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1. Introduction and Preliminaries

One of the most significant and vital tools utilized by authors in the fields of non-
linear analysis, quantum physics, hydrodynamics, number theory, and economics is
the Banach contraction principle [1]. This contraction has been generalized by weak-
ening the contraction principle and enhancing the working spaces in different structures
and generalized metrics, such as quasi-metric, b-metric, cone-metric, etc. For examples,
see [2-11].

One of the remarkable and interesting generalizations of contraction mappings is
Cirié—type contractions (see [12]). For analyzing fixed points of self-mappings in different
metrics spaces, Ciri¢-type contractions offer a broader framework. A variety of results,
such as the existence and uniqueness of fixed points, their stability, and the convergence of
iterative procedures are investigated in the study of Cirié-type contractions.

Similarly, a weakened form of contraction mapping, the “almost contraction”, was
introduced in 2004 by Berinde [13]. This contraction comprises the class of many mappings,
notably Banach [14], Chatterjea [15], and Kannan [16]. However, it must be noted that
unlike traditional contractions, almost contractions do not guarantee a unique fixed point.

A new concept called b-metric space was introduced in 1989 by Bakhtin [17]. Several
important studies have been conducted by researchers in the field of b-metric space, in-
cluding refs. [18-21]. In 2011, the metric space in complex version was firstly presented by
Azam et al. [22]. Similarly, b-metric space in complex plane has been introduced in 2013 by
Rao et al. [23].

Let us now recall the mentioned notions.

Definition 1 ([24]). For complex numbers set C, relation of partial order < on C is defined by

01 2 @2 ifand only if Real(p1) < Real(py) and TJmg(p1) < Tmg(p2).

Therefore, we can say that p1 = oo if one of the below condition is fulfilled:
(D) Real(p1) = Real(p2), Jmg(p1) < Img(2),
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(II) Real(1) < Real(p2), Ima(p1) = Img(g2),

(I1I) Real(p1) < Real(pz), Img(p1) < Tmg(gp2),

(IV) Real(p1) = Real(p2), Tma(p1) = Jmg(2).

We can say that o1 3 2 if 91 # 2 and one of the mentioned necessities is fulfilled and we can
say that o1 < o only if condition (11I) is satisfied.

Definition 2 ([25]). Let g1, g2 € C. The max function for the partial order <, defined on C as:
(@) max{ g1, 2} = 92 & 1 = o2/

(b) o1 = max{g2, p3} = 1 = g2 0r 1 X p3;

(c) max{p1, P2} = P2 & 1 = P2 0r [P1] < |gal.

Another important lemma that is helpful in justifying our new results is the following.

Lemma 1 ([25]). Let p; € C,i € {1,2,3,4,5} and partial order relation < defined on C. Then,
these statements fulfil:

(@) If o1 = max{ga, p3} then, p1 = 2 if p3 = o;

(D) If o1 < max{ o, p3, s} then, 1 = if max{ps, pa} < E2;

(c) If p1 = max{ o, 3, P4, 05} then, p1 = o if max{ps, p4, 5} = 2.

Definition 3 ([24]). For the provided real number b > 1 and a nonempty set Z, a functional
A Zx 2Z — Cis termed as a complex valued b-metric (CVbM), if for all R, ¢, £ € Z the
necessities below fulfil:

(1) A(N,£) = 0ifand only if X = £,

(2) AN, £) =0,

(3) AN £) = AN, £),

(4) AR, £) 2 B[AR, ¢) + A(g, £)]-
Then (Z, ) is a complex valued b-metric space (CVbM space).

Example 1 ([24]). Let Z = C, define A: Z x Z — Cby
A, ) =|vi —vy 2 +i | vy — 1o |? forall vy, v, € Z.
Then (Z, ) is a CVbM space with b = 2.

Definition 4 ([23]). Let (Z, A) be a CVbM space and {X,, } a sequence in Z and X € Z.

(i) A sequence X, in Z is convergent to X € Z if for every 0 < ¢ € C there exists ng € N, such that
A(Ry,, V) < cfor every n > ny. In that case, we use the notation limy, 1 Xy, = Nor R, — Nas
n — +oo,

(i) If for every 0 < ¢ € C there exists ng € N, such that A(R,;, R,4,) < ¢ for every n > ng and
m € N. Then, {X,,} is called a Cauchy sequence in (Z, \).

(iii) If every Cauchy sequence in Z is convergent in Z, then (Z, A\) is called a complete CVbM space.

Lemma 2 ([23]). Let (Z,A) be a CVbM space and {X,,} be a sequence in Z.

(i) Then, a sequence {X,,} converges to X if and only if |A(R,,R)| — 0as n — +oo.

(ii) Then, a sequence {X,, } is a Cauchy sequence if and only if |A(X,, Ry )| — 0as n — +oo,
where m € N.

Next, the contraction principle in [12] is to be recalled, which is the generalization of
Lj Ciri¢.

Theorem 1 ([12]). Let (71, A) be a metric space and for a mapping Q : 71 — 1 there exists
¢ € (0,1), such that for all z1,z, € 7, we have

A(Qz1,Qz) < gmax{A(zl,zz),A(zl, Qz1), A(z2, Tzp), %(A(zl, Qz7) + A(z2,Qz1)) }
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If TV is complete Q-orbitally then:

(1) Fix(Q)=z%; .

(2) Forall zx € 7 sequence (Q'z)jen converges to z*;

(3) A(Qiz,z%) < %A(z, Qz), forallz € T,i=1,2,...

Similarly, the generalisation of the fixed-point theorem of Zamfirescu [26] has been
further elongated in [13] to an almost contraction.

Theorem 2 ([13]). Let (C, F ) be a complete metric space and G : C — C be an almost contraction,
that is a mapping for which exists a constant x € [0,1) and for some ¢ > 0, such that

F (Gu, Gw) < xF (u,w) + oF (w, Gu),

forallu,w € C. Then

(1) Fix(G) =ueC:Gu=u#0;

(2) For any ug € C, the Picard iteration u, converges to ux € Fix(G);

(3) The following estimate holds | (1,41, u*) < %F(un,un_l),n =1,2,...,i=1,2,...

In this manuscript our aim is to combine and extend the Ciri¢ and almost contraction
conditions in the context of CVbM spaces. In addition, some examples and applications
have been provided for the authenticity of our new generalization results.

We will use the following variant of the results from Miculescu and Mihail [27]
(see also [28]).

Lemma 3 ([29]). Let {wy} be a sequence in CVbM space (Z, A) and exists h € [0,1), such that
A<Wn+1/ wn) = hA(wnr wnfl)/
foralln € N. Then {w,} is a Cauchy sequence.

2. Main Results

Here we present our first new result in the case of a CVbM space for a unique and
common fixed point of almost Ciri¢-type contractions.

Theorem 3. Let (C,dy) be a complete CVbM space W, T : C — C be two continuous mappings,
such that:

db (Zz, TZz)

dy(Wzq1,Tzp) = qmax{db(zl,ZZ), dy(z1, Wz1), m,

M

%(db(zl, Tzz) + dy(za, Wl))}

T qui”{db(zleZ)rdb(er Wz1),dy(22, Tz2), Ay (21, T22)dy (22, W21) },

1+ db(Zl,Zz)

forall z1,zy € C, where 0 < g < %, L > 0 and all elements on the right side can be compared to
one another with partial order <. Then, the pairs (W,T) has a unique common fixed point.

Proof. Let yg be an arbitrary point in C that defines a sequence j;;, as follows:

Hog+1 = Whoy and pioyi0 = Thoy41,n=0,1,... 2)

Then, by (1) and (2) we obtain
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dp(poy 1, pay+2) = dp(Waay, Thoys1)

dp(p2g+1, THoy+1)
"1 dy(pogs1, Wioy)’

IA

q max{db(}lzq, ,142;7+1)r dp (H2y, Whay)

1
5 o2y, Thoy1) + dp(p2y+1, Wﬂzn))}

+ gL min{dy(p2y, pioy+1), dp (2, Whizy), dp (p2y+1, THoys1),

dy((pay, Thay+1))dy (2y+1, Whiay)
1+ dy(p2y, poy+1)

dy(M2y+1, Hoy+2)
"1+ dy(p2gs1, p2g1)’

IA

q max{db(yzw Hay+1), dp (M2, Moy+1)

1
E(db(ﬂznr V217+2) + db(.”211+1r #27;+1))}

+ quin{db(Mq,Vzn+1)rdb(ﬂzq,#2q+1),db(ﬂ2q+1,ﬂzq+2),

dy((H2y, Hoy+2))dp (Hay+1, Poy+1)
1+ dy(poy, p2y41) ’

SO,

1
dp(H2gs1, Poye2) 29 max{dh(yzn, Hoy+1), dp(Hogs1, Hop+2), Edb(ﬂzm Hopt2) }

We have three possible maximumes.
If
Case L.

1
max{db(l/qu/,u2;7+1)rdb(]/‘2;7+1/ Hopt2), zdb(ﬂquﬂzmz)} = dy,(p2y+1, H2gt2),

we have
dy(Mon+1, Hoy+2) = qdp(Hay+1, Hay+2)-

This implies that g > 1, which is a contradiction.
Case II.
If

1
max{db(Van.“217+1)rdb(l‘27]+1/ Hopt2), Zdb(F‘Zn/]/‘ZiﬁZ)} = dy(p2y, H2pt1),

we have
dp(pay+1, Haq2) = qdp(pay, poyg+1)-

Next, we have

1
dp(pay+2, Pay+3) = qmax{db(l’lZW-‘rl/ M2y +2), Ao (M2 +2, W2y +3), 5 (g1, 2y+3) }

Then we find to have these three cases as below.
Case IIa.

dp(p2y+2, 2y +3) = qdp(H2g+2, H2yt3),
which is again the same contradiction.
Case IIb.

dp(pay+2, Hay+3) = qdp(pay 1, Bay+2)-

®)

(4)
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From (3) and (4), foralln = 0,1,2,... we obtain

dy(pys1, y+2) = qdp (g pygsr) = -+ =2 g7 dy(po, ).

For m,n € Nand m > 7, we have

A
%)

dp(Hy, tim) [y (y, iys1) + dp(pyr1, pim)]
s(dy (py ty+1)) + 52 [dp (g1, tyr2) + do(pys2, pim)]
s(dp(

(dp

IATA ]

_|_

Moreover, using (5) we have

dy (g, pim) = sq" (dy(po, 1)) + 52" (dy (o, 1)) + 52472 (dy (po, 1)) + - -
+ "2 (dy (o, pa)) 4 g (dy (o, )
This implies that
m—n
dy (b, pim) = Z s'q T (dy (o, ).
i=1
Therefore,
m—n
)| =L S o))
i=
< %G|l )|
i=1]
sg)"
S
As a result, we have
d < |
b(Hy m) | = 1-sq (dp(po, p1))| — Oasn — oo.

Thus, {t, } has been proven to be a Cauchy sequence in C.
Case Ilc.

1
dy(Hps2, pag+3) = A5ds(Hays1s Hag+3)
S
= %(db(ﬂ217+1rﬂ217+2) +dy(p2y+2, H2g43)),

this implies that
s s
(1- %)dh(,uZ;y—i-Zr Hop43) = %dh(VZWH'VZ’?“)'

In addition,
S
dp(Hay+1, pog+2) = %(db(.uZW/VZW-&-l) + dp(H2y+1, Hay+2)),

which implies that

S S
(1- %)db(.uZ;erL Hop+3) = %db(ﬂsz'W’?”)‘

My, .“17+1)) +5° (dh<.”17+lr 1411+2)> +5° (db(ﬂﬂ+2r 1417-5-3)
o "Ny (2, 1)) 4 5™ (dp (1, 1im))-

©)
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Thus we obtain

dp(Hant2, Honi3) = dp(H2n41, Pons2)- (6)

gs
2—gs
From (3) and (6) we obtain

dp (g1, Hyr2) = 6dp(py, ys1),
where ¢ = max{ 5 quS, q} < 1, by Lemma 3, we conclude that {,, } is a Cauchy sequence.

Case III
If

1 1
Ifmax{db(ﬂzq/V211+1)/db(ﬂ2q+1/142n+2)/ zdb(ﬂ217/,u2r]+2)} = v (p2y, Hay+2),

we have

PN

1
dp(pay+1, Hay+2) 5 (2, p2y+2)

PN

5
% (dh(.u277’ 14277+1) + db(#2n+1/ V211+2))-

Thus,
S S
(1- %)db(ﬂzmllﬂ%ﬁz) = % dy(p2y, Hay+1)-

Then, we obtain

dy(Hont1, Honv2) = dy(Hon, Pont1)- )

qs
2—gs

Further, for the next step we obtain

1
dy (M2, H2g+3) = qmax(dy (Hag 1, pay+2), do (Mg, H2y43), 5b (Bap+1, 2y +3)]-

Then, once again, we have three cases:
Case IIla

dy(Man+2, Hay+3) = 9dy(Hay+2, Hay+3),

which is a contradiction, because we have g > 1 here.
Case IIIb

dy(M2n+2, Hoy+3) = qdp(Hayg+1, Hay+2)- ®)
It follows from (7) and (8) that

dp (g1, Hyr2) = 6dp(py, ys1),

where ¢ = max{ 5 qu , l]} < 1; by Lemma 3, we obtain that {3, } is a Cauchy sequence.

Case IIlc

1
dy(Hap+2, M 43) = 5 (a1, B2y +3).
After some calculation, as completed before, we obtain

s
2—gs

dp (2y12, Py 13) = dp(p2y+1, H2g12)- )
Then, by (7) and (9) we obtain

db(.ur]—l—l/ ;"171+2) = hdb(,uﬁ/ ,uﬂ—i-l)r (10)
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where0 < fi = 2 q , we obtain

dp (Hys1s ty2) = hdy(py, pygr) =< -0 20 (o, ). (11)

This will implies

dp(py, im) = sldy(py, 1) + Ay (g1, )]
= s(dy(py, pys1)) + 52y (pys1, ys2) + dp (pys2, )]
= s(dy(py, pys1)) + 52 (dp (a1 1ys2)) + 8 (dy (2, 1y+3))
+ T N Ay (2, 1)) + Sy (1 pim))-
Using (11), we obtained

dp (g, ) = s (dy (o, 1)) + 2R (dy (o, 1)) + 2112 (dy (o, 1)) +
+ SR (dy (o, ) + TR T (dy (o, 1))

This implies that
m—1y
dy (b, pim) = Z W (dy (o, 1))
i=n
Therefore,
m—n
)| =L S o, )|
=1
= Z ‘ dy llofﬂl))’
_ |y 0,0,
= 1 _n|\% Ho, M1
As a result, we have
sh)"
dy (i im) | = 7 o7, |(db(po, 1)) | — O as 17 goes to co.

Thus, py is a Cauchy sequence in C. We obtain p;, in all the above discussed cases as a
Cauchy sequence. Because C is a complete space there, we have § € C, such thatd,(y, ) —
0 as 17 — oo. This yields dy(pi2,,§) — 0 as 1 — co. Because we have W continuous, this
implies that po, 11 = Wz, — Wg as 17 — co. In the same way, dj,(p2,41,§) — 0 as 7 — co.
As we have T continuous, this implies that pz, 12 = Tuoy+1 — Tg as 7 — oo. Since the
limit is unique, we obtain § = Tg. Thus, § is a common fixed point of the pair (W,T).
Uniqueness

To justify that § is unique, let ¢ € C be considered as another common fixed point of (W, T).
Therefore, we have

dp(£,8) = (WL T3)

qmax{dbmg),db(e, we>,%,1<@w Tg) +dy(g, we»}

n qum{db(z,g-),db(e,w@,db(g‘, g),db(fligd)jé(;;) )}

PN
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db(Wzl, TZz)

=

This implies that
dp(6,8) = (WL T3)

max{a(6,8), (0,0, S8 S @0,9) + du(0) |

dp(€,8)ds(8,€) }
T+dy(6,8) )’

IA

n qLmin{dbw,g),db(e,g),db<g,g>,

sody(¢,3) < qdy(¢,§). This means that g > 1, which causes a contradiction. Thus, ¢ = §.
Thus, b is unique. O

Theorem 4. Let (C,dy) be a complete CVDM space with s > 1, a provided real number, and
W, T : C — C be two mappings such that:

dp(z2, Tzp) 1
T+ dy(za, W2y’ 5 (do(21, T22) + dy (22, W21))

db(Zl, TZz)db(Zz, WZl) }
1 —l—db(Zl,Zz) !

q max{db(zlrzz)/db(zlr Wzy)

L min{dh(zl,zz), dy(z1, Wz1),dy(22, Tz2),

forall z1,zy € C, where 0 < g < % and L > 0 and all the element on the right side can be compared
to one another with partial order <. Then, W and T possess a unique common fixed point.

Proof. The sequence {u;} could be obtained as a Cauchy sequence using the same proce-
dure used in Theorem 3. Because C is complete, there exists § € C, such that dj,(u,, g) — 0
as § — oo. Because W and T omitted to have continuity, we have d;(§, Wg) = k > 0. Then,
we can estimate that

k

dp(§,Wg) = s[dp(&, uzy12) + dy(uzg12, Wg)]

= Sdb(g/ M2;7+2) + Sdb(Tu217+1/Wg_)
dp (U241, Tz 1)
=< sdy(g,u +sgmax{d, (g, u ,dy (g, WG), ,
= sdy(§, uay+2) +sqmax{dy (g, uzy+1),dp (g, WZ) T dp(uzy 1, Wiizy 1)
1 . _ o
5 (o (8, Ty 1) + dp (112941, WE)) } + Lmini{dy (g, uzy 1), dp(8, WZ)}
dp(8, Tuzyy1)dy (U241, WG)
dy(u ,Tu —
b( 2n+1 277+1) 1+dh(g/u217+1)
o S e e dp(&8) 1, .
= d 7 d 7 /d /W 74 1 /= TAT=\ N d 7 d /W
= 5y (3,8) +sqmax{d(3,2), (3, W3), 175 T ey 5 (48 8) + (8, WE))}
. _ s _ . d4p(8,8)dy(§ WG
+ Lmin{dy(g),dy(3, Wg), (g, g), LS8N

1+ db(g/g_)
= sqdy(8,Wg),

so, k < sgk. This implies that |k| < sq|k|, which causes a contradiction. Consequently,
¢ = Wg. In the same way, one can obtain § = T§. Hence, g is a common fixed point
of (W,T). To justify the uniqueness of g, one can use the similar approach as followed in
Theorem 3. [

Taking W = T we achieve the results below for, almost Ciri¢, type operators on
CVDbM spaces.
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Theorem 5. Let (C,dy) be a complete CVOM space with s > 1, a real number and W : C — C be
a continuous mapping that fulfils:

db(22, WZ2)

dy(Wzy, Wzy) = qmax{dl’(Zl'Zz)'db(zl'Wzl)’1+db(22Wzl)'

%(dh(zl,WZz) +dp(z2, WZ1))}

+ qL min{db (Zl/ZZ)/ db(zll Wzl)/db(ZQ, sz), db(zl/ WZZ)db (Zz, WZ]) }

1+dp(z1,22)

forall zq,zo € C, where0 < g < % and L > 0, and all the element on the right side can be compared
to one another with partial order <. Then, W possesses a unique fixed point.

Remark 1. If operator W is omitted to be continuous, we would have a similar fixed point result.

Corollary 1. Let (C,dy) be a complete CVbM space with s > 1, coefficient, and W : C — C be a
continuous mapping that fulfils:

db(ZQ, W”Zz)
"1+ db(Zz, W”Z])/

dy(W"z1, W'zp) < g max{db (z1,22),dp(z1, W'z7)

1
3 (e, W) + ez, W) |

) dp(z1, W"z2)dp (22, W"21) }
L d ,22),d S, W"z21),d ,W'z),
+ mm{ b(21,22), dp(z1, W'z1), dy (20, W"22) T4 dy(z1,2)

forall zy,zp € C, where 0 < g < %,L > 0n € N and all the elements of the right side can be
compared to one another’s partial order <. Then W possesses a unique fixed point.

Proof. Considering Theorem 3, one can obtain § € C, such that W7g = 3. Therefore, we
can obtain

dy(Wg,g) = d(WW'g,W"g) = d,(WIWb, W"b).
= qdp(Wg, ).

Then W' = Wg = g and fixed point § is unique. O

Remark 2. From Corollary 1, if one omits and does not consider the continuity of T, a similar
result can be achieved.

Next, for almost Ciri¢ type operators in CVbM spaces, we extend another generaliza-
tion of a common fixed-point theorem.

Theorem 6. Let (C,dy) be a complete CVDM space with s > 1, a provided real number, and
W, T : C — C be two continuous mappings, such that:

(12)

dy(Why, Thy) < qmax{db(bl,bz), dy (b1, Wby )dy(by, Thy) db(bl/TbZ)db(bZ/Wbl)}

1+dy(b1,by)  ~ 1+dy(by, by)
dy, (b1, Wby )dy (by, Thy) dy (b1, Thy)dy (b, Why) }
1+dy(by,b2) 7 1+dy(b1, b2)

+ L]L mil‘l{db(bl, bz),

forall by, by € C, where 0 < q < %, L > 0 and all the elements of the right side can be compared to
one another with partial order <. Then, the pairs W and T possess a unique common fixed point.
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A

IA

DN

Proof. Let by be an arbitrary point in C and define a sequence by as follows:
b2,7+1 = szﬂ and b2;7+2 = Tb2,7+1,71 =0,1,... (13)

Then by (12) and (13) we obtain

db(b217+lr b211+2) = db(WbZrlz Tb217+1)

max< dy(bay, boy+1) dp (Day, Whayd (b2y+1Tb2y11)) dp(bay, Thayi1)dy (b2y11, Whay)

q b\V2y, D2n+1)s 1+ dp(bay, bay+1) ' 1+ dy (bay, bay+1)

Lminq dy(bay, boy+1) dy (bay, Whay )dy (bay+1, Thay1) dp((bay, Tbay+1))dp (bay41, Whay)
b\%2y, P2y+1)s 1+ dp(boy+1, Whay) ' 1+ dy b2y, by 1)

maxy dy(bay, bay11) dy (b2y, bay+1dp (b2y+1b29+2)) o (b2y, bay2)dp (bay 1, b2g41)

q bAZ2y, P2y 41 1+ dy(bay, bay+1) ' 1+ dy(bzy, by 1)

dp(byy,, b dy(b ,b dp((byy,, b dp(b b
Lmin{db(bzn,b2q+1), b( 21 217+1) b( 2n+1 217+2) b(( 21 217+2)) b( 2n+1 217+1)}

14dy(boys1,b2y11) 14 dy(b2y, bays1)
qmax{dy(bay, byy+1),dp(bay+1, bog42) }-

If
max{dy(bay, bays1), dp(b2ys1, bayi2) } = dy(bays1,b2y42)
then
dp (b2 41, b2gr2) = qdy(bay11,b2y42)-
This yields g > 1, which is a contradiction. Therefore,
dp(bayi1, bagr2) = qdp(bay, boyi1).- (14)

In the same way, we can obtain
dp(b2y+2,b2y13) = qdy(bay11,b2y42)- (15)
From (14) and (15) forall = 0,1,2,3..., we obtain
dy(by11, bys2) = qdy(by, bys1) < g7 dy (bo, by).
For m,n € N, and m > 17, we obtain
dy(by, bm) = s[dp(by, byy1) +dp(bysa, b))
= s(dy(by, by+1 s2[dy (b 1, by+2) + dy(by2, b))
<

)
(db(bq, r]+l) s%(dy(b 17+1/b17+2))+5 (dp(by+2,by+3)
“(dy(bm—2,bm—1)) + 8" (dp (b1, b))

)+
)+

This implies that
dy (by, b) = X7, 5" (dy (bo, b))

Therefore,
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m=1

db(bﬂfbm) = Z Siqi+]7_1 (db(bO/bl))’
i=y
= Z sq (dyp bo,bl))’
= S oo 00|
—5q
Thus, we have
(sq)"
dp(by, bm)| = - (dp(bo,b1))| — 0asy — oo.

Consequently, by is referred to as a Cauchy sequence in C. Because C is complete, there
exists § € C, such that dy(b;,§) — 0asn — oco. This results in d(by,, &) — 0asy — co.
Because W is continuous, this implies that by, 1 = Wby, — Wg as 7 — oo. In the same
way, d(ba;41,§) — 0asn — oo. Similarly, T is continuou, so by;2 = Thy;11 — Tg as
7 — oo. Because the limit is unique, we obtain § = T§. Thus, g is a common fixed point of
the pair (W,T).

To justify the uniqueness, I € C is supposed to be another common fixed point of
(W,T). Therefore,

dp(1,g) = dp(WI,Tg)

dy (I, WDy (8, T3) dy(1, TZ)ds(3, )}
1+dy(L,g) ~ 1+4d4(L3)

~ = do(LWDdy (8, T3) dy(I,Tg)dy(g, WI)
* me{dh(l’g) 1+db(bl/g) = 1+db€l_g_) }

This implies that d,([,§) =< dy(1,
unique fixed point. [

), which causes a contradiction. Consequently, § is a

=i
o

If the continuity of T and W is omitted in the above theorem, the below common fixed
point result would be obtained.

Theorem 7. Let (C,dy) be a complete CVbM space with s > 1, a provided real number, and
W, T : C — C be two mappings such that

dy(Why, Thy) < qmax{db(bpbz),db(bl/Wbl 4y (ba, Tbs) db(bl’TbZ)d”(bz’Wbl)}

)
(by,b2) ! 1+ dy(by, by)

dp (b1, Why)dy (ba, Thy) dy(by, Tby)dy(by, Why) }
1+dy(b1,B2) 7 1+dy(by,b2) ’

+ Lmin{db(bl, bz),

forall by, by € C where 0 < q < %, L > 0 and all the elements of the right side can be compared to
one another with partial order <. Then, the pair (W,T) possesses a unique common fixed point.

Proof. It could be obtained that b; is a Cauchy sequence, using the same procedure used in
Theorem 6. Because C is a complete space, there exists b* € C, such that d b(bn, bx) — 0as
n — 0. Because we cannot consider the continuity of W and T, we obtain d;, (b%, Wbx) =
k > 0. Then, we can estimate that
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dy(W'by, W)

k = dp(bx, Whx) sldp(b*, bay+2) + dp(bay 12, Whx)]
sdp(b%, bay42) + sdp(Tboy 41, Whx)
sdy(bx, by y2) + sqmax{dy (b*, by, 11),
dp(bx, Wb )dy (bay 11 Tbay+1) dy(b*, Thay11)dy (b1, Whx)
(1+dy(b*, bay41)) ’ (1 +dy(bx, bay11)) J
dy(bx, Wb )dy (bay 41, Thay41)
(1+dp(bx, b2y 11)) ’
dy (b, Tboy1)dp(boy+1, Wh)
(1+dp(bx, bay11))
—  sqd(bx, Wbx) as § — oo.

PPN

L min{db(b*, bz,]Jr]),

This implies that |k| < sg|k|, which causes the contradiction. Thus, bx = Wbx. Simi-
larly, one can obtain bx = Tb*. Hence, b* is common fixed point of (W,T). To justify the
uniqueness of b*, we can use the similar approach as followed proving Theorem 6. O

For W = T in the previous result, we have the following result.

Theorem 8. Let (C,dy), a complete CVbM space with coefficient s > 1, and W : C — C be a
continuous mapping such that

dy(Why, Why) < qmaX{db(b1,bz), dp(by, Why)dy (ba, Why) db(blrwbz)db(bZ/Wbl)}

1+db(b1,b2) ! 1—|—db(b1,b2)
db(bl,Wbl)db(bz, sz) db(bl,sz)db(bz, Wbl) }
1+dh(b1,b2) ! 1+db(b1,b2) !

+ gL min{db(bl, by),

forall by, by € C where 0 < g < %, L > 0 and all the elements of the right side can be compared to
one another with partial order <. Then, W has a unique fixed point.

Remark 3. If continuity of W is to be excluded, we can obtain the similar result.

Corollary 2. Let (C,d}) be a complete CVbM space with coefficient s > 1,and W : C — C be a
continuous mapping fulfilling

1 1 1 1
< qmax{db(bl,bz),db(bl’w by)dy(ba, Wby) dy(by, WTby)dy(ba, W bl)}

1+db(b1,b2) ! 1+db(b1/b2)
dy (b1, Wby )dy,(by, W) db(bllwvbz)db(bbwﬂbl)}
1+ dy(by, by) ’ 1+dy(by, b2)

+ Lmin{db(bl,bz),

forall by, by € C, where 0 < g < %, L > 0, and all the element at the right side can be compared to
one another with partial order <. Then W possess a unique fixed point.

Proof. Considering Theorem 8, one can obtain b* € C, in such a way that W7bx = bx.
Then, one could obtain

dy (Wb, bx) dy(WWTbx, WTbx) = dp(WTWbx, WTbx).
qdy(Wbx, bx) + L(0).

qd, (Wb, bx).

A TA

Then, W7bx = Wbx = bx. Therefore, the fixed point of W is unique. O

Remark 4. (i) Omitting continuity of W, we can obtain similar result from Corollary 2.
(ii) Plugging L = 0 into all the above results, one can obtain the results of [29].
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Example 2. Let Y = C be a complex numbers set. Defined, : Y x Y — C by
dy(p1, 92) = [81 = 8o + il — a2,

forall g1, 02 €Y, where p1 = 01 +iny = (%1,11) and pp = 0y +inp = (D2, 12).
Certainly, Y is a complete CVbM space having coefficient s > 1.
Let us define two mappings

0, ifo,neQ

~ _Ji if9, € Q
W) =Wl =15 5 focdyeo

ifoeQmneqQ

—_
~

and

0, ifo,n€Q
2-2i, ift,ne€Q
2, ifoeQneqQ
2, ifoeQneQ

where Q is a set of rational numbers and Q a set of irrational numbers.
() if 0,7 € Qlet ® = § and 7 = O then

T(p) =T@+1n) =

awaﬂﬂ:awgynm):aam:o

aam:dgny:i

There is no need to check the other conditions, because they fulfil the inequality (1) in Theorem 3.

(i) If 9,1 € Q, let 8 = — and 1y = 7t then

ﬂW&ﬂﬂdeﬂjﬁLHnD:d@Zm)zﬁ+42mf:&
dwﬂ)_dxkﬂ—lg—(;?2+42—mf—5.

Similarly, one can check (iii) and (iv). Thus, the fixed point of W and T is unique and common.

3. Applications
3.1. Applications to Integral-Type Contractions
In the present section, the fixed point results, derived in the above section, are imple-

mented to prove common fixed points of some integral-type contractions. Initially, let us
define altering distance function.

Definition 5. A functionT : [0,00) — [0, 00) is referred to as an altering distance function if it
fulfils these necessities:
(a) T is continuous and nondecreasing.

(b) T(v) = 0 iff v=0.
Now, let us provide the following definition.

Definition 6. Let N be the set of the functions h : [0,00) — [0,00) that fulfills these requirements:
(i) i for each subset of [0,00), such that the subset is compact, is Lebesgue integrable.

(i) [ n(v)dv > 0, forall B > 0,
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Remark 5. It is quite simple to demonstrate whether the mapping t; [0,00) — [0, 00) defined as

¢
() = / h(t)dt > 0
0
is an altering distance function.

Further, the first new result of this section is presented.

Theorem 9. Let (C,dy) be a complete CVOM space having s > 1, a given real number, and
W, T : C — C are two continuous mappings holding

dy(Wz1,Tz) M(z1,22)+Lm(z1,22)
/0 h(v)dv < q/o h(v)dv,

forallzy,z € C,0 < g < %,L > 0and h € N with

dy(z2, Tzp)

M(z1,2,) = max [db(zlzzz)/db(zll Wz1), T+ dy(z2, W22)

, %(db(zll Tz3) + dy(z2, WZ1))}

and

. dy(z1, Tz0)dy (20, Wz
m(zl,zz) Im1n|:db(21,22),db(21,WZl),db(Zz,TZz), b( 1 2) b( 2 1)]

1+dy(z1,22)

where all the element of M(z1,z2) and m(z1,z2) can be compared to one another w.r.t <. Then
(W,T) possess a unique common fixed point.

Proof. Considering Theorem 3, such that T(w) = [’ #i(v)dv, one can achieve the required
solution. [J

Remark 6. The same result can be achieved, if one omit continuity of the mappings.

We deduce two fixed points theorems of integral-type results, if we take W =T, with
and without continuity of W.

Theorem 10. Let (C,dy) be a complete CVbM space having s > 1, a provided real number, and
W : C — C be a continuous mappings that fulfil

dy(Wz1,W2zp) M(z1,22)+Lm(z1,22)
/O n(b)dt < q/o h(b)dt,

forallzy,z € C,0 < g < %,L > 0and h € N with

db (Zz, WZz)

M(z1,25) = maX{db(lezz)fdb(Zl' Wz1), T+ dy(z0, W)

, %(db(zu Wz3) +dy(z2, WZl))}

and

. dy(z1, Wzr)dy (22, Wz
m(z1,22) :mm{db(Zl,Zz),db(Zl,WZ1),db(Zz,sz), b1, W22 )ds (22 1)},

1+ dp(z1,22)

where all the elements of M(z1,z2) and m(z1,z2) can be compared to one another w.r.t <. Then, W
posses a unique common fixed point.

Proof. Considering Theorem 5, such that1(t) = fot f(v)dv, one can obtain the required. [
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We would have the following common fixed-point integral-type result for the extension
and generalization of almost Ciri¢-type contractions.

Theorem 11. Let (C,d;) be a complete CVbM space with coefficient s > 1, and W, T : C — C be
continuous mappings that fulfil

dp(Wz1,Tzp) Q(z1,22) +p(z1,22)
/ h(t)dt < q/ h(t)dt,
0 0

forallzy,z € C,0 < g < %, L > 0andh € N with

dp(z1, Wz1)dp(22, T22) db(zerZZ)db(ZZIWzl)}

Qz1,22) = max{db(zl’zﬁ/ 1+dy(z1,22) ’ 1+dy(z1,22)

and

dy(z1, Wz1)dy(22, Tz2) dp(z1, Tz2)dp (22, Wzl)}

pla1,22) = mm{dh(zl'ZZ)' 1+dy(z1,22) ! 1+dy(z1,22)

where all the element of M(z1,z,) and m(z1,2;) can be compared to one another with <. Then,
(W,T) possesses a unique common fixed point.

Proof. Utilizing Theorem 6, such that taking J(t) = fot f(v)dv one can achieve the required
result. O

Remark 7. One can reach a similar conclusion if one excludes continuity and take the mappings as
non-continuous.

Taking W =T, one can deduce two fixed-point theorems of integral-type results for
the almost Cirié-type contractions, with and without continuous W.

Theorem 12. Let (C,dy) be a complete CVOM space having s > 1, a provided real number, and
W : C — C be continuous mapping which fulfils

d(Wzq,Wz;) Q(z1,22)+p(21,22)
/ 1 2 Fl(t)dt jq/ 1.22)TP\Z1,22 Fz(t)dt,
0 0

forallzq,z0 € C,0< g < %,L > 0and h € X, with

dp(z1, Wz1)dy(2z0, Wzp) dp(z1, Wz2)dp (20, Wz1) }

Q(z1,22) :max{db(zl,m), 1+ dy(z1,22) ’ 1+ dy(z1,22)

and

dp(z1, Wz1)dp(22, W22)  dp(2z1, Wzp)dp (22, W21) }

p(z1,22) :m1n{db(z1,zz), 1+ dy(z1,22) , 1+ dp(z1,22)

where all the element of M(z1,z) and m(z1,z3) can be compared to one another w.r.t <. Then, W
possesses a unique fixed point.

Proof. Utilizing Theorem 8, such that taking Y(t) = fot h(v)dv, we would achieve
the result. O

3.2. Application to the System of Urysohn-Type Integral Equations

In the last decades, the Banach contraction principle has troubled many researchers as it
was considered to be one of the most prominent tools in the formulation of the existence and
uniqueness of a common solution to integral-type equations in many disciplines, notably
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non-linear analysis. In this section, for the authenticity of our results, we implement the
results we achieved in previous sections, to establish the existence of a unique and common
solution to system of integral-type equations. The motivation we had to consider these
applications is from the publication of W. Sintunavarat et al. [30]. Let us take the system of
Urysohn integral equations under consideration.

{ 711(w) = g(w) + f,ﬁz Ki(w,s, 71(s))ds

1) = g(w) + 2 Kalw,s,72(5))ds (19

where
(i) 71(w) and 7y (w) are variables which are unknown for all w € [py, p2], p1 > 0,
(ii) g(w) is the term which is deterministic free, defined for w € [p1, p2],
(iil) K1 (w,s) and Ky (w, s) are deterministic kernels defined for w, s € [p1, p2].
Let F = (C[p1, p2],R"),¢ > 0and dy, : F X F — R" defined by

dy(71,72) = ||711(w) = 72(@)]|eo = sup |11 (w) — Y2 (w)*V1+ et

for all y1,72 € F,t = v/—1 € C. Certainly, (C[p1,p2],R",||.||«) is a complete CVbM
with s =2. Moreover, let us take the Urysohn integral equations system (16) under the
following requirements;

(Q1);8(w) € F,
(Q2); K1, Ka:[p1, p2] % [p1, p2] x R™ — R™ are continuous functions satisfying

1Ky (@, 5,14(5)) — Ka(w,5,0(5))| < —— M(y, 1),
(p2 — p1)et

where

db(VZI TVZ) 1
T+ dy (v, Wrn)’ E(db(vlz Tva) + dy(v2, Wry))

dp(v1, Tvp)dy(v2, Wry) }
1+dp(vy,12)

max{db(vl,vz),db(vl, Wuq)

Lmin{db(vl, 1/2), db(Vl/ Wi/l), db(Vz, Tl/z),

In this portion, with the help of the result from the previous section, Theorem 3 we attempt
to prove the existence of a unique solution of system (16).

Theorem 13. If (C[p1, p2], R",||-||e) is a complete CVOM space, then the above system (16)
under the assumptions (Q1) and (Qy) has a unique common solution.

Proof. Define two continuous mappings, TW: F — F, for 71,72 € (C[p1, p2), R") and
w € [p1,p2] as )
1
Wy (w) = g(w) + Ki(w,s, y1(s))ds
P2

Tp(w) = g(@) + [ Kafe,s,72(5))ds.
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References

Then,

W (@) — T(w)]? = /ppz|K1(w:Sr’71(S))Kz(wzsr’rz(s)”zds

1

[ M)
o1 (p2—pr)et T

p2 ot tan~1 ¢

1
(p2—p1)e’ /m V1t 2

IM(71,72) PV + 210 s

1 e—itan’lé P2
= (p2 — p1)e’ mHM(%,’Yz)Hoo/p ds
P
1 e*itanflf

—||M(71, co-
el m“ (’)/1 ’)/Z)H

Then, we obtain

(W1 (w) = Tra(w) V1 + e tan™1 £ < L[ |M(71,72) | oo-
This also implies that
[IWr1(w) = Tr2(w)] = G IIM(71,72)||eo-
Then,
dy(Wr1, Tr2) = oM(71,72)-
Therefore, the conditions of Theorem 3 are fulfilled for 0 < ¢ = e% < 1land ¢ > 0. Thus, the

system (16) has a unique solutionon /. O

4. Conclusions

In the framework of CVbM spaces, the main goal of this publication is to combine and
expand the Ciri¢ and almost contraction conditions. Numerous applications and examples
support the validity of our proposed generalization. These findings have significance for
future studies in this field and provide useful insights into the behavior of mappings in
complex-valued b-metric spaces.
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