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special cases for the new functions, e.g., g-Lauricella functions and g-Horn functions, are
pointed out.

Keywords: ¢-Stirling formula; even number of variables; Nova g-addition; inequality

PACS classifications: 33D70; 33C65

1. Introduction

The standard work for multiple hypergeometric functions is [1], written by Karlsson and Srivastava.
In a preprint from 1976 [2], Per Karlsson found that the restriction of multiple hypergeometric functions
to an even number of variables gives a large amount of symmetry and, thus, gives clearly defined
convergence regions, integral representations, transformations and reducible cases.

Based on [2] and an earlier paper [3], the aim of the present study is to present convergence
regions for g-functions of 2n variables. Our philosophy is that 2n is an even number, such that the
missing generalizations, or some of them at least, could be discovered by consideration of suitable

hypergeometric functions, which depend on an even number of variables. We do expect such functions to



Axioms 2015, 4 135

possess more complicated parameter systems than the four g-Lauricella functions; on the other hand, they
should not be so complicated that a practical notation becomes impossible; a reasonably high symmetry
will be required. We made the decision that this study should comprise the 43 functions defined in
Definitions 10 and 11. Loosely speaking, we may describe them as certain ¢-hypergeometric functions
of 2n variables having parameters associated with 1,2, n or 2n variables (but not any two, nor any n);
for n = 1, they reduce to Appell, Horn, Humbert and simpler ¢g-hypergeometric functions.

The formal g-integral representations work best for g-Appell- and ¢-Lauricella functions and will be
given in a subsequent article. We make a brief repetition of these ¢g-Appell- and g-Lauricella functions,
with corresponding convergence regions; our 43 functions are natural generalizations, as well as their
convergence regions. For brevity, the definitions will be given in table form, as well as their special
cases. To make the proofs in the current article, we use vector versions of the I',-function, the g-binomial
coefficients and the ¢-Stirling formula. A couple of lemmas are necessary for these proofs.

The new definitions are given summarily in tables (which occupy far less space than the corresponding
sequences of equations); certain results are merely suggested; detailed proofs are given only in certain
cases; and conditions of validity are mostly given in introductory remarks, not together with each
result. Since methods and results are natural generalizations of those known from the classical theory
of (multiple) hypergeometric functions, the concentrated exposition is believed to be acceptable. The
usefulness of further investigations is not to be excluded.

This paper is organized as follows: In this section, we give the basic definitions of the first g-functions,
together with the Nova g-addition. In Section 2, we define the 43 g-functions of 2n variables, together
with their limits and special cases. In Section 3, some lemmas are stated and proven. In Section 4, we

derive convergence regions of the new functions by the ¢-Stirling formula.

Definition 1. Let the g-shifted factorial be defined by:

1, =0
— N—-1
a;q)N = (1)
(@ Q) (1—¢™™) N=1,2 ...
m=0

{(9); D = [ [{o5 i), (2)

or.

(ar, - ans @)k = [ [lasi 0n 3)

A special notation that is sometimes used is:

((0); D75 = (a5 1) ingn | [{0w: @i “4)
k=2

We have the following inequalities, g-analogues of [2] (p. 11):

(g = ((1);q)7 )
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(1):9)i7; > {(D: a)il(1): )7 ©
(|Z+]|) > (Z—{;j) o
i q i/,
These inequalities motivate the following:

Definition 2. The g-binomial coefficients are defined in the usual way, and furthermore, we have the

<|Z ‘E]|) (15 q)jij] )
q

i (Lg)i(Liq);

following extension:

The q-multinomial coefficient is defined by:

n (L;9)
9
(k:l,ka,-..,km)q (L r (L Dky - - - (15 D ®

where ky + ko + ... + ky, = n. If m and k are two arbitrary vectors of positive integers with | elements,

their q-binomial coefficient is defined as:

(5),-1 (), @

= qj

We now come to the definition that forms the basis for most of the convergence regions given in this
article.

Definition 3. The notation ), . denotes a multiple summation with the indices m, . . ., m,, running over
all non-negative integer values.

Given an integer k, the formula:

determines a set Jp,,...m, € Nt1.

77777

Then, if f(z) is the formal power series y_,°, &', its k’-th NWA-power is given by:

k
(@;‘flzoaml)k = (ap Dgaz By ...)" = Z H (alxl)"” (m>q (12)

\m\ k mlEJmO

,,,,,

The following important function is used in all convergence proofs.

Definition 4. The q-gamma function is given by:

1:9) s _
() = =1 ) 0 <yl <1 (13)

—~

To save space, the following notation for quotients of Iy functions will often be used. If the function

values are vectors, we mean the corresponding products of q-gamma functions.

r [al,...,ap] Efq(al)...Fq(ap) (14)
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- a},.. ,cg, EFq( 1) ... Tylay) (15)
R Ty (by) ... Ty(b,)

where we have used the notation:

I’an) = H I, (ag) (16)

Definition 5. Let a and b be any elements with commutative multiplication. Then, the NWA g-addition

is given by:

(@@ 0)" =) (Z) A0 n=0,1,2,... (17)
q

k=0

In many cases (see [4—6]), the convergence condition can be stated (x @, y)" < 1.
Definition 6. The statement:
(xdyy)" <1, n>Ny, neN (18)

is denoted by x ©,y < 1 and similarly for a finite number of letters.

Definition 7. The four q-Appell functions [5] are given by:

o0

(@3 @Yy s (05 Qi (V5 Qi
Oy (a;b,0; clq; x1,29) = 1T L 2l
Z <1§Q>m1<1§Q>m2<CS Q>m1+m2 Lo (19)

m1,m2=0

max(|xy, |z2]) < 1

- s Dyt (0 Qomy (V5 @)
(D a; b7 b,;C7 C/ q;T1,T = <a7 q> Lt 2< ! ! ’ 2 fEmll’mQ
2 v = 3 (L5 @) ms (1 Qo (6 Qo (3 s+ 20)

m1,m2=0

21| Dy |22] < 1

- ; m & m b' m b/; m
O3(a,a’; b, clg; vy, 10) = Z {3 @hons (05 @ (05 Qo (3 ) 2 g pme

m1,m2=0 <1; q>m1 <1; q>m2 <C; Q>m1+m2 b 21
max (|21, [zs]) < 1
N a, q>m +m <b7 Q>m +m
(I) 7b7 5 / 3 s = < 1 5 1 ) iy s
4(a - ‘q h $2) mlvmbz?o <1§Q>m1<1;q>m2 <C; Q>m1 <CI;Q>m2 o (22)

[V ©g [vas| <1

Definition 8. The g-Lauricella functions [4] are given by:

@Xﬂ)(a,g;aq;f) EZ T 21| By .- By |zn| <1 (23)
- a, b, Q)™

(@, b; c|q; T) = (4, b; 2 max(|zy], - |za]) < 1 (24)
’ zm: (¢; Om(L; Q)

@é)(a,b;é]q;x)EZ&, VI By .. By /Tn < 1 (25)
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@1()”)(@, bi, ..., by;c|q; e, ..., xy)

3 (@ @) TT=1 (bg; @y (26)

~ , max(|z|,..., |z,]) < 1
—~ (G Dm [T (15 @m,

m

Definition 9. We also put

Fo(d,d; clg; 7, 9) = ~J~ 27)
T (c; Q>\ |+m<1 )71 q)7

(@; Q)i 77

Wy(a; ¢, g T,9) = == (28)
zZ]; <Ca 17 Q>Z<Cla 17 Q>j
We will use the following ¢-Stirling formula [7]:
L1

Ly(2) ~ {2}, 2 (29)

2. 43 g-Functions of 2n Variables

The following functions were defined in [3]; with the exception of [,J,L,M, capital italics denote

sums, e.g.,

A= Z a; (30)
j=1

Definition 10. Power series in 2n variables are written:

€1y

Z?]

If there is a q-factor, we denote it by explicitly giving the exponent as function of zi j, separated by a

semicolon. Example:
DA (a,b; v, olg; 7, 7120 ) (32)

denotes the function with generic name ®A,4 and q-factor q2(;>+j ‘.

We give the following two lists of g-hypergeometric functions of 2n variables; as before, it is enough
to give only \If(f, j) according to Equation (31). The letters and numbers in the notations are a mix of
the notations for Appell and Lauricella functions. We can sometimes switch between vectors and scalars
in the definitions. We can permute the indices in a vector #. We then have x,,; = x;. This means
that the vector index is computed modulo n. To translate between [2] and the present paper, we notice
that vectors in [2] (p. 5) are not written. In this paper, we often denote these by @. The product [2]
(b1)i - (bk)i in [2] (p. 5 (9)) here corresponds to ((g); ¢)-
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Definition 11.

Function \ (;, ;)
o a;9) 4 +151(0:0) 4 (05) |5
®y(asb,Velg; 7,7) | q>"+<‘;'q<>|jlu‘,l< 2

Dy (a; b, V¢, |q; T, 7))
(I)g(&, a/; b7 b/7 C|Q7 f? g)
Py(a,b;c, d|q; 7, 9)

<DC2(6L7 b, b’;églq;w7y)
®Cs(a,a’;b,V'; clq; 7, 9)
®D; (a,d; b clg; Z,9)

@DQ(a,a;b; ¢, ?|q; Z,9)
®Dy(a: b, V; ¢, c|g;
®Ds3(a,d’;b b' clg; Z,7)

®D,(a; b; ¢, ¢|q; 7, 7)

(@50) 1i1+151 0D 14 (0'30) 1)
()14 {c ¢Z>m
{a,b;9) 14 {a’ b';0) )
(Ga)i1+151
(a,b59) j314-15|
(60) 151 (c52))5|
(a; ‘1>m+m
(a);(c;
(a30) i1 +151 (bsa); {b 9);
(ca)z(ca)z
<a;q>;(a’;q);<b;q>;<b’;q);-
(@) i 4141
(a.:a) ji| 415
(67 i)
(@30) i) 111 (b30)7(6'50) 7
(G)1+15)
(a;0) 1) (a’50) 5 (B0) ; 15
<C§Q>H__’j
(a3q) 131+ (bs0)7(b50) 5
(¢ Q)lﬂ
(a;0)15){a’50) 5/ (B0) s 15
(aa)y(csa)7
(a;Q)m(a’;q)|j\<b;q>;<b';q>;
<C§Q>i$j
(a30) 51+151 b5
(ca)3(csa)
(0;9), 7,(bsq >;<
COP
(4:0), 7, (:0)7{b'39)7
(D) 14 (5a)15)
<abq>1ﬂ
(&9)151(¢50)5)
(a50) i 151 i) o (30}
(Ga);z;

(@50) 1i1+151 0> 15 (0'50) 151
(Ga)i(ca);
(a,b;q) 131 {a’ ,b'5q) 5
(e Q)zﬂ
(a;0)13){a’s0) ) (B0) ; 15

(&) a1+
i la’sa) 151 (bsa), 15
(Cq>\ {50015
(a;30) i) 111 (b50)7(6"50) 7
(ea)141{c’30) 51
(a;9) )5 (a’5q) ) (b2)7(b'30) 7

Q¥
a5
b'iq);
|

v

(asq

(SGD1il+151
(a;9) 13 +151(0:9), 75
(GD131(¢59) 151

139



Axioms 2015, 4

Definition 12. When all parameters to the left of | are vectors, we can also let q be a vector.

<I>b4(6_i, 57 c, C/|q; f) '37)
®g(d,b; dq; 7, 7)
dg, (@, a,b; dq; T, 7)
®g,(d@,b;¢,8q; 7, 7)
og(d, b dg; 7, )
MA(a,d’; Aq; T, 7))
MB(b; ¢, ¢ |¢; 7, )
Ma(b; dq; 7, 7)
Gi(a; b;V|q; 2, 7)
Gy(a,d';b,Vq; Z,7)
GAI(&; ga 67“]7 f? :’j)
GAy(a,d;b,V|q; Z,7)
GD;(a,d’; blg; T, 7))
GDs(a, d'; b, V|g; T, )

Ggl (67 b7 b/|Q7 f) :J)

Function N (;’ 3’)
Pa(a; b: lg: 7, ) T
ay(a, a’; b; lg; 7, 7)) tesaha <“Zc‘;>>a+ ibmﬁ;
®b(a@, b; c|g; T, 7) %

(a:0);3,;(bs0), =
(&) a1 (c'30)) 51
(a;q), 7, {biq -
<C§Q>i;j
(a;9)7{asa)7(ba) =

<C§Q>i_[_‘ i
(a;q)i;j<b;q§

itj—

(bia) 75
(D) 14 (<5a)15)
(b;qSiJr;_
<C§Q>¢¥j
(@5 @)1it151(05 @) 1111 b @i 1)
(a; q)1ar{a’s @)151(05 @) 1511 (Vs @il
(a; Q>|i\+ljl<b$ q>j:i<b,; Q>i1j
(a; q)ia’s ) 151€0; @) =V @), =
(@; @)1j1-1(a’s @i 151403 @) 7
(a; @) pji—ira’s @)pi—151(0; )76 @)5
(a;9), 7 (b:q) ;= (Vs 9), =,

2.1. Elementary Special and Limiting Cases

The following rather obvious relations could easily be derived.

140

1. For x = 0, or y = 0, the above functions reduce to ¢-Lauricella or g-Humbert functions or to

a product:

DA, DAy, DAy, PA3, PAy, Dy, g
da, Pa;, GA1, GA, Da Py, Pz H 2Py
@Cy, ®Cy, C3 OC | Gg1 |]] 2P
®B,, PBy, OBy, Pb, b, | Op MA Wy
®D1, ®D2, D5z, ®D3, D4, o MB Fo
G]:)l7 GD2 D Ma H 1<I>1

2. When a numerator parameter is equal to zero, the result is unity or a simpler function. For example,
the functions PA;, PA,,
DPA;3, Pay, GAs reduce to a A for a = 0.
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3. For n = 1, the functions reduce to g-Appell, ¢g-Humbert or g¢-Horn functions, or to a

q-hypergeometric function with argument = @, y according to the following table:

DA, PA;, By,
PAy4, PBy, PDy,
®Cq, ®Dq, (I)l Dby, Bga @4 C}Al7 Gl])l7 Ggl G1
Pai, Pgy ’
PAs, PBo, Co, Pa, Pb,
PD2, ®D5 Py dg, Dg 2Py CI)A?” q)C?), PD;3 | D3
GAQ, GDQ GQ MA, MB FQ, \112 Ma 1(1)1

4. For n = 2, the series in the same boxes are identical. The K- and D-series are g-analogues of
series introduced by Exton [8—10].

D®Ag, D5, Kis | ®A;, DDy, dg | BA,, OBy, g, | PA,, Dgu
®A,, DCy, K5 | ®B,, @D, Kyy| @By, ®C; | A, by
dD,, b, Ky MA, MB, Ma GD.,D, GD,, D;

dC,, dD,, Pa, Ky

5. In the following cases, a reduction to a product of inverse ¢-shifted factorials takes place:

Function
with

¢D7 ¢g GA17 GA27 Ggl

b=cla=c,d=c| a=c b+ =

GDq, GD,
a+d =1

3. A Couple of Lemmas

Lemma 13. A g-analogue of [2] (p. 11): if the general term in a power series with summation indices
1,7 is multiplied by a factor f (i, ;) which satisfies:

(L + {idol + {33 < IF@ I < B+ [{idel + [{}])"

where o, 8 € (0,00) and &,m € R, then the region of convergence is unaltered.

(33)

Lemma 14. A g-analogue of [2] (p. 11): The region of convergence for a multiple q-hypergeometric
series is independent of the parameters provided that they do not take exceptional values, i.e.,

07_17

—2,---, in general.

Proof. An alteration of a parameter value is equivalent to the insertion of a factor in the general term that

has the form f(f, j) = Eg; Qif , where [ denotes the relevant linear combination of q-shifted factorials.
4d)r

Since exceptional values are excluded, f does not take the values 0,0c0; and the ¢-Stirling formula

implies:
Jim [£] = O({Z[**) (34)
The statement in the lemma now follows by Lemma 13. [
Lemma 15. [2] (p. 13): Assume that all a; > 0. Then, the sum:
(35)

>
I=i

is equivalent to (max{a,,})’ for convergence purposes.
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Proof. The inequalities:
(max{a,})’ < Y @ < (i +1)"" (max{a,})’ (36)
I=i
are obvious. By Lemma 13, the factor (i + 1)"~! is unimportant. []

Theorem 16. [2](p. 13): For a positive sequence {F (1)}7-1, we have the followmg inequalities:

ZF(Z’) < ZF(N < ZF(i)

Thus, a sum of squares is equivalent to the square of the sum for convergence purposes; we denote

(i + 1)~ (37)

this equivalence by ~.

Proof. The first inequality is proven in the following way by using the relation between the arithmetic

and geometric mean values. The second inequality is obvious.
4 1 . 4
ZF@ =2 P2 FG) <52, 2 (PO FUY)
I=i I=i J=j (38)
-SSR < R

I=i J=i

]

Lemma 17. The following inequality holds for all sequences {x,,}",_,

> ((T;)q>2|f”7|< (M@q...@q m>2m (39)

|r|=m
4. Convergence Regions

In this final section, we will give convergence regions (and guesses of convergence regions) for
most of the 43 functions from Section 2. Some of these convergence regions will be vector versions
of the previously given convergence regions for g-Appell- [5] and g-Lauricella-functions [4]; they all use
formula Equation (12). The special case ¢ = 1 corresponds to the regions given in [2] (p. 10). For each
convergence region, we give the corresponding functions and give the proof for one of the functions.

In a few cases, the convergence region is slightly different, and we point this out. We then give
guesses of convergence regions that are between two regions; the smaller region is then always the
region from [2]. We cannot prove these exceptional cases, and they remain conjectures.

Convergence regions for general multiple g-functions of this kind involving the Nova g-addition have
not been given before. The rest of the section consists of theorems (and conjectures) followed by proofs.

Theorem 18. Let n > 2. The convergence region for the functions:
®B,, ®D;, ®D3, GD,, ®b (40)

is indicated.
Vmo: x| < 1 |ym| < 1 (41)



Axioms 2015, 4 143

Proof. The proof is for the function ®B;. The coefficient of 7" x 7 is equal to:

i+ b+t +4,e1,1
A =T, | L Tho T e “2)
" abl,c+i+j,1+i,1+7
According to the ¢—Stirling formula, lim -
C . . —cC
A~ Ty | S| dim 45} ), {J} )
’ a, bl | ij-=
1 (43)
li+3]
(iJFj )q
The maximum values of the real parts of d, l;, v ,care a, 3, 5',v, and N is a number, such that:
c
S O (44)
a,b,t/
For i, j big enough, we have:
A TP < {i+3Y, oy, Yy i+ a1 (45)

|z+J\
( Z+j )
If €; denotes a positive number bigger than the greatest of 5 — 1 and 5’ — 1 and €] is a sufficiently big

number, we have:

By e {H}Qel
iy, oYy < < (46)
Therefore:
ZIA T < L3 | L gy = 2
1,J Jet (\z+]|) 41
ij | Niti
47)
2. Ik\ [T > Gi+gies
i ( )q m im~+jm=km
and the series converges Vm : |z,,| < 1, |y,| < 1 and ®B; converges in the same region. [
Theorem 19. The convergence region for the functions:
®B,, ®D,, GD; (48)
is indicated.
Vm : T B lym| < 1 (49)
Proof. The proof is for the function ®B,. The coefficient of * y is equal to:
i+5,b+d,b 1T
A =T, | 0ELF Fibtged T (50)
" abb,c+id+,1%i1+;
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According to the ¢—Stirling formula, lim -, .-

¢, d o B I
Ay ~Tq| L5 5| lim {Z} {.7} {Z+J}q {i}; i},
a,b,b z]—}()o
(1) @43
(L; @) (1 @)

144

(D)

The maximum values of the real parts of @, l;, v ,c,c are a, 3, 5',v,v, and N is a number, such that:

N >

For z,q 7 big enough, we have:

AT | < N‘—>”J
\

el 0 S ) AR O ) S 13 Ve ) v

If:

(52)

(53)

1. € denotes a positive number bigger than the greatest of  — 1 and 8’ — 1 and € is a sufficiently

big number

2. €y denotes a positive number bigger than the greatest of 1 —- and 1—~" and €, denotes a sufficiently

large number,

we have: %!
AB—=1( B — € € { +‘7} '
iy, Y, < {iyg Yy < —
252
{2}1 'y{j}l 'y < {Z}Gz{j}EQ < TJe {Z + ]}
Therefore:
mem < Z’ LA L
bY(5) 7,m+]m 2¢! 4+2eh+a—1 =i,
— 461+62HZ 1 q > {Z+j} 1 ’ l’y

m tm,Im

and the series converges for ®,,_;[Ty| Dy |Ym| < 1 and ®B, converges in the same region. [
Theorem 20. Let n > 2. The convergence region for the functions:
©97 Ggla ©91

is indicated.
Vm > 1 x| @ [Ym-1] <1

(54)

(55)

(56)

(57)

(58)



Axioms 2015, 4 145

Proof. The proof is for the function ®g,. The coefficient of z* x 7 is equal to:

TiaTibit il
A.=1, | tthetabritsnel (59)
" aa.bc+i+j,14i, 147
According to the ¢—Stirling formula, lim -, -
5 - a—1 a’' —1 b
Amrqlw g]Zym&{z}q Ty G+,
) ) (60)
<(1)§Q>i+_’—
The maximum values of the real parts of @ c; I; care o, o/, 3,7, and N is a number, such that:
c
N>I'y| | - - (61)
a,a',b
For i, j big enough, we have:
R L e .
A y“’|<N—+] {iYe Yy Hi+ Y E (62)
<(1) Q>z+]

If ¢; denotes a positive number bigger than the greatest of «—1 and o/ — 1 and € denotes a sufficiently
large number, we have:

oa— o €1 €1 { +]}2€1
(e gy T < {0 < ——1 (63)
Therefore:
((1);9) | e N
AT < o S|SB i g gy s
LM77l < M s 4

" (64)
(L Qivtins (o y2eltfor,. i
mTJm= { + ]} €1+5 mezmym—f”kl
1 q 27n 1 q)]m 1 I

HZ

m im,Jjm—1

and the series converges for |z,,| @, |ym-1| < 1 and ®G; converges in the same region. [

Theorem 21. The convergence region for the function B, is indicated.

Vm /T @y /Um < 1 (65)

Proof. The coefficient of " x 7 is equal to:

- . b > . T T
A-=T, a+z—|—j +14+),¢c L (66)
" @b c+icd+5,14i, 1%
According to the g—Stirling formula, lim - A
,CI, y1l—cy . 1-¢
Ay ~Tg| - | lim {%+J} {Z}Q {7},
a, b zj%oo
(67)
(192,
(1 @) (1 @131 ((1); 0)3((1); 0)5
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The maximum values of the real parts of @, 5, ¢,c are a, 3,7,7', and N is a number, such that:
/
I, [ o5 ] | (68)
a,b
(12,
(1

(L) (1595 ((1); 0):((1); 0)5

+h-2 -

(itgy, A R

If ¢; denotes a positive number bigger than the greatest of 1 — v and 1 —+ and €] is a sufficiently big

)

N >

For z,q 7 big enough, we have:

-

A @5 < N

(69)

number, we have:

i+ 251
@GN < ey < I (20)
Therefore:
N (1); )% / N
A el - (] 4 2, +atf—2 =
ZZJ:| ST < e ZZJ: <1;Q>m<1;q)|j|<(1);q>;<(1);q>j{z ita gy
by(5) N <1 q>2m+]m

- { + j}2€1+a+ﬁ 2 Zmymjm (71)

< 4QZH 2.

e, 1L (L @),

b ZH{k Fo R i B /)

and the series converges Vm : /T, ©q \/Ym < 1 and ®B, converges in the same region. [

Theorem 22. Let n > 2. The convergence region for the function 9 is indicated.

Vm >1:/Tp ©g/Ym- <1 (72)

Proof. The coefficient of z* y is equal to:

i .7 b A .7 — T T
A =T, | CTiTIprritmah (73)
" a,bc+i+75,1+i0,1+7
According to the ¢—Stirling formula, lim -
5 — a+b—c—1 <(1)? q>2_~f-
Ay ~Ty | Lo | dim {i+ 5}, L (74)
2o [ d,b ] i (1);9)i5;((1); )3{(1); @)

The maximum values of the real parts of @, l;, care «, 3,7, and N is a number, such that:

N>, [ fg” (75)
a7




Axioms 2015, 4 147

For i, j big enough, we have:

7 (09, (1 ) (1); 0)7

- =

{i+ 300 ) (76)

Therefore, we have:

Z AT

()2
Do, (D (1 0);

S N Z H Z <1§ q>’im+jm71

_‘ m ZTVLJ’_JTVL*]{: <17 q>l2m <1’ q>?m—1

N Z: H{km}fﬂ*%l(\/ﬂ Dq v ymfl)%m

{i+j}t 2y

(77)

{i + j}g“!‘ﬂ_ﬁ/—lxmimym_ljmfl

and the series converges for Vi > 1 : \/x,, ©; \/Ym—1 < 1, and ®g converges in the same region. L[]
Theorem 23. The convergence region for the function ®Ds is indicated.
IndX ‘xm| @q max |ym’ < 1 (78)

Proof. The coefficient of z° y is equal to:

. . b - . b, - / ]—_" ]—_"
A =T, | *Lernotnoriee. bl (79)
" a,b,b/,c+1i,d +75,1+i, 1+
According to the ¢—Stirling formula, lim -, ..
Cy d . a—lpyl—cy \1-¢
Am~Tg| 5w o | lim {Z} {J} {Z +7t, ity ity
’ a,b,b | ijj—x (80)

(i),

The maximum values of the real parts of a, b, b ,c,care a, 3, 5',v,v/, and N is a number, such that:

c,c
N>Fq[ag7” (81)

For i, j big enough, we have:

A }75|<N‘<|H.j|>
q

i) [N T T (82)

If:

1. € denotes a positive number bigger than the greatest of § — 1 and 8’ — 1 and € is a sufficiently

big number
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2. €y denotes a positive number bigger than the greatest of 1 —- and 1—~" and €, denotes a sufficiently

large number,

we have: )
i f e + 5}
@ <y <
262
RO < e < %
Therefore:
i |Z+]| -\ 2¢! +2€e+a—1 =i N
Z | y_y 451+52 Z | {Z +J}q ' ’ v gﬂ - 461+62
‘|j 1 2¢! +2¢h +a—1 e _7| by lemma (15) N
3 ( ) e SR |
i =i =j
—F - 2€" +2e, +a—1 i 7
Z - {z + j e et  max |y, | 'max |y, |
— 7
4,J

and the series converges for 5" |z,,| €, "% |ym| < 1, and @Dy converges in the same region.

Theorem 24. The convergence region for the functions:
PA;, PA3, GA,

is indicated.
G92,771:1 |.Z'm‘ <1lA 693,'rn:1|ym| <1

Proof. The proof is for the function ®Aj. The coefficient of 7" m 7 s equal to:

aa/+z7a/+j7b+,l7b/+‘]7]‘71

A- =T o IR N
“Neti+ga,d bV, 140,145

,L’]

According to the ¢—Stirling formula, lim~

a,a,o, 1,j—30

(L @)L 9y
(1) 0)i7;

c . b=l o W=l o e
A””’””[ fw].l.lm G G Pt

(83)

(84)

(85)

]

(86)

(87)

(88)

(89)

The maximum values of the real parts of a, a’, b, b ,Care a, o, 3, 3,7, and N is a number, such that:

N >

For i, j big enough, we have:

(L @) (15 9))

AT < N | G O Y, Y e

If:

(90)

oD



Axioms 2015, 4 149

1. € denotes a positive number bigger than the greatest of  — 1 and 8’ — 1 and € is a sufficiently

big number

2. €y denotes a positive number bigger than the greatest of «—1 and o’ —1 and €}, denotes a sufficiently

large number,

we have: 2
o 4 o 61{ +]} €
[ < e s ©2)
2€!
7+ 2
< e < D e b ©3)
Therefore:
. N (L @) (L )y 2, 1
Aq'iﬂﬁ < i+ € +262+1
Z| 2,] Y ‘ 451+52 Z <(1>’ q>z+‘7 { } y
i,j ©J (94)
by(6) N || 1] 2, +2€ey+1— 7i
S 4e1+e2 Z: (;)q(j q{ o } 1 2 ’ymgﬂ
0]

and the series converges for &7, _i|Tm| < 1, @®,._1lym| < 1 and ®Az converges in the

same region. [

Theorem 25. The convergence region for the function ®Cj is governed by:

EBZm:l ‘\/mm’ <1IA @g,mzlyvym| <1 (95)

Proof. The coefficient of z* x 7 is equal to:

b+i,d + 4,0 +4,¢61,1
A =T, ¢ LGS (96)

7 a,a b,b,c+i+j,1+1,1+]

According to the g—Stirling formula, lim - st
5 a a
A~ Ty | O] dim (2 2 gy
a,a,b,b 0,j—

; 97

(0.0

The maximum values of the real parts of a,a’, b, ', Care o, o/, 3, 3',, and N is a number, such that:

¢
r 98
q[a,a@b,b’” ©8)

.00 g

-

NatB—2( Yo' +B"—2 - 1
O ¥ A O D Gl

N >

For i, j big enough, we have:

-

[A77] <

(99)
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If ¢; denotes a positive number bigger than the greatest of « + f — 2 and o/ + ' — 2 and €] is a
sufficiently big number, we have:

[ 0 < ﬂ (100

Therefore:

N Gul o, gy
j> gy ot

100 N~ (N s (N 2
- 4Z(Z> 712 J q'gy'{”ﬂ}ql ! (101)

q

J

by(39) N || e 7] e

¢ 4—2() 15 (%) i+ e
= q 7 q

(2

and we get the estimate for the convergence of ?Cs. [l

Conjecture 26. In this conjecture, we have two convergence regions in R*": Equations (102) and (103).
We have Equation (102) C Equation (103).

>t + lym| < 1 (102)
Dym=1 (|Tm| Oq [ym]) <1 (103)

The convergence regions for the function GA, are somewhere between Equation (102) and (103).

Proof. The coefficient of 7" x 7 in GA is equal to:

. . b _.’_ . b, _.’_ . I I
A- =1, | ¢TITROEI TR (104)
" a, bt/ 1+14,1+
According to the g—Stirling formula, lim - A
A~ Ty [ b y ] lim {0+ gyt — il i — 53!
’ a % 9
y Uy G (105)
<1QQ>\i+j|
((1); 0)x(1); a)7
The maximum values of the real parts of a, b, b are «, 3, ', and N is a number, such that:
N> ' 106
a [ a,b, b’ ] (106)
For i, j big enough, we have:
75 (15 q)jits)
A7 < N
? (1); 0)7(1); a)5 (107)

R A G s R ]
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If ¢; denotes a positive number bigger than the greatest of  — 1 and 5’ — 1 and €] is a sufficiently big
number, we have:

G— i = < ) < ﬂ (108)

Therefore:

Z’Al]fzﬁ’ < o 461
i,

1: ) -
< q>| i+7] {Z+]}261+a gj:y

(1); 0)5(1); 9);

2 2
N i+ o || — |7] =
|5 e | () VA 5 |(9) 7
i =i L\N"/4q = J/q
. - . 2 N 2
by(37) N I\ 9 tan |4 - ||
OSSO gz 132 (5) T Viewb=| 2 (2) TT Vivwl
4 < /g AN . J i
i,j L I=2 9 m=1 J=j 9 m=1
N Y B il i
=1 < - > {i+jyiatet [@%m:l |J:m!] 1 H@qm 1\/|ym\] }
i q -
by(37) N i+ ¢ tat| [an il [ i
~ 4712 ( ; ) {Z+‘7}2 1+ ' [@q,m:1|xm|]| | [@q,m:1|ym” ’
i g

(109)
and we get the estimate for the convergence of GA; in the conjecture. [

Conjecture 27. In this conjecture, we have two convergence regions in R*": Equations (110) and (111).
We have Equation (110) C Equation (111).

ZIMI Z\M! (110)
Bym=1 |VZm| Bq [VYm| < 1 (111)

The convergence region for the function ®C, is somewhere between Equations (110) and (111).

Proof. The coefficient of " a: 7 in ®C,. is equal to

b+, b a,1,1
T, a+i+j,b+1i,b +73,¢¢c (112)
a, bV, cti,d+j,1+i,1+;

A

According to the ¢—Stirling formula, lim -

Z]—)OO
E,C_; ] . . Ya—l b=l b =13 L17¢ 7 1-¢
Az:j ~ Fq / J,lmﬂ {Z + ]}q {Z}q {j}q {Z}q {j}q
a, b7 b 2,])—00

(113)

(7)), oo

The maximum values of the real parts of a, b, V', ¢, dare o, 8, 3, ~v,~', and N is a number, such that:

N> Fq[ C’bcb ” (114)
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For i, j big enough, we have:

AT < ‘(‘;’)q(’?)q((l;l;g;(if)ﬂwf

- =

U G (R Gt 5y W v W ]

1. If ¢; denotes a positive number bigger than the greatest of 3 — 1 and 5’ — 1 and €] is a sufficiently
big number, we have:

(115)

Y < e )0 < ﬂ (116)

€1

2. If e, denotes a positive number bigger than the greatest of 1 — v and 1 — 7 and €, is a sufficiently
big number, we have:
{i+j}

{0, < gty <5 (117)

Therefore:

| | Y (5 @i 2 i
|A- 3_:“_7\< > {i+i}, ata-lzigp
; J 461+62 Z J q<(1),q>ﬂ<1)7q>

2

2

N it o |zr 0N
= Jara Z ( - ) {i —|—j}2 I+ 1 [ _') ] ( i
Z?] I=i ¢ J q
. 2 2
by(37) N 1+ N 2¢ o |4 = 1] - -
D () e 1S (5) TLviF| | S(5) TV
o U —i 4 m=1 = N am=1
N —F -\ 2¢" +a—1 n / il ? n 1l ?
:451+52 Z ; {Z +j}q ! [@q,mzl ‘xm|i| [@q,mzl |ym|i|
4,J -

(118)

and we get the approximate estimate for the convergence of ®C, in the conjecture. [

Conjecture 28. In this conjecture, we have two convergence regions in R*": Equations (119) and (120).
We have Equation (119) C Equations (120).

> (Vwm + Vlyml)? < 1 (119)
Vm /| Tm| g V |ym| < 1 (120)

The convergence region for the function ®A, is somewhere between Equations (119) and (120).

Proof. The coefficient of 7" x 7 in ®A,. is equal to:

A~ =T,

17-]

b 71T
a—l—H—j, +Z+]C (121)
J

abc—l—zc—i—j,1+z 1—7—
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According to the ¢—Stirling formula, lim -, .-

g | e Ale = - b
A? ~ F a)g z_"lj:ino?J{Z +j}q {Z}q {]}q {Z +j}q
LA (122)
i+ 1\ (i+37
; q U q
The maximum values of the real parts of a, 5, c, J are o 5 7,7, and N is a number, such that:
=
N > rqlc"i” (123)
a,b
For i, j big enough, we have:
i = a—1 A1 g N
[ A9 | < N{i+j}g {2} h T i+ Y,
(124)

li + 7] i+ I\
- - | ry ’
t q v q
If €; denotes a positive number bigger than the greatest of 1 — and 1 — +" and ¢ is a sufficiently big

number, we have:
+ 251
OGN < ey < I (125)

Therefore:
.- N i+ 41\ [i+j - o N
LA o 2 tatB—2zi 2| LY
S« 2| () (7)) eaea| -
Z’] Z’J
2

{i 4 jyaatets=s

Zm+ m
( + ) NERCN T

4 m= Lim+jim=km
m_'_ m
(") V|

by N (|§|> " [
4 Z: k 4| m=1 Lim+im=Fkm
k - 2
== Z <| |) ‘{k}QE prasa2| TT mem Dy \/\ymr }
m=1

and we get the estimate for the convergence of ®A, in the conjecture.

(126)

> (Y11 ¥

‘{z +j}[216’1+a+,8—2

]

Conjecture 29. In this conjecture, we have two convergence regions in R*": Equations (127) and (128)

We have Equation (127) C Equation (128).
> (max{ |z, [ym[}) < 1

m

(127)

Dy m=1 Max{ |z, |, [ym|} <1 (128)

The convergence region for the function Az is somewhere between Equations (127) and (128)
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Proof. The coefficient of 7" x 7 in ®A7 is equal to:

i+ b+i b £5,61,1
A-=T, a—l—’L—l—j, +1 +jf (129)
7 a, bt c+i+7j,1¥;
According to the ¢—Stirling formula, lim~
c . - b—1 - b -1 Na—le. — 1=
Ay~ Ty 07 lélin&) {it, {0}, i+t {i+it,
. ’ (130)
(!HJI)
i+7/,
The maximum values of the real parts of a, 5, b ,Care o, 3, 5',v,and N is a number, such that:
c
N> 1T, - (131)
a,b, b
For i, j big enough, we have:
[A79 | < N i {} 1 ) s R} el i (132)

If ¢; denotes a positive number bigger than the greatest of 3 — 1 and 5’ — 1 and €] is a sufficiently big

number, we have:

2€’
: i+
{iYy by < Yy < % (133)
Therefore:
- = |Z +]| oy i N
461 Z | {Z +j}2 1+ aj y 461

by ]emma (15) N
4a

‘) [I > G+ ey

m im+im=km

<k
k

kl n e +a—
( IZ) H [max{ |2, [ym|}]"" {km}g e

dm=

Z
>
k (134)
2

k
o (@ emax{laal )]

and the series converges for ©,,_ max{|z,,|, [yn|} < 1, and we get the estimate for the convergence of
® A7 in the conjecture. [
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5. Conclusions

We have found a new type of convergence region of the vector type. To visualize these regions, one
should start with the case ¢ = 1 and imagine the ¢g-deformed regions as slightly larger, increasing with
the inverse of q. We have not found convergence regions for all functions, and there are other ways to
describe the convergence regions in Section 4. There are also ways to describe where the series diverge.

The connection to quantum groups comes from the g-Lie algebras and g-Lie groups, which have been
presented at the Group 30 meeting in Ghent 2014. Further articles of this type are in progress.
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