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Abstract: In this paper, we first establish an evaluation formula to calculate Wiener integrals of
functionals on Wiener space. We then apply our evaluation formula to carry out easy an calculation
for the analytic Fourier—-Feynman transform of the functionals. Some examples are furnished to
illustrate the usefulness of the evaluation formula. Finally, using the evaluation formula, we establish
the series approximation for the analytic Fourier—-Feynman transform.
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1. Introduction

For T > 0, let (Cy[0, T|, M, m) denote the classical Wiener space, where M is the
class of all Wiener measurable subsets of Cy[0, T] and m is the Wiener measure. Then,
(Col0, T], M, m) is a complete measure space. For an integrable functional F on Cy[0, T],
the Wiener integral of F is denoted by

/C o FOIm()

Some works and theories for the analytic Fourier-Feynman transform (FFT) on the
Wiener space, initiated by Brue [1], have been developed in the various studies. Since
it became known that Wiener integrals explain the movement of particles in quantum
mechanics, many studies on Wiener integrals have been published. In particular, the
Fourier-Feynman transform makes it possible to better explain the behavior of particles
and thus make them more predictable. In addition, research is being conducted on a new
form of Fourier-Feynman transformation. The analytic FFT and its properties are similar
in many respects to the ordinary Fourier transform. For an elementary introduction to the
analytic FFT [1,2] and the references cited therein, see [3-10]. Many mathematicians have
been studied the analytic FFT of various functionals on Wiener space.

One of the many topics within the theory of the analytic FFT is concerned with the
classes of all polynomial functionals [11,12]. These classes have been used to explain certain
physical phenomena. However, there are some difficulties in evaluating analytic FFT for
high-order polynomial functionals as follows: let (v, x) denote the Paley-Wiener-Zygmund
(PWZ) stochastic integral. For eachn = 1,2,..., let G,(x) = (v,x)" with ||| = 1. To
calculate the analytic FFT of G,, we have to consider following Wiener integral:

/CU[O,T] [(0,x) + (v, y)]"m(dx). "
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One can see that it is not easy to calculate of the Wiener integral (1) because the

Lebesgue integral
1 : " u?
(27_[) /R(u—i- (v,y)) exp{—z}du 2)

appears in the calculation of the Wiener integral (1) whenever we apply the change of
the variable theorem. In order to evaluate the Lebesgue integral (2), we have to use the
integration by parts formulas repeatedly. However it is very difficult and complicated.

In this paper, we establish a new evaluation formula to figure out these difficulties
and complications. Using the evaluation formula, we obtain various examples involving
the analytic FFTs very easily. Finally, we give a series approximation for the analytic FFT.

2. Definitions and Preliminaries

We first list key some definitions and preliminaries that are needed to understand
this paper.

A subset B of Cy[0, T] is said to be scale-invariant measurable provided pB € M for
all p > 0, and a scale-invariant measurable set N is said to be scale-invariant null provided
m(pN) = 0 for all p > 0. A property that holds except on a scale-invariant null set is said
to be hold scale-invariant almost everywhere (s-a.e.). If two functionals F and G are equal
s-a.e., we write F = G.

Forv € L,[0, T] and x € Cy[0, T], let (v, x) denote the PWZ stochastic integral. Then,
we have the following assertions.

(i) Foreachv € L,[0,T], (v, x) exists for a.e. x € Cyl0, T].
(i) Ifv e Ly[0,T]is a function of bounded variation, (v, x) equals the Riemann-Stieltjes

integral fOT v(t)dx(t) for s-a.e. x € Cy[0, T].

(ili) The (v, x) has the expected linearity property.
(iv) The (v, x) is a Gaussian random variable with mean 0 and variance ||v||3.

For a more detailed study of the PWZ stochastic integral, see [2,6,8,13-17].

We are ready to recall the definitions of analytic Feynman integral and analytic FFT on
Wiener space [1-3].

Let C, C, and @+ denote the set of complex numbers, complex numbers with a
positive real part, and nonzero complex numbers with a nonnegative real part, respectively.
For each A € C, A!/2 denotes the principal square root of A, i.e., A!/2 is always chosen
to have positive real part, so that A=1/2 = (A=1)1/2 is in C, for all A € C. Let F be a
C-valued scale-invariant measurable functional on Cy[0, T] such that

J(A) = /C o F(A~2x)m(dx)

exists as a finite number for all A > 0. If a function J*(A) analytic on C exists such that
J*(A) = J(A) forall A > 0, then J*(A) is defined to be the analytic Wiener integral of F over
Co[0, T] with parameter A, and for A € C; we write

anw ),

I*(A) = / F(x)m(dx).

Co[0,T]
Let g be a nonzero real number, and let F be a functional such that | g{i‘(’)”ﬂ F(x)m(dx)

exists for all A € C_.. If the following limit exists, we call it the analytic Feynman integral
of F with parameter g and we write

anf, anw),
F dx) = 1i F dx).
reCy



Axioms 2024, 13, 237

3o0f11

From the fact above with some notations in [4,7], we state the definition of the ana-
lytic FFT.

Definition 1. For A € Cy and y € Co[0, T|, let

anw,

) = [+ xm(d)

We define the Ly analytic Fourier—-Feynman transform, Tq(l) (F) of F, by the formula

T (B)(y) = lim TA(F)(y)

AeCy

for s-a.e. y € Co[0, T] and a nonzero real number q.

We note that Tq(l) (F) is defined only s-a.e. We also note that if Tq(l) (F) exists and if
F =~ G, then Tq(l)(G) exists and Tq(l)(G) ~ T‘;l)(F).
The following Wiener integration formula is used several times in this paper. Let

{a1,a3,...,a,} be any complete orthonormal set of functions in L,[0, T], and let i : R" — R
be Lebesgue measurable. Then,

/CO[O,T] h({ay,x), -, (an, x))m(dx)
u2

—(\/%)n/nh(ﬁ)exp{—]ézj}dﬁ

in the sense that if either side of (3) exists, both sides exist and equality holds.

We finish this section by giving the functionals on Wiener space, which are used in this
paper. Let {a1, ..., a,} be a complete orthonormal set in L, [0, T], and let F be a functional
defined by the formula

F(x) = (@, )% x - X (g, 0)%Pn = ﬁ(aj/x>2p/ (4)
=1

where p1, p2, ..., Pn—1 and p, are nonnegative integers. Then, one can see that the function-
als defined in Equation (4) are unbounded functionals used in [11,12].

Remark 1. Let P be the set of all functionals of the form

H(x) = h({a1,x), ..., {ay, x))

where h is a continuous function on R". By the Bolzano—Weierstrass theorem, there is a sequence
{fu} of polynomial functions such that ||h — fullcc = SUPzcgn |1(i) — fu(if)| — 0as n — oo,
Thus, the polynomial functionals such as Equation (4) are meaningful objects to study the FFT. The
usefulness of the functionals (4) will be explained in Section 5 below.

3. An Evaluation Formula

In this section, we give an evaluation formula for the Wiener integrals. To do this, we
shall start by giving two lemmas. The first lemma is the formula for the Lebesgue integral.

Lemma 1. Let s be a nonnegative integer. Then, we have

s u? a5t s 1+s
/Ru exp{—z}du—z (1+(-1) )r( - > (5)
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where T denotes the gamma function defined by the formula

I'(r)= / 't rdt
0
for a complex number r with Re(r) > 0, see [15,16].

We now state some properties of the Gamma function I'. For any positive integer #, let
nl=nxm—-1)x(n—2)x---x1,andlet(2n —1)! = (2n —1) x (2n —3) x (2n —5) x
-+ x3x1andset (—1)!! = 1. Then,

(i) T(n)= (n—1)!for all positive integers n.
(i) T(s+1)=sI(1) for all positive real numbers s.
(i) T(n+1)= w /7 for all positive integers n.

In our next lemma, we establish an Wiener integration formula.

Lemma 2. Let p be a nonnegative integer, and let o« be an element of L, [0, T] with ||a||, = 1. Then,
for all nonzero real numbers y and B, we have

oo i) + Bla ) mi)

P ©)

=) 2pCas(25 — 1)Uy B2 (a, )%
s=0

fory € Co[0, T], where ,Cy = Wlk)' for nonnegative integers n and k with n > k.
Proof. Fory € Cy[0, T|, letv = («,y). Then, using Equation (3) for all nonzero real numbers
v and B and y € Cy[0, T], we have

1

/co[Oﬂ [v{a,x) + Bla )| m(dx) = <217T> [y +por exp{_uzz}du,

Using the binomial formula
n n
(au+bo)" =) nCr(au)* (bo)" = = Y. nCra b Fukon =k,
k=0 k=0

Equation (5), and some properties of the Gamma function, we have

e )+ Bl )PP

o[0T
12
1\2 ¢ kp2p—k 2p—k [k u?
= (27_[> Igzpck'y B "o P /Ru exp{—z}du
= 2p
1)? k g2p—k. 2p—knksl e Lk
= = 27 (14+(—1)")r
(37) Lacater a2 s (oo (5
1
1\2 & _ Cpgn 251 1+2s
= (35) LaCarpr a2 s cpr (1) )
S=li
— L %i C 725[32p72502p72szs+%r S-‘rl
T s:02p 2s 2
1
1\2 & Cos 2p_2sms (28 — 1)1
— (7-[) ZOZPCZS’)’ZSﬁZP stz;z 2525( > ) \/%
s=

P
=Y 2pCos(25 — 1)1y pHP 25020~ %,
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which completes the proof of the lemma as desired. O

Using Equation (6) in Lemma 2, we can establish the evaluation formula for the
Wiener integral.

Theorem 1. Let F be as in Equation (4) above. Then, for all nonzero real numbers y and B, we have

n

b
/C o FV+ Bym(dx) = 1|3 25, Cas(25 — 1)1 B2 2 ey, )2 8)
oY,

j=1Ls=0
fory € Col0, T1.

Proof. We first note that for each j = 1,2,...,n, let Xj(y) = <1x]-,y>. Then, X;’s are in-
dependent Gaussian random variables. Thus, for any Lebesgue measurable function h
on R, h(X ) s are also independent Gaussian random variables. Then, for all nonzero real
numbers y and B, and y € Cy[0, T],

g e Bym(a)

- cooﬂ] [v{aj, x) + Blaj, y)?Pim(dx)

=TT i) Bl Piman)|

Finally, using Equation (6) n-times repeatedly, we can establish Equation (8)
as desired. [

4. Some Formulas for the Analytic FFT via the Evaluation Formula

In this section, we give an application of our evaluation formula. Theorem 2 is one of
the main results in this paper.

Theorem 2. Let F be as in Theorem 1 above, and let q be a nonzero real number. Then, the analytic
FFT Tq(l) (F) of F exists and is given by the formula

n r Pj s
1
TV (F)(y) = 11 Z(;)zp Cos (25 — 1)H<q) (aj,y) 2P~ ZS} )
]
fors-a.e. y € Col0, T.
Proof. In Equation (8), set y = A~2 and B =1for A > 0. Then, it follows that for all A > 0
and s-a.e. y € Cy[0, T], we have
n
Ty (F)(y) = [2 2y Cax(25 = )IA™ay )| (10
]:

From this, we observe that T, (F)(y) of F exists for all A > 0. We will show that the
analytic FFT Tén (F)(y) of F exists. To do this, for A € C, let

n rPj
;) =11 {2 2p;Cas(2s = 1A <,x]-,y>2pj—25] .

j=1Ls=0
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Then, J(A) = J*(A) for all A. Let A be any simple closed contour in C;.. Then, using
the Cauchy theorem, we have

[ M~u/rﬂthQsS—1WA<%#VW%}M=O

P
because the function ¥ 2, Cos(25 — 1)1IA™*(a), y)?Pi~% is an analytic function of A in C...
s=0

Hence, using Morera’s theorem, we conclude that J*(A) is analytic on C. It remains to
show that
ik i\’ 2p;j—2
lim J*(A) =]] {2 2p;Cas(25 = 1)t <q> (j,y)?Pi™ S],

A——ig 1 Lo
AeC. j=1Ls=0

However, it is an immediate consequence of the fact that the functions A%,
s =1,2,... are continuous and analytic on C.. Thus, we complete the proof of Theorem 2
as desired. O

We now give some formulas for the analytic FFT via the evaluation formula obtained
by Equation (9). We first give several formulas for the 1-dimensional functionals in Table 1.

Table 1. Formulas for the 1-dimensional functionals.

n=1pj=j analytic FFT of Fj,j = 1,2,3,4

R() = (a,x)?  (0,)2+1

B(x) = (ag,0)* (&g, y)* + %(“1, )2_1%2

B = (@x)° (0y)°+ By - Ry - R
Fa() = (00,20 (0,9)° + 3o, p)® — o y)* — By )2 + 1P

From now on, we next give a formula for the analytic FFT with the multi-dimensional
functionals.

Example 1. Let F5(x) = (ay, x)?(aa, x)* (set n = 2; p; = 1, pp = 2 in Equation (4)). Then, for
s-a.e. y € Col0, T], we have

TV (F5)( ﬁ{i 2p]C25< > ]/>2pf25(25—1)”}

j=1Ls

LZi(;)zCzs (2s—1 'l<;>s<a1/y>2zs]
x {iﬂzs(%—1)!!<;>S<a2,y>425]

5=0

= [+ 2] [t + St - 3
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Remark 2. From the definition of analytic FFT, one can observe that for A > 0,

1

BE)W) = [ W e+ P e ) + eyl ()

_ o [A*1<1X1,x>2 + 2/\7%<061,X>(a1,y) + <061,y>2]

X A2 (g, %)%+ 4073 (g, %)% (a2, y) + 64 (a2, 1) (0, y)?
+4AT 2 (g, 2) (0, ) + (o, ) m(dx)
- / A3 e, %)% (2, ) + 642 (ay, 1) (w2, 1) (a2, )2
CO[O,T]
+ A e, x)H oo, y) 4+ A2 (g, 1), y)?

+ 60 g, x)H (o1, ) (o, y)* + (a1, y)* (w2, y) ] m(dx)

=303 4 6A 2 (g, )2 + A Hag, ) 4 3472wy, )2
+ 60 N, y) (w2, ) + (a1, ) (o, )™

It can be analytically continued on C, and so letting A — —ig, we have

1 i 61 3
T )W) = a9+ 2] [+ Saa? - 5]
q q q
It is evident from the preceding discussion that the calculating process is a challenging task.
Therefore, the development of our evaluation formula holds significant value in addressing this
difficulty and providing a practical solution.

We give more explicit formulas for the analytic FFT with the multi-dimensional
functionals.

Example 2. Let Fs(x) = (ag, x)*(ap, x)%(n3,x)® (set n = 3;p1 = 2,po = 1,p3 = 3 in
Equation (4)). Then, for s-a.e. y € Co[0, T] we have

W [y i\’ 2p;—2s
j=1Ls=0 q

s=0
X Lé)zczs(zs - 1)”<;>S<0¢2,y>225]
X Lé)ﬁczs(2S - 1)”<;>S<0¢3,y>6zs]
= )+ Loy~ 5| [y + L
{:{;‘ Z i; qi”éﬁ” 26/]1&
o9} o )t = S )~ 5 |
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Example 3. Let F;(x) = (g, x)* (a3, x)%(ay, x)* (set n = 4;p1 = 2,p2 = 0,p3 = 1,py = 3 in
Equation (4)). Then, for s-a.e. y € Cy[0, T}, we have

= {Z 4Cos(2s = 1N <;>S<“1,y>4_ﬂ

SXO Léoczs (25— 1)1 <q>s<a2,y>—2s}
(o
= [0+ Sty - 2
[y | [t + S - 3.

Remark 3. We considered only three functionals. But, we can obtain various functionals with
high dimensionals.

5. Series Approximation for the Analytic FFT

In this section, using Equation (9) we shall establish a series approximation for the
analytic FFT through several steps.
Step 1: Let h € C*°(R") with

/n\ exp{ i }dﬁ<oo (11)

for all 2 > 0. Then, the Maclaurin series expansion of & is given by the formula
— i n —
h(it) = h(0) + Z o ( Z h”il'"”ik (0)uy, - .uik> (12)
iy,

where h“fl ity is k-th the derivative of h. Assume that hu,.1 ety (6) = 1 for all derivatives
of h (in fact, all of the processes of this development can be applied in the case that any
k-th order partial derivatives huil...uik’s have the same value when 0 is constant). Then,

Equation (12) can be written by

=1 (13)

where I, (if) = h(0) + ¥ & (ur+ - +u,)k r=1,2,.... Hence, we have |h(if) — h,(if)| —

0asr — oo.
Step 2: For each r = 1,2,..., let H,(x) = hy({ay,x),...,{ay, x)) and let H(x) =
h({aq,x),...,{ay, x)). Then, one can check that for all p > 0,

/C()[O,T] |H(px) — Hy(px)|m(dx) — 0
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as r — oo because for all p > 0, we see that
L=[ |H(px)-H d
= o 1H(EX) = Help)m(ax)

= [ho(ar, x), -, p{an, x)) = hr ({1, ), ..., o (n, X)) [ (dx)

Col0,T]
n 2
1 n o U=
= —— h(it) — hy (il - Y L i
( Twz) [ ) = @ exp Yo %

< 27Tp> /|hﬁ exp{ g;}dﬁ

n 2
1 u*
+ | — / hy (il {—E ]}dﬂ<
(w/2np2> R| ()] exp j:12p2 e

forallr = 1,2,---. Hence, we can conclude that L, tends to zero as r — 0 from the
dominated convergence theorem.
Step 3: One can see that

/C o HOOm(@)

—h(@)+ ) I
1=1

forl =1,2,..., where

1
I — I S
2 2 (2p1)t- - (2pn)! /CO[O,T]

2p1+---+2pp=21
1

= Z Lo (2pn)! /Co[O,T] F(x)m(dx),

2p 44 2py =21 (2p1)

(0, x)2P0 - (i, x)2Prm(dax)

where F is given by Equation (4) above. This means that we can give the formula for
analytic FFT as the series approximation by using Equation (9) in Theorem 2.
Step 4: We can conclude that

T,V (Hy) = T,V (H) (14)

in the sense L1(C[0, T]) as* — oo. In fact, for each A > 0, we have

/CO[O,T] ITA(H) (y) — Ta(Hr) (y)[m(dy)
: /Co 0T /Co[(m [H(A"2x +y) = Hy(A~ 22+ y) [m(dx)m(dy)
— C[OT]IH(\/mz)—H,(\/mZ”m(dz)

—0

as r — oco. The equality is obtained from the condition (11) and the Fubini theorem for the
Wiener integrals. Also, by using the uniqueness of the analytic extension and the limit, we
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obtain Equation (14) as desired. Hence, the series approximation of the analytic FFT of
functional H is given by the formula

TV (H)(y) = lim T{V (H,) ()

r—0oo

in the sense L1(Cy[0, T]), where

T3V () ()
— r 1
-0, X,

BT

l
j=1
fors-a.e. y € Cy[0, T1.

6. Conclusions

We finish this paper by giving Section 6 with a remark.

Remark 4. In order to establish the series approximation with respect to the analytic FFT, we
gave the condition as Equation (11) above. There are many functions that satisfy condition (11).

n

For example, all of the polynomial functions on R", the exponential functions exp{a Y u;} with
j=1
n n
a > 0, and the trigonometric function sin( }_ u;),cos( }_ u]z) One can see that those functions
j=1 j=1
satisfy condition (11). Hence, we can establish many formulas for the analytic FFT as the series
approximation. Furthermore, these functionals can be used in various fields such as the finance,
engineering, or date anaysis. One can easily find the FFT of the conversion for all functions that are
highly applicable.
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