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Abstract: In the present paper, we give a new simple proof on the sharp bounds of coefficient
functionals related to the Carathéodory functions and make a correction on the extremal functions.
The result is further used to investigate some initial coefficient bounds on a subclass of bounded
turning functions R, associated with a cardioid domain. For functions in this class, we calculate the
bounds of the Fekete-Szego-type inequality and the second- and third-order Hankel determinants.
All the results are proved to be sharp.
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1. Introduction and Definitions
Let H (D) represent the family of functions which are analytic in the unit disc D =

{z € C: |z| < 1}. Let A denote the subfamily of (D) consisting of functions in the form
of

flz)=z+ i a2k, zeD. (1)
k=2

Suppose that P indicates the class of the class of all functions p that are analytic in D with
R(p(z)) > 0and

p(z) =1+ ) cuz", zeD. ()
n=1

If p € P, itis a Carathéodory function. Assume that the set S C A contains all univalent
functions in . Using the Koebe theorem, it is known that for each univalent function
f € S, there exist an inverse function f ! defined at least on a disc of radius 1/4 with the
Taylor’s series of the form

f_l(w) =w+ i B,w", |w|< i 3)
n=2

For two functions F;, F, € H (D), we say F; is subordinate to F,, written by F; < B,
if there exists a function u which is analytic in D with #(0) = 0 and |u(z)| < 1, such that
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Fi(z) = F(u(z)), z € D. The function u is called a Schwarz function. In the case of F, being
univalent in D, then we have the relation

F(z) <FK(z) (zeD) <« F(0)=FK(0) and F(D)c KR((D).

In geometric function theory, the most basic and important subfamilies of the set S are
the family S* of starlike functions, the family C of convex functions and the family R of
bounded turning functions. The interested readers are referred to [1], (Chapter II) . In 1994,
Ma and Minda [2] introduced a class of analytic univalent functions ¢(z), which maps D
onto the starlike domain with respect to ¢(0) = 1 in the right half plane and is symmetric
about the real axis. The Ma and Minda classes of C(¢), S*(¢) and R(¢) are characterized,
respectively, as

(zf'(2))

Clp) = {fEA: W <(p(z)},

s'tg)={re4: FE <o),

Rip):={feA: f(z) < 9(2)},

see [3,4]. By considering different image domains ¢(ID), various classes C(¢), S*(¢)

and R(¢) of univalent functions were considered in recent years. For example, setting

¢(z) = V/1+ z, we obtain the class S} = §*(v/1+ z), which represents the collection of
2f'(2)

functions in the class A that ) lies in the domain bounded by the lemniscate of Bernoulli

2
|w? — 1| = 1, see [5]. Choosing ¢ = 1+ %(logﬁfg)) , Sy = S*(¢) is the class of
zf'(2)

parabolic starlike functions. For functions f € S, its image of NG under D is the parabolic
domain given by {w € C: R(w) > |w — 1|}, see [6]. The class S} = S* (1 +3z+ %zz> isa

collection of starlike functions f € A where Zﬁg) lies in the domain bounded by the cardiod

Q. = {u +1iv: (9u2 +90v% — 18u + 5)2 — 16(9142 +9v% — 6u + 1) = 0},‘ for further reading

we refer to [7]. In [8], Wani and Swaminathan investigated the class S}, = S* (1 +z— %23) ,

consisting of functions associated with a nephroid domain. For other related works, see, for
instance, [9-11]. Recently, S. Sivaprasad Kumar et al. [12] introduced and studied a class of
starlike functions defined by

zf'(2)
f(2)
where ((z) maps the unit disk onto a cardioid domain.

Motivated by the above works, we now consider a subfamily R, of bounded turning
functions defined by

S¢ = {fEA: < 1+ze* =: p(z), ze]D)}, 4)

Ro:={feA:f(z) <1+z¢, zecD}. (5)

For given parameters 4, n € N = {1,2,-- -}, the Hankel determinant H,,(f) was
defined by Pommerenke [13,14] for a function f € S of the form (1) as

an Ap+1 - an+q_1

An41 A2  --. Anig
Hq,n(f) = . . , a1 =1 6)

Aptg—-1 Ant+q --- An429-2
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The upper bounds of |Hy,. (f)| have been investigated for different subclasses of univalent
functions. By applying Schwarz Lemma [15,16], Selin Aydinoglua and Biilent Nafi Ornek
[17] determined the sharp bounds of Hankel determinant Hy 1 (f) = a3 — a% for the class

2
M, defined by the condition f € A and (ﬁ) fl(z) —«

Hankel determinant ;1 (f) is also known as Fekete-Szego inequality. The absolute sharp
bounds of the functional Hp»(f) = axas — a% were found in [18,19] for each of the sets C,
S§* and R. The Hankel determinant of order three is given as

< 1, where a € C. Of note, the

1 ap 4as
_ _ 2 3 2
H31(f) =| a2 a3 ay | = —asa; + 2axa3a, — a3 + asaz — aj. 7)
as a4 4as

The estimation of the determinant |H3(f)| seems a little harder compared to the
bound of |Hz»(f)], see [20-22]. In 2010, Babalola [23] obtained the upper bound of |Hz 1 (f)|
for the families of $*, C and R. Later on, many authors obtained non-sharp bounds on
|Hs1(f)| for different subfamilies of univalent functions, see, for example, [24-26]. The
sharp bound of the third Hankel determinant for convex functions C was obtained in [27].
For f € S*, the upper bound of |Hz(f)| was finally proved to be § by Kowalczyk et
al. [28]. For the bounded turning functions R, the sharp upper bound of third Hankel
determinant was calculated to be }1 in [29]. For some subclasses of convex functions, starlike
functions and bounded turning functions, some sharp bounds of third Hankel determinant
were also obtained in [30-33].

In the current article, our main goal is to calculate the sharp bounds on some initial
coefficients for the class R, of bounded turning functions linked with a cardioid domain.
We also obtain the Fekete-Szeg6 inequality, and the sharp bounds of the second- and
third-order Hankel determinants for this class. In proof of our results, we give a new simple
proof of an estimation for the Carathéodory function and correct an error on the extremal
function in Lemma 2.1 of [34].

2. A Set of Lemmas
The key to the proof of our results is the following lemmas.

Lemma 1 ([35]). Let p € P be given by (2). Then, we have

2 =2+ x<4 - c§), ®)
des=ci+2(4-F)ax—a(4-G)2+2(4- &) (1-121)s, )
8cs =i+ (4 F)x[A(x? —3v+3) +4x| — (4= ) (1 |xP)

: [cl(x —1)6 + %82 — (1 - |5|2)p} (10)

for some complex numbers x, 6 and p, such that |x| <1, |6| < 1and |p| < 1.
Lemma 2 ([36]). If p € P has the form (2), then

lcn] <2 for n>1. (11)
Lemma 3 ([37]). For any complex number y and p € P,

|chak — penck| < 2max{1,|2u —1|}. (12)
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Lemma 4 ([38]). Let w(z) = Y, wyzX be a Schwarz function. Then, for real numbers p and v,
we have the following sharp estimate given by

Y(w) = |w3 + pwiwy + vwi’ < O(u,v), (13)

where O(u,v) is defined by

1 (n,v) €D UDU{(21)},
7
vl, (nv) € U Dy,
k=3
CI)(“H,I/): %(“’l|+1) 3,(“!]/‘{_';'_7?11/)/ (H,V) E]D)SU]D)g, (14)

2_
WEh) /4 (wv) €DpUDn\ {21},

—1
5(vi=-1) %' (u,v) € Dyy,
and
Dy = {(u)sll < 5, 1< <1},
1 4 3
Dy = (uv): 5 <ful <2 (I +1)" = ([ +1) sv=1,,
1
D3 = (n,v ):Iylsz,vsl},
1 2
= : > — —
Dy = { () 1 2 3, v < 3 (Il + 1)},
Ds = {(pv):[ul <2, v=>1},

S
I

(wv):2<|uf<4 vz iz(y +8)}

() : ul >4 v> 2 <|y|—1>}

g
| ||

Dg = (y,v);1g|y|gz, —f(|y|+1)<1/<*(|14|+1) (|P‘|+1)}/
Do = (uv):|ul =2, —f(lqu) m}

Dy = (MrV)32<|H|<4fW< SE(V +8)}

Dur = { ) sl > 4, HAELED <o < 2AUZD A,

Dyp = (‘u,v):|y|24,mﬁvﬁ3(|ﬂ|_l)}'

The following Lemma was obtained by Virendra Kumar et al. [34] in 2019. As the
authors point out, it is of independent interest as well. Unfortunately, there are some minor
mistakes on the extremal function. Next, we will give a new more simple proof of this
result using Lemma 4.
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Lemma 5. Let p(z) =1+ p1z + paz? + p3z° + - - - € P. Then, for any real number o,

3 20 -4, o<
‘Up?’_pl‘g 20,/-2=, o>

QI QW=

e .
The above estimate is sharp.

Proof. Let p € P and

p(z) =1+piz+pz+ps2+---, zeD
e

% maps the right half plane to the unit disk, we know |w(z)| < 1. Thus, w is a Schwarz
function. Assume that

Suppose that w(z) = Clearly, w(0) = 0. Since p(z) lies in the right half plane and

w(z) = wiz+wpz* + w3z +wyzt +---, zeD.
From the fact that

1+ w(z)
p(z) = m

=1+2wiz+ (ZW% + 2wz)z2 + (Zwi’ + 4wowy + 2w3)z3 4,
we have p; = 2wy, p2 = 2(wz + w%) and p3 = 2(w?, + 2wowy + w?) It follows that
ops — p3 = 20ws + doww; + (20 — 8)wy.

As 0 = 0 the proof is trivial, we assume that o # 0 in the following. Then, we obtain

oc—4
3
wy|.

w3 + 2w wy + (15)

)Ups - Pi’] = 2|0

Lety=2,v= ‘77_4. Clearly, (¢, v) is only possible to lie in the disk Dy, D5, Dg, Dg and Dy,
which can be further specified as

1
Dy = {(V,V) Hul > 5V < —2},

Ds = {(w,v):|u <2, v=1},
De={(p,v):2< |u[ <4, v>1},

Dg = {(y,v) :
Dy = {(uv): [l =2, -2 <v <1},

<|u| <2, 2SV§1},

N =

For o < 0, it is observed that v > 1 and (u,v) € D5 |JDs. Thus, we have

—4 —4
’w3+2w1w2+ Lw‘;’ <|v| = i (16)
o o
For0 <o < 3, weseev < —2and (,v) € Dy. Thus,
c—4 4 oc—4
ws + 2wiwy + wi| < |v|=— e (17)
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Foro > %, we know —2 < v < 1land (g, v) € DgJDg. Then we deduce that

2 |y|+1
— 1
< 3k s+ 14w ~ Ve

Combining (15)—(18), the result of Lemma 5 follows.

Remark 1. In [34], the authors gave an extremal function f given by

fo=— 12 s

1-2,/-5z+22
Let q = \/ 7%5. It is seen that

(SNSRI

flz) = 1+25]Z+2(2q2—1)22+2q<4q2—3)23+2(8q4—8q2+1>z4+... ,

(18)

z € D.

We know f & P because c; = 2q > 2. Hence, the extremal functzon is not correct, since it is not a

Carathéodory function. Indeed, the extremal function f foro > 3 can be defined by taking

f(z) =14 prz+ pp2+p322+---, zeD,

A o s _ 02 A 203 o \3
where p1 = /=%, pp = — = and p3 = — (%)

3. Coefficient Bounds for the Family R,

(19)

We begin this section by finding the bounds on some initial coefficients for functions

in the class R .

Theorem 1. If f € R, has the series representation of the form (1), then

laz| <

IN
Q= N =

|a3]

V14
< —=0. .
lag] < 1 0.2673
These bounds are best possible.

Proof. Let f € R,. Then (5) can be written by Schwarz function as

fl(z) =1+ w(2)e’®, zeD.

Assuming that
w(z) =wiz4+w? +wzz +---, z€D,
and .
p(z) = 1twlz) _ 1+ciz+ 02+ +ez*+---, zeD.
1-w(z)

It is seen that p € P and

w(z):p(z)_lz c1z+cpz? + 3z eyt - .eD.
p(z)+1 24 c1z+ 0022 +ca3zd d eyt 4o

(20)

(21)

(22)

(23)
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From (1), we obtain
f'(z) = 1+ 2apz + 3a3z” + 4ayz® + 5a5z* + - - - . (24)

By simplifications and using the series expansion of (23), we obtain

1 1 1 1
1 w(z) _ 14 = 22 _ 3, = 3
+ w(z)e + 2c12+ 5C2Z + 161 + 503 )2

La 3o 1 \4
+(24cl 16clcz+zc4)z +ee (25)

Comparing (24) and (25), we have

1
ap = 161, (26)
az = 1c (27)
3= g%
1 14
ag = 3 (8C1 + C3>, (28)
_ 1 (14 3,
El5 == E (12C1 §C1C2 + C4> . (29)

For a; and a3, implementing Lemma 2, we obtain |ay| < % and |az| < % For a4, an

application of Lemma 5 leads us to |a4| < }I\/g = g. The equality of |a;| and |a3]| are
achieved by the functions f; and f, given, respectively, by

z 1 1 1 1
1 t 2 3 4 5 ... D
fl(z)_/o( +te)dt—z+2z +3.z +82 +3OZ +.-., z€D, (30)

Z
_ 2Nyl 15 17 19
f2(z)f/o(1+te)dt—z+32 +5z +14z +54z+ , z€D. (31)

The equality on the bounds of |a4| is obtained by f3 defined by

"z
fa(z) = /0 (1 + w(t)e“’(t))dt, zeD, (32)
_ plr)—1
where w(z) GES! and
p(z):1+@z—gzz—26fz3+---, z € D. (33)

It is verified that

Vid , 1, 14,
v

f3(z)=z+ﬂz -2 +---, zeD. (34)

The proof of Theorem 1 is thus completed. [

Theorem 2. If f is of the form (1) belonging to R, then

—4
3 }, v e C.

30 12

1
‘LZ:.; - 'ya%‘ < max{

This inequality is sharp.
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Proof. Employing (26) and (27), we may write

1
jas —vad| = ¢

3
C2 — g')’c%

An application of (12) leads us to

3y —4
12 '

This result is sharp for the functions f; and f, given by (30) and (31). O

5 1
‘a3 - 'yaz‘ < max 3

Theorem 3. Let f € R,. Then
1
— < —,
|a2a5 — as| < 7

This inequality is sharp with the extremal function fy given by

Z
_ 33 _ 14 }7 im il?)
f4(z)—/0(l+te)dt—z+4z + 5z +2Oz +782 +---, zeD. (35)

Proof. Using (26)-(28), we have

1

|azas — ay| = 3|3~ %clcz — %ci’ . (36)
From (21) and (22), it is noted that
c1 = 2wy, (37)
) = 2(wz + w%), (38)
3 = Z(wg 4+ 2wy wy + wi”) (39)
Hence, we obtain
|azas — ay| = 1‘w3+4w1w2— lw% . (40)
4 3 6
Taking 1 = § and v = —}, we know (y,v) € D,. Using Lemma 4, we easily obtain
|azas —ay| < %

Clearly, the bound is sharp with the extremal function given by (35). O

Theorem 4. If f € R, then

1
|Hao(f)| = ’ﬂzﬂ4 —ﬂg‘ <5

The inequality is sharp with the extremal function given by (31).

Proof. From (26)—(28), we have

1

1 1
H2,2(f) = —RC% + §C]C3 — %C%

Let f € R, and fo(z) = e ¥f(ez), 6 € R. We have |Hap(fg)| = |Hap(f)| forall 6 € R.
Hence, when estimating the upper bounds of |[Hp»(f)|, we may assume a5 of f to be real,
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and thus ¢ := ¢ € [0,2]. Using (8) and (9) to express ¢, and c3 in terms of ¢; = ¢, we
obtain

|Hap(f)| = ‘—2370464 + %62 (4 - cz)x — ﬁ(z; - c2) (cz +32>x2

+age(4-e) (1= 1+P)a]

With the aid of the triangle inequality, replacing [6| < 1, |x| =t < 1 and taking c € [0, 2],
we obtain

Haa(f)] € ot + (- )14 e (4— ) (2 +.32) 2

+ $C<4 — cz> (1 — t2) =: K(c, t).
It is noted that

K 1

= %62(4_c2)+i(4—c2) (2~ 18c+32)t >0

576
fort € [0,1], thus K(c,t) < K(c,1). Putting t = 1 gives

|Ha2(f)] < ﬁ& + %Cz (4 — cz) + ﬁ (4 - cz) (c2 +32) =: x(¢).

Since x(c) = 353 (c* —40c? 4 256) and x'(c) < 0 on [0,2], we know y is decreasing for
c €10,2] and

o2 ()] < X(0) = 5.

The equality is obtained by the extremal function defined by (31). This completes the proof
of Theorem 4. O

Theorem 5. If f € Ry, has the form (1), then

()] < 7.
This inequality is sharp with the extremal function fy given by (35).
Proof. From the definition, H3 1(f) can be written as
H31(f) = 2axa3a4 — ag — ai + azas — a%a5. 41)
Let c; = c. By putting (26)-(29) into (41), we obtain

1
H31(f) = 255660 (—423c6 +1344c*cy +2160c3c3 — 3456¢%c5 — 3456¢%¢,

+5760ccoc3 — 256003 + 9216¢5¢4 — 8640c§). (42)

Let f € R, and fy = e ¥ f(ez), 6 € R. Note that |H31(fg)| = |Hz1(f)| foralld € R, we
may also assume that ¢ € [0,2]. Suppose that b = 4 — ¢?. Using (8)—(10), we obtain
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H3i(f) = ﬁ { —71c® + 230407 x> — 320b%x3 + 576¢%bx? + 144c*bx® — 612c*bx®
+72c4bx + 36¢°b2x* — 288c2b?x® — 816¢%h%x? — 2160b> (1 - \x\z)Z(SZ
+576c%b (1 - |x|2) (1 - |5|2)p — 576%bx (1 - |x|2>5 - 576c2b7<1 - |x|2>(52
+936c%b (1 - |x|2)5 — 144cb%x? (1 - |x|2)5 — 230402 |x? (1 - |x|2>52
~576cb%x (1 |x*) 6 +2304%x (1~ |x*) (1 - o ) o},

where p,x,6 € D := {z: |z| < 1}. Observing that H31(f) can be written as

1
H31(f) = 552,960 [dl(c,x) +dy(c,x)é + dg(c,x)(52 + d(c, x,é)p],

with
dy(c,x) = —71c + (4 - cz) [(4 - cz> (1024x3 +32¢%x3 + 36¢2x% — 816c2x2)
+576c2x% — 612c4x% + 144c4x3 + 72c4x],
da(c,x) =72(4 =) (1 xP) [(4 - ) (—20x?) — 32ex +13¢%],
da(c,x) = 144(4— ) (1= |xP) [ (4= &) (= |xP ~15) — 4%,
®(c,x,8) =576 (4 — ) (1 - [x?) (1 - 3?) [ +4x (4 — ) |.

Taking |x| = t, |§] = y and utilizing the fact |p| < 1, we obtain

1 2
< -
[H31(£)] < g5 g [141(c 1) +1da(e 1)y +1ds(c 1)y + (e, x,0)] |-

<

< 55206011 (&Y 43
where

T(c,t,y) = h(c,t) + halc, )y + h(c, H)y? + ha(c, t) (1 - y2>,

with

(e, t) =716+ (4= ) [ (4 ) (10248 + 322 + 36c% + 8166 )
F576¢212 + 144c*3 + 612¢4 + 72044,

ha(c,t) =72 (4 - c2) (1 - t2) [(4 - cz) (2ct2) +1303 + 32ct],

ha(e,t) = 144(4 = ) (1 2) [ (4= ) (2 +15) +4c%],

ha(c,t) = 576 (4 - c2) (1 - tz) [02 + 4t(4 - c2)] .

Now, we have to maximize I' in the closed cuboid ® := [0,2] x [0,1] x [0, 1]. It is not hard
to see that I'(0,0,1) = 34,560. Thus, we have max(clt,y)e@){l’(c, t,y)} > 34,560. We aim to
prove that the maximum values of ' with (¢, t,y) € © is simply equal to 34,560. For this,
we first show that the maximum value of I is obtained on the face y = 1 of ©.

On the face t = 1, it reduces to T'(c, 1,y) = r1(c) = 127¢® — 3312c* + 8256¢2 + 16,384.

Then,
o _ 6c(127c4 —2208¢2 + 2752c).
ac
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Putting aaicl = 0, we obtain the only critical point ¢y = w ~ 1.1625 for c € (0,2).
Therefore, maxry(c) ~ 21,805.95 with the maximum value attained on ¢ = ¢&;. Thus, we
assume that t < 1. Furthermore, for the points on the face c = 2, T'(2,t,y) = 4544 for all
(t,y) € [0,1] x [0,1]. Hence, we further assume that ¢ < 2.

Let (c,t,y) € [0,2) x [0,1) x [0,1]. By differentiating I' partially with respect to y, we
obtain

or
P = hy(c, t) +2[h3(c,t) — ha(c, t)]y.
Obviously, we have
Ml en >0
ay y=0
Let
oH
67 :”lz(C,t) +2[h3(6,f) —h4(C,t)] =: gl(C,t). (44)
Y y=1

It is noted that
gl (C, t) = 72(4 - CZ)(l - t2)§2<cr t)/

where
To(c,t) = (4 — ) (2ct? + 4% + 60 — 64t) + 13¢% + 32¢t + 16¢%t — 162,
Clearly, we have
Ta(c,t) > (4 — ) (4% + 60 — 64t) +13¢% + 16¢%t — 16¢2 =: 51(c, t).

Suppose that 77(c, t) = 1o + 171t + 1722, where 179 = 240 — 76¢% + 13¢3, 1 = 80c? — 256 and
112 = 16 — 4c?. Taking 77 as a polynomial of degree 2 with respect to t, we know 7, > 0 and
the symmetric axis ¢ is defined as

m  2(16 —5¢?)
o= —a = 7

212 4—c?

Let ¢y = %. For ¢ € [¢y,2), it is observed that ty < 0. Then, the minimum value of 7 is
achieved on t = 0. We thus have

n(c,t) >n(c,0) =19 >40>0, cé€ld,?2). (45)
Letcy = L‘gﬁ It is seen that ty > 1 for ¢ € [0, ¢p]. It follows that
n(c,t) >n(c,1)=no+m +n=13>0, ce€0,) (46)

Assume that ¢ € (¢p, ¢p). Then ty € (0,1). Hence, the minimum value of 7 is obtained on
t = tg. This leads to
no_ 4o

> =70 — 4 =
(e, t) >n(c, to) = no iy, i-@

where
1(c) = —13¢> — 324c* + 52¢% + 2016¢% — 3136, ¢ € (&9, &).

It is calculated that ¢ achieves its minimum value of about 56.9731 on ¢ = ¢, thus we know

n(c,t) >0, c € (,70). (47)
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Combining (45)-(47), we have #(c,t) > 0 on [0,2) x [0,1), which leads to {3(c,t) > 0

for all (¢,t) € [0,2) x [0,1). Therefore, we have g—;‘ . > 0. As g—; is a linear continuous
y:

function with respect to y, we have

a—r>min a—r
ay dy

Hence, T'(c,t,y) < I'(c,t,1) for all (¢, t,y) € [0,2) x [0,1) x [0,1]. Based on the above
discussions, it reduces to find the global maximum value of I' on the face y = 1 of ®. On
the face y = 1, we have

ar
y:O, ay

>0, yelo1].
y=1

2
T(e,t1) = 7160+ (4= ) [36(c? — e — ) +32(c? + 32)1° + 48(17¢ + 3¢ — 42) 1% + 2160

+(4—c%) [144c(c3 — 4¢ —16)t3 4 36¢2(17¢* — 26¢ + 16)t + 72¢(c> + 8¢ + 32)t + 936c3}
s A(ct).

By observing that > —4c—4<0andc®—4c—16 <0forc € [0,2), we have

2
Ale,t) 716+ (4= )7 [32(c2 +32)F +48(17% + 3¢ — 42)12 + 2160
F(4—?) [36c2(17c2 —26¢ + 1612 + 72¢(c® + 8¢ + 32)t + 93603}
=:Q(c,1).

Furthermore, using 17¢2 —26c+16 > 0, 13 < 2 < tleads to

2
Qle, 1) < 718 + (4 - c2) [32(c2 +32)1 +48(17¢% + 3c — 42)2 + 2160}
+ (- [36c2(17c2 —26¢ +16)t + 72¢(c® + 8¢ + 32) + 93603}
= 4(4 — *)R(c, t) + 71c® 4 2160(4 — ¢?)% 4+ 936(4 — ¢*)c3
=: W(c, 1),

where
R(c,t) = 4(4 — c*) (53¢ 4+ 9c — 62)12 +9¢(19¢® — 26¢% + 32¢ + 64)t.

Clearly, if c > 1, we have 53¢2 4+ 9¢ — 62 > 0 and 19¢3 — 26¢2 + 32¢ + 64 > 0, which leads to
R(c,t) < R(c,1), c€[1,2).
Then, we obtain
W(c,t) < 4(4—cA)R(c,1) +71c® +2160(4 — *)? +936(4 — c*)c® =: 01(c), c € [1,2).

In virtue of o1 (c) = 235c°® + 144¢> — 4032¢* — 34563 + 8832c? + 11,520c + 18,688 obtaining
its maximum value of about 32,192.46 on ¢ =~ 1.1053 for ¢ € [1,2), we have A(c,t) < 34,560
on [1,2) x [0,1). Suppose that ¢ € [0,1) and m(c) = 19¢> — 26¢% + 32¢ + 64. It is noted
that m'(c) = 54c* —52c +32 > 0 for ¢ € [0,1). Thus, we have m(c) € [64,89). Since
0<4—c2<4andc? < ¢, itisnot hard to see that

R(c,t) < 992(c —1)t? +801ct =: V(c, t).
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Let V(c,t) = v1t + vot?, where vy = 801c and v, = 992(c — 1). Obviously, we have v, < 0.
Considering V as a polynomial of degree 2 with respect to f, we obtain the symmetric axis
fo defined by

;U1 801c
o= "5, = 1984(1 —¢) (48)

Forc > ¢y = % ~ 0.7124, we have f; > 1. Then, the maximum value of V is attained on

t =1, which implies that V(c,t) < V(¢,1) = 1793c — 992. Then,
W(c,t) <4(4—c2)V(c,1) +71c® 4+ 2160(4 — ¢*)> +936(4 — *)c® =: 02(c), ¢ € [co,1).
It is calculated that
02(c) = 71c® — 936¢° + 2160c* — 3428¢> — 13,312c + 28,688¢ + 18,688, ¢ € [¢o, 1),
which obtains its maximum value of about 32,127.89 on ¢ ~ 0.8966. Hence, we obtain
I(c,t) < 34560, (c,t) € [¢o,1) x[0,1).
For c € [0,¢g), we have ty € [0,1). Then, we obtain

2 2 2 2

v 801 c 162c¢
< 1 _ . < < 1622
Viet) < dv, 3968 1—c~ 1—c — 62¢",

which yields to
Wi(c, t) < 648(4 — c®)c® +71c® +2160(4 — c?)? +936(4 — c*)c® =: 03(c), ¢ €[0,¢p).
In light of
03(c) = 71c® — 936¢° + 1512¢* + 3744¢ — 14,688c + 34,560, ¢ € [0,¢p),

it is not hard to see that g3 achieves its maximum value 34,560 on ¢ = 0. Therefore, we
conclude that
Alc, t) <34,560, (c,t)€]0,2) x[0,1).

From the above cases, we obtain
I'(c,t,y) <34560 on[0,2] x [0,1] x [0,1].
Using (43), it follows that

r
16

= 0.0625.

[Hz1(f)] < [Tle,t,y)] <

552,960

The proof of Theorem 5 is thus completed. [
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