2.2).

Step 3: Perform IDDP process. After the data point group was compensated, the
rotational matrix of the data point group was analyzed using the ICP algorithm to find the
rotational axis by inverse operation. Then, the position of the rotational axis in space was
calculated to obtain the position and DOF of the joint between the two parts in the rigid
multi-body dynamics model (Section 2.3).

2.1. Modal Information Acquisition

The first step was to find the natural frequencies and mode shapes. An impact testing
was used to obtain this modal information. The mode shapes were obtained from the
imaginary part of the FRF, which is introduced in Section 3.

2.2. Component Grouping and Relative Displacement Compensation

In the series mechanism, if the rotational axis and position of the absolute coordinates
are found using the ICP method without compensating for the displacement of the previous
object (Figure 4a), such an approach can cause errors in model setup. Therefore, to find the
DOFs of the relative motion of each pair of objects (Figure 4b), displacement compensation
was required for the mode shape of each mode in each model before the analysis. Struc-
ture grouping was needed before the displacement compensation to define the relative
relationship of the series mechanism. The CNC vertical machining center machine tool
can be regarded as a series mechanism, which includes the following three models in the
structure: (1) Model 1, which includes the base and the X- and Y-axis feed drive systems;
(2) Model 2, which consists of Model 1 with a column and the Z-axis feed drive system;
and (3) Model 3, which consists of Model 2 with the tool magazine, as shown in Figure 5.
Then, the relative displacement compensation was conducted.
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The relative transformation, such as the translation, rotational angle, and rotational
axis between the two bodies, was found by canceling the former bodies’ transformation.
The bodies in a series mechanism were numbered in a bottom-up manner. For example,
the former bodies of Body 3 were coded as Body 1 and Body 2.

The mechanism’s kinematics was derived using a displacement matrix. Then, the trans-
formation was reversed to cancel the former bodies’ transformation (Figure 6).
A displacement matrix E was the matrix that was transformed for the body from one
location to another with respect to a fixed coordinate, which is denoted as

E(φ, d, T) =
[

R(φ,d) T
0 1

]
(1)

where R(φ, d) is an axial rotation matrix and T is a prismatic translation vector.
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The location of the point P on the end body i was described by the displacement
matrix E0i and an arbitrary initial location P0 as

P = E0iP0 (2)

Similarly, the new location P′ can be described as

P′ = E′0iP0 (3)

To cancel the previous transformation, the point of interest G was the connection point
between body i and body i − 1. The purpose is to find the transformation matrix such EGG′

that the point G can be transformed to the point G′.

G′ = EGG′G (4)

Equations (2) and (3) were used to express the transformation matrix in Equation (4) as

EGG′ = E′0(i−1)

(
E0(i−1)

)−1
(5)

The matrices E0(i−1) and E′0(i−1) can be denoted as

E0(i−1) = E01E12(0,d,T)1
E23(0,d,T)2

· · · E(i−2)(i−1)(0,d,T)i−1

E′0(i−1) = E′01E′12(φ,d,T)1
E′23(φ,d,T)2

· · · E′(i−2)(i−1)(φ,d,T)i−1

(6)

Through the above derivations, the point G′ can be transformed back to point G,
meaning that “the former transformation is cancelled,” as mentioned previously. Finally,
the relative transformation can be found by conducting ICP with the new point set G′i.

2.3. Finding the Position and DOF of Rotational Axis

Arbitrary movement of an object in space can be represented by rotation and transla-
tion vectors. The rotation and translation matrices found by the ICP method are calculated
based on a global origin of coordinate, but the location of the rotational axis cannot be used
to build a model. Therefore, a solution was proposed. In Section 2.3.1, the ICP algorithm is
explained, and the rotation matrix is converted into an axial rotation matrix to solve the
vector of the rotational axis. Then, Section 2.3.2 describes the approach to find the position
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of the rotational axis between the components by the proposed algorithm. Through the
above process, the position and vector of the rotational axis between the two components
can be obtained.

2.3.1. Calculation of Rotation Axial Vectors

To automatically and quickly determine the change of the mode shape, the rigid
transformation matrix was found by applying the ICP algorithm to the group of accelerated
gauge measurement points and converting them into an axial rotation matrix to obtain the
rotation axial vector and the rotation angle.

The ICP [24] is a well-known method to realize point cloud registration, a process
of finding a spatial transformation from one point cloud to another. The purpose is to
merge the point clouds of multiple views into a complete model globally. Thus, the aim is
to register a measured point set P = {pi} to a model point set Z = {zi}. A mean square
objective function to be minimized can be defined as the following function:

M(q) =
1

Np

Np

∑
i=1
||zi − R(qR)pi − qT ||2 (7)

where R(qR) is a rotation matrix generated by a unit rotation quaternion qR, and qT is a
translation vector. The complete registration state vector q is denoted as q = [qR/qT ]

T .
For each clustered point set Si, the rigid transformation matrix R(qR) with rotation

and/or translation transformation for every natural frequency is given by the ICP algorithm.

R(qR) =

q2
0 + q2

1 − q2
2 − q2

3 2(q1q2 − q0q3) 2(q1q3 + q0q2)
2(q1q2 + q0q3) q2

0 + q2
2 − q2

1 − q2
3 2(q2q3 − q0q1)

2(q1q3 − q0q2) 2(q2q3 + q0q1) q2
0 + q2

3 − q2
1 − q2

2

 (8)

The rotational matrix can be represented in the axial rotation matrix form R(φ,d) rotated
around any axis as follows:

R(qR) = R(φ,d) =

 d2
xVφ + cφ dydxVφ− dznφ dzdxVφ + dynφ

dxdyVφ + dznφ d2
yVφ + cφ dzdyVφ− dxnφ

dxdzVφ− dynφ dydzVφ + dxnφ d2
zVφ + cφ

 =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 (9)

where Vφ = 1− cosφ, cφ = cosφ, nφ = sinφ, and aij(i = 1, 2, 3, j = 1, 2, 3) is a pure quantity
parameter calculated by Equation (8).

The rotational angle (φ) and the rotational unit vector (dx, dy, dz) can be solved by the
following equations:

φ |= ± cos−1 a11+a22+a33−1
2

dx |= a32−a23
2nφ

dy |= a13−a31
2nφ

dz |= a21−a12
2nφ

(10)

2.3.2. Center of Rotation Position of Object

The ICP algorithm can find the vector of the rotational axis between two components.
The vector is the global reference coordinates relative to the transform point sets, and this
coordinate point position cannot be used in modeling. To solve this problem, a procedure
is proposed to find the position of the transformation point sets as described below.

For any point g in the point set Gi, a displacement vector r is defined as

r = g′ − g (11)
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where g′ is the displaced point of a mode shape. For each two displacement vectors r1 and
r2, a normal vector w is defined as

w = r1 × r2 (12)

Then, the two perpendicular bisectors of r1 and r2 can be found by passing the vectors
w × r1 and w × r2 through the midpoints of r1 and r2, respectively. The perpendicular
bisectors, r1 and r2, are coplanar.

The above procedure is repeated for every two displacement vectors. An arbitrary
plane normal to the rotational axis is found, and all the perpendicular bisectors are projected
to the plane. Then, the highest density point of the stiffness points can be found (Figure 7).
Finally, the point is reversed from the normal plane to a three-dimensional space. As shown
in Figure 8, the rotational axis is assumed to pass through the intersection, which is the set
position of the joint.
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3. Simulation Analysis and Verification of Experimental Results
3.1. Construction of Vertical Machine Center Model

To understand the vertical processing machine natural frequency and mode shape,
impact testing was carried out according to the entire machine structure combined with
EMA, as shown in Figure 9. The impact hammer excited the machine structure to obtain the
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natural frequency of the structure. Experiments were performed by moving the accelerom-
eter to each measurement location and applying impact loadings to the fixed location in
different directions. Three impact loadings were applied to each measurement location to
collect three signals, which were averaged to reduce experimental error. Table 1 shows the
specifications of the equipment used in the impact testing. The measurements of frequency
ranged from 0 to 150 Hz. Figure 10 shows the FRF’s imaginary part of 131 measurement
locations, including the x, y, and z directions. The concentrated peak value of the curve
was the natural frequency. The peak value was the vector value of the mode shape. The
proposed identification method used these data in analysis. The low-frequency vibration
of the machine had a great impact on machining quality. Therefore, this study focused
on the natural frequencies below 100 Hz. In addition, significant modes were selected by
calculating the relative displacement between the table and the TCP. The modes having
only small displacements between the table and the TCP were ignored. Finally, six mode
shapes with natural frequencies of 21, 26.5, 31.5, 38, 44, and 58 Hz were selected as the basis
for building the simplified model, as shown in Figure 11.
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3.2. IDDP Process

The following describes the IDDP process performed by a vertical machine:
Step 1: Perform part grouping. The structural grouping of the entire machine model

and the definition of the series relationship are shown in Figure 5.
Step 2: Find the rotational axis. The IDDP was carried out according to the mode shape

of each natural frequency. With the base as an example, the 26.5-Hz mode shape data were
selected for IDDP analysis to calculate the rotational axis. Each frequency was analyzed
sequentially. The frequency analysis results of each mode are shown in Figure 12a.

Step 3: Find the joint location. The rotational axis found by each mode does not define
the position of the joint. Therefore, the repeated rotational axes of the same dimension were
averaged to obtain the DOF of the base and the position of the rotational axis, as shown in
Figure 12b.

Through the proposed IDDP method, the DOFs of the entire machine were identified.
The DOFs of the feed drive system were compiled, and the entire machine model had
18 DOFs, as shown in Table 2. Table 3 shows the joint location found by the IDDP method.
All position values are based on the origin of the global coordinate, OG. The identified joint
DOFs are described below:
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Table 2. Joint’s DOF of entire model.

Part Translation Rotation

Casting
Base 0 3

Column 0 1
Tool magazine 0 2

Feed drive system
X-axis 1 3
Y-axis 1 3
Z-axis 1 3

Subtotal 3 15

Total 18

Table 3. Joints setting position.

Part X (mm) Y (mm) Z (mm)

Base 0 1063 −1500
Column 0 1300 100

Tool magazine −280 1500 1350

• The base has three DOFs and is set up as a spherical joint at the point OF:

(a) Base rotation around the X-axis corresponds to the Base Pitch.
(b) Base rotation around the Y-axis corresponds to the Base Roll.
(c) Base rotation around the Z-axis corresponds to the Base Yaw.

• The column has one DOF and is set up as cylindrical joint at the point OC,B:

(a) Column rotation around the X-axis corresponds to the Column Pitch.

• The tool magazine has two DOFs and is set up as a universal joint at the point OT,C:

(a) Tool magazine rotation around the Y-axis corresponds to the Tool Magazine Roll.
(b) Tool magazine rotation around the Z-axis corresponds to the Tool Magazine Yaw.

The above three types of joints all restricted linear DOF. OB, OC, and OT are the centers
of mass for the base, column, and tool magazine respectively, which are connected with the
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corresponding joint points. The joint was set in the multi-body dynamics software Recur-
Dyn to constrain the corresponding DOF and rotational stiffness, as shown in Figure 13.
The joint stiffness values are shown in Table 4. Finally, a modal analysis was carried out to
verify the natural frequency and the mode shape.
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Table 4. Joint stiffness for each part in the movement dimension.

Joint Stiffness (GN-mm/rad)

Base Roll 653.58
Base Yaw 147.12
Base Pitch 902.78

Column Pitch 184.64
Tool magazine Roll 2.68
Tool magazine Yaw 5.56

3.3. Modal Analysis

Dynamic characteristics are important for the dynamic behavior. The dynamic charac-
teristics of the simplified model can be verified by comparing the natural frequencies and
the mode shapes. The dynamic characteristics are affected by the identified joint location
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and stiffness. Table 5 shows the comparison of the experimental and simulated natural
frequencies with a maximum error of 4.8%. Figure 14 shows the corresponding mode
shapes for each natural frequency. Each simulated mode shape was consistent with the
experimental mode shape, showing that the dynamic characteristics of the simplified model
are accurate.

Table 5. Comparison of natural frequencies between experiment and simulation.

Mode 1 2 3 4 5 6

EMA (Hz) 21 26.5 31.5 38 44 58
Simplified
model (Hz) 21.5 26.4 32.8 39.8 44.4 58

Error (%) 2.4 0.2 4.1 4.8 1 0
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4. Case Study of Motion Path Simulation
4.1. Servo Simulation Model of Mechatronics System

The model created by the proposed method can be integrated into the servo control
loop for mechatronic integration simulation. Figure 15 shows the block diagram of the
entire control loop. The model has a PI controller, which is a closed loop system. First, the
position command (Xcmd, Ycmd), which is obtained by the actual controller monitoring
function, is input. The position command passes the proportional gain Kpp in the position
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loop and the proportional gain Kvp and integral gain Kvi in the velocity loop. Rl converts
rotation into translation motion. It is calculated by the ball screw pitch divided by 2π.
Then, the motor constant Kt converts the angular velocity into torque (Tcmd), which is
input to each axis motor of the virtual model (SSM) to make the machine move. During
the movement, the changes in motor angular velocity are fed back to the position and
speed loops, respectively. The servo parameters are obtained from an actual controller.
Meanwhile, considering the friction effect in the structure, the angular velocity

.
θec of the

motor is substituted into the friction function (Fssx, Fssy) to calculate the friction force, which
is combined with the motor torque into the torque that considers the friction. An adopted
LuGre friction model [25] is shown in Figure 16, and it can be constructed by recording the
motor torque at different constant velocities [14]. The friction model is described as follows:

Fss

( .
θec

)
= Fcsgn

( .
θec

)
+ (Fs − Fc)e−(

.
θec
αs )

2

sgn
( .

θec

)
+ τ2

.
θec (13)

where Fss

( .
θec

)
is the steady-state friction function,

.
θec is the angular velocity, Fc is the

Coulomb friction force, Fs is the static friction force, αs is the Stribeck angular velocity,
and τ2 is the viscous coefficient. The system parameters in the mechatronic system are
shown in Table 6.
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Table 6. System parameters in mechatronic system.

Symbol Value Symbol Value

Kpp 60 (1/s) τ2x 0.1 (N·m/(rad·s−1))
Kvp 0.0766 (A·s/m) αsx 0.5 (rad/s)
Kvi 3.8282 (A/m) Fcy 0.0069 (N·m)
Rl 0.001591 (m/rad) Fsy 1.3374 (N·m)
Kt 15.1 (N/m) τ2y 0.16 (N·m/(rad·s−1))
Fcx 0.0115 (N·m) αsy 0.5 (rad/s)
Fsx 4.7318 (N·m)

4.2. State-Space Model Setup

After the model was set up in the multi-body dynamics software, to perform the
analysis more directly with Matlab, the multi-body dynamics model was converted into
a multi-input and multi-output SSM. Its mass, stiffness, damping matrices, and user-
defined control I/Os (Equation (14)) can be computed with built-in functions to obtain the
state-space matrix.

.
x(t) = Ax(t) + Bu(t)y(t) = Cx(t) + Du(t) (14)

where x(t) is the state vector; u(t) is the input vector; y(t) is the output vector; A is
the system matrix; B is the input matrix; C is the output matrix; and D is the forward
transmission matrix.

4.3. Motion Trajectory Result Validation

The servo loop model was verified through the line–curve hybrid trajectory, which
was run at the feed rate of 4000 mm/min. A cross grid encoder was used to measure
the two-dimensional relative displacement of the table and the TCP, which had a 1-nm
resolution. The experimental setup is shown in Figure 17. Figure 18 shows the generated
torque command. The blue line represents the experimental torque command, and the
red dashed line represents the simulated torque command. The figure clearly shows that
the simulated and experimental torque results are very consistent. Figure 19 shows the
experimental and simulated line–curve hybrid trajectories. Based on the contour error
results, regardless of the vibration cusp of the angle of a straight line or the commutation
cusp of an arc, the experimental and simulated results were very similar. These results show
that the proposed model can accurately predict the dynamic error trend of the machine tool.
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5. Conclusions

This paper proposed a new method of establishing a virtual model of an entire machine
by identifying the mode vectors. The virtual model with only 18 DOFs was established
effectively. This method is suitable for series structures. The joint position and DOF of
the joint between two components in the rigid multi-body dynamics model were obtained
by automatically identifying the mode vectors. The natural frequency and mode shape
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of the mathematical model were verified by modal analysis, and the maximum error in
frequency prediction was 4.8%. The simulated mode shapes were consistent with the
experimental results. Finally, the series controller and the mathematical model were used
for mechatronic integration analysis. The established model can completely simulate the
motion trajectory’s errors. This accurate and efficient virtual model can be easily combined
with intelligent diagnosis calculations on a computer associated with a machine or on the
cloud. The proposed model can be applied to (a) health monitoring, fault diagnosis, and
failure prognosis techniques for mechanical components (e.g., linear guide or bearing wear
can be diagnosed by a change in a specific mode shape), (b) servo tuning control strategies
(e.g., adjust the gain value in the control loop and observe the effect on the trajectory to
select the best control strategy for machining), and (c) workpiece surface quality prediction
(e.g., when the machining path changes, the machined surface quality can be predicted by
observing the relative displacement of the worktable and the TCP during the movement
of the machine).
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