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Abstract: This study focuses on investigating the oscillatory properties of a particular class of
perturbed differential equations in the noncanonical case. Our research aims to establish more
effective criteria for evaluating the absence of positive solutions to the equation under study and
subsequently investigate its oscillatory behavior. We also perform a comparative analysis, contrasting
the oscillation of the studied equation with another equation in the canonical case. To achieve
this, we employ the Riccati technique along with other methods to obtain several sufficient criteria.
Furthermore, we apply these new conditions to specific instances of the considered equation, assessing
their performance. The significance of our work lies in its extension and broadening of the existing
body of literature, contributing novel insights into this field of study.
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1. Introduction

Natural and technological phenomena are usually described by differential equations
(DEs): inevitable relationships that include continuous variables (as functions) and their
rate of change in time (as derivatives). DEs appear in applied mathematics such as in
classical mechanics where the motion of objects is described by speed and acceleration,
which are the rates of the change in distance with respect to time. DEs are crucial for
actually modeling technical, physical, ecological, biological, and epidemiological processes,
such as celestial motion, bridge construction, interactions between neurons, relationships
between species, disease spread within a population, etc., see for example [1-6].

Applications in the domains of biology, population, chemistry, medicine dynamics,
social sciences, genetic engineering, economy, and others were made possible by science’s
incredibly rapid development in the 20th century. With the aid of this type of mathematical
modeling, all of these disciplines advanced, and new discoveries were made. Under-
standing these problems and phenomena—or at the very least knowing the features of
the solutions to these equations—requires knowing the equation’s solution. However, it
is possible that DEs employed to address real-world issues are not always directly solv-
able, i.e., do not have closed-form solutions. Only the simplest equations allow for clear,
formulaic solutions. However, it is possible to determine some aspects of a solution to a
specific DE without knowing their precise form. If there is not a self-contained formula
for the solution, it could be numerically approximated by computers. In this situation, a
recurrence relation—an equation that recursively defines a series—is required, in which
each term in the sequence is defined as a function of the terms that came before it.

These numerous applications stimulated the study of the qualitative theory of DEs.
The qualitative behaviors—stability, boundedness, periodicity and oscillatory, etc.—of the
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solutions of DEs give very important impressions and information when studying the
various natural models.

In the first half of the 20th century, Fite [7] produced a ground-breaking paper that
established the oscillation theory of DEs with divergent justifications. The basic principles
of oscillation theory are to test the existence of oscillatory or nonoscillating solutions or
to study the asymptotic behavior of nonoscillatory solutions. Oscillation theory generally
follows one of two main streams. The first of them relies on the analysis of the zero
distribution laws in order to establish the minimal distance between consecutive zeros.
The second stream investigates the number of zeros in a given interval along with the
relation between the oscillatory qualities and oscillatory processes in systems with different
physical parameters. This interest is reflected in numerous studies, many of which are
compiled in monographs [8-14].

In this study, using several techniques, we obtain new conditions that test the oscilla-
tory properties of the solution of the perturbed DE

d d \# d
a <a- <dtu> ) +FRH(tu)=hF (t, u,dtu>, 1)

where t € Zy, Z; := [t;,0) and B > 1 is a ratio of odd natural numbers. In addition, we
assume the following constraints:

H1.a € C(Zy,R"), and 1(tg) < oo, where

n(t) = / ail/ﬁ(v)dv;
t
H2. F; € C(Zyp x R, R), F, € C(Zp x R%,R), uFy(t,u) > 0and uF,(t,u,y) > 0 for u # 0;

H3. There exist functions ¢, ¢ € C(Zy,R) and h € C(R,R) such that ¢(t) <
t € Ty, uh(u) > 0 for u # 0, h is nondecreasing, h(uy) > h(u)h(y), Fi(t,u) > ¢(
and By (t,u,y) < ¢(t)h(u), for u,y € R\{0} and t € .

For a solution of Equation (1), we denote a function u € C! (Z,) for t, € Zy, which
a-(u )*3 € CY(Z,) and u satisfies (1) for t € Z,. We take into account these solutions u of
Equation (1) such that sup{|u(t)| : t > T} > 0 for T € Z,. A solution u of Equation (1) is
said to be nonoscillatory if it is eventually positive or eventually negative; otherwise, it is
said to be oscillatory.

In this paper, we obtain conditions that test the oscillation of solutions of perturbed
DE Equation (1). Equations of this type have not received as much attention as other types
of equations, such as half-linear equations or equations of the Emden-Fowler type. We use
more than one approach to obtain the oscillation criteria. We couple the oscillation of DE
Equation (1) with a canonical equation of the second-order. We further extend the approach
used in [15] to obtain a new oscillation criterion for DE Equation (1). Furthermore, we use
a generalized Riccati substitution to obtain sharper criteria. Finally, we present examples to
support the theoretical results.

Relevant Literature Review

In the following, some of the previous works that are relevant to our study are reviewed.
In 1980, Grace and Lalli [16] investigated the oscillatory properties of the perturbed DE

d d d d
dt(a'dtu> +p-$u+Fl(t,u) = F2<t,u,dtu>.
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For a DE with alternating coefficients
d d d
dt(a«[q)ou]~dtu>+p~dtu+q-[Fou]_0, )

Grace and Lalli [17] analyzed the convergence of its oscillatory solutions and developed
some standards for the asymptotic behavior of this equation. Shortly before the previous
works, Kartsatos [18] studied the oscillatory behavior of the n-order perturbed DE

di’l
FITLRE Fi(t,u) = Fy(t,u).
Kirane and Rogovchenko [19] investigated the oscillatory properties of the DE Equation (2).
To determine the oscillation criteria, they employed a method based on the average behavior
of the integral of the coefficient 4.

By using Riccati transformation, Jianchu and Xiaoping [20] created Philos-type stan-
dards that guarantee the oscillation of the perturbed DE

d d \* d \* d
el = = F =F —u .
dr <a (dt”) > Tty <dt”> +h(tu) =F (t’ t dt”)
Bohner and Saker [21] studied the oscillation of Equation (1) in the canonical and
noncanonical case. They used Riccati substitution to constrain the coefficients to ensure
that each solution of Equation (1) oscillates or approaches zero.

In 2005, Mustafa and Rogovchenko [22] discussed the oscillatory properties of solu-

tions of )

d
@u + F(t,u) = p(¥)

under the constraint

/mv|p(v)|dv < .
to

Recently, Moaaz et al. [23] studied the oscillatory properties of the damped DE

d a~£u + ~£u+ -uot]=0
dt\" dt TR -

where p change their sign and g are nonnegative. They presented criteria of an iterative
nature and that are characterized by having one condition. The iterative nature allows it to
be used repeatedly even if it fails at first.

Despite the large number of recent works that discussed the oscillation of the solutions
of DEs, this theory was and still is rich in interesting analytical issues and open problems.

In the noncanonical case 7(ty) < oo, one of the interesting problems in studying
the oscillation of DEs is obtaining a single criterion that guarantees the oscillation of all
solutions. In 2017, Bohner et al. [24] presented one-condition criteria for the oscillation of
neutral DE

p
(i(u-<i(u+p-(uor))> )—Q—q-(uoa)ﬂzo. (©)]

By iterative improvement of the monotonic properties, Bohner et al. [25] introduced
sharp oscillation criteria for Equation (3).

In the neutral equations, one of the interesting issues is also obtaining sharp in-
equalities that link the solution to its associated function. The conventional inequality
u > (1 — p)z is usually used when 7(ty) = co. On the other hand, for positive decreas-
ing solutions, the inequality u > z(1 — p((y7071)/#5)) is used when 7(ty) < oo, see [26].
Moaaz et al. [27] improved the last relationship and considered both cases p < 1and p > 1.
Nevertheless, the results in [27] were constrained by the condition p(t) = pg (a constant).
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Very recently, Bohner et al. [28] improved the relationship u > z(1 — p((17 o T) /1)) in both
delay and advanced cases.

Third-order DEs have also not received the same attention as the equations of the even
orders, and the study of the oscillation of these equations contains many open problems.
Works [29-31] presented interesting results in the study of fluctuating solutions of third-
order DEs.

On the other hand, for the higher-order equations, Onose [32] studied the oscillation
of DE

d2 d2

dtz(ﬂ'dtzu> +F((1/log),t) :0
and ) )

d d

iz (o )+ Fweg) =

under the restriction

/ a~(v)dv = oo, for some T > 0.
T

The oscillatory characteristics of solutions for distinct classes of equations were dis-
covered by utilizing a wide range of methodologies. Agarwal et al. [33] presented some
oscillation results for the DE

(i[%l((i a21<i[all<i”>mDMD

under the restrictions .
a/*(v) dv = oo, k =1,2,3.
to k

a3

+g-F(uog) =0,

Grace et al. [34] devised theorems that test the oscillation of the DE

d3 d \*
dt3<a. <dtu> )—l—q-F(uog):O,

42 2 g2 .
the oscillatory behavior of its solutions was tested by the results in [35,36]. In [37],
Zhang et al. discussed the asymptotic properties of the solutions of the DE

n—1 @
i(a-((i%u) >+q-(uﬁoa>:O, 4)

For the DE

where § < a.

2. Main Results

We start by defining some functions and notations that make it easier to present the results.

2.1. Notation and Preliminary Results

Lemma 1 ([24]). Suppose that H(s) = Ks — L(s — M)Hl/ﬂ, where L > 0, K and M are
constants. Then, at s* = M+ (BK/((B + 1)L))ﬁ, H reaches its maximum value on R, and

H H(s* K ’Bﬁ kP
mpH(s) = B = KM+ e
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Notation 1. During the paper, we refer to the composition operation with the symbol (o), so
that [f o g|(t) := f(g(t)). We denote the class of all eventually positive decreasing solutions of
Equation (1) with the symbol Ps.

Lemma 2. Assume that
al/PyP (o ¢) = B, (5)
for some x > 0. Then each nonoscillatory solution of Equation (1) is decreasing and converges

to zero.

Proof. Assuming that Equation (1) has a nonoscillatory solution necessarily means that it
has an eventually positive one, say u. Using assumption (H3), Equation (1) becomes

(a.(u’)ﬁ>/ = BE(tuu')—F(tu)
< —(p—¢)-[houl. ©)

Then, a - (v )/3 is nonincreasing, and so 1’ is of one sign. Before proceeding to prove the
required equation, we need to calculate the following integral:

[ (0(0) - p(0)do,

ty

for t; € Zp. Based on assumption Equation (5), we conclude that

t t 1
J (0@ —gtoNdo = b [ o
- (L1 ) .
* (5~ 7 7
Since 7 — 0 as t — oo, we find eventually that 7= () > Ay=P(t) + y=F(t1) for all
A€ (0,1).
Therefore, t
1
[ (92) ~ p(o))do = P2, ®)
and so ,
lim (" (¢p(0) — p(0))do = co. ©)

t—=o0 Jt

Suppose, conversely, that u’ is positive. Then, u — ¢y > 0 as t — oo, which leads to
u(t) > co for all t € Z; for some t; € Zy. It follows from Equation (6) that

(a- ()" < ~hico) (@~ ).

After integrating this inequality, we obtain

a(t) (' ()P = hico) [ (p(0) = p(0))do. (10)

ty

Hence, taking lim; ., and using Equation (9), we obtain that a(t; ) (1 (t1))? — oo, which
is a contradiction.

Now, we have that #/(t) < 0,and sou — ¢; > 0ast — 0.

Suppose, conversely, that c; is positive. Then, u(t) > ¢ for all t € Z; for some t1 € Zj.

Integrating Equation (6) from #; to t, we conclude that
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p B_ [
o) ()" < a(t) (' (1) = [ (p(0) = 9(0))h(u(o))do
< k) [ (plo) ~ plo)e,
which, with Equation (8), gives

1
u' < —K[/\h(ﬁ)]l/ﬁal/ﬁ i

Then,

u(ty) > [Ah(er)]"” /tlt al/ﬁ(zl))n(v)dv

— xlh(er)) P 1og 10,

which tends to co as t — oo, which is a contradiction. Then, ¢; = 0. O

2.2. Oscillation Criteria

Using an approach that is an extension of the approach taken in Koplatadze et al. [15], we
present through the next theorem, a new condition to ensure the oscillation of Equation (1).

Theorem 1. Assume that Equation (5) holds for some x > 0, and

lim -2 11
WIB}OW—VO<°°- (11)

If

timsup 1°(1) [ (¢(0) — 9(o) o

t—o0

w0 ) [0 = g @) > pro, 02)

then DE Equation (1) is oscillatory.
Proof. Conversely, assuming that Equation (1) has a nonoscillatory solution necessarily

means that it has an eventually positive one, say u. Assume that u(t) > 0 for t > t; € Zy.
Since a!/P - ' is decreasing, we obtain

() = [ g P (ko < el () 13)

and so )
5= it ra)
From Equation (6), we have
!/
~(p=¢) lhou] > (a ()"
= ﬁ(al/ﬂ . u')’g*1 (al/ﬁ . u’)/. (14)
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It follows from Equation (13) that

() <X (1) trou (15

This inequality can be written in the form

/ 1-p
(ﬂ‘al/ﬁ.u’jtu) g;m((p(p)-(Z) -[hou] <0. (16)
Note that 77 - /P - u’ + u is positive and decreasing. Then,

/ 1 u(v) 1=F
a0 P00+ u(t) > 5 [T e -9 (5] hue)de. (7

Moreover, integration Equation (15) from #; to t gives

t 1-B
—a o) 2 5 [ (00 - o) (5] hue))do,

u(v)\ P
pu) = ) [ (o) —oe)ntue)) (550 e
i u(v)\' P
+ [T ne)eo) - o) (55 do a9

t
hu(t) = Uﬁ“>/g(¢(v)—-¢@ﬂ)dv

() [0 =~ oenrP i) do,

This contradicts assumption Equation (12). [

It is easy to see that the oscillation criteria of the canonical DEs have been established
using many methods and techniques, and these equations have received most attention in
the past. Therefore, it is useful to compare the oscillation of the solutions of Equation (1)
with another equation in the canonical case, as in the following theorem.

Theorem 2. Assume that Equation (5) holds for some x > 0, and h(w) = wP. If the DE
2 16 0\ L1 g _
@-a ~y)+3ﬂ (9—=¢)-y=0 (19)
is oscillatory, then DE Equation (1) is oscillatory.
Proof. Conversely, assuming that Equation (1) has a nonoscillatory solution necessarily
means that it has an eventually positive one, say u. Assume that u(t) > 0 for t > t; € Zy.

Then, it follows from Lemma 2 that u/(t) < 0 for t > t;. Proceeding as in the proof of
Theorem 1, we arrive at Equation (16). Thus,

(W-al/ﬂou’—ku)/%—;ﬂﬂ'(éﬂ—fp)'”SO,



Axioms 2023, 12, 841 8 of 15
which, with the fact that
n-al’fou +u <u>/
al/B 2 n)’
gives
’ !/
u 1
(Uz-al/ﬁ~<,7>> +Bn'3-<qo—4>>~uso. (20)

Now, if we set y = u/#5 > 0, then Equation (20) becomes
r1
(- -y') +Bnﬁ“ (9p—¢)-y<0.

Using Corollary 1 in [38], the associated Equation (19) also has a positive solution.
This contradicts the hypotheses of the theorem. [

One of the well-known criteria that guarantee the oscillation of the solutions of DE

(r(hyy' (1) + Q(ty(t) =0,

in the canonical case, is

ngio?f(/t: rl(v)dv> /too Q(v)dv > i,

see for example [39]. Using this criterion, we obtain the following corollary:

Corollary 1. Assume that Equation (5) holds for some x > 0, and h(w) = wP. If

£ 1 g ‘3
. p+1 _ P
lltfgiﬁlf(/to 12(v)al/B (v) dv) /t " (v)(@(v) — ¢(v))dv > 4
then DE Equation (1) is oscillatory.

The Riccati substitution technique is a popular method when studying the oscillation
of DEs. In the following, using a generalized Riccati substitution, we establish another
criterion for the oscillation of Equation (1).

Theorem 3. Assume that Equations (5) and (11) hold for some x > 0. If

a0 (1 a(v)(p'(v)
hftff;lpm /to (WP(U)(GD(U) —¢(v)) - WW)dU >1, (21)

then DE Equation (1) is oscillatory.

Proof. Conversely, assuming that Equation (1) has a nonoscillatory solution necessarily
means that it has an eventually positive one, say u. Assume that u(t) > 0 for t > t; € Zy.
Now, we define the function

R;:p.<a.(”:)ﬁ+nlﬁ>. (22)

It follows from Equation (13) that R > 0, fort € Z;. Then,

;o <a~(u’)ﬁ>/ s B
=R u/s—/”'<u> T aUE g |



Axioms 2023, 12, 841 9 of 15

which, with Equation (6), gives

B B [hou]_ ,B B 1+1/B
"R—p (p—¢)- P p1/,3.611/5' R P

Be
al/B . B+l

R <

+ ==

(23)

Using Equation (11) and the fact that u — 0 as t — oo, there is t, € Z; such that
[hou]/uf > % for t € 7. Thus, Equation (23) becomes

, 1+1/8
/ P . _ i . _ _ L . — ﬁ L
R < o R e (p—9) o17B 417p (R 17:5> * al/b.yprl”

Using Lemma 1 with

B _r _
A= p,prl/ﬁ'al/ﬁ,Cfnﬁ,andyfR,
we obtain

1 o 1 a () Bp

R < ——p-(p—9¢)+ 5+ +
ﬂop (p—¢) P (1+,B)1+ﬁ 0P al/B . ypt1
1 p>/ L a ()"

= —p-(p—¢)+ %) + . 24

TS (nﬁ (1+p) T pF 2

Integrating Equation (24) from t; to t, we find

R(t) — R(t) + p(t)  p(t)

a(0) (o' (v) 1P
> /tzf(lp(v)((,)(v) ~9(0)) - W)d )

From Equations (13) and (24), we obtain

b
R P (MY < p
AT pa<>§nﬁ'

which, with Equation (25), gives

) (1 a(v) (o' (0))*F
o) /t2 (VOP(U)(GD(U) —¢(v)) - U‘*‘ﬁ)”%%)dv <1

This contradicts assumption Equation (21). O

Lemma 3. Assume that h(w) = wP, and Equation (5) holds for some x > 0. If u is an eventu-

ally positive solution of Equation (1), then the functions u/y* and u/ 771”"; are decreasing and
increasing, respectively.
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Proof. Let u be an eventually positive solution of Equation (1). We find that integrating
Equation (6) yields

(O 0) < alt) (1) = [ (ol0) — 9(0))uf (o
< a() (() = P0) [ (00) ~ o0))d,

and using Equation (7) implies that

a(t)(u’(t))ﬁ < a(tl)(u’(tl))ﬁ — xPuP(t) <’7ﬁ(t) - 17{3“1)) (26)

Since u — 0 as t — oo, we have that

a(ty) (' (1)) LGP

nP(t) =7
eventually. Thus, Equation (10) reduces to
al/Py < —KE, (27)
U
which leads to , / 178
U nu' +xa ' Pu
Next, by integrating Equation (16) and using Equation (5), we obtain
1 (o]
n(HatP (' (H) +u(t) = E/t 1P (0)(¢(v) — ¢(v))u(v)dv
1 u(v)
> ﬁ/ d
= a7 )™
> «Pu(t)
Thus, we obtain
"o+ (1—«P)a /B
u ) = nu' + (1 Kﬁ)u L 29)
;7171( ;7271(

The proof is now completed. [J

Theorem 4. Assume that h(w) = wP, and Equation (5) holds for some x > 0. If k +«P > 1, then
DE Equation (1) is oscillatory.

Proof. Conversely, assuming that Equation (1) has a nonoscillatory solution necessarily
means that it has an eventually positive one, say u. Assume that u(t) > 0 for t > t; € Zy.
Then, it follows from Lemma 2 that u/(t) < 0 for t > t;. Proceeding as in the proof of
Lemma 3, we obtain that Equations (28) and (29) hold. Thus, we have x + kP < 1, which is
a contradiction. [

Using Lemma 3, we can improve Theorem 1.
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Theorem 5. Assume that h(w) = wP, and Equation (5) holds for some x > 0. If
t
timsup 11 Y5() [ (p(e) = o) ¥ o)t
t—o0 to
KP— * P
) [ ) —p@)nt ool >5, 60)

then DE Equation (1) is oscillatory.

Proof. Conversely, assuming that Equation (1) has a nonoscillatory solution necessarily
means that it has an eventually positive one, say u. Assume that u(t) > 0 for t > t; € Zy.
Proceeding exactly as the proof of Theorem 1, we find that Equation (18) holds. From

Lemma 3, we obtain that (u/7*)" < 0 and (u/ql”‘ﬁ)/ > 0. Then, Equation (18) becomes
t
B = oY) [ (o) —p(@)nP* ¥ 0)eo
fy

) [ (o) - plo)nf T (0)de.

t

This contradicts assumption Equation (30). [

2.3. Examples and Discussion
Example 1. Consider the perturbed DE

-1
d d > B d \?
dt( .dtu> +bgu (12 4+1) = b(pu((dtu) +1> , (31)
where t > tgand by > by > 0. We note that

b¢w
(02 +1)

F(t,w) = b¢w(w2 + l) and F(t,w,v) =

By choosing h(w) = w, we obtain

Flh((tz’uz){)) - bww(“’z“) = by = glt),
ﬂ?’ld E (t ) b
2t w,v) ¢ =
h(w) (02 41) == olt)

It is easy to see that choosing k = (by — by) satisfies condition Equation (5). Applying
Theorem 1, DE Equation (31) is oscillatory if

1
b¢—b¢>§.

whereas, by choosing p(t) = 1/t, Theorem 3 leads us to the fact that DE (31) is oscillatory if

1
Figure 1 shows the numerical solution to Equation (31) when by = 2 and by = 1.

Remark 1. Bohner and Saker [21] studied an equation similar to the studied equation and obtained
criteria that guarantee that the equation is oscillating or converges to zero. As for our results, they
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quarantee that all solutions of the studied equation are oscillating, so our results are an improvement
on the results they obtained.

04 0.04
021 0.02
2 4 8 10 200 400 600 800 1000
02} -0.02
-04 -0.04
0.003
0.010
0.002
0.005 0.001 ¢
5000 10000 15000 T Tqooose T zmoooo 300000 5000
_oo0s] -0.001}
-0.002 |
-0.010 -
-0.003
-0.015
Figure 1. The numerical solution of DE Equation (31) when b, = 2 and by = 1.
Example 2. Consider the perturbed DE
/ ﬁt-‘rhz
Bt(,1 ﬁ) Bt+by, By — _© B
el (u'(t +e uP(t) = uP(t). 32
(e (' (1)) ) = Gy (32)
where by and by are real numbers. We note that
eﬁt-‘rhz
a(t) = ePt, Fi(t,w) = eP™0wh, B(t,w,v) = ——wP(t
(1) =, Fy(t,0) 2t 0,9) = Fr D)

By choosing h(w) = wP, we obtain

F(t,w
1;1((?/0)) - elBH—bl = (P(t)r
and / -~
E(t,w,v e 2
2(h(W) - (w2 41) < P = g(h).

Theorem 3 leads us to the fact that DE Equation (32) is oscillatory if
by > In 1(1 +4eb2) .
4

Figure 2 shows the numerical solution to Equation (32) when by = 5and by = 1.

Remark 2. Figures 1 and 2 represent an approximate numerical solution to the solutions to
Equations (31) and (32), respectively. As shown, we find that these numerical solutions have an
infinite number of arbitrary zeros; that is, they are oscillatory solutions.The numerical solutions of
the equations were obtained using Mathematica software.
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5 x1078

-5 x1078

References

Figure 2. The numerical solution of DE Equation (32) when b; = 5and b, = 1.

3. Conclusions

In this paper, we investigated the oscillatory behavior of perturbed DEs in the non-
canonical case. We used a technique based on pairing the studied equation with a canonical
equation. We also extended Koplatadze’s results to the perturbed DEs. On the other hand,
we used the Riccati approach to obtain more efficient criteria for oscillation. The new
criteria were tested on specific cases of the studied equation to support and clarify the
theoretical results.

It was clear from the results that the Recati technique presented more severe criteria
and also did not adhere to the condition i(w) = wP. However, this technique is not affected
by the improvement of the monotonic properties of the solution, unlike Koplatadze’s
technique. One interesting proposed issue is to extend our results to delay and neutral DEs.
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