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Abstract: Four-wheel independently driven electric vehicles are prone to rollover when driving at
high speeds on high-adhesion roads and to sideslip on low-adhesion roads, increasing the risks
associated with such vehicles. To solve this problem, this study proposes a path tracking and stability-
integrated controller based on a model predictive control algorithm. First, a vehicle planar dynamics
model and a roll dynamics model are established, and the lateral velocity, yaw rate, roll angle, and
roll angle velocity of the vehicle are estimated based on an unscented Kalman filter. The lateral
stiffness of the tires is estimated online according to the real-time feedback state of the vehicle. Then,
the path tracking controller, roll stability controller, and lateral stability controller are designed.
An integrated control strategy is designed for the path tracking and stability, and the conditions and
coordination strategies for the vehicle roll and lateral stability state in the path tracking are studied.
The simulation results show that the proposed algorithm can effectively limit the lateral load transfer
rate on high-adhesion roads and the sideslip angle on low-adhesion roads at high speeds. Hence, the
driving stability of the vehicle under different road adhesion coefficients can be ensured and the path
tracking performance can be improved.

Keywords: electric vehicles; model predictive control; path tracking; stability control; integrated control

1. Introduction

Compared with other driving vehicles, a four-wheel independently driven electric
vehicle (FWID EV) has a simple structure with an in-wheel motor or wheel-side motor
as a direct power source. This improves the energy transfer efficiency and the torque
responds quickly. These advantages provide a basis for achieving a better stability control
performance. Therefore, FWID EVs have become the focus of many researchers [1–6].

When a vehicle is driving on a wet road at high speed, improper driving can easily
cause the lateral instability of the vehicle, making the vehicle sideslip and tail-flick and
eventually lead to traffic accidents. Several scholars have studied the problems of vehicle
sideslips and instability. In [7], the lateral control of a vehicle with longitudinal velocity
variations was investigated. An improved proportional-integral control law was proposed
and optimized to improve the lateral stability and handling performance of the vehicle.
A new hybrid stability control system was proposed in [8] for avoiding vehicle skidding.
The system controlled the lateral acceleration and the yaw moment of the vehicle which,
according to the vehicle information compensated for the steering characteristics, thereby
improving the steering performance. In [9], an H-infinity-based delay-tolerant linear
quadratic regulator control strategy was proposed. The lateral movement and stability of
the FWID EV as affected by time-varying delays were better solved. In [10], a switching
strategy, composed of an error judgment strategy and a model matching strategy, was
used to identify the working environment of the vehicle. In [11], a switched control
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strategy of the front wheel active steering and external yaw moment coordination was
adopted to achieve vehicle stability under limited handling conditions. In [12], a stability
controller for a high-rise vehicle based on the parametric MPC was proposed to improve
the lateral stability.

In addition, it is easy to rollover when a vehicle turns sharply at high speed on a high-
adhesion-coefficient road. Therefore, vehicle rollovers have attracted increasing attention
in the context of serious traffic accidents. Many researchers have conducted extensive
research in the recent years to reduce the harm caused by vehicle rollovers and improve the
safe driving performance of vehicles. In [13], an improved sliding mode control strategy
based on a state observer was proposed. It ensured that the lane-keeping errors and roll
angle remained within a specified performance range. The contour lines of the load transfer
ratio (CL-LTR) and the CL-LTR-based vehicle rollover index (CLRI) were proposed in [14].
Based on the CLRI, the rollover prediction for a vehicle is enhanced and the vehicle stability
is improved. In [15], a control method for the rollover mitigation based on a rollover
index/lateral stability was proposed. The method decreased the risk of rollover under
the premise of ensuring the lateral stability of the vehicle. In [16], a double-layer dynamic
decoupling control system (DDDCS), composed of an upper dynamic decoupling unit
(DDU) and a lower steering control unit (SCU), was proposed to ensure the yaw stability
of vehicles.

With increasing investigations on intelligent vehicles, vehicle path tracking control
has become a research hotspot. The purpose of a path tracking control is to provide
accurate tracking and stability control under the intervention of control algorithms. At
present, researchers have used many control algorithms for vehicle path tracking control.
In [17], a robust model predictive control (MPC) strategy based on a finite time domain
was proposed to manage the parameter uncertainty and external disturbances in a vehicle
model, thereby ensuring vehicle stability. A robust H∞ output feedback control strategy
was designed in [18] and the uncertainties of the vehicle lateral velocity, yaw rate, and
road curvature were considered for the path tracking. In [19], a multi-core reinforcement
learning method was proposed and achieved better performance in terms of the path
tracking accuracy and smoothness. In [20], an optimal path tracking extended model
predictive control (MPC) scheme with multiple constraints and a vehicle-road dynamics
synthesis model was proposed to improve the ride comfort and stability of the vehicle
path tracking.

With the development of vehicle intelligence, more stringent requirements have been
proposed for vehicle dynamic state estimations. It is difficult for low-cost sensors to
accurately measure the values of certain state variables of vehicles in real time. However,
in practical engineering problems, the state variables that cannot be measured directly are
nevertheless required by the controller. To solve such problems, these difficult-to-measure
state parameters can be obtained through a state estimation method, which further expands
the use range of the vehicle sensors while reducing their use [21]. Thus, to solve the above
problems, we must obtain the vehicle state parameters using a state estimation method. At
present, the main methods available include sliding-mode estimation methods [22], least-
squares estimation methods [23], and Kalman filter estimation methods. In [24], looking at
the problem that certain state variables of underwater vehicles cannot be measured directly,
Cui designed an adaptive multi-input multi-output extended state observer to estimate
the unmeasured state variables. In [25], Ma studied the parameter estimation problem of
a multi-variable output-error-like system with an autoregressive moving average noise, and
proposed a least-squares-based iterative algorithm for an iterative search to solve a problem
concerning unknown variables in the information vector. The Kalman filter equation is
in a recursive form in the time domain, and thus there is no need to store large amounts
of data when solving the equation; therefore, the Kalman filter method is widely used
because of its fast operation speed and good real-time performance. In [26], an unscented
Kalman filter (UKF) algorithm, based on the measurable variables was proposed. In this
algorithm, the difficult-to-measure real-time state variables on the vehicle were estimated to
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provide accurate values for an integrated controller. A new integrated Kalman filter method
was proposed in [27]; this method used only low-cost hardware, such as a GPS/inertial
navigation system/wheel speed sensor to estimate the dynamic state of the vehicle. In [28],
a bicycle dynamics-based extended Kalman filter was proposed to eliminate the influences
of inertial sensor drifts.

It can be seen that researchers have made many achievements in the path tracking the
control, the vehicle roll stability control, and the lateral stability control; however, many
problems still need to be addressed. For example, when a vehicle tracks a desired path, it is
necessary to combine the lateral stability control and rolling stability control to achieve the
stability-integrated control in the path tracking. Simultaneously, it is necessary to consider
ways to design a smooth switching integrated control strategy for the integrated controller
to improve the adaptability of the integrated controller under different working conditions.
With the aim to solving the above problems, the main objectives of this study are as follows.

(1) For the proposed integrated controller, a smooth switching strategy is designed for
the stability controller such that the stability of the vehicle path tracking is better guaranteed
under different road adhesion coefficients.

(2) For the vehicle parameter estimation, a planar four-wheel dynamic model and roll
dynamic model of the vehicle are established. A vehicle state observer is then designed
based on the UKF algorithm, and the lateral velocity, yaw rate, roll angle, and roll angle
velocity are estimated in real time. The tire cornering stiffness is estimated online according
to the state of the vehicle’s real-time feedback.

(3) The vehicle path tracking controller design is based on the vehicle planar four-wheel
dynamic model. The MPC path tracking controller is established to output the desired
front wheel angle to ensure that the vehicle can track the desired path under different road
adhesion coefficients.

(4) In the vehicle roll stability controller design, based on the roll dynamics model
of the vehicle, the MPC roll stability controller is established to realize the vertical load
coefficient constraint of the vehicle and ensure the roll stability of the vehicle on a high-
speed high-adhesion road.

(5) For the vehicle lateral stability controller design, based on the planar four-wheel
dynamic model of the vehicle, the MPC lateral stability controller is established to enforce
the constraint of the sideslip angle and ensure the lateral stability of the vehicle on a
low-attachment road at high speed.

The remainder of this paper is organized as follows. Section 2 discusses the method
adopted to build the vehicle planar dynamics model and the vehicle roll dynamics model.
The vehicle state and the tire cornering stiffness are estimated in Section 3. The proposed
integrated controller is described in Section 4. Section 5 presents the verification of the
effectiveness of the proposed controller through simulations. The conclusions are presented
in Section 6.

2. Vehicle Dynamics Model
2.1. Vehicle Planar Dynamics Model

To better study the stability control problem, a vehicle planar four-wheel dynamics
model is established, as shown in Figure 1. Using this model, the longitudinal, lateral, and
yaw moment dynamic equations are established. The specific equations are as follows:

.
vx − vyr =

1
m
(Fx f r cos δ + Fx f l cos δ− Fy f r sin δ− Fy f l sin δ + Fxrl + Fxrr), (1)

.
vy + vxr =

1
m
(Fx f r sin δ + Fx f l sin δ + Fy f r cos δ + Fy f l cos δ + Fyrl + Fyrr), (2)

.
r = 1

Iz
[l f (Fx f l + Fx f r) sin δ +

t f
2 (Fy f l − Fy f r) sin δ− lr(Fyrl + Fyrr)

+l f (Fy f l + Fy f r) cos δ− t f
2 (Fx f l − Fx f r) cos δ− tr

2 (Fxrl − Fxrr)]

(3)
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Figure 1. Vehicle planar four-wheel dynamics model.

In the above equations, m is the vehicle mass; r, vx, and vy are the yaw rate, lon-
gitudinal velocity, and lateral velocity of the vehicle, respectively; δ is the front wheel
angle; β is the vehicle sideslip angle; Iz is the rotational inertia of the vehicle around the
Z-axis; l∗ represents the distance from the vehicle center of mass (C.G) to the front and
rear axles (∗ = f ( f ront),∗ = r(rear)); t∗ represents the wheel track of the front and rear
wheels (∗ = f , r); and Fyij and Fxij represent the lateral and longitudinal forces of the
four wheels, respectively, (ij = f l left-front wheel), f r (right-front wheel), rl (left-rear
wheel), rr (right-rear wheel).

The motion balance equation of the vehicle in the global coordinate system can be
expressed as follows: {

VY = vx sin ψ + vy cos ψ
VX = vx cos ψ− vy sin ψ

, (4)

where, ψ is the heading angle of the vehicle.
To reduce the calculation amounts for the control algorithm in the vehicle lateral and

roll stability controller and to meet the real-time requirements, the model is simplified to
a monorail dynamic model. The simplified vehicle differential equations are as follows:

.
vy =

1
m

(
Cα f α f cos δ + Cαrαr

)
− vxr, (5)

.
r =

1
Iz

(
l f Cα f α f cos δ− lrCαrαr

)
+

1
Iz

MFx , (6)

where Cα f and Cαr are the lateral stiffnesses of the front and rear wheels, respectively; α f
is the front wheel sideslip angle; αr is the sideslip angle of the rear wheel; and MFx is the
additional yaw moment. MFx can be defined as follows:

MFx =
l f

R
sin δ

(
Tf r + Tf l

)
+

t f

2R
cos δ

(
Tf r − Tf l

)
+

tr

2R
(Trr − Trl), (7)

where, R represents the effective wheel radius, and Tij(ij = f l, f r, rl, rr) represents the
driving torque of the four wheels.

The lateral dynamics equation for the vehicle is expressed as follows:

.
vy = ay − rvx. (8)

The lateral acceleration is defined as follows:

ay =
1
m

(
Cα f α f cos δ + Cαrαr

)
. (9)
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The longitudinal and lateral forces of the tire are calculated using linear expressions.
These can be expressed as follows:

Fx f l = Fx f r = Cl f λ f j, (10)

Fxrl = Fxrr = Clrλrj, (11)

Fy f l = Fy f r = Cα f

(
β +

l f r
vx
− δ

)
, (12)

Fyrl = Fyrr = Cαr

(
β− lrr

vx

)
. (13)

In the above, Cl f and Clr are longitudinal stiffness values of the front and rear wheels,
respectively.

2.2. Vehicle Roll Dynamics Model

To meet the requirements for the roll control, a vehicle roll dynamics model is es-
tablished. The model includes the main parameters potentially affecting the vehicle roll
stability, such as the equivalent roll stiffness, the equivalent damping coefficient, and the
sprung mass. The established vehicle roll dynamics model is shown in Figure 2. The
dynamic equation for the vehicle roll motion is as follows:

(Ix + msh2
r )

..
ϕ = msayhr − Cϕ

.
ϕ−

(
Kϕ −msghr

)
ϕ , (14)

where Ix is the rotational inertia of the vehicle around the X-axis, hr is the distance from
the vehicle centroid (C.G) to the roll center, ms is the sprung mass of the vehicle, Kϕ is the
equivalent roll stiffness of the suspension, Cϕ is the equivalent damping coefficient for the
suspension, ϕ is the roll angle,

.
ϕ is the roll angle rate, and

..
ϕ is the roll angular acceleration.
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3. Vehicle State and Tire Cornering Stiffness Estimation
3.1. Vehicle State Estimation

In this section, the state of the vehicle is estimated using the UKF algorithm. First, the
observation equation for the vehicle’s nonlinear state can be obtained as follows:{ .

x(t) = f (x(t), u(t)) + w(t)
y(t) = h(x(t), u(t)) + v(t)

, (15)

where v(t) is the measurement noise; w(t) is the process noise; x(t) is the state variable,
x(t) = [vy r

.
ϕ ϕ]

T ; y(t) is the observational variable, y(t) = [ay r]T ; and u(t) is the system
input, u(t) = δ.
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Thereafter, the sampling time of the UKF algorithm is set to ∆t, and (15) can be
discretized as follows: {

x(k + 1) = f (x(k), u(k)) + w(k)
y(k) = h(x(k), u(k)) + v(k)

. (16)

The specific design steps of the UKF [29,30] are depicted in Figure 3.
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Figure 3. Unscented Kalman filter (UKF) state estimation principle framework.

Finally, the state estimation equations are obtained as follows:

x̂k = x̂(k | k− 1) + K(k)[y(k)− ŷ(k | k− 1)], (17)

Pk = P(k | k− 1)− K(k)PyyK(k)T . (18)

3.2. Tire Cornering Stiffness Estimation

.
vy0 =

1
m

(
Ĉα f α f 0 cos δ0 + Ĉαrαr0

)
− vx0r0 (19)

.
r0 =

1
Iz

(
l f Ĉα f α f 0 cos δ0 − lrĈαrαr0

)
+

1
Iz

MFx0 (20)

The calculations for cornering stiffness can be derived as follows:
Ĉα f =

Iz
.
r0+may0lr−MFx0
α f 0(l f +lr) cos δ0

Ĉαr =
−Iz

.
r0+may0l f +MFx0

αr0(l f +lr)

, (21)

where Ĉα f and Ĉαr are the front and rear wheel cornering stiffnesses at the current sampling
time, respectively; α f 0 and αr0 are the front and rear wheel sideslip angles at the current
sampling time, respectively; and

.
r0 is the vehicle derivative of the yaw rate at the current

sampling time. MFx0 represents the additional yaw rate at the current sampling time. δ0
denotes the front wheel angle at the current sampling time.

4. Design of the Path Tracking Stability Controller

As described in this section, the path tracking stability controller is designed using
a hierarchical integrated control structure. The specific composition of the integrated
controller is shown in Figure 4.
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Figure 4. Path tracking stability control logic diagram.

The two green virtual frames shown in Figure 4 represent the MPC path tracking
controller and the MPC stability integrated controller. The stability integrated controller
monitors the lateral load transfer rate and the side-slip coefficient in real time through a
coordinated control module. According to the internal coordination strategy, the MPC roll
stability controller and the MPC lateral stability controller can be used to control the vehicle
stability during the path tracking by generating additional torque. The red virtual box
represents the state parameter input and output modules; this is used for the closed-loop
control of the entire control system. Notably, the coordinated control module is the key to
the design of the stability integrated controller, and directly affects the rationality of the
control system and accuracy of the control. The coordinated control module includes the
selection of the judgment conditions for the vehicle stability and the formulation of the
coordination strategies.

The load transfer ratio (LTR) is often used as a criterion for describing the vehicle
rollover stability, and its value directly reflects the vehicle rollover risk. It can be described
as follows:

LTR =
Fzl − Fzr

Fzl + Fzr
∈ [−1, 1]. (22)

The LTR varies from −1 to 1, where −1 and 1 indicates that the vehicle rolls over.
Considering that the vertical load of the wheel is not easy to measure in practice, a state
value obtained by a vehicle-mounted sensor or the state estimator is used instead of the
vertical load for the approximate calculation of the LTR. The approximate expression is
written follows:

LTR′ ≈ 2hr

le
(sin ϕ + ay cos ϕ/g), (23)

where hr is the distance from the center of the roll of the vehicle to the center of mass, le
is the distance between the vehicle suspension springs, g is the gravitational acceleration,
and ϕ is the roll angle.
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The lateral sliding coefficient (ρ) is the standard for describing the lateral stability
of vehicles, and its value directly reflects the risk of the lateral vehicle sliding. It can be
described as follows:

ρ =
Fy

Fz
, (24)

where Fy is the lateral force of the tire and Fz is the vertical force of the tire.
As the above two coefficients reflect the stability of the vehicle, in this study, the

sideslip coefficient (ρ) and lateral LTR are selected as the judgment conditions for the
vehicle stability.

To determine the threshold ranges for the vehicle stability conditions and establish
a suitable coordination strategy, the fishhook steering and the snake steering are selected
as the test conditions, and the relationship diagram of the road adhesion coefficient ρ and
the LTR is drawn. As shown in Figures 5 and 6, the LTR and ρ vary with the steering
wheel angle. When the vehicle is under the fishhook or snake condition on a road with
an adhesion coefficient of 0.9, a rollover occurs; the LTR reaches 1, and the maximum ρ
is approximately 0.83. When a road with an adhesion coefficient of 0.7 undergoes the
same steering, the LTR under the fishhook condition reaches 0.88 and that under the snake
condition reaches 0.8, whereas the maximum sideslip coefficients under these conditions
are 0.63 and 0.65, respectively. When driving on a road with an. adhesion coefficient of
0.5, the maximum value of the LTR under the fishhook condition is approximately 0.52,
whereas that under the snake condition is approximately 0.5, and the maximum values of ρ
are approximately 0.44 and 0.45, respectively. This indicates that the vehicle is more prone
to a plane sideslip instability when performing under high-speed sharp turn conditions on
a road with this adhesion coefficient. When the adhesion coefficient is 0.3, the maximum
value of the LTR is approximately 0.3 and the maximum value of ρ is 0.25 under the
different working conditions.

Machines 2022, 10, x FOR PEER REVIEW 8 of 19 
 

 

The LTR varies from -1 to 1, where -1 and 1 indicates that the vehicle rolls over. 

Considering that the vertical load of the wheel is not easy to measure in practice, a state 

value obtained by a vehicle-mounted sensor or the state estimator is used instead of the 

vertical load for the approximate calculation of the LTR. The approximate expression is 

written follows: 

2
(sin cos / )

h
rLTR a g

yl
e

    , (23)

where rh  is the distance from the center of the roll of the vehicle to the center of mass, el  

is the distance between the vehicle suspension springs, g  is the gravitational acceleration, 

and   is the roll angle. 

The lateral sliding coefficient (  ) is the standard for describing the lateral stability 

of vehicles, and its value directly reflects the risk of the lateral vehicle sliding. It can be 

described as follows: 

y

z

F

F
  , (24)

where 
yF  is the lateral force of the tire and zF  is the vertical force of the tire. 

As the above two coefficients reflect the stability of the vehicle, in this study, the 

sideslip coefficient (  ) and lateral LTR are selected as the judgment conditions for the 

vehicle stability. 

To determine the threshold ranges for the vehicle stability conditions and establish a 

suitable coordination strategy, the fishhook steering and the snake steering are selected as 

the test conditions, and the relationship diagram of the road adhesion coefficient   and 

the LTR is drawn. As shown in Figures 5 and 6, the LTR and   vary with the steering 

wheel angle. When the vehicle is under the fishhook or snake condition on a road with an 

adhesion coefficient of 0.9, a rollover occurs; the LTR reaches 1, and the maximum   is 

approximately 0.83. When a road with an adhesion coefficient of 0.7 undergoes the same 

steering, the LTR under the fishhook condition reaches 0.88 and that under the snake 

condition reaches 0.8, whereas the maximum sideslip coefficients under these conditions 

are 0.63 and 0.65, respectively. When driving on a road with an. adhesion coefficient of 

0.5, the maximum value of the LTR under the fishhook condition is approximately 0.52, 

whereas that under the snake condition is approximately 0.5, and the maximum values of 

  are approximately 0.44 and 0.45, respectively. This indicates that the vehicle is more 

prone to a plane sideslip instability when performing under high-speed sharp turn 

conditions on a road with this adhesion coefficient. When the adhesion coefficient is 0.3, 

the maximum value of the LTR is approximately 0.3 and the maximum value of   is 0.25 

under the different working conditions. 

 

Figure 5. Comparison of   and the load transfer ratio (LTR) under different road adhesion 

coefficients (Fishhook condition). 

Figure 5. Comparison of ρ and the load transfer ratio (LTR) under different road adhesion coefficients
(Fishhook condition).

Machines 2022, 10, x FOR PEER REVIEW 9 of 19 
 

 

 

Figure 6. Comparison of   and the LTR under different road adhesion coefficients (Snake 

condition). 

By setting different speeds and steering wheel angles, multiple sets of simulation 

tests were conducted to determine the threshold intervals for the decision conditions of 

the LTR and  . A coordination strategy was formulated as in Figure 7. 

 

Figure 7. Coordination strategy flowchart. 

(1) When the vehicle speed and the steering wheel angle are lower than the set 

thresholds, it indicates that the vehicle is in a safe driving state, and the MPC lateral 

stability controller and MPC roll stability controller will not be operated. 

(2) When the vehicle speed and steering wheel angle exceed the set thresholds, the 

upper supervision decision module will monitor the lateral LTR and   in real time. 

When the   is less than 0.5 and the LTR is less than 0.6, the vehicle is prone to a lateral 

slip instability when driving on a low-adhesion-coefficient road, but only the MPC lateral 

stability controller is needed. 

(3) When   is greater than or equal to 0.5 and the LTR is greater than or equal to 

0.6, it indicates that the vehicle driving on the road with a high adhesion coefficient is 

prone to a rollover instability under the condition of a high-speed sharp turn; accordingly, 

the MPC roll stability controller is turned on. 

(4) Considering that the determination conditions may be in other threshold ranges, 

such as when   is greater than 0.5 and the LTR is less than 0.6, the MPC lateral stability 

controller is set to be operated. 

Figure 6. Comparison of ρ and the LTR under different road adhesion coefficients (Snake condition).



Machines 2022, 10, 859 9 of 19

By setting different speeds and steering wheel angles, multiple sets of simulation tests
were conducted to determine the threshold intervals for the decision conditions of the LTR
and ρ. A coordination strategy was formulated as in Figure 7.
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(1) When the vehicle speed and the steering wheel angle are lower than the set
thresholds, it indicates that the vehicle is in a safe driving state, and the MPC lateral
stability controller and MPC roll stability controller will not be operated.

(2) When the vehicle speed and steering wheel angle exceed the set thresholds, the
upper supervision decision module will monitor the lateral LTR and ρ in real time. When
the ρ is less than 0.5 and the LTR is less than 0.6, the vehicle is prone to a lateral slip
instability when driving on a low-adhesion-coefficient road, but only the MPC lateral
stability controller is needed.

(3) When ρ is greater than or equal to 0.5 and the LTR is greater than or equal to 0.6, it
indicates that the vehicle driving on the road with a high adhesion coefficient is prone to
a rollover instability under the condition of a high-speed sharp turn; accordingly, the MPC
roll stability controller is turned on.

(4) Considering that the determination conditions may be in other threshold ranges,
such as when ρ is greater than 0.5 and the LTR is less than 0.6, the MPC lateral stability
controller is set to be operated.

4.1. Design of the Path Tracking Controller

According to the established nonlinear dynamic Equations (1)–(4), a nonlinear state
equation can be constructed as follows:

.
x(t) = f (x(t), u(t)), (25)
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where x(t) is the state parameter and u(t) is the control variable. The specific parameters
are as follows:

x(t) = [
.
x

.
y

.
r r X Y]T , u(t) = δ f .

A nonlinear MPC path tracking controller can be designed using the nonlinear state
equation. Although the control precision can be improved, the nonlinear control method
requires a large amount of calculation and may be unable to meet the real-time requirements
of the vehicle path tracking under different working conditions. As such, the advantages of
the simple calculations and good real-time performance of a linear control method should
be considered. Therefore, in view of the above problems, we linearize the nonlinear state
equation and use the linearization control method to design the path tracking controller.

Equation (25) can be linearized by using a Taylor expansion at the selecting point
(x0(t), u0(t− 1)). The linearized expression is described as follows.

.
x̂ = f (x̂, û) (26)

Equation (26) is a continuous equation. As the MPC is a discrete-time control method,
(26) can be discretized using the forward Euler method. The discrete state-space expression
is written as follows:

x(k + 1) = x̂(k + 1) + A(x(k)− x̂(k)) + B(u(k)− û(k)). (27)

Equation (27) can be expressed as follows:

x(k + 1) = Ax(k) + Bu(k) + d(k), (28)

where I is a unit matrix of the same order as matrix A and T is the sampling period.

d(k) = x̂(k + 1)− Ax̂(k)− Bû(k)

Considering that the control variable may exceed this limit, the control increments
in each sampling period are constrained. Equation (28) can be converted to a new state
equation containing the control variable ∆u(k) as follows:

x̃(k + 1) = Ãx̃(k) + B̃∆u(k) + d̃(k), (29)

where m is the dimension of the control and n is the dimension of the state variables.
When the vehicle tracks the reference path, the vehicle path tracking accuracy and the

lateral stability must be considered. Therefore, the heading angle r and the lateral position
Y are used as the outputs of the state space, and the predicted output equation is described
as follows:

ỹ(k) = C̃x̃(k), (30)

The state-space expression is obtained as follows:{
x̃(k + 1) = Ãx̃(k) + B̃∆u(k) + d̃(k)

ỹ(k) = C̃x̃(k)
. (31)

The predictive output equation at time k + 1 is obtained as follows:

ỹ(k + 1) = C̃x̃(k + 1). (32)

Then
ỹ(k + 1) = C̃Ãx̃(k) + C̃B̃∆u(k) + C̃d̃(k). (33)
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Similarly, the predictive output equation at time [k, k + Np] can be obtained. The
derived prediction output equation can then be written in the matrix form. Finally, the
prediction output expression for the discrete state is obtained as follows:

Yout (k) = Ω(k)x̃(k) + Θ(k)∆U(k) + Λ(k)D(k). (34)

According to (34), the values of
.
r and the lateral position Y in the predicted time do-

main can be calculated and applied to the subsequent calculations of the control algorithm.
To ensure that the FWID EV tracks the desired path smoothly and rapidly, an optimal

control variable is generated by obtaining the minimum value of the defined objective
function. The objective function is defined as follows:

Jmin(x̃(k), u(k− 1), ∆u(k), ε) =
Np

∑
i=1

∥∥∥ỹ(k + i | k)− yre f (k + i | k)
∥∥∥2

Q
+

Nc−1

∑
i=0
‖∆u(k + i | k)‖2

R + ρε2, (35)

where Np and Nc are the prediction and control time domains, respectively, Q is the output
weighting matrix, R is the control weighting matrix, ρ is the weight coefficient, and ε is
a relaxation factor. The first item of the objective function reflects the fast tracking ability
of the control system for the desired path. The second item reflects the requirements of
the control system for the stable changes in the control variable. Considering the real-time
changes in the control system, the optimal solution of the objective function in each control
period cannot be guaranteed. When there is no optimal solution, the relaxation factor is
added to the objective function, and the control system can replace the optimal solution
with a suboptimal solution to avoid the occurrence of no solution.

Considering that an actual vehicle steering actuator has a certain scope of work, to
avoid the controller producing a front wheel angle beyond the working range, it is also
necessary to constrain the control variable and control increment generated by the controller.
The constraints are as follows.

Umin(k) ≤ U(k) ≤ Umax(k) (36)

∆Umin(k) ≤ ∆U(k) ≤ ∆Umax(k) (37)

Moreover, the prediction output must be constrained, and the constraint is set as follows:

Youtmin(k) ≤ Ω(k)x̃(k) + Θ(k)∆U(k) + Λ(k)D(k) ≤ Youtmax(k). (38)

To facilitate the controller programming to solve for the optimal control variable,
it is necessary to convert the general objective function into a quadratic programming
(QP) problem.

J =
[
Yout (k)−Yre f (k)

]T
·Q ·

[
Yout (k)−Yre f (k)

]
+ ∆U(k)T · R · ∆U(k) + ρε2, (39)

E(k) = Yre f (k)−Ω(k)x̃(k)−Λ(k)D(k). (40)

Then,

J =
1
2

ξ(k)T H(k)ξ(k) + f (k)ξ(k), (41)

Finally, for each sampling period, the optimization problems with constraints are
solved and a control increment sequence in the Np range can be obtained as follows:

U∗(k) = [∆u∗(k| k)∆u∗(k + 1| k) . . . ∆u∗(k + Nc − 1| k)]. (42)
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As the MPC algorithm selects the first control increment ∆u∗(k| k) from the control
increment sequence, the optimal control variable acting on the vehicle path tracking at the
current moment is expressed as follows:

u(k| k) = u(k− 1| k) + ∆u∗(k| k). (43)

Similarly, the control system repeats the above steps at time k + 1, and ultimately
obtains the optimal front wheel angle for tracking the expected path.

4.2. Design of the Vehicle Roll Stability Controller

Based on the MPC theory [31] and the vehicle dynamics equations, the nonlinear state
equation is established as follows:

.
xL = ALxL + BLuL , (44)

where xL is the state variable and uL is the control variable. The specific parameters are
as follows:

xL = [r vy α f αr
.
ϕ ϕ]

T , uL = [TL
f l TL

f r TL
rl TL

rr εL]
T

.

These equations are then combined in the matrix form to obtain the predictive output
expression for the discrete state as follows:

yk
L = Ωk

Lxk
L + Θk

Luk
L. (45)

The specific objective function is designed as follows:

JL =
1
2

Np

∑
k=1

∥∥∥uk
L − wL

∥∥∥2

RL
+
∥∥∥uk

L − up
L

∥∥∥2

TL
+ 2qL

Tuk
L , (46)

where
wL =

[
TLd

f l TLd
f r TLd

rl TLd
rr 0

]T
, qL =

[
0 0 0 0 r1ε

L
]T .

In the above equation, TL = diag
(
tT
L tT

L tT
L tT

L tε
L
)
, RL = diag

(
rT

L rT
L rT

L rT
L r2ε

L
)
, where

uk
L is the expected additional torque generated by the controller on the four wheels. The

TLd
ij in WL is the driver-input four-wheel-drive torque, and its role is to maintain a certain

speed. uP
L is the last control variable solved for by the controller. TL and RL are the weight

matrices. tT
L is the weight of the control increment of the roll stability controller, rT

L is the
weight of the control variable of the roll stability controller, and r1ε

L and r2ε
L are the weights

of the relevant relaxation factors. The objective function is divided into three functions. The
first function ensures that when the controller detects a control target value greater than the
set threshold, the controller generates an additional torque. The second function ensures
steady changes in the control quantity and avoids large oscillations which would otherwise
affect the normal operation of the vehicle. The job of the third function is to avoid a “no
solution” situation of the controller.

To facilitate programming, the general objective function in (46) is converted into
a standard QP form. The specific expressions are as follows:

JL =
1
2

uk
L

T
(RL + TL)uk

L + uk
L

(
qL

T − wL
T RL − uP

L
T

TL

)T
, (47)

Finally, the constraint conditions are designed. To provide the roll stability for the
vehicle under the conditions of high speed and sharp rotation, the approximate vertical
load coefficient LTR of the vehicle is constrained. The constraint equation is as follows:∣∣∣yk

L

∣∣∣ ≤ LTR′max + εL, (48)
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where LTR′max is the vertical load threshold, which is set to 0.8.
In the control process, to avoid the control amount calculated by the controller from

exceeding the maximum control amount that can be generated by the motor, the control
variables need to be constrained. The constraint expression for the control variables is
defined as follows: {

lb ≤ uL ≤ ub
0 ≤ εL ≤ ∞

, (49)

where lb = [TL
min 0]T , ub = [TL

max + ∞]
T , and TL

min and TL
max are the minimum and maxi-

mum additional torque values, respectively.
The above constraint expression only imposes upper and lower bounds on the output

variable and the control variables at a single time. To obtain the optimal control sequence
of the objective function, it is necessary to restrict the output and the control variables
of the [k, k + Np]-time prediction model. At time [k, k + Np], the matrix of the constraint
expression is reorganized, and expressions are obtained as follows:{

LB < uL < UB
AuuL < UBu

. (50)

4.3. Design of the Vehicle Lateral Stability Controller

In this section, the vehicle lateral stability controller is designed based on the roll
stability controller. For the prediction model, the design of the objective function and the
constraint conditions and the specific meaning of the parameters in each expression are
similar. Therefore, this section introduces the design of the lateral stability controller.

The nonlinear state equations are established as follows:

.
xs = Asxs + Bsus . (51)

Equation (51) is linearized to obtain the linearized state equation as follows:

.
xt

s = At
sxt

s + Bt
sut

s, (52)

In addition, (52) is discretized as follows:

xk+1
s = Ak

s xk
s + Bk

s uk
s , (53)

The vehicle lateral velocity is selected as the output, and is expressed as follows:

yk
s = CSxk

s . (54)

The value at time [k, k + Np] is restructured to obtain the predictive output expression
of the discrete state as follows:

yk
s = Ωk

s xk
s + Θk

s uk
s , (55)

The objective function of the lateral stability controller is designed as follows:

Js =
1
2

Np

∑
k=1

∥∥∥uk
s − ws

∥∥∥2
RS +

∥∥∥uk
s − up

s

∥∥∥2
TS + 2qs

Tuk
s . (56)

The objective function in (56) can be converted into a standard QP form as

JL =
1
2

uk
s

T
(Rs + Ts)uk

s + uk
s

(
qs

T − ws
T Rs − uP

s
T

Ts

)T
. (57)
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The specific meanings of each variable are consistent with those of the roll-stability
controller. To provide driving stability to the vehicle on a low-attachment road, the sideslip
angle of the vehicle can be expressed as follows∣∣∣yk

s

∣∣∣ ≤ βmax + εs. (58)

In this study, the roll and lateral stability controllers are designed for the same vehicle
type; therefore, the constraint design for the stability controller control quantity is consistent
with that for the roll stability controller.

5. Simulation Results
5.1. Simulation Verification 1

The initial velocity was 80 km/h, and a docking pavement was set. The road adhesion
coefficient at the longitudinal positions in the 0–200 m range was set to 0.85, whereas that
at the longitudinal positions in the 200–500 m range was set to 0.35. The specific simulation
results are shown below.

A comparison graph between the actual and reference paths is shown in Figure 8. As
shown in the figure, the control effects of the MPC path tracking controller (MPC AFS) and
the path tracking stability controller (MPC Integrated) are compared. When the vehicle
runs on a road with a high adhesion coefficient at a speed of 80 km/h, the real-time and
accurate tracking of the desired path is realized under the action of the MPC AFS controller
and the MPC Integrated controller. When the vehicle enters the low-adhesion-coefficient
road, the actual path deviates significantly from the expected path under the action of the
MPC AFS controller, and the path tracking fails. Under the action of the MPC Integrated
controller, although the actual path deviates from the expected path to a certain extent
when the road curvature changes significantly, the actual path quickly converges to the
expected path.
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A comparison graph between the heading angle and front wheel angle is shown in
Figure 9 and that between the longitudinal velocity and the yaw rate is shown in Figure 10.
As shown in Figures 9 and 10, when the vehicle with the MPC AFS controller tracks the
path on the road with a high adhesion coefficient, the heading angle, the front wheel angle,
and the yaw rate oscillate significantly at approximately 90 m in the longitudinal position,
and the vehicle might be under the danger of instability. When the vehicle tracks the path
on the road with an adhesion coefficient of 0.35, the three state variables show monotonic
changes and the longitudinal speed begins to decline rapidly, indicating that the vehicle
had a serious sideslip. When the vehicle uses the MPC Integrated controller to track the
path on the docking road at medium and high speeds, there are no significant oscillations
in the heading and front wheel angles. Simultaneously, the longitudinal vehicle speed
changes smoothly and the yaw rate is controlled within a safe range.
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A comparison graph between the lateral load transfer coefficient and the sideslip angle
of the centroid is shown in Figure 11. As shown in Figure 11, compared with the MPC
AFS controller, the MPC Integrated controller ensures the safety and stability of the vehicle
when tracking a double lane-change path on the docking road. The lateral load transfer
rate and the sideslip angle of the centroid are effectively limited to a reasonable range, and
the maximum sideslip angle of the centroid is approximately 4◦.
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The additional torque of the path tracking stability controller is illustrated in Figure 12.
As shown in Figure 12, with the input of the front wheel angle, the MPC Integrated
controller can quickly generate an additional torque to adjust the stable state of the vehicle.
Moreover, the action time is short, and therefore, it will not have an excessive influence on
the path tracking effect owing to the excessive application of the additional torque.
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5.2. Simulation Verification 2

Based on simulation experiment 1, a higher initial velocity (110 km/h) was set to
further verify the effect of the controller, and the other simulation conditions were set to
the same values as those in simulation experiment 1. The analysis of the simulation results
is as follows.

A comparison graph between the actual and reference paths is shown in Figure 13. As
shown in Figure 13, the MPC AFS controller cannot maintain the stability of the high-speed
path tracking under the different working conditions, and in the first half of the simulation
test, the actual path significantly deviates from the desired path. Compared with the
MPC AFS controller, the MPC Integrated controller realizes the vehicle path tracking on
a high-adhesion road; however, when the vehicle enters a low-adhesion road and performs
a large steering angle for a large change in a road curvature, the front wheel inevitably
reaches a lateral saturation, and the tracking of the desired path deviates. However, under
the action of the MPC Integrated controller, the expected path is tracked as far as possible
in the latter half of the simulation, under the premise of ensuring the stability of the vehicle.

Machines 2022, 10, x FOR PEER REVIEW 16 of 19 
 

 

The additional torque of the path tracking stability controller is illustrated in Figure 12. 

As shown in Figure 12, with the input of the front wheel angle, the MPC Integrated controller 

can quickly generate an additional torque to adjust the stable state of the vehicle. Moreover, 

the action time is short, and therefore, it will not have an excessive influence on the path 

tracking effect owing to the excessive application of the additional torque. 

 

Figure 12. Additional torque of the path tracking stability controller at lower speed ( 80km/hxV  ). 

5.2. Simulation Verification 2 

Based on simulation experiment 1, a higher initial velocity (110 km/h) was set to 

further verify the effect of the controller, and the other simulation conditions were set to 

the same values as those in simulation experiment 1. The analysis of the simulation results 

is as follows. 

A comparison graph between the actual and reference paths is shown in Figure 13. 

As shown in Figure 13, the MPC AFS controller cannot maintain the stability of the high-

speed path tracking under the different working conditions, and in the first half of the 

simulation test, the actual path significantly deviates from the desired path. Compared 

with the MPC AFS controller, the MPC Integrated controller realizes the vehicle path 

tracking on a high-adhesion road; however, when the vehicle enters a low-adhesion road 

and performs a large steering angle for a large change in a road curvature, the front wheel 

inevitably reaches a lateral saturation, and the tracking of the desired path deviates. 

However, under the action of the MPC Integrated controller, the expected path is tracked 

as far as possible in the latter half of the simulation, under the premise of ensuring the 

stability of the vehicle. 

 

Figure 13. Comparison between the actual and reference paths at higher speed ( 110km/hxV  ). 

A comparison graph between the heading and front wheel angles is shown in Figure 

14 and that between the longitudinal velocity and the yaw rate is shown in Figure 15. It 

can be seen from Figures 14 and 15 that when the vehicle is on a road with a high adhesion 

coefficient, the monotonic changes in the heading angle, the front wheel angle, the 

longitudinal velocity, and the yaw rate occur owing to the instability of the vehicle, and 

they are significantly beyond the stability critical value range. Under the action of the 

MPC Integrated controller, when the vehicle is tracked on roads with different adhesion 

Figure 13. Comparison between the actual and reference paths at higher speed (Vx = 110km/h).

A comparison graph between the heading and front wheel angles is shown in Figure 14
and that between the longitudinal velocity and the yaw rate is shown in Figure 15. It can
be seen from Figures 14 and 15 that when the vehicle is on a road with a high adhesion
coefficient, the monotonic changes in the heading angle, the front wheel angle, the longi-
tudinal velocity, and the yaw rate occur owing to the instability of the vehicle, and they
are significantly beyond the stability critical value range. Under the action of the MPC
Integrated controller, when the vehicle is tracked on roads with different adhesion coeffi-
cients, the longitudinal speed changes smoothly and is stable between 100 and 110 km/h.
In addition, the yaw rate and the front wheel angle change trends are relatively stable. The
actual heading angle deviates from the expected heading angle in the latter half of the
simulation, and the expected heading angle is re-tracked at approximately 420 m in the
longitudinal position. This phenomenon is also reflected in the comparison between the
actual and expected paths.
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A comparison graph between the lateral load transfer coefficient and the sideslip angle
of the centroid is shown in Figure 16. As shown in Figure 16, under the action of the MPC
Integrated controller, the stability of the vehicle path tracking at higher speeds is ensured.
The maximum lateral load transfer rate is approximately 0.79, and the sideslip angle is
controlled within a stable range.

Machines 2022, 10, x FOR PEER REVIEW 17 of 19 
 

 

coefficients, the longitudinal speed changes smoothly and is stable between 100 and 110 

km/h. In addition, the yaw rate and the front wheel angle change trends are relatively 

stable. The actual heading angle deviates from the expected heading angle in the latter 

half of the simulation, and the expected heading angle is re-tracked at approximately 420 

m in the longitudinal position. This phenomenon is also reflected in the comparison 

between the actual and expected paths. 

  
(a) (b) 

Figure 14. Comparison of (a) heading angle and (b) front wheel angle at higher speed (

110km/hxV  ). 

  
(a) (b) 

Figure 15. Comparison of (a) longitudinal velocity and (b) yaw rate at higher speed ( 110km/hxV  ). 

A comparison graph between the lateral load transfer coefficient and the sideslip 

angle of the centroid is shown in Figure 16. As shown in Figure 16, under the action of the 

MPC Integrated controller, the stability of the vehicle path tracking at higher speeds is 

ensured. The maximum lateral load transfer rate is approximately 0.79, and the sideslip 

angle is controlled within a stable range. 

  
(a) (b) 

Figure 16. Comparison of (a) lateral LTR and (b) sideslip angle of the centroid at higher speed (

110km/hxV  ). 
Figure 16. Comparison of (a) lateral LTR and (b) sideslip angle of the centroid at higher speed
(Vx = 110km/h).

An additional torque graph of the path tracking stability controller is shown in
Figure 17. In Figure 17, when the initial speed is set to 110 km/h, the MPC Integrated
controller needs to generate greater additional torque to maintain the stability of the vehicle
because the dynamic state parameters of the vehicle change significantly. Simultaneously,
the change in the additional torque is relatively stable, providing a guarantee for tracking
the desired path after the vehicle resumes stable driving.
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From the above two simulation experiments, it can be seen that under the action of
the MPC Integrated controller, the lateral load transfer rate and the sideslip angle of the
vehicle during the high-speed path tracking are effectively reduced, ensuring the driving
stability of the vehicle and improving the path tracking performance.

6. Conclusions

Looking at the problems of tracking failures and vehicle instability in FWID EVs path
tracking under extreme conditions, a path tracking stability controller is designed based on
a hierarchical integrated control structure. Compared with a single path tracking controller,
the proposed controller displays a better control effect and stronger stability under extreme
conditions. The simulation results show that the path tracking stability controller designed
in this study reduces the lateral load transfer rate and the centroid sideslip angle of the
vehicle during the high-speed path tracking. Simultaneously, it also ensures the driving
stability of the vehicle and improves the path tracking performance.
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