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Abstract: In this paper, we introduce a new class of special polynomials called the generalized Bell
polynomials, constructed by combining two-variable general polynomials with two-variable Bell
polynomials. The concept of the monomiality principle was employed to establish the generating
function and obtain various results for these polynomials. We explore certain related identities, prop-
erties, as well as differential and integral formulas. Further, specific members within the generalized
Bell family—such as the Gould-Hopper-Bell polynomials, Laguerre-Bell polynomials, truncated-
exponential-Bell polynomials, Hermite-Appell-Bell polynomials, and Fubini-Bell polynomials—were
examined, unveiling analogous outcomes for each. Finally, Mathematica was utilized to investigate
the zero distributions of the Gould-Hopper-Bell polynomials.
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1. Introduction

Special functions have considerable roles in many branches of mathematics, theoretical
physics, and engineering (see [1-3]). We realize that various problems in engineering and
physics are framed in terms of differential equations, and most of these equations can
be investigated by using several families of special polynomials. Further, these special
polynomials allow the derivation of various helpful identities in a fairly straightforward
way and are useful in introducing new classes of special polynomials. Bell polynomials
are some of the most important special polynomials due to their various applications
in different mathematical frameworks (see [2-4]). Moreover, Bell polynomials play an
important role in the studies of water waves which help energy development, mechanical
engineering, marine/offshore engineering, hydraulic engineering, etc. [5-9].

Throughout this study, the following notations and definitions are used: N = {1,2,3, ...}
and Ny = NU {0}.

The two-variable Bell polynomials (2VBelP) Bel, (v, v3) [10,11] are defined by

€

w _ © w
V1w pv2(e¥=1) ;)Bels(vll v7) o 1)
Taking v; = 0 in generating function (1), we obtain
(] &€
pv2(e=1) _ E Bel.(v2) %, (2)
e=0 '
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where Bel,(v;) denotes the classical Bell polynomials [1,12,13].
Taking v, = 1 in generating function (2), we obtain

w _ ad (US
ele=1) = E;)Belg - )

where Bel, denotes the Bell numbers [1,12,13].
Let f(w) = e(¢“~1) — 1. Then the compositional inverse of f(w) is given by

FH(w) =log(1 +log(1 + w)). (4)

We consider the new type of Bell numbers, which are called Bell numbers of the second
kind [14], and are defined by

o €

log(1+log(1+w)) = ) _ bel; % (5)
e=1 :

Note that the classical Bell polynomials satisfy the following relation (see [13])
Bel,( Z Sy (e, m) vy, (6)
m=0

where S; (e, m) denotes Stirling numbers of the second kind [14] which are defined by

1 ad w*
P

— (e —1)" =) Sy(e,m) R )

The two-variable general polynomials (2VGP) G¢(v1, v2) [15] are defined by

E

1P (v9, W) Z Ge(v1,012) —, Go(vg,v2) =1, (8)

where

P(vo,w Zws v2) ,/1/’0(02)#0 )

The idea of monomiality arises from the concept of poweroid proposed by Stef-
fensen [16]. This idea is reformulated and systematically used by Dattoli [17]. According to
the monomiality principle [16,17] a given polynomial set p¢(v) (¢ € N, v € C) is said to be
quasi-monomial, if two operators M, P, called “multiplicative” and “derivative” operators,
respectively, can be defined in such a way that

M{pe(v)} = pes1(v), (10)

Ploc(v)} = epe-1(v), (11)
for all e € N. Also, the operators M and P satisfy the commutation relation

[P,M] = PM — MP =1 (12)

and thus display the Weyl group structure. If the considered polynomial set {0, (v) }cen is
quasi-monomial, its properties can be easily derived from these of the M and P operators.
In fact the following holds:
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(i) If M and P have differential realizations, then the polynomials p,(v) satisfy the
differential equation

MP{pe(v)} = epe(v). (13)
(i) Assuming that pg(v) = 1, then the polynomials p,(v) can be explicitly constructed as

pe(v) = M*{po(v)} = M*{1}, (14)

which gives the series definition of p,(v).
(iti) In view of identity (14), the exponential generating function of p,(v) can be written in
the form

00 €

exp (wM){l} = ;)Ps(v)%/

lw| < oo. (15)

The 2VGP G, (v1, v2) are quasi-monomial [15] with respect to the following operators:

. ¢/ (v2,Dy) 9 0
Mg =v1+ IP(UQ, Dul) DU1 = avlllp (UZ/(“)) = awlp(UZIC‘]) (16)
and
Pg = Dy, (17)
respectively.

According to the monomiality principle, the 2VGP G,(v1, vp) satisfy the following

identities:
Mg{ge(vlrvz)} = Gey1(v1,02), (18)
pg{gs(l)l/UZ)} = ggfl*l(Ul/UZ)r (19)
MgPg{Ge(v1,02)} = € Ge(v1,v2), (20)
exp(Mgw){1} = - Ge(vr,v2) 57 (lw] < o0). 1)
e=0 :

The 2VGP family G¢(vq,v2) contains a number of significant two-variable special
polynomials. Based on suitable choice of the function ¢(v,, w), various members belonging
to the family of two-variable general polynomials G¢(v1, v) can be obtained.

Taking (v, w) = e"2¢" in generating function (8), gives

o f3
v1ttupw” r
eurttae” — y= gyl )(Ullvz)

w
=0 e!
where ’ng) (v1,v7) are the Gould-Hopper polynomials [18].
Taking ¢(vp, w) = Cp(vow) in generating function (8), gives
Uiw - we
e Co(vaw) = S;)Le(vz, Ul)jf (23)
where L¢ (02, v1) are the two-variable Laguerre polynomials [19].
Taking ¢(vp, w) = ﬁzws in generating function (8), gives
1 o o (s) wt
= - 24
v s;)ee (01,02) —, (24)

where eés) (v1,v2) are the two-variable truncated-exponential polynomials of order s [20].
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Taking 9 (vy, w) = A(w) €2 in generating function (8), gives
vy tHUpw? - w*
Alw) 2 = ZOHAS(ULUZ) o (25)
e=
where 3 A¢(v1, v2) are the Hermite-Appell polynomials [21].
Taking ¢(vp, w) = 1702(1771) in generating function (8), gives
EU]UJ 00 wE
S bl 2
1—uvy(ew —1) ;}fS(Ul/UZ) o (26)

where F¢(v1, vp) are the two-variable Fubini polynomials [22,23].

Recently, numerous researchers have utilized the operational methods together with
the monomiality principle [19,20] to establish and investigate new mixed families of special
polynomials [24-30]. Bell polynomials and their diverse generalizations have been densely
considered and investigated by many mathematicians. For instance, Duran et al. [10]
studied the Bell-based Bernoulli polynomials and their applications. Duran et al. [11]
introduced Bell-based Genocchi polynomials and established certain of their properties.
Khan et al. [31] defined Bell-based Euler polynomials and investigated some of their
properties. Kim et al. [14] investigated a new approach to Bell and poly-Bell numbers and
polynomials and discussed some of their properties. Kim et al. [13] investigated some
identities of Bell polynomials. Kim et al. [32] studied partially degenerate Bell numbers
and polynomials by using umbral calculus and derived some new identities. Kim et al. [25]
studied some identities of degenerate Bell polynomials and their properties.

Motivated by the above-mentioned works, in this paper, by combining the two-
variable general polynomials with two-variable Bell polynomials, we present a new gener-
alized family of hybrid special polynomials, namely, the generalized Bell polynomials, that
is in Definition 1. These polynomials are the most generalizations of the used polynomials,
and many other published results are considered as special cases of our current results. The
multiplicative and derivative operators, as well as differential equations for this family of
polynomials, are also obtained. Next, the series representations and certain other important
formulas for the generalized Bell polynomials are derived. Additionally, we obtain partial
derivative and integral relations involving these polynomials. Further, certain members
related to the generalized Bell polynomials are considered. Finally, we discuss the zero
distributions of Gould-Hopper-Bell polynomials.

2. Generalized Bell Polynomials

In this section, we introduce a class of generalized Bell polynomials through generating
functions. Then, the generating function is used to derive the related multiplicative and
derivative operators, differential equation, and certain series representations.

In generating function (1), replacing vy and v, by the multiplicative operator Mg (16)
of the 2VGP G (v1, v2) and z, respectively, gives

€

exp(Mgw) exp(z(e? —1)) = f Bele(Mg, z) <

—. (27)
= e!

Using Equation (21) in the above equation and denoting Bel. (Mg, z) by the resultant
generalized Bell polynomials (GBelP) g Bel(v1, v, z), gives
[ee] wg [e) (Us
( Z Ge(v1,12) 8') exp(z(e¥ — 1)) = Z gBele(v1,v2,2) PR (28)
e=0 ' '

e=0

Now, utilizing Equation (8) in the above equation, we reach the following definition.
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Definition 1. The generalized Bell polynomials gBelg(v1,v2, z) are defined be the following gener-
ating function

W _ ad (,()8
199 vy, w) 4 = ZogBelg(Ul,UZ,Z) P (29)
&=
Remark 1. Setting vy = 0 in generating relation (29), we obtain
w ad wt
P(vy, w) A1) = Z gBel¢(vy,2) o (30)

e=0

where gBelg(vy, z) are called two-variable generalized Bell polynomials.

Remark 2. Setting z = 0 in generating relation (29), we obtain the 2VGP Ge(vy, va) defined by
generating function (8).

To show that the generalized Bell polynomials gBel,(v1, U2, z) are quasi-monomial, we
prove the following results:

Theorem 1. The generalized Bell polynomials gBel (v, va, z) are quasi-monomial with respect to
the following multiplicative and derivative operators:

lpl (U2' Dvl)

M =v1+ + zePn 31
GBel 1 1/J(U2, DU] ) ( )
and
Pgper = Dy, (32)
respectively.
Proof. Obviously, we have
Dy, ("9 1p(va, w) €7V = w (e (v, w) e~ D). (33)

Differentiating Equation (29) partially with respect to w, gives

€

1/J,(vz,w) > wt & w
(vl + W02, @) + ze¥ Eg(;)gl’j’elg(vl,vz,z) o= EgogBelsH(vl,vz,z) P (34)

Now, using identity (33) and equating the coefficients of like powers of w in the
resultant equation, we have

47,(02/ DU1)
<Ul * ¢(U2/ DUl)

which in view of Equation (18) (for gBel:(v1, U2, z)) yields the asserted result (31).
In view of Equation (33), we have

+ zePu > gBel:(v1,vp,2) = gBelet1(v1,v2,2), (35)

) Wt ) Wt
Dy, Y gBel:(v1,v2,2) = e gBel._1(v1,02,2) (36)

- o
e=0 e=0 :

which, upon comparing like powers of w and utilizing Equation (19) (for gBel:(v1, v,2)),
yield the asserted result (32). O
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Theorem 2. The generalized Bell polynomials gBel:(v1,va,z) satisfy the following differential
equation:

(v ,D
<1)1DU1 + WDW + zePu Dy, — s) gBel:(vq,v2,2) = 0. (37)

Proof. In view of Equation (20) (for gBel¢(vy, v, z)), utilizing operators (31) and (32), we
obtain the asserted result (37). O

Next, by using the generating function (29), we establish some identities and relations
including the generalized Bell polynomials.

Theorem 3. The generalized Bell polynomials gBel¢(v1, 2, z) satisfy the following series repre-
sentations:

g[)’el U1, 07,2 i ( >gs K U1,U2) Bely ( ) (38)
gBel:(v1,v2,2) = K;) (i) Bel,—(v1,2) Pr(v2); (39)
gBele(vy,v2,2 ZE; ( >gBel v2,2) V]~ (40)

Proof. In view of generating relations (2) and (8) and Cauchy product rule, generating
relation (29) can be written as

€

00 Wt o ¢ ¢
Z gBezs(Ull 1% Z) o = ZO Z@ (K) gS*K(Ull U2) BelK(z) %/ (41)

e=0

which, upon equating the coefficients of the analogous powers of w, yields the asserted
result (38). Similarly, the assertions (39) and (40) can be proved. O

Theorem 4. For ¢ € Ny, we have

€

gBel:(vy + 1,09,z + w) Z ( )glﬁ’el£ «(v1,02,2) Bely(u,w). (42)

Proof. Replacing v; by v1 + 1 and z by z + w in (29), then making use of (1) and (29) in the
resultant equation, we have

o0 & E

EgBEl (V1 +u,v,z+w) W Z Z ( >gl§’el‘g «(v1, 02, 2) Bel(u, w) o (43)
e=0 e=0x=0

which, upon comparing the coefficients of the like powers of w yields the desired re-
sult (42). O

Theorem 5. For ¢ € Ny, we have

gBele(v1,v2,2) = % Z (i) Ex (gBelg_K(vl +1,vy,2) + gBele—«(v1, vz,z)). (44)
k=0

Proof. According to generating relation (29), we can write

)

Y gBel:(vi+1,vp,2 + 2 gBels(v1,v,2) — @ =(e“+1) Z gBele(v1,v2,2 ) , (45)
e=0 é! e=0



Axioms 2024, 13,73

7 of 18

which can be written as

o] 00 € 00 tal
Z gBele(v1,02,2) <2 & ] ) (Z gBele(v1 +1,v2,2) (Z—' +§)gl§’el€(vl,vz,z) %), (46)

e=0 e=0

where & denotes the Euler numbers [33]. Finally, using the Cauchy product rule and
comparing the like powers of w in the resultant equation, we obtain (44). O

Theorem 6. The following implicit summation formula holds true:
& K € K I
Bl = 1 (1) () o0 oBeleospn(onwnz). @)
1=0 m=0

Proof. Replacing w by w + s in (29) and making use of the identity

> (v1 + vp)™ - (VA
5 alm) T = § geen) A2, )
m=0 s,r=0

we have

wt's

elx!’

K

P(vg, w +5) 2T = pmur(ws) Y gBeleyi(v1,0,2)

k=0

(49)

Now, replacing vy by o in (49), then comparing the resultant equation with (49) and
simplifying, we obtain

> wts & ((c—v)(w+s))X¥ & w* s*
gBeleiy(0,v2,2) —— = gBeleiy(v1,0,2) . (50)
E,KZ::O el x! Xg%) X! E,KZZZO el x!

Utilizing identity (48), we obtain

wE s 0 &K ((7 _ Ul)ngBEZ - (Ul Up Z) w* s*
I _ e+x m V2, 1
EKZ;OgBe €+K(U Up,2 ) ol ! S/KZ:;() l,mZ:O l' m! (8 — l)' (K — m)‘ ’ (5 )

which yields the asserted result (47). O

Remark 3. Taking z = 0 and replacing o by o 4 vy in Equation (47), we obtain

g€+K U+U11U2 Z E () < ) Frm g£+K I— m(U1/U2) (52)

3. Differential and Integral Formulas

In this section, we derive certain differential and integral formulas associated with
generalized Bell polynomials ¢ Bel:(vq, v2, z).

Theorem 7. Let p, e € Ny. Then, the following formula holds true:

woonigBele—p(v1,v2,2),  €>p;

53

= p{gBelg(vl,vz, z)} = {
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Proof. Differentiate p times generating relation (29) with respect to v, we have

i w* v w (oW —
2 a p{gBEI (01/1)2/ )} F :(Up{el (l](vzlw)e( l)}

WwETP
= ZQBCZE U1,0,2 ) —_—
e=0
we
_ Zpre‘lg p(U],Uz, )(_7‘0)',

(54)

which, on simplifying then comparing the coefficients of % - on both sides yield the asserted

result (53). O

Remark 4. When p = 1in (53), we obtain
0
E{gBelg(vl,vz,z)} = e gBel._1(v1,v2,2).

Theorem 8. Let x, e € Ny. Then, the following formula holds true:

0 el e 1 gBel.__1(v1,02,2)
g{gBelg(Uva,z)} =¢ Z ( . ) P .

k=0

Proof. Differentiate generating relation (29) with respect to z, we have

e=0 e=0

© 9 | Wt e 00 Bel Wt
Z 5{9868(1‘“/1]2/2)} j = (e — 1) Zg ee(Ul,U2,Z) j

(55)

(56)

il e+1 00 ¢
— {E)él)!}{;}glgeh(vl,vz,z) C:'}, (57)

which, upon simplifying and using the Cauchy product rule yields the desired result (56). [

Similarly, we can prove the following results.

Theorem 9. Let x, e € Ny. Then, the following formulas hold true:
]
E{gb’elg(vl,vzz

(
a € E—K
&{gBelg(vl,vz,z . {gBelx(v1,v2,2) — gBely(va,z) V7 *};

+

etl 1 d
gBel:(v1,vp,2 Z ( . )BK E{gBelE_KH(vl,vz,z)},

where By denotes the Bernoulli numbers [33].

Theorem 10. The following formula holds true:

u+w 1
/ gBel:(v1,v2,2) dvy = —— [gBelHl(u +w,vy,z) — gBeley1(u,v2,2) |.
u

e+1

(i) {gBely(v1,v2,2) — Ge—x(v1,v2) Belc(z)};

)} = 20 (
d £ (e
g{g&zl8 v1,02,2)} =) (K) {gBel(v1,v2,2) — Bele—x(v1,2) Px(v2) };
k=0
)= (
k=0

(58)

(59)

(60)

(61)

(62)
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Proof. Integrating both sides of generating relation (29) with respect to v;, we have

[e] + € w W
Z /uu wgBelg(Ul,Uer) do, % _ é[e(u-ﬁ-w)w ¥(02, ) 2(e0=1) _ puw ¥ (va, w) G —1)]
e=0 :
1 (o) £ 0 tsl
== [ 2 gBele(u + w, vy, 2) % — 2 gBele(u, vy, 2) %} , (63)
e=0 : e=0 :
which yields the assertion in (62). O
Similarly, we can prove the following results.
Theorem 11. The following formulas hold true:
u+w 1 &t +1
/u gBele(vy,v2,2) dvy = ] Y. (8 ; ) Belk(z) |:g€7K+1(u +w,02) = Ge xr1(u, Uz)}; (64)
. k=0
u+w 1 &l /eqq
[ aee(on,vmz) don = 5 Y (1) el Bl (105 ,2) — Bele_ia (2|5 69
k=0
+ e+1
/u w gBel:(v1,v,2) dvy = - i : 5 (s —; 1) gBel(v,2) {(u 4w)eH u£7K+1] _ (66)
u k=0

In the next section, certain special members of the generalized Bell polynomials
gBelg(v1, vy, 2) are considered.

4. Special Members

Here, we present some special hybrid members of the generalized Bell polynomials
gBel¢(v1,v2,2). The obtained results in the previous sections are used to investigate the
corresponding results for these members.

I. Taking ¢(vp, w) = e%2%" in generating function (29), gives

- > w®
U1t 02w +2(e¥~1) _ Z 240) Belg(v1, Uz,Z)?, (67)
e=0 :

where ;) Bele(v1, v, z) are called the Gould-Hopper-Bell polynomials. Certain correspond-
ing results related to these polynomials are mentioned in Table 1.

Table 1. Results for Gould-Hopper-Bell polynomials 4, Bele(v1, va, z).

Multiplicative and ~ Mgpper = v1 + rszl’,l—l +zeP1, Poppe = Dy,
derivative operators

Differential equation <v]Dv1 + rsz;l + zePn Dy, — e> ) Bele(v1,02,z) =0

Identities and 20 Bele(v1,02,2) = Yo (S)HEL)K(UL vp) Bely(z)

K
relations i Bele(vr + 1,02,z +w) = 5o (£) 400 Bele—x (v1, 02, 2) Bely(u, w)

’H(Y)BEZS(UL UZ/Z) = % Zf{:O (f() Ex <7—[(Y) Belg,,((vl +1,02,2) + 'H(r)Bdst(Ul/ U2, Z))

() Beley(0,v2,2) = Z?:O ZKm:O (i) (::1) (o — Ul)Hm NG Belg iy (v1,02,2)

o Bele_p(v1,v2,2), €>p;
Differential and L o Bele(vy,v0,2)) = (e—p)! HIN =T emp ATy T2 =)y -
auf{H“ s( 1, V2 )} {O, 0§8<,0.

Bele_y—1(v1,02,2)

e—1
Integral Formulas 2 {, ) Bele(v1,v2,2)} =¢ ¥ (E;l)ﬂ(ﬂT
x=0

Ut
];‘ w 0 Bele(v1,v2,2) duy = H—% {M,)Belsﬂ(u +w,02,2) — 4 Beler1(u, 02, 2)
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II. Taking (v, w) = Cp(vow) in generating function (29), gives
( w_1 © (,US
1% Co(vpw) e*(° ) = ZOLBeZS(Ul’UZ’Z)F’ (68)
e=

where 1 Bel¢(v1,v2,z) are called the Laguerre-Bell polynomials. Certain corresponding
results related to these polynomials are mentioned in Table 2.

Table 2. Results for Laguerre-Bell polynomials 1 Belg (v1, vg, z).

Multiplicative and ~ Mgy = vy — D;zl +zePn, Prgy = Dy,
derivative operators

Differential equation (Ulel - D;zl Dy, + zePu Dy, — s)LBele(vl,vz,z) =0

Identities and LBele(v1,v2,2) = Yy (5 )L8 «(v1,02) Bel(z)
relations LBele(v1 +u,vp,z+w) =Yy (K)LBelg,K(vl, vy, z) Bel(u, w)

LBele(v1,v2,2) = 3 Y50 (5) & (LBEZS—K(Ul +1,vp,2) +LBele_x (1, vz,Z)>
LBeleir(0,02,2) = i_o Yoo (1) () (@ = v1)™™ LBele j (01,02, 2)

Bel ,02,2), 20
Differential and p{LBel (v1,02,2)} = )'L le-p(vrv22), €2 p
v 0, 0<e<p.
Integral Formulas %{LBelg(ul, 0y,2)} =¢ Z ( )LBelg AxKi(lvl V2,2)

fuu+w LBel: (v, v2,2) dvy = Hil LBeloi1(u+w,v9,z) — LBele1(u,v3,2)

III. Taking ¢(vp, w) = kz}w in generating function (29), gives

1 > ¢

v = w
1_71)2605 pU1wFz(e—1) _ Z e(s)Belg(vl, 02,2) o (69)
e=0 :

where () Bel¢(v1, vy, z) are called the truncated-exponential-Bell polynomials of order s.
Certain corresponding results related to these polynomials are mentioned in Table 3.

Table 3. Results for the truncated-exponential-Bell polynomials of order s . Bel:(v1, v, z).

e . ~ SUZDf,l’l D A
Multiplicative and ~ Mrgp, = v1 + =505 T 26, Preger := Dy,
U1

derivative operators

D},
Differential equation (Ulel + 1svi + 2ePv1 Dy, — s) | Bele(v1,v2,2) = 0

Identities and oo Bele(v1,v2,2) = Y (§ ) (vl,vz) Bely(z)
relations ol Bele(vy 41,02,z + w) foo (£) () Bele— (v1, v2,2) Bely(u, w)

oo Bele(v1,v2,2) = 5 Y5 (£) & <g<s> Bele—x(v1 +1,02,2) + 5 Bele—x (v1, U212)>
o(s) BEIH_K(U, Uy, Z) = 2‘7:0 ZK _ (S) (K)(U — U1)1+m 5)B€l€+K_[_m (Ul, Uy, Z)

) Bel ,U2,2), €2p0;
Differential and %{ ) Bele(v1,v2,2) } = { e—p)lels) D= p(v1,02,2) P
1

0, 0<e<p.
e 1) (s) Bele—x—1(v1,02,2)

Integral Formulas { Bele(vl,vz,z)} =¢ Z ( 1

+
f; w o5 Bele(v1,v2,2) dvy = sTl |:e(5) Beley1(u +w,v2,2) — s Beley1(u,v2,2)

IV. Taking ¢(vy, w) = A(w) 2" in generating function (29), gives

2 w _ © (US
A(w) pUittvw?+z(e? 1) _ E 'HABelS(Ullvle) K (70)
e=0 :
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where , 4 Bel:(v1,v2,z) are called the Hermite-Appell-Bell polynomials. Certain corre-
sponding results related to these polynomials are mentioned in Table 4.

Table 4. Results for Hermite-Appell-Bell polynomials , 4 Bele (v, v2, z).

o - A'(Dy N
Multiplicative and ~ Mpap, = v1 + 202Dy, + A((g ]>) +zeP1, Pyape = Dy,
U1

derivative operators

Differential equation (vl Dy, + ZUZD%1 + %Dvl + zePn Dy, — s) HABelg(vl, Up,z) =0
U1
Identities and qABele(v1,02,2) = e (D) Ac—x(v1,02) Bel(z)
relations qABele(v1 +u, 02,2 +w) = Yy (7),,aBele—x(v1,v2,2) Bely(u, w)

nABele(v1,02,2) = %Zf(:o (z) Ex | yaBele—y(v1 +1,v2,2) 4+, aBele«(v1, vz,z)>

HABQIHK(UI v2,2) = Zf:o Y=o (i) (;,(1)(‘7 - Ul)Hm HABEZH»Kflfm(vl/UZIZ)

el

Bele—_p(v1,v2,2), €>p;
Differential and @ Bel:.(v1,09,2)} = (e—p)nA=Te=p -
auq{w‘l e(vn,v2,2)} {0, 0<e<p.
Bele—y—1(v1,02,2)

e—1
Integral Formulas 2 {, 4Belc(v1,v5,2)} =¢ ¥ (Sgl)ﬂAT
x=0

fuww naBele(v1,v2,2) dvy = 5%1 {HABeZSH (4 +w,v,2) —, aBeley1(u,v2,2)

V. Taking ¢(vo, w) = % in generating function (29), gives

V1w €

z(e“—1) _ - w
=@ =1) e ;)FBEIS<01/U2/Z) L (71)

where rBel:(v1, U2, z) are called the Fubini-Bell polynomials. Certain corresponding results
related to these polynomials are mentioned in Table 5.

Table 5. Results for Fubini-Bell polynomials rBelg(v1, vg, z).

~ Dy A
Multiplicative and ~ Mgp, = v1 + % +zePv1, Ppgy = Dy,
“op(eP -
derivative operators

Dy
Differential equation (Ulel + %Dm +zePn D, — s) FBele(v1,v2,2) =0
“op(eP1 =

Identities and FBele(vy,vp,2) = Yoo (5) Feer(v1, 02) Bel(z)
relations FBele(v1 +u,v2,z +w) = Y (;) pBele—(v1,v2,2) Bely (1, w)

FBel:(v1,09,2) = %Zi:o (§) & FBele—x(v1+1,02,2) + ;Belg,,((vl,vz,z))

FBEIE+K(U/ %) Z) = Zf:o 251:0 (?) (;,(1) (‘7 - Ul)ler ]-'BEIS—HC—I—m (Ul, Uy, Z)

e!

X Bel.—y(v1,02,2), > p;
Differential and %{}-Belg(vl,vz,z)} = {“Pﬂf leplvrv2,2), €20

0, 0<e<p.
9 _ el e—1 ]:BEIC,K,l(Ul,Uz,Z)
Integral Formulas £ {rBele(v1,v2,2)} =¢ ¥ () g2~
k=0
f;‘“‘) FBelg(v1,v9,2) dvy = Sil FBeleyq(u+w,vy,2) — pBeleyq(u,v3,2)

5. Applications in Computer Modeling

Here, we discuss zero distributions and show some graphical representations of

the Gould-Hopper-Bell polynomials (GHBelP) ) Bel(v1, v2,z) for some values of the
parameters and indices.
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In view of (67), the first few members of the GHBelP ) Belg(vy,v2,z) for r = 4 are:

H(r) BelO U1,0U2,2 )

o Bely(vy,02,2) = v1 +z,
—vl+z+3vlz+3vlz+32 —|—3v12 + 23 vlz +23,

= v} + 240y + 2 + 4v1z + 603z + 403z + 722 + 1201 2% + 63z

0 Belz(v1, 02,2

(
(v1,v2,2)
w0 Bela(vy,v2,2) = 02 4z 4201z + 22
(v1,02,2)
yinBely(v1,v2,2) =
+ 623 +4vlz +z4 p
0 Bels(v1,v2,2) = v? + 1200102 4+ z + 51z + 100%2 + 100:152 + 50‘112 + 12005z + 1522 + 35v12°

+ C’,Ov%z2 + 100‘;’22 +252% 4+ 300,2% + 100%23 +10z* 4 5v2% + 2°.

The graphs of these members for r = 4, v, = 6 and z = 7 are shown in Figure 1.

20— T T 10007
= : ] W i
S L5k ] $ 50
2 10 7 < o
> r ] ) F
R 0s5¢F . N 1
R ; 0
003 T R R B R SRR BRI B
100 —50 0 50 100 -100 -50 0 50 100
1% Uy
o) o) 1><10"§
2 2 500000 F
S 2 r
< < 0F
Q Q g
% % -500000 7
-100 -50 0 50 100
Uy
_ 6% 10°
2 T 4x10°;
2 S 2x10° ¢
2 2 0F
3 3 2x10° ¢
°‘i%: [ ax10 ]
= —6x10° 7/
-100
1% Uy

Figure 1. Graphs of 4, Bele(v1, v2,z), fore = 0,1,2,3,4,5.
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The zero distribution of some members of the GHBelP o) Bel;(vq,v3,2), i.e., for
e = 5,10, 15,20, 25,30, 35,40 are shown in Figures 2-9.

i J
6 ]

o ® 1 Re(v))

-8.0 =75 -7.0 -6.5 -6.0 =55

Figure 2. Zero distribution of 4 Bels(vy,6,7).

T T T T T T T ‘:

0 1 Re(v))

[ [ [ [ [ \“t:

-12 -10 -8 -6 -4 -2 0

Figure 3. Zero distribution of 4, Bel1o(v1,6,7).

o ]
® 1 Re(v))
o

j—"awww‘wwww “H\“H\“H\i—'—i

-15 -10 -5 0 5

Figure 4. Zero distribution of 4, Bely5(v1,6,7).



Axioms 2024, 13,73 14 of 18

Im(v)
E‘ T T T T T T T ‘
20 ‘ =
[ o ®
10 ; . . |
i o
i ®
L . 4
0 Re(v))
[ o ]
L @
- o
—10}+ . i
i o
~20 4 ® :
F.\ [ [ [ [ . I . ‘
=20 —-15 -10 -5 0 5
Figure 5. Zero distribution of 4, Belyy(v1,6,7).
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Figure 6. Zero distribution of ., Belps(v1,6,7).
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Figure 7. Zero distribution ofy,, Belz(v1,6,7).
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Figure 8. Zero distribution of 4, Belzs(v1,6,7).
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Figure 9. Zero distribution of ;) Belyy(v1,6,7).

Remark 5. We observed that the GHBelP 4, Bele(v1,v2,z) for r = 4,05 = 6,z = 7 of degree
has e zeros and these zeros have the following properties:

1. Ifeisodd, the GHBelP , ) Bele(v1, v2,z) has one real zero and e — 1 complex zeros.

2. Ifeis even, the GHBelP ;) Bel:(v1, v2, z) has e complex zeros.

3. The zeros of the GHBelP ,,(, Bele(v1, va, z) are symmetric with respect to the real axis.

The 3D structure of zeros distribution of GHBelP ,,(,) Bel:(v1,6,7) is presented in
Figure 10.
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Figure 10. Zero distribution of ;) Bel¢(v1,6,7) = 0. This figure shows the 3D plot of the zeros of
Gould-Hopper-Bell polynomials 4, Bels (v1, v2, z) for e = 5,10, 15,20, 25,30,35,40, v, = 6and z = 7.

6. Conclusions

Recently, the hybrid forms of special polynomials and numbers have gained worthy
consideration by various researchers. The operational methods developed within the
context of the monomiality principle offer the opportunity to establish new classes of
hybrid special polynomials. In this paper, we introduced a new class of hybrid special
polynomials, namely, the generalized Bell polynomials. The generating function and
diverse results for these polynomials are obtained. We explored certain related identities,
properties, as well as differential and integral formulas. Further, certain special members of
the generalized Bell family—such as the Gould-Hopper-Bell polynomials, Laguerre-Bell
polynomials, truncated-exponential-Bell polynomials, Hermite-Appell-Bell polynomials,
and Fubini-Bell polynomials—were examined, unveiling analogous outcomes for each.
Our current results are the most generalizations of the used polynomials, and many other
published results are considered as special cases of our current results. Furthermore, we
used Mathematica to examine the zeros of Gould-Hopper-Bell polynomials and show that
these zeros are symmetric about the real axis, see Figures 2-9. The 3D distribution of the
zeros can be also viewed in the graph which is given in Figure 10. The integral equations
containing these types of special polynomials and related applications can be investigated
in further studies.
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