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Abstract: In this paper, we present a new concept of the generalized core orthogonality (called the C-S
orthogonality) for two generalized core invertible matrices A and B. A is said to be C-S orthogonal to
Bif A®B = 0and BA® = 0, where A® is the generalized core inverse of A. The characterizations of
C-S orthogonal matrices and the C-S additivity are also provided. And, the connection between the
C-S orthogonality and C-S partial order has been given using their canonical form. Moreover, the
concept of the strongly C-S orthogonality is defined and characterized.
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1. Introduction

As we all know, there are two forms of the orthogonality: one-sided or two-sided
orthogonality. We use R(A) and R(B) to denote the ranges of A and B, respectively. It is
stated that R(A) and R(B) are orthogonal if A*B = 0. If AB* = 0, then R(A*) and R(B*)
are orthogonal. And, we state that R(A*) and R(B) are orthogonal if AB = 0. If AB =0
and BA = 0, then A and B are orthogonal, denoted as A L B. Notice that, when A* exists
and AB = 0, where A* is group inverse of A, we have A*B = A*AA*B = (A*)2AB = 0.
And, it is obvious that A*B =0 implies AB = 0. Thus, when A* exists, A 1 Bifand only
if A*B =0and BA* =0 (i.e., A and B are #-orthogonal, denoted as A L4 B). Hestenes [1]
gave the concept of x-orthogonality: let A,B € C"*"; if A*B = 0 and BA* = 0, then A is
x-orthogonal to B, denoted by A L, B. For matrices, Hartwig and Styan [2] stated that if
the dagger additivity (i.e., (A + B)" = AT + BY, where A" is the Moore-Penrose inverse of
A) and the rank additivity (i.e., rk(A + B) = rk(A) + rk(B)), then A is *-orthogonal to B.

Ferreyra and Malik [3] introduced the core and strongly core orthogonal matrices
by using the core inverse. If we let A, B € C"*" with Ind(A) < 1, where Ind(A) is the
index of A, if A?B = 0and BA® = 0, then A is core orthogonal to B, denoted as A L4 B.
A,B € C"™*" where Ind(A) < 1 and Ind(B) < 1 are strongly core orthogonal matrices
(denoted as A L4 B)if A Ly Band B L A. In [3], we can see that A L, 4 B implies
(A+B)® = A® + B® (core additivity).

In [4], Liu, Wang, and Wang proved that A, B € C"*" withInd(A) < landInd(B) <1
are strongly core orthogonal, if and only if (A + B)® = A® + B® and A®B = 0 (or
BA® = (), instead of A 14 B, which is more concise than Theorem 7.3 in [3]. And,
Ferreyra and Malik in [3], have proven that if A is strongly core orthogonal to B, then
rk(A + B) =rk(A)+rk(B) and (A + B)® = A® + B®. But, whether the reverse holds is still
an open question. In [4], Liu, Wang, and Wang solved the problem completely. Furthermore,
they also gave some new equivalent conditions for the strongly core orthogonality, which
are related to the minus partial order and some Hermitian matrices.

On the basis of the core orthogonal matrix, Mosi¢, Dolinar, Kuzma, and Marovt [5]
extended the concept of the core orthogonality and present the new concept of the core-EP
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orthogonality. A is said to be core-EP orthogonal to B, if A®B = 0 and BA® = 0, where
A® is core-EP inverse of A. A number of characterizations for core-EP orthogonality were
proven in [5]. Applying the core-EP orthogonality, the concept and characterizations of the
strongly core-EP orthogonality were introduced in [5].

In [6], Wang and Liu introduced the generalized core inverse (called the C-S inverse)
and gave some properties and characterizations of the inverse. By the C-S inverse, a binary
relation (denoted “ A <® B ”) and a partial order (called the C-S partial order and denoted
“A<OB ") are given.

Motivated by these ideas, we give the concepts of the C-S orthogonality and the
strongly C-S orthogonality, and discuss their characterizations in this paper. The connection
between the C-S partial order and the C-S orthogonality has been given. Moreover, we
obtain some characterizing properties of the C-S orthogonal matrix when A is EP.

2. Preliminaries

For A, X € C**", and k is the index of A, we consider the following equations:

1. AXA=A;
2. XAX=X;
3. (AX)* = AX;
4. (XA)* =XA;
5 AX = XA;
6. XAZ2=A;
7. AX?=X;
8. AXX =A;
9. AX?=X;
10. XAK1 = Ak,

The set of all elements X € C**", which satisfies equations i, j, . . ., k in Equations (1)—(10),
are denoted as A{i, j, ..., k}. If there exists

At € A{1,2,3,4},

then it is called the Moore-Penrose inverse of A, and A" is unique. It was introduced
by Moore [7] and improved by Bjerhammar [8] and Penrose [9]. Furthermore, based on
the Moore-Penrose inverse, it is known to us that it is EP if and only if AAT = ATA. If
there exists

A* € A{1,2,5},
then it is called the group inverse of A, and A* is unique [10]. If there exists
A® € A{1,2,3,6,7},
then A® is called the core inverse of A [11]. And, if there exists
A® e A{3,9,10},

then A® is called the core-EP inverse of A [12]. Moreover, C® is the set of all core-EP
invertible matrices of C"*". The symbols C, GM and C,EP will stand for the subsets of
C™*" consisting of group and EP matrices, respectively.

Drazin [13] introduces the star partial order on the set of all regular elements of
semigroups with involution, and applies this definition to the complex matrices, which is
defined as

A<*Ba AAT = BAT, ATA = A'B.
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By using the {1}-inverse, Hartwig and Styan [2,14] give the definition of the minus partial order,
A< Be AAD = BAW, AW A = AWB, for some AV € A{1}.
And, Mitra [15] defines the sharp partial order as
A<'B& AA* = BA*, A*A = A"B.

According to the core inverse and the sharp partial order, Baksalary and Trenkler [11]
propose the definition of the core partial order:

A<®B& AA® = BA®, A®A = A®B.

Definition 1 ([6]). Let A, X € C"*", and Ind(A) = k. Then, the C-S inverse of A is defined as
the solution of

XA = Ak, (AFXR)r = AFXF, A— X = AFXM(A - X),
and X is denoted as A®.

Lemma 1 ([16]). Let A € C®, and A = A1 + A; be the core-EP decomposition of A. Then, there
exists a unitary matrix U such that

T S

m=uly o

. _ [0 07,
]U andAZU{O N]U,

where T is non-singular, and N is nilpotent.

Then, the core-EP decomposition of A is

T S
P .
And, by applying Lemma 1, Wang and Liu in [6] obtained the following canonical form for
the C-S inverse of A:

AS — uro_l Z(\)J -, @)

3. C-S Orthgonality and Its Consequences
Firstly, we give the concept of the C-S orthogonality.

Definition 2. Let A,B € C"*" and Ind(A) = k. If
A®B =0,BA® =0,
then A is generalized core orthogonal to B, A is C-S orthogonal to B, and is denoted as A 1 B.

If A,B € C"*" then
AB =0 < R(B) C N(A). ®)

Remark 1. Let A,B € C"*" and Ind(A) = k. Notice that B(A — A®) = BAF(A®)F(A —
A®) = 0 can be proven if BA = 0. Then, we have BA® = BA = 0. And, if BA® = 0, we
have B(A — A®) = BAK(A®)K(A — A®) = BA® AMH1(A®)K(A — A®) = 0, which implies
BA = 0. It is obvious that

BA =0« BA® =0.



Axioms 2024, 13,110

4of 16

Applying Definition 2, we can also state that A is generalized core orthogonal to B, if
A®B =0,BA=0.

Next, we study the range and null space of the matrices which are C-S orthogonal.
Firstly, we give some characterizations of the C-S inverse as follows.

Lemma 2. Let A € C"™", and Ind(A) = k, then (A®)k = (AK)®.

Proof. Let (1) be the core-EP decomposition of A, where T is nonsingular with ¢ := rk(T) =
rk(A¥) and N is the nilpotent of index k. Then,

Tk S
Ak: *
U{O O}U’

where S = Zé‘:lTk_iSNi_l. And, by (2), we have

A® = u[Tol I(\’J u-. )
Then, -
and o
(aky® = u[(TO) 8} u-. (6)

Since (T~1)k = (TF)~1, we have (A®)k = (AK)e, O

By (5) and (6), it is easy to obtain the following lemma.
Lemma 3. Let A € C"™", and Ind(A) = k, then AX is core invertible. In this case, (A®)* = (A¥)®.

Remark 2. The core inverse of a square matrix of the index at most 1 satisfies the following
properties [3]:

R(A®) = R((A®)") = R(A),N(A®) = N((A®)") = N(A"),

where A is a square matrix with Ind(A) = k. It has been proven that A* is core invertible in
Lemma 3, so we have

R((A")®) = R(((AF)®)*) = R(A¥), N((A¥)®) = N(((A")®)") = N((A")").
Theorem 1. Let A, B € C"*", and Ind(A) = k; then, the following are equivalent:

(1) Ak Lg B;
2)  (A%)*B =0, BAk =0;

3) R(B) C N((AM)*),R(A ) C N(B);
(4) R(B) C N((A")®), R((A)®) € N(B);
(5)  (A¥)*B* =0, B*Ak = 0;

(6) R(B*) C N((A¥)*),R(A )C N(B*);

(7). R(B*) © N((A9)®), R((A")®) € N(B).
Proof. (1) < (2). From A®B = 0, we have

A®B =0 = AM(A®)'B=0= B*(44(A®)")* = 0= B 4K (A®) =0



Axioms 2024, 13,110

50f 16

By Lemma 3, A* is core invertible, which implies A*(A®)k Ak = Ak, As a consequence, we
have B* A¥ = B* A¥(A®)k Ak = 0. By using BA® = 0, we obtain

BA® = 0= BA® A1 = 0= BAF =0.

(2) & (3): this is evident.
(3) < (4): according to Remark 1, we obtain R(B) C N((AK)®), R((A¥)®) C N(B).
(4) & (1): this is evident.
Applying properties of Transposition of (2), we verify that (5), (6), and (7) are equiva-
lent. O

In view of (1) and (2) in Theorem 1, we obtain A* | g B* from (5). Using Lemma
4.4 in [3], we have that (1)—(7) in Theorem 1 and A* |, B are equivalent, i.e., AK 1 5 B
and A* 1 4 B are equivalent. And, from Lemma 2.1 in [4], it can be seen that A* 1, B
is equivalentto A L, Band A 15 B*. As a consequence of the theorem, we have the
following.

Corollary 1. Let A,B € C"", and Ind(A) = k, then the following are equivalent:
(1) AF1g B

2) AFLg BY;

3) AF 1, B;

4 AlpB

(5) A _Llgy B

Lemma 4. Let A,B € C"", and Ind(A) = k, Ind(B) = L. If AkB! = 0, then
(1) R(Ak) NR(BY) = {0},

(2)  R((A9)*)NR((B')*) = {0};

(3) N(AF+ B') = N(A*) N N(BY);

(4)  N((A%*+(B")*) = N((A)*) N N((B')").

Proof. (1) By applying (3), we have AKB! = 0 <> R(B') C N(AF). Then, by using the fact
that A¥ has an index of 1 at most, we obtain

R(A¥) N R(B') C R(A¥) n N(AF) = {0}.

Moreover, it is obvious that {0} C R(A¥) N R(B). Then, R(A*) N R(B') = {0}.

(2) Let AkB! = 0, we have (B!)*(A%)* = 0. Since (B!)* has an index of 1 at most, then we
can prove (2) by (1).

(3) Let X € N(AX + B), then (A* + B)X = 0,i.e., A*X = —B!X. Since

AFX = (A®)k A% X = (A®)kAk(—BIX) = —(A®)kAFB'X =0,

and B'X = 0, we obtain X € N(A¥) 0 N(B'), which implies N(A¥ 4 B') C N(A¥) N N(B).
On the other hand, it is obvious that N(A¥) " N(B') C N (A + B'). Then, N(A* + B!) =

N(AY N N(B).

(4) Let A¥B! = 0, and we have (B')*(A¥)* = 0. By (3), it is easy to check that (4) is true. [

Theorem 2. Let A,B € C"*", and Ind(A) =k, Ind(B) =1. If A L B, then
1) R(AYNR(BY = {0};

(2)  R((A9)*)NR((B")*) = {0};

(3) N(AF+B')=N(A")NN(B');

(4)  N((A9)* +(B')*) = N((A%)*) N N((B')*);

(5) R((Ak)*) n ( )=
(6)  R(AF)NR((B")")

ZZ

%
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(7). N((A%)*+ B') = N((AF)*) N N(B');
(8) N(Ak+ (BH*) = N(AK) N N((B)*).
Proof. By applying A L B,ie, A®B = 0and BA® = 0, we obtain
(AK)*B = (B*AK)* = (B*AF(A®)kAF)* = (AF)* AK(A®)FB = 0
and
BA* = BA® AF1 = 0.

It is obvious that (A¥)*B! = 0 and B! A¥ = 0. As a consequence, it is reasonable to obtain
that the statements (1)—(8) are true by Lemma 4. O

Using the core-EP decomposition, we obtain the following characterization of C-S
orthogonal matrices.

Theorem 3. Let A, B € C"™", and Ind(A) = k, then the following are equivalent:
(1) ALlgB;

(2)  There exist nonsingular matrices Ty, T, nilpotent matrices {0 Nz] , Ns, and a unitary

0 Ny
matrix U, such that

i S5 Ry 0 0 0
A=U|0 0 N|UB=U|0 T, S,|U" (7)
0 0 Ny 0 0 Ns

where NoN5 = ToNp + SoNy = 0and Ny 1 Ns.
Proof. (1) = (2) Let the core-EP decomposition of A be

T S

A:U{o N

Jur
where T is nonsingular and N is nilpotent. Then, the decomposition of A® is (2). And, write

B, B,

p-ulp

} ur. ®)

Since

T-! 0][B; B, T-'B; T 1B,
oR — * *
AB_U[O NH33 B4u_u NB; NB, u =0

it implies that T~'B; = 0 and T~'B, = 0; that is, B; = B, = 0.
Since

0 o][Tt o 0 0
© _— f— *
BA _U{B3 B4H 0 N}u _U[B3T‘1 B4N]u =0

it implies that B3 T~! = 0, and we have B; = 0. Therefore,

0 0

B:u[o B,

i

where NBy = B4N =0, i.e.,, By L N.
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Now, let

I, S X

be the core EP decomposition of By and U = U, [(l) 0 } . Partition N according to the

Uz
partition of By; then,

N1 Np

_ *
N=1U [Ns NJ u;.

Applying By L N, we obtain

_ N1 No| T2 So|;pe 5,/ N1iTa N1So+ NoNs|, ..
NBy = Uy |:N3 NJ [o Ns U =u N3T» N3S; + NyNs t =0,

which leads to Ny T, = N3T, = 0. Thus, Ny = N3 = 0 and N, N5 = NyN5 = 0. And,

B T2 52 0 Nz x 0 T2N2+52N4 *
BN = UZ[O NJ {0 NJ U; = U[O N5N, ]UZ =0

which implies that TN, + SoNy = 0 and NsNy = 0. Then,

T, 51 Kk 0 0 0
A=U|0 0 N|U"B=U|0 T» S, |U",
0 0 Ny 0 0 Ns
where NoNs = ToNp + SoNy = 0and Ny L Ns.
(2) = (1). Let
;"' 0 0
A =U| 0 0 Ny|U".
0 0 N

Using NpN5s = TNy + S;Ng = 0 and Ny L N5, we can obtain

710 07[0 0 O 00 0
APB=U| 0 0 Np||0 T S|U*=U|0 0 Np;Ns|U" =0
0 0 Ng |0 O Njs 0 0 NyNj
and
000 o[yt 0 0O 00 0
BA® =U|0 T, S, 0 0 Np|U"=U|0 0 ToN, +SNy|U* =0.
0 0 Ns|]| 0 0 Ny 00 N5Nj
Thus, A Lo B. O
Example 1. Consider the matrices
1 111 0 0 0 O
00 0 1 011 O
A= 00 0 1} B= 0 00 -1
0 00O 0 00 O
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Then,

A® =

o O O O
o O O O
(= N =

S O O

By calculating the matrices, it can be obtained that A°B = 0, BA® = 0. Thus, A L B.

Next, based on the C-S partial order, we obtain some relation between the C-S orthog-
onality and the C-5 partial order.

Lemma 5 ([6]). Let A, B € C"*". There is a binary relation such that:
A <® B:A(A®)" = B(A®)", (A®)"A = (A®)*B.
In this case, there exists a unitary matrix U, such that

T S
0 By

T S

A_u[o N

Jus=ulg g lu

where T is invertible, N is nilpotent, and N <* By.

Lemma 6 ([6]). Let A, B € C"*". The partial order on " <©® s defined as
A<©OB:A<®BBAAA® = AA*AA®.

We call it C-S partial order.

Theorem 4. Let A,B € C"*", and Ind(A) = k; then, the following are equivalent:

(1) A _Llg B B*A*AA® =0;
2) A S% A+ B

Proof. (1) = (2). Let A Ly B, ie, A®B = 0 and BA® = 0. Then, B*(A®)* = 0 and
(A®)*B* = 0. Since

(A®)"(A+B") — (A®)*A = (A®)'B* = 0
and
(A+B*)(A®)" — A(A®)" = B*(A®)* =0,

we have A(A®)* = B(A®)* and (A®)*A = (A®)*B, which implies A <® A + B*.

By applying B*A*AA® = 0, we have (A + B*)A*AA® = AA*AA® = 0.

Then, A <€ A + B* is established.
(2) = (1). Let A <© A+ B*, ie, (A®)*(A+B*) = (A®)*A and (A + B*)(A®)* =
A(A®)*. Itis clear that A°B = 0and BA® = 0. It follows that A L g B. O

When A is an EP matrix, we have a more refined result, which reduces to the well-
known characterizations of the orthogonality in the usual sense.

Theorem 5. Let A € CEP; then, the following are equivalent:

1) AlgB;
2) AlgB;

(4) A LB
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(6)  There exist nonsingular matrices Ty, Ty, a nilpotent matrix N and a unitary matrix U,

such that
T, 0 0 0 0 O
A=U[0 0 o|UB=U|0 T» S|U*
0 0 O 0 0 N

Proof. Since A € CEP, the decompositions of A and A® are

T, 0 0 ™' 0 0
A=U|0 0 olU,A®=U| 0 0 o|lu
0 00 0 0 0

where T; is nonsingular and U is unitary. Then, A® = A®. Itis clear that A L5 B is
equivalent to A L4 B. It follows from Corollary 4.8 in [3] that (1)—(5) are equivalent. [

4. Strongly C-S Orthgonality and Its Consequences

The concept of strongly C-S orthogonality is considered in this section as a relation
that is symmetric but unlike the C-S orthogonality.

Definition 3. Let A,B € C"*", and Ind(A) = Ind(B) = k. If
AlgB, BlgA,
then A and B are said to be strongly C-S orthogonal, denoted as
Alge B.

Remark 3. Applying Remark 1, we have that A L s B is equivalent to A®B = 0, BA = 0. Since
A®B = 0and A®B® = 0 are equivalent, it is interesting to observe that A L 5 B < A®B® =,
BA =0. Then, A L s B isequivalent to A°B® = B®A® =0, BA = AB = 0. Therefore, the
concept of strongly C-S orthogonality can be defined by another condition; that is,

Al,gB= A® 1B°,A1LB& AlgBYALB&B Ly A® A LB.

Theorem 6. Let A,B € C"", and Ind(A) = Ind(B) = k. Then, the following statements
are equivalent.

(1) A 1ss B;
(2)  There exist nonsingular matrices Ty, T, nilpotent matrices Ny, N5, and a unitary matrix U,
such that
1 0 R 0 0 0
A=U|0 0 o|U"B=U|0 T» S,|U" 9)
0 0 Ny 0 0 N;s

where R{Ns = SyNy = 0and Ny L Ns.

Proof. (1) = (2). Let A 1, B,i.e, A Lg Band B L A. From Theorem 3, the core-EP
decompositions of A and B are (7), respectively. And,

0 0 0
0 L'l 0
0 0 Ns

B® =U u*.
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0 0 0 7 S1 Ry 0 0 0
B°A=U|0 T,™' 0|]|0 0 N|U*=U|0 0 T, 'N,|U*=0,
0 0 Ns| [0 0 Ny 0 0 0
it implies T, N, = 0; that is, N, = 0. On the other hand,
i S¢ RyJ[0O 0 0 0 $1T»~' RiNs
AB®=U|0 0 0|0 o' o|u*=uUlo 0 0 |U* =0,
0 O Ng||O O Ns 0 0 0
which yields S; T, 1 = Ri{Ns5 = 0; thatis, 51 = RiN5 = 0. According to the above results,
we have
1 0 Ry 0 0 0
A=U|0 0 O0|U"B=U|0 T, S,|U*,
0 0 Ny 0 0 Ns
where R1N5 = 52N4 =0and N4 1 N5.
(2) = (1). Let
7' 0 0 0 0 0
A®=U| 0 0 o0 |U"“B®=Ul|0 T»~' o |U" (10)
0 0 N 0 0 N5
It follows from R{N5 = Sp,N4 = 0 and Ny L Ny that
"1 0 070 0 0] 0 0 0 7
A®B=U| 0 0 0|0 T S|U=U|0 O 0 |U*=0,
| 0 0 Ngf |0 0O Nsj 10 0 NiNs
0 0 071[h™t 0 0] 0 0 0 7
BA® =U|0 T, S, 0 0 o(U"=Ul0 0 SNg|U" =0,
10 0 Ns 0 0 Ngj 10 0 Ns5Ng4|
0 o0 0 T; 0 Rq 0 0 0
B®A=U|0 T,"' 0 0 0 ofUu*=ulfo o 0 |U*=0
0 0 Ns| |0 0O Ny 0 0 Ns5Ny
and
T; 0 R;] 10 0 0 0 0 RiN;s
AB®=U|0 0 O||0 o} o|U*=Ul0 0 0 |U"=0.
0 0 N4 |O 0 Ns 0 0 NgNs
Thus, A 15 B. O
Example 2. Consider the matrices
1 0 0 1 0 0 0O
0 00O 0101
A= 0 001 B = 0 001
0 00O 0 00O
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Then,

A® =

oo o -
co oo
coc oo

&

©

I
oo oo
co o
cooco
or oo

By calculating the matrices, it can be seen that A°B = 0, BA® =0, B°A = 0and AB® = 0.
Thus, A 1 B.

Lemma 7. Let B € C"*", Ind(B) = k, and the forms of B and B® be

00 Bk e [0 Xa]
B_u[O BJU,B _u{o XJU

respectively. Then,
X4 = B4®, Xo,Bs! = B,B4*"1, B,B,*"1B,f = 0. (11)

Proof. Applying

0 X-B k+1
0 X4B4k+1
0 BpB/ 1 .
=Uu u
{0 B,
= Bk
0 0
BY(B®)k)* = u{ - ]u*
( ( ) ) (B2B4k 1x4k)* (B4kX4k)*

0 BB/ 1X4F) .
=Uu u
{0 B4 X,

and

0 0 U
0 By"X,*(By — B4®)
_fo 0 .

_u[o B4—B4@}u
=B - B®,

we see that X;B,*1 = B,X, (B X,*)* = B4*X,* and B,*X4* (B4 — B4®) = B4 — B4®, which
lead to X4 = B4®. And, X,B,**! = B,Bs*1, ByB,A 'Bf =0. O

Theorem 7. Let A,B € C"*", Ind(A) = Ind(B) = kand AB =0, then A L, s B, if and only
if (A+B)® = A® + B® and BA® = 0.

Proof. Only if: From Theorem 6, we have the forms of A and B from (9). Since Ny,
N5 are nilpotent matrices with Ind(A) = Ind(B) = k, we can see that (N; + N5)! =
(Ng + Ns)k = 0.
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It follows that

T, O Ry
A+B=U|0 T S, ur,
0 0 N;s+Ns
and
Y 0 R
(A+Bf=u| 0 T s|Ur,
0 0 0

where Ry = Zﬁ-‘zl T{flRl(M} + N5)k_i and S, = Zi'cleéilSZ(Nzl + N5)k_i. And, it is clear that
Ry = T{* 'Ry + Ty 'Ry(Ns + Ns) and S = T1F 18, + Ty 1S5 (Ny + Ni).

By (10), let
it 0 0
X:=A®°+B°=U| 0 T,! 0 u*.
0 0 Ni+N;s
Since
Tt 0 0 T 0 TRy 4+ Ri(Ng+ Ns)
X(A+BM=u| 0o T,! 0 0 T kS, + S(Ny+ N5) | U
L 0 0 N4+Ns 0 0 0
_le 0 le71R1 + T171R~1(N4 + N5)
=U|l0 T T8+ T 1S (Ny+Ns) | U
L0 0 0
= (A+B),
0 R[N 0 0
(A+Bfxk=u|o TF S|| 0o TF olur
L0 0 0 0 0 0
_I‘r‘k(Ak) 0 0
== U 0 I}’k(Bk) 0 U
| 0 0 0
= ((A+B)*xb)*
and
Irk(Ak) 0 0 Tl — Tl_l 0 Rl
(A+B)X*(A+B-X)=U| 0 Iypy O 0 T,-T, ! S|U*
0 0 0 0 0 0
T, — T, ! 0 Ry
=Uu 0 T,—T, ' S |U*
.0 0 0

=A-X,

we can see that X := A® + B® = (A + B)®.
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If: Let the core-EP decomposition of A be as in (1), and the form of A® be as in (6).
Partition B according to the partition of A, then the form of B is (8). Then, write

X; X
S _ 1 2 *
B —U{X3 XJU.

Applying AB = 0 and BA® = 0, we have

. TB1+SB3 TBy+SBs|, .«
AB—U{ NBs NB, us=0o,
and
BiT~! B,N
© _ *
BA® = u[BgT_l B4N] u* = 0.

Then, the form of B is

10 Baof,
s-ul! %

where TBy + SBy =0, BbN =0and N L By.
Let X := A® + B® = (A + B)®, then

T, S+B
0 N+B,

Tlil + X3 Xo

— * ® — *
A—I—BU[ :|U,(A+B) u[ X N+X4u.

Applying N L By, itis clear that (Bg + N)¥ = B,f + N¥ = B, Thus,
T S1B,
k

(A+Bf=U ur,

By

where S+ By = Y5, TI"1(S + B,) (B + N)¥ . Then,

-1 k+1
x(A+B)"“:u[T1 X X HTl H ]u*

X3 N+ X4 0 B4k+1

_y TF+ X T (Ty 71+ Xq)Y + XpByFH! 0
X3T1k+l B4k

=(A+ B)k/
where Y = T{¥(S + By) + S/——l—\/Bz(B4 +N) and (T; 71 4 X1)Y + XoB,/f! = S+ By. Then,

we obtain TyF + X, Ty¥1 = TyF and X3Tyf*! = 0, which imply that X; = X3 = 0. It follows
from Lemma 7 that

0 X,
S *
B _u{o B?]u

and
BB 21 = 0. (12)

Therefore, we obtain
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where X, = Y5 TV X, (B + N)¥ and TyF1(S + By) + Ty 1S + By(By + N) + XpBy* !

= S+ By. According to T{*"1(S + By) + Ty 1S + By (Bs + N) = Ty "L (S + B2)Bs* + S + By,
we have that

Ty (S + By)Bs® = X, B, . (13)
In addition,
T k S/—;_E Tl_k 522 *

A B kxk =-Uu 1 2 |:
(A+B) 0 B 0 (B +N)

_ | ke Ti¥Xs + S+ Ba(BY + N)¥ |, .

0 B(BY + N)k
= ((A+B)*x")",
which implies that
T* Xy + S+ Ba(B + N)k =0 (14)

and (B4*(BY + N)¥)* = B4*(BY + N)X. Then, we have

k aq. —k INA
B4k(Bf> + N)k — U2 |:T2 52:| |:T2 N2

0 0]l o0 (N4+N5)k}u2

Irk(B4k) TZkNE + §2(N4 + NS)k
0 0

= (B4*(BY + N))*,

=, u,*

which implies T>¥N, + S, (N + N5)¥ = 0.

By Ny L Nsand N5 = N5k = 0, it is clear that (N + N5)¥ = 0. Then, it is obvious that
Ty*Ny = 0, i, Ny = Y5 TV 'No(Ny + N5)* ' = 0. Using N L By, we have N;N5 = 0.
Thus, there is Z\le = Zi'(:l TllfiNzN4k*i = 0. It follows from N¥ = 0 and I\flva4k*1 = 0 that
TI*N,N& 1 = 0, that is NaNg¥~1 = 0. And, it implies that NyN&2 = TI7FN, NF=2 = 0.
It is clear that Ny N2 = 0. Therefore, it follows that Z\AEN4k_3 = I\NIQN4k_4 = ... =
NNy = 0, which leads to NpyNJ 2 = NpNJS 3 = ... = N,Ny = N, = 0.

Applying (13) and (14), we have

(T{* Xy + S + By(BP)¥) By
=T1*XpBy™ + Th_ T{ (T, (S + Bo) Bf) (By + N)*
:le)’zzB42k + 21‘(:1 Ti‘ (X2B4k+l)(B4 + N)kfi
=2T,%X, B4
:(),

which implies that X, B4 = ¥ | Tll_in Bt = 0.
By applying (11) and (12), we have

(Z?:lTlliiXZB4k+i)B4k75 — (Zi,{:lTll*iBZB4k+2+i)B4k75 — BzB42k72 =0.
It follows that
RoB BN = XoB2BF 4 = .. = X,B, 2B, =,

which leads to B,B,22 = ByB,%3 = ... = B,By = B, = 0.
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Using TBy + SBy = 0, we have

T S, .
SBy = Ua[S; Rl][2 2:|U2

0 Njs
=U [SlTZ 515, + R1N5] u,*
= O,
where U = U; LI) L(l) } . It follows that S; = 0 and Ry N5 = 0. Therefore, we obtain
2
1 0 Ry 0 0 O
A=U[0 0 0|U"B=U|0 T, S,|U*
0 0 Ny 0 0 Ns

where R1N5 = S;Ny = 0and Ny L Ns. By Theorem 6, A 15 B. O

Example 3. Consider the matrices

1001 0 0 0O
01 01 0000
A_OOOO'B_001O'
0 0 01 0 00O
It is obvious that AB = 0.
By calculating the matrices, it can be seen that
1001 10 00 0 00O
/0101 ,5 |01 00| ,5_1(0 000
AvB=10 01 0 Tlooo o/ T|oo1 o0
0 0 01 0 0 01 0 000
and
10 00
0100
® _
0 0 01

that is, (A + B)® = A® + B® and A®B = 0. Then, we have A°B = BA® = AB® = B®A =,
ie, A lss B.
But, we consider the matrices

1 001 0 00O

0101 0 00O
C70000’[)70010'

0 00O 0 001

It is obvious that C®D = 0 and (C + D)® = C® + D®. However,

1 0 0 1[0 0 O O 0 001
010 1|0 0 0 O 0 001
® _ —
D™= 0 00 0[{|0 O1T 0] |00O0TO0 70
0 0 0 O0J[0 0 01 0 0 0O

Thus, we cannot see that C L s D.

Corollary 2. Let A,B € C"*",and Ind(A) = Ind(B) = k. Then, the following are equivalent:
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(1) Alss B
(2) (A+B)® = A® + B®, BA® = 0and AB = 0;
3 (A+B)®=A®+B® A LB,

Proof. (1) < (2). This follows from Theorem 7.
(2) & (3). Applying Remark 1, we have that A Ly B is equivalent to A®B = 0 and
BA=0. O

Theorem 8. Let A, B € C"*",and Ind(A) = Ind(B) = k. Then, the following are equivalent:

(1) A Llgs B;
2) A<O A+B B<O B+ A,

Proof. (1) = (2). Let A L, B,i.e., A Lg Band B L A. By Definition 1 and AB® =0,
we have

AB®B**! =0 < AB¥ =0« ABY(B®)Y(B-B®) =0« A(B—B®) =0,

which implies AB = AB® = 0. It follows that B*A*AA® = (AB)*AA® = 0. According to
Theorem 4, we obtain A §@ A + B*. In the same way, we see that B §@ B+ A*.
(2) = (1). This is clear by Theorem 4. [

Author Contributions: Conceptualization, X.L., Y.L. and H.J.; methodology, X.L., Y.L. and H.J.;
writing original draft preparation, X.L., Y.L. and H.J.; writing review and editing, X.L., Y.L. and H.J.;
funding acquisition, X.L. and H.J. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was supported by the National Natural Science Foundation of China (No.12061015);
Guangxi Science and Technology Base and Talents Special Project (No. GUIKE21220024) and Guangxi
Natural Science Foundation (No. 2018GXNSFDA281023).

Data Availability Statement: Data will be made available on reasonable request.

Conflicts of Interest: No potential conflicts of interest was reported by the authors.

References

1. Hestenes, M.R. Relative hermitian matrices. Pac. J. Math. 1961, 11, 225-245. [CrossRef]

2. Hartwig, R.E.; Styan, G.P.H. On some characterizations of the “star” partial ordering for matrices and rank subtractivity. Linear
Algebra Appl. 1986, 82, 145-161. [CrossRef]

3. Ferreyra, D.E.; Malik, S.B. Core and strongly core orthogonal matrices. Linear Multilinear Algebr. 2021, 70, 5052-5067. [CrossRef]

4. Liu, X.; Wang, C.; Wang, H. Further results on strongly core orthogonal matrix. Linear Multilinear Algebr. 2023, 71, 2543-2564.
[CrossRef]

5. Mosi¢, D.; Dolinar, G.; Kuzma, B.; Marovt, J. Core-EP orthogonal operators. Linear Multilinear Algebr. 2022, 1-15. . [CrossRef]

6.  Wang, H,; Liu, N. The C-S inverse and its applications. Bull. Malays. Math. Sci. Soc. 2023, 46, 90. [CrossRef]

7. Moore, E.H. On the reciprocal of the general algebraic matrix. Bull. Am. Math. Soc. 1920, 26, 394-395.

8.  Bjerhammar, A. Application of calculus of matrices to method of least squares: With special reference to geodetic calculations.
Trans. R. Inst. Technol. Stock. Sweden 1951, 49, 82-84.

9.  Penrose, R. A generalized inverse for matrices. Math. Proc. Camb. Philos. Soc. 1955, 51, 406—413. [CrossRef]

10. Ben-Israel, A.; Greville, T.N.E. Generalized Inverses: Theory and Applications, 2nd ed.; Springer: New York, NY, USA, 2003.

11. Baksalary, O.M.; Trenkler, G. Core inverse of matrices. Linear Multilinear Algebr. 2010, 58, 681-697. [CrossRef]

12.  Manjunatha, PK.; Mohana, K.S. Core-EP inverse. Linear Multilinear Algebr. 2014, 62, 792-802. [CrossRef]

13. Drazin, M.P. Natural structures on semigroups with involution. Bull. Am. Math. Soc. 1978, 84, 139-141. [CrossRef]

14. Hartwig, R.E. How to partially order regular elements. Math. Jpn. 1980, 25, 1-13.

15.  Mitra, S.K. On group inverses and the sharp order. Linear Algebra Appl. 1987, 92, 17-37. [CrossRef]

16. Wang, H. Core-EP decomposition and its applications. Linear Algebra Appl. 2016, 508, 289-300. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.2140/pjm.1961.11.225
http://dx.doi.org/10.1016/0024-3795(86)90148-5
http://dx.doi.org/10.1080/03081087.2021.1902923
http://dx.doi.org/10.1080/03081087.2022.2111544
.
http://dx.doi.org/10.1080/03081087.2022.2033155
http://dx.doi.org/10.1007/s40840-023-01478-2
http://dx.doi.org/10.1017/S0305004100030401
http://dx.doi.org/10.1080/03081080902778222
http://dx.doi.org/10.1080/03081087.2013.791690
http://dx.doi.org/10.1090/S0002-9904-1978-14442-5
http://dx.doi.org/10.1016/0024-3795(87)90248-5
http://dx.doi.org/10.1016/j.laa.2016.08.008

	Introduction
	Preliminaries
	C-S Orthgonality and Its Consequences 
	Strongly C-S Orthgonality and Its Consequences 
	References

