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Abstract: In this study, we establish unique and common fixed point results in the context of a
complete complex-valued b-metric space using rational-type inequalities. The presented work
generalizes some well-known results from the existing literature. Furthermore, to ensure the validity
of the findings, we have included some examples and a section on the existence of solutions for the
systems of Volterra–Hammerstein integral equations and Urysohn integral equations, respectively.
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1. Introduction

Integral equations have received considerable attention due to their wide range of
applications in many branches of engineering, economics, and mathematics. The solution of
integral equations has been studied by different researchers, and one of the most significant
tools for solving them is the theory of fixed points. Over the last few decades, this area
has drawn the attention of many researchers due to its substantial applications in many
disciplines, notably nonlinear analysis, engineering problems, and topology.

The development in the research areas mentioned above began in 1922 with the
first fixed point theorem known as Banach’s contraction principle [1]. In 1989, Bakhtin
introduced the concept of b-metric spaces, which is a generalization of metric spaces and
was a new concept at that time [2]. Since then, many significant results in b-metric spaces,
such as those in [3–6], have been proven. Similarly, many common fixed point results for
mappings satisfying rational-type inequalities, which are not worthwhile in cone metric
spaces, have also been proven [7–10]. Furthermore, Azam et al. [11] introduced the concept
of metric spaces in the complex version in 2011 and Rao and their coauthors introduced
the concept of b-metric spaces in the complex plane in 2013 [12]. Different fixed point
results for mappings satisfying conditions of different types of contractions in complex and
complex b-metric spaces have been justified and studied [13–18]. Although the concept
of a complex-valued b-metric space is more general than that of a complex-valued metric
space, both have been extensively studied in the literature.

Fixed point theory is one of the prominent ways to solve integral equations. Com-
mon fixed point results in complex-valued b-metric spaces are applied to find the unique
common solution of systems of integral equations. Many researchers, notably Sintu-
navarat et al. [19] and Rashwan and Salch [20], have used fixed point methods to put
forward solutions for integral equations of Urysohn. Similarly, Pathak et al. [21] and Rash-
wan and Salch [20] have studied system of Volterra–Hammerstein and nonlinear integral
equations using fixed point methods.
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Bahadur and Sarwar in [22] also used fixed point results with the help of the (CLR)
property and common (E.A) in a complex-valued metric space to solve nonlinear integral
equations and investigate the unique common solution. Similarly, Khaled and Abdelkrim
in [16] investigated the existence of a unique solution for Urysohn’s integral equations
using fixed point results for four mappings in a b-metric space in the complex plane.

This manuscript presents results for the existence and uniqueness of a common fixed
point for six self-maps holding a rational-type inequality in complex-valued b-metric spaces,
subject to compatibility and continuity conditions. In addition, the existence of a unique
common solution is provided for the following systems of Urysohn integral equations and
Volterra–Hammerstein integral equations in the complex plane.

µpzq “ ϕpzq `
ż h

g
Ki
`

z, t, µptq
˘

dt

where z P pg, hq Ď R; µ, ϕi P C
`

pg, hq, Rη
˘

, Ki : pg, hq ˆ pg, hq ˆ Rη Ñ Rη , i “ 1, 2, . . . , 6 and

µpzq “ ρipzq ` γ

ż x

0
wpz, αqgi

`

α, µpαq
˘

dα` υ

ż 8

0
ηpz, αqhi

`

α, µpαq
˘

dα

for all x P p0,8q, where γ, υ are real numbers, $i P C is known and wpz, αq, ηpz, αq, gi
`

α, µpαq
˘

and hi
`

α, µpαq
˘

, i “ 1, 2, . . . , 6 are real-valued measurable functions in both z and α on
p0,8q.

2. Preliminaries

In this sequel, we need the following definitions and notations.

Definition 1 ([16]). For a set of complex numbers C, a partial order ĺ on C is given below: ζ1 ĺ ζ2
ðñ Realpζ1q ď Realpζ2q and Imgpζ1q ď Imgpζ2q.

Therefore, we can say that ζ1 À ζ2 if one of the following is necessities fulfilled:

(1) Realpζ1q “ Realpζ2q ,Imgpζ1q ă Imgpζ2q;
(2) Realpζ1q ă Realpζ2q ,Imgpζ1q “ Imgpζ2q;
(3) Realpζ1q ă Realpζ2q ,Imgpζ1q ă Imgpζ2q;
(4) Realpζ1q “ Realpζ2q ,Imgpζ1q “ Imgpζ2q.

We can say that ζ1 Ä ζ2 if ζ1 ‰ ζ2 and one of the above conditions is satisfied and similarly
ζ1 ă ζ2 if amd only if condition (3) is fulfilled.

Definition 2 ([16]). Let γ ‰ φ and let d : γˆ γ Ñ C be a complex valued metric space on C, if it
fulfils the following necessities;

(1) 0 ĺ dpℵ, h̄q for all ℵ, h̄ P C and dpℵ, h̄q “ 0 if and only if ℵ “ h̄;
(2) dpℵ, h̄q “ dph̄,ℵq for all ℵ, h̄ P C ;
(3) dpℵ, h̄q ĺ dpℵ, cq ` dpc, h̄q for all ℵ, h̄, c P C.
Then, d is known as complex valued metric on γ and pγ, dq is known as a complex valued

metric space.

Example 1 ([23]). Let Z .
“ C be a set of complex numbers defined d; Zˆ Z Ñ C by dpκ1, κ2q “|

a1 ´ a2 | `ı | b1 ´ b2 | where κ1 “ a1 ` ιb1 and κ2 “ a2 ` ιb2. Then, pC, dq would be a complex
valued metric space.

Example 2 ([16]). Let Z .
“ C define mapping d : Zˆ Z Ñ C by dpκ1, κ2q “ eιx | κ1 ´ κ2 | where

x P p0, π{2q. Then, pZ, dq is said to be a complex valued metric space.

Definition 3 ([16]). For a provided real number b ě 1 and a nonempty set Z, a function db: Zˆ
ZÑ C is termed as complex valued b-metric on Z. If for all h̄, `,℘ P Z the following necessities are
fulfilled.

(1) dbph̄,℘q “ 0 if and only if h̄ “ ℘, @ h̄,℘ P Z;
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(2) dbph̄,℘q ľ 0 for all h̄,℘ P Z;
(3) dbph̄,℘q “ dbp℘, h̄q for all h̄,℘ P Z;
(4) dbph̄,℘q ĺ brdbph̄, `q ` dbp`,℘qs for all h̄,℘, ` P Z.

Example 3 ([16]). Let Z .
“ r0, 1s define db : ZˆZ Ñ C by dbpν1, ν2q = | ν1´ ν2 |

2 `ι | ν1´ ν2 |
2

for all ν1, ν2, ν3 P Z.
Then, pZ, dbq is a complex valued b-metric space with b .

“ 2.

Definition 4 ([16]). Suppose pZ, dbq is a complex valued b-metric space; then, a sequence sη is a
Cauchy sequence if for every 0 ă ε P Z, there exists a positive number δ such that η, µ ě δ implies
dbpsη ´ sµq ă ε.

Definition 5 ([16]). A sequence psηq in a complex valued b-metric space pZ, dbq will converge to
α P Z if for a given ε ą 0, there exists a positive integer δ depending on ε such that dbpsη , αq ă ε
whenever η ě δ.

Definition 6 ([16]). If every cauchy sequence in Z converges, then the space pZ, dbqwill be declared
as a complete complex valued b-metric space.

Example 4 ([24]). Let Z “ C. Define a function db : Z ˆ Z Ñ C such that dbpκ1, κ2q “

|ς1 ´ ς2|
2 ` i|$1 ´ $2|

2, where κ1 “ ς1 ` i$1 and κ2 “ ς2 ` i$2.
Then, pZ, dbq is a complete complex valued b-metric space with b “ 2.

Definition 7 ([16]). Two self mappings H and T of a complex valued b-metric space pZ, dq would
be declared compatible if these mandatory requirements are fulfilled.

limnÑ8 dpHTsη , THsηq “ 0;
Whenever for a sequence sη in Z;
limnÑ8 Tsη “ limnÑ8 Hsη “ k for some k P Z.

Definition 8 ([25]). A positive term series Σsη such that limηÑ8psηq
1
η “ K,

(a) For K ă 1; the series converges;
(b) For K ą 1; the series diverges;
(c) The test fails and does not provide any proper information if K “ 1.

Theorem 1 ([26]). (1) If ∆pzq is a complex function and it is analytic on a simple closed curve,
then

ş

C ∆pzqdz “ 0.
(2) If ∆pzq is an analytic function in a closed curve C and if ‘k’ is any point contained in C,

then ∆pkq “ 1
2πι

ş

C
∆pzq
z´k dz.

Example 5.
ş

C
ek2

k´2 dk , where C is a curve.

Let ∆pkq “ ek2
. Thus, C is a simple closed curve and k “ 2 is inside C. Thus, the solution is

2πι∆p2q “ 2πιe4.

Lemma 1 ([27]). Let psηq be a sequence of real numbers and let psηq Ñ K. If f is a continuous
function at K and it is defined for all sη , then fpsηq Ñ fpKq.

3. Main Results

In this section, we present the proof of a common fixed point theorem for six mappings
in a complex-valued b-metric space. Additionally, we provide examples and applications
based on the theorem. The first new result is presented below:

Theorem 2. Let (Z,d) be a complex valued b-metric space and A,W,C,T,N,Q: Z Ñ Z be six self
mappings fulfilling the following necessities;
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(CM1) ApZq Ď TpZq, ApZq Ď NpZq, WpZq Ď CpZq and WpZq Ď QpZq.
(CM2) dpAs, Wmq À

ρ

b2 Rps, mq, if b ě 1 and ρ P p0, 1q for all s, m P Z.
where

Rps, mq “ max
"

dpNs, Tmq, dpAs, Cmq, dpAm, Nmq, dpWm, Qmq, dpAs,TsqdpWs,Nsq
1`dpCs,Qsq

*

.

(CM3) The pairs (N,A), (C,A), (T,A), (A,Q) and (W,A) are compatible.
(CM4) N, C, T, Q and W are continuous.
Then, A, W, C, N, T and Q have a unique common fixed point.

Proof. Let s0 P Z be an arbitrary point in Z, then from condition (CM1) there exist s1, s2, s3
and s4 such that

m0 “ Ts1 “ As0, m1 “ Ns2 “ As1,
m2 “ Cs3 “ Ws2 , m3 “ Qs4 “ Ws3.

We can construct sequences mη and sη in Z. Therefore,

m2η “ Ts2η`1 “ As2η ,
m2η`1 “ Qs2η`2 “ Ws2η`1,
m2η`2 “ Cs2η`3 “ Ws2η`2,
m2η`3 “ Ns2η`4 “ As2η`3.

,

/

/

.

/

/

-

(1)

m2η “ Ts2η`1 “ As2η ,

m2η`1 “ Qs2η`2 “ Bs2η`1,

m2η`2 “ Cs2η`3 “ Bs2η`2,

m2η`3 “ Ps2η`4 “ As2η`3.

Using (1) in (CM2), we get

dpm2η , m2η`1q “ dpAs2η , Ws2η`1q ĺ
ρ

b2 Rps2η , s2η`1q,

where

Rps2η , s2η`1q “

max
"

dpNm2η , Tm2η`1q, dpAs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpAs2η , Ts2ηqdpWs2η`1, Ns2η`1q

1` dpCs2η , Qs2η`1q

*

.

Therefore,

Rps2η , s2η`1q “

max
"

dpm2η´1, m2ηq, dpm2η , m2ηq, dpm2η`1, m2ηq, dpm2η`1, m2ηq,

dpm2η , m2η`1qdpm2η`1, m2η`1q

1` dpm2η´1, m2ηq

*

.

Thus,

Rps2η , s2η`1q “ maxrdpm2η´1, m2ηq, dpm2η`1, m2ηqs.

Let max “ dpm2η`1, m2ηq. Then,

Rps2η , s2η`1q “ dpm2η`1, m2ηq.
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So,

dpm2η`1, m2ηq À
ρ

b2 dpm2η`1, m2ηq.

Thus,

dpm2η`1, m2ηq ´
ρ

b2 dpm2η`1, m2ηq À 0.

Therefore,

p1´ ρ

b2 qpdpm2η`1, m2ηqq À 0.

p1´ ρ
b2 q Ä 0.

ρ and b are positive and also dpm2η`1, m2ηq ą 0.
Hence, there arises a contradiction.
Thus, dpm2η`1, m2ηq is not a maximum.

Thus, we deduce that max “ dpm2η´1, m2ηq.
So,

dpm2η`1, m2ηq À
ρ

b2 dpm2η´1, m2ηq.

Similarly, we get

dpm2η`2, m2η`1q À
ρ
b2 dpm2η , m2η`1q.

It follows that

dpm2η`1, m2ηq À
ρ

b2 dpm2η´1, m2ηq . . . À p
ρ

b2 q
ηdpm0, m1q.

Which implies that:

| dpmη`1, mηq |ď
ρ

b2 | dpm2η´1, m2ηq | . . . ď p ρ

b2 q
η | dpm0, m1 |.

For ν ă η,

| dpmη , mνq |ď bp
ρ

b2 q
η | dpm0, m1q | `b2p

ρ

b2 q
η`1 | dpm0, m1q | `b3p

ρ

b2 q
η`2 | dpm0, m1q |

+ . . . + bν´η´1p
ρ

b2 q
ν´1 | dpm0, m1q |.

“

ν´η
ÿ

i“1

bip
ρ

b2 q
i`η´1 | dpm0, m1q | .

Therefore,

| dpmη , mνq |ď
řν´η

i“1 bp ρ

b2 q
i`η´1 | dpm0, m1q |“

řν´1
j“η bjp

ρ

b2 q
j | dpm0, m1q |

ď
ř8

i“ηp
ρ
b q

j | dpm0, m1q |“
p

ρ
b q

η

p1´ ρ
b q
| dpm0, m1q |.

This is a geometric sequence.

Hence, by the Cauchy root test,

let

sη “
p

ρ
b q

η

p1´ ρ
b q

.

Then,

psηq
1
η “

p
ρ
b q

p1´ ρ
b q

1
η

.
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Which implies

limηÑ8psηq
1
η “ limηÑ8

p
ρ
b q

p1´ ρ
b q

1
η
“

ρ
b .

Since, ρ
b ă 1, and because b ą 1 and ρ P p0, 1q .

Thus, the series sη converges and from a real analysis we know that the necessary
condition for the convergence of the series is that when η Ñ8 then sη Ñ 0.

Therefore,

| dpmη , mνq |“
p

ρ
b q

η

p1´ ρ
b q
| dpm0, m1q |Ñ 0 as η Ñ8

Thus, mη is a cauchy sequence in Z which proves that Z is complete, so there exists
µ P Z such that mη Ñ µ as η Ñ8.
So, we have

Ts2η`1 Ñ µ, As2η Ñ µ ,
Ns2η`1 Ñ µ, Ws2η Ñ µ ,

Cs2η`1 Ñ µ, Qs2η`1 Ñ µ .

for sub-sequences.
Now, from (CM4), the mapping N is continuous.

So, by Lemma 1
NNs2η Ñ Nµ and NAs2η Ñ Nµ as η Ñ8 .

In addition, (N,A) is compatible; thus, it implies that ANs2η Ñ Nµ.

Indeed,

dpANs2η , Nµq À brdpANs2η , NAs2ηq ` dpNAs2η , Nµqs.

So,

| dpANs2η , Nµq |ď b | dpANs2η , NAs2ηq | `b | dpNAs2η , Nµq |Ñ 0 as η Ñ8.

Now, we prove that
(1) Nµ “ µ
On contrary let

Nµ ‰ µ.

dpNµ, µq À bdpNµ, ANs2ηq ` b2dpANs2η , Ws2η`1q ` b2dpWs2η`1, µq.

By using (CM2) with s “ Ns2η and m “ s2η`1, we get:

dpANs2η , Ws2η`1q À
ρ

b2 RpNs2η , s2η`1q

where
RpNs2η , s2η`1q “

max

#

dpNNs2η , Ts2η`1q, dpANs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpANs2η , TNs2ηqdpWs2η`1, Ns2η`1q

1` dpCNs2η , Qs2η`1q

+

.

Let η Ñ8, then we get:

RpNs2η , s2η`1q “ max

#

dpNµ, µq, dpNµ, µq, dpµ, µq, dpµ, µq,
dpANs2η ,TNs2ηqdpµ,µq

1`dpCNs2η ,Qs2η`1q

+

.



Axioms 2023, 12, 685 7 of 20

RpNs2η , s2η`1q “ dpNµ, µq.
Further,

| dpNµ, µq |ď
ρ

b2 | dpNµ, µq | ñ p1´ ρ

b2 q | dpNµ, µq |ď 0,
which is a contradiction.
So | dpNµ, µq |“ 0, which is possible only if Nµ “ µ.
Next,
(2) Aµ “ µ.

On contrary, let Aµ ‰ µ

dpAµ, µq À bdpAµ, Ws2ηq ` bdpWs2η`1, µq.

By using (CM2) with s “ µ and m “ s2η`1, we get:

dpAµ, Ws2η`1q À
ρ

b2 Rpµ, s2η`1q

where

Rpµ, s2η`1q “

max

#

dpNµ, Ts2η`1q, dpAµ, Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpAµ, TNs2ηqdpWs2η`1, Ns2η`1q

1` dpCµ, Qs2η`1q

+

.

Let η Ñ8, then we get:

Rpµ, s2η`1q “ max
"

dpµ, µq, dpAµ, µq, dpµ, µq, dpµ, µq,
dpANs2η ,TNs2ηqdpµ,µq

1`dpCµ,µq

*

.

Rpµ, s2η`1q “ dpAµ, µq.
Further,

| dpAµ, µq |ď
ρ

b2 | dpAµ, µq | ñ p1´ ρ

b2 q | dpAµ, µq |ď 0,

which is a contradiction.
So, | dpAµ, µq |“ 0, which is possible only if Aµ “ µ.
Further, we show
(3) Cµ “ µ.

On the contrary, let Cµ ‰ µ.
From (CM4), C is continuous.

Then, by Lemma 1
CAs2η Ñ Cµ and CCs2η Ñ Cµ as η Ñ8.

In addition, the pair (C,A) is compatible, which implies that:
ACs2η Ñ Cµ.

Indeed,

dpACs2η , Cµq À brdpACs2η , CAs2ηq ` dpCAs2η , Cµqs.

So,

| dpACs2η , Cµq |ď b | dpACs2η , CAs2ηq | `b | dpCAs2η , Cµq |Ñ 0, as η Ñ8.

dpCµ, µq À bdpCµ, ACs2ηq ` b2dpACs2η , Ws2η`1q ` b2dpWs2η`1, µq.

By using (CM2) with s “ Cs2η and m “ s2η`1,
we get:

dpACs2η , Ws2η`1q À
ρ

b2 RpCs2η , s2η`1q
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where

RpCs2η , s2η`1q “

max
"

dpNCs2η , Ts2η`1q, dpACs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpACs2η , TCs2ηqdpWs2η`1, Ns2η`1q

1` dpCCs2η , Qs2η`1q

*

.

Let η Ñ8, then we get:

RpCs2η , s2η`1q “ max
"

dpNµ, µq, dpCµ, µq, dpµ, µq, dpµ, µq,
dpCµ,TNs2ηqdpµ,µq

1`dpCµ,µq

*

.

RpCs2η , s2η`1q “ dpCµ, µq.
Further,

| dpCµ, µq |ď
ρ

b2 | dpCµ, µq | ñ p1´ ρ

b2 q | dpCµ, µq |ď 0,
which is a contradiction.

So, | dpCµ, µq |“ 0, which is possible only if Cµ “ µ.
Next, we prove,

(4) Tµ “ µ.
On the contrary, let Tµ ‰ µ,
again from (CM4), C is continuous, then by Lemma 1

TAs2η Ñ Tµ and TTs2η Ñ Tµ as η Ñ8.
Furthermore, the pair (T,A) is compatible, which implies that ATs2η Ñ Tµ.
Indeed,

dpATs2η , Tµq À brdpATs2η , TAs2ηq ` dpTAs2η , Tµqs

So,

| dpATs2η , Tµq |ď b | dpATs2η , TAs2ηq | `b | dpTAs2η , Tµq |Ñ 0 as η Ñ8

dpTµ, µq À bdpTµ, ACs2ηq ` b2dpATs2η , Ws2η`1q ` b2dpWs2η`1, µq

By using (CM2) with s “ Cs2η and m “ s2η`1, we get:

dpATs2η , Ws2η`1q À
ρ

b2 RpTs2η , s2η`1q

where

RpTs2η , s2η`1q “

max
"

pNTs2η , Ts2η`1q, dpATs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpATs2η , TTs2ηqdpWs2η`1, Ns2η`1q

1` dpCTs2η , Qs2η`1q

*

.

Let η Ñ8, then
we get:

RpTs2η , s2η`1q “ max
"

pNµ, µq, dpTµ, µq, dpµ, µq, dpµ, µq,
dpAu,TNs2ηqdpµ,µq

1`dpCµ,µq

*

.
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RpTs2η , s2η`1q “ dpTµ, µq.
Further,

| dpTµ, µq |ď
ρ

b2 | dpTµ, µq | ñ p1´ ρ

b2 q | dpTµ, µq |ď 0,
which is a contradiction.

So, | dpTµ, µq |“ 0, which is possible only if Tµ “ µ.
Furthermore, we prove,

(5) Qµ “ µ.
On the contrary, let Qµ ‰ µ

Again from (CM4), Q is continuous, then by Lemma 1

QAs2η Ñ Qµ and QQs2η Ñ Qµ as η Ñ8.
Furthermore, the pair (Q,A) is compatible, which implies that QAs2η Ñ Qµ.
Indeed,

dpAQs2η , Qµq À brdpAQs2η , QAs2ηq ` dpQAs2η , Qµqs.

So,

| dpAQs2η , Qµq |ď b | dpAQs2η , QAs2ηq | `b | dpQAs2η , Qµq |Ñ 0 as η Ñ8

dpQµ, µq À bdpQµ, AQs2ηq ` b2dpAQs2η , Ws2η`1q ` b2dpWs2η`1, µq.

By using (CM2) with s “ Qs2η and m “ s2η`1, we get:

dpAQs2η , Ws2η`1q À
ρ

b2 RpQs2η , s2η`1q

where

RpQs2η , s2η`1q “

max
"

dpNQs2η , Ts2η`1q, dpAQs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpAQs2η , TQs2ηqdpWs2η`1, Qs2η`1q

1` dpCQs2η , Qs2η`1q

*

.

Let η Ñ8, then we get:

RpQs2η , s2η`1q “ max
"

dpNµ, µq, dpQµ, µq, dpµ, µq, dpµ, µq,
dpQµ,TQs2ηqdpµ,µq

1`dpCµ,µq

*

.

RpQs2η , s2η`1q “ dpQµ, µq.
Further,

| dpQµ, µq |ď
ρ

b2 | dpQµ, µq | ñ p1´ ρ

b2 q | dpQµ, µq |ď 0,
which is a contradiction.

So, | dpQµ, µq |“ 0, which is possible only if Qµ “ µ.
Next, we need to prove,

(6) Wµ “ µ.
On the contrary, let Wµ ‰ µ
Again from (CM4), W is continuous, then by Lemma 1

WAs2η Ñ Wµ and WWs2η Ñ Qµ as η Ñ8.
Furthermore, the pair (W,A) is compatible, which implies that WAs2η Ñ Wµ.
Indeed,

dpAWs2η , Wµq À brdpAWs2η , WAs2ηq ` dpWAs2η , Qµqs.

So,
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| dpAWs2η , Wµq |ď b | dpAWs2η , WAs2ηq | `b | dpWAs2η , Wµq |Ñ 0 as η Ñ8.

dpWµ, µq À bdpWµ, AWs2ηq ` b2dpAWs2η , Ws2η`1q ` b2dpWs2η`1, µq.

By using (CM2) with s “ Qs2η and m “ s2η`1, we get:

dpAWs2η , Ws2η`1q À
ρ

b2 RpWs2η , s2η`1q

where

RpWs2η , s2η`1q “

max
"

dpNWs2η , Ts2η`1q, dpAWs2η , Cs2η`1q, dpAs2η`1, Ns2η`1q, dpWs2η`1, Qs2η`1q,

dpAWs2η , TWs2ηqdpWs2η`1, Qs2η`1q

1` dpCWs2η , Qs2η`1q

*

.

Let η Ñ8, then we get:

RpWs2η , s2η`1q “ max
!

dpPµ, µq, dpWµ, µq, dpµ, µq, dpµ, µq,
dpWµ,TWs2ηqdpµ,µq

1`dpCµ,µq

)

.

RpWs2η , s2η`1q “ dpWµ, µq.
Further,

| dpWµ, µq |ď
ρ

b2 | dpWµ, µq | ñ p1´ ρ

b2 q | dpWµ, µq |ď 0
which is a contradiction. So, | dpWµ, µq |“ 0, which is possible only if Wµ “ µ.
Thus, we conclude that:

Nµ “ Qµ “ Tµ “ Cµ “ Wµ “ Aµ “ µ

Uniqueness:
Now, we have to look forward for uniqueness.
Let us consider ϑ as another common fixed point of A, W, C, Q, N and T. Then,

Nϑ “ Qϑ “ Tϑ “ Cϑ “ Wϑ “ Aϑ “ ϑ

By putting s “ µ and m “ ϑ in (CM2), we get

dpµ, ϑq “ dpAµ, Tϑq À
ρ

b2 pµ, ϑq

where

Rpµ, ϑq “ max
!

dpNµ, Tϑq, dpAµ, Cϑq, dpWϑ, Qϑq, dpAµ, Nϑq, dpAµ,TµqdpWϑ,Nϑq
1`dpCµ,Qϑq

)

.

Thus,

Rpµ, ϑq “ max
!

dpµ, ϑq, dpµ, ϑq, dpϑ, ϑq, dpµ, ϑq, dpµ,µqdpϑ,ϑq
1`dpµ,ϑq

)

.

So,

Rpµ, ϑq “ dpµ, ϑq.

Further,
| dpµ, ϑq |ď

ρ

b2 | dpµ, ϑq | ñ p1´ ρ

b2 q | dpµ, ϑq |ď 0,
which is a contradiction. So, | dpWµ, µq |“ 0, which implies that µ “ ϑ.
Thus, the common fixed point for A, W, C, T, N and Q is unique.

The above theorem yields the following corollaries.
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Corollary 1. Let (Z,d) be a complex valued b-metric space and A,C,T,N,Q: Z Ñ Z be five self
mappings fulfilling the following necessities;

(CM1) Apzq Ď Tpzq, Apzq Ď Npzq, Apzq Ď Cpzq and Apzq Ď Qpzq.
(CM2) dpAs, Amq À

ρ

b2 Rps, mq, if b ě 1 and ρ P p0, 1q for all s, m P Z where

Rps, mq “ max
!

dpNs, Tmq, dpAs, Cmq, dpAm, Nmq, dpAm, Qmq, dpAs,TsqdpAm,Nmq
1`dpCs,Qmq

)

.

(CM3) The pairs (N,A), (C,A), (T,A) and (A,Q) are compatible.
(CM4) N, C, T and Q are continuous.
Then, A, C, N, T and Q have a unique common fixed point.

Proof. For A = W in Theorem 2, this result can easily be obtained.

Corollary 2. Let (Z,d) be a complex valued b-metric space and Q,A,W,T: Z Ñ Z be four self
mappings fulfilling the following necessities;

(CM1) Apzq Ď Tpzq, Wpzq Ď Qpzq.
(CM2) dpAs, Amq À

ρ

b2 Rps, mq, if b ě 1 and ρ P p0, 1q for all s, w P Z, where

Rpz, wq “ max
!

dpTs, Tmq, dpAs, Qwq, dpAm, Tmq, dpAm, Qmq, dpAs,TsqdpTm,Tmq
1`dpWs,Qmq

)

.

(CM3) The pairs (W,A), (T,A) and (A,Q) are compatible.
(CM4) T, W and Q are continuous.
Then, W, A, T and C have a unique common fixed point.

Proof. For T = N and C = Q in Theorem 2, this result can easily be obtained.

Corollary 3. Let (Z,d) be a complex valued b-metric space and Q,A,T,: Z Ñ Z be three self
mappings fulfilling the following necessities;

(CM1) Apzq Ď Tpzq, Apzq Ď Qpzq.
(CM2) dpAs, Amq À

ρ

b2 Rps, mq, if b ě 1 and ρ P p0, 1q for all s, m P Z where

Rps, mq “ max
!

dpQs, Tmq, dpAs, Tmq, dpAm, Tmq, dpAs,TsqdpAm,Qmq
1`dpTs,Qmq

)

.

(CM3) The pairs (T,A) and (A,Q) are compatible.
(CM4) Q and T are continuous.
Then, A, T and Q have a unique common fixed point

Proof. For A=B, C=T and N=C in Theorem 2, this result can easily be achieved.

Corollary 4. Let (Z,d) be a complex valued b-metric space and A,Q: Z Ñ Z be two self mappings
fulfilling the following necessities;

(CM1) Apzq Ď Qpzq.
(CM2) dpAs, Amq À

ρ

b2 Rps, mq, if b ě 1 and ρ P p0, 1q for all s, m P Z, where

Rps, mq “ max
!

dpQs, Qmq, dpAs, Qmq, dpAm, Qmq, dpAs,QsqdpAm,Qmq
1`dpQs,Qmq

)

.

(CM3) The pair (A,Q) is compatible.
(CM4) Q is continuous.
Then, A and Q have a unique common fixed point.

Proof. For A = W, C = T = N = Q in Theorem 2, this result can easily be obtained.

Remark 1. Corollary 2 is the result of [16].

Example 6. Let Z = [0,1], @ s, m P Z. Define d : Zˆ Z Ñ C as a complex valued b-metric space
with b = 2 by;
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dps, mq “| s´m |2 `ι | s´m |2

Now, define the mappings A, W, C, N, T and Q such that

As “ s
32 , Ws “ s2

48 , Ns “ s
2 ,

Qs “ s
8 , Ts “ s2

3 , Cs “ s
4 .

Clearly,
(1) Apsq Ď Tpsq ,Apsq Ď Ppsq ,Bpsq Ď Cpsq ,Bpsq Ď Qpsq.
(2) The pairs (N,A), (C,A), (T,A), (A,Q) and (W,A) are compatible for sη “

1
η .

(3) A, W, C, N, T and Q are continuous.
(4)

dpAs, Wmq “| s
32 ´

m2

48 |
2 `ι | s

32 ´
m2

48 |
2.

dpAs, Wmq “ 1
256

!

| s
2 ´

m2

3 |2 `ι | s
2 ´

m2

3 |2
)

dpNs, Tmq “| s
2 ´

m2

3 |2 `ι | s
2 ´

m2

3 |2.

Thus, dpAs, Wmq “ 1
256 dpNs, Tmq.

This means that dpAs, Wmq À
ρ

b2 Rps, mq, where ρ “ 1
64 and b=2.

Thus, all the conditions of Theorem 2 are satisfied; therefore, A, W, C, T, N and Q have a
unique common fixed point.

Example 7. Let X “ βp0, κq, κ ą 1, @ s, m P X and Υ : X ˆX Ñ C be defined by

Υpspwq, mpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
spwq

w ´
ş

ג
mpwq

w

ˇ

ˇ

ˇ

ˇ

2
,

which is a complete CVMb, and let ג be a closed path in Υ containing a zero.
We first prove that Υ is a complex valued b-metric space with b = 2

Υpspwq, mpwqq “
ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

“
ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

`

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

À
ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

ˇ

ˇ

ˇ

ˇ

2
`

ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

`2
„

ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

ˇ

ˇ

ˇ

ˇ

2ˇ
ˇ

ˇ

ˇ

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

À
ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

ˇ

ˇ

ˇ

ˇ

2
`

ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

`
ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

ˇ

ˇ

ˇ

ˇ

2
`

ι

2π
|

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2

À 2

#

ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

spwq
w

´

ż

ג

ypwq
w

ˇ

ˇ

ˇ

ˇ

2
`

ι

2π

ˇ

ˇ

ˇ

ˇ

ż

ג

ypwq
w

´

ż

ג

mpwq
w

ˇ

ˇ

ˇ

ˇ

2
+

Υpspwq, mpwqq À 2Υpspwq, ypwqq ` Υpypwq, mpwqq.
Hence, it is proven that Υ is a complex valued b-metric space with b = 2.
Now, we define the mappings A, W, C, T, N and Q :X ˆX by:
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Aspwq “ 1´ ew, Wspwq “ w, Cspwq “ 1
2 w2 `w

Tspwq “ 1´ e
w
2 , Nspwq “ 1´ e

w
4 , Qspwq “ 1

4 w2 `w .

Clearly,
(1) Apxq Ď Tpxq, Apxq Ď Npxq, Wpxq Ď Cpxq and Wpxq Ď Qpxq.
(2) The pairs (N,A), (C,A), (T,A), (A,Q) and (W,A) are compatible.
(3) N, C, T, Q and W are continuous.
(4) By using the Cauchy integral formula when the mappings A, W, C, N, T and Q are analytic,

we get:

dpAspwq, Wmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1´ew

w ´
ş

ג
w
w

ˇ

ˇ

ˇ

ˇ

2
“ 0

dpNspwq, Tmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1´e

w
4

w ´
ş

ג
1´e

w
2

w

ˇ

ˇ

ˇ

ˇ

2
“ 0

dpAmpwq, Nmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1´ew

w ´
ş

ג
1´e

w
4

w

ˇ

ˇ

ˇ

ˇ

2
“ 0

dpAspwq, Tspwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1´ew

w ´
ş

ג
1´e

w
2

w

ˇ

ˇ

ˇ

ˇ

2
“ 0

dpWmpwq, Qmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
w
w ´

ş

ג
1
4 w2`w

w

ˇ

ˇ

ˇ

ˇ

2
“

ιp2πq4

128π

dpAspwq, Cmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1´ew

w ´
ş

ג
1
2 w2`w

w

ˇ

ˇ

ˇ

ˇ

2
“ ι

8 π3.

dpWmpwq, Nmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
w
w ´

ş

ג
1´e

w
4

w

ˇ

ˇ

ˇ

ˇ

2
“ 0.

dpCspwq, Qmpwqq “ ι
2π

ˇ

ˇ

ˇ

ˇ

ş

ג
1
2 w2`w

w ´
ş

ג
1
4 w2`w

w

ˇ

ˇ

ˇ

ˇ

2
“

ιp2πq2

128π .

So,
Rpspwq, mpwqq “ max

 

ι
8 π3, 0

(

“ ι
8 π3.

Further, 0 “ RpAspwq, Wmpwqq À ι
8 π3.

Thus, all the conditions of Theorem 2 are satisfied, which shows that the mappings A, W, C, T,
N and Q have a unique common fixed point.

4. Applications

In this section, our aim is to provide some applications based on our results.

4.1. Existence of a Unique Common Solution to the System of Urysohn Integral Equations

Now, in this section, we apply Theorem 2 for the existence of a unique common
solution to the following system:

µpzq “ ϕipzq `
ż y

x
Ki
`

z, t, µptq
˘

dt, (2)

where z P px, yq Ď R; µ, ϕi P C
`

px, yq, Rη
˘

and Ki : px, yq ˆ px, yq ˆ Rη Ñ Rη , i “ 1, 2, ..., 6.
Let us denote

Ψi
`

µpzq
˘

“

ż y

x
Ki
`

z, t, ϕpzq
˘

dt

where i “ 1, 2, 3, 4, 5, 6.
Suppose these conditions are true:
pU1q: For i “ 3, 4,

Ψ1µpzq ` ϕ1pzq ` ϕipzq ´Ψi
`

Ψ1pµpzq ` ϕ1pzq ` ϕipzq
˘

“ 0

pU2q: For j “ 5, 6,

Ψ2µpzq ` ϕ2pzq ` ϕjpzq ´Ψj
`

Ψ2pµpzq ` ϕ2pzq ` ϕjpzq
˘

“ 0
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pU3q: For i “ 3, 4, 5, 6,

Ψiµpzq ` ϕipzq `Ψ5µpzq ` ϕ5pzq “ 2µpzq

pU4q: For j “ 2,

Ψ1µpzq ` ϕ1pzq ´Ψjµpzq ´ ϕjpzq “ 0

pU5q: For i “ 3, 4, 5, 6,

´Ψ1Ψiµpzq ´Ψ1 ϕipzq ´ ϕ1pzq `ΨiΨ1µpzq `Ψi ϕ1pzq ` ϕipzq ´ 2ϕ1pzq “ 0

pU6q For j “ 2,

Ψ1Ψjµpzq `Ψ1 ϕjµpzq ´ΨjΨ1µpzq ´Ψj ϕ1pzq “ 0

Let Y “ C
`

px, yq, Rη
˘

, x ą 0 be a complete complex valued b-metric space with metric

dps, mq “ max
aPpx,yq

‖ spaq ´mpaq ‖8
a

1` x2eιtan´1x

for all s, m P Y.
Define six operators Γ1, Γ2, Γ3, Γ4, Γ5 and Γ6: Y Ñ Y by

Γ1µpzq “ Ψ1µpzq ` ϕ1pzq
Γ2µpzq “ Ψ2µpzq ` ϕ2pzq
Γ3µpzq “ 2µpzq ´Ψ3µpzq ´ ϕ3pzq
Γ4µpzq “ 2µpzq ´Ψ4µpzq ´ ϕ4pzq
Γ5µpzq “ 2µpzq ´Ψ5µpzq ´ ϕ5pzq
Γ6µpzq “ 2µpzq ´Ψ6µpzq ´ ϕ6pzq.

,

/

/

/

/

/

/

.

/

/

/

/

/

/

-

(3)

Now, we have to formulate the existence results.

Theorem 3. (1): Based on these assumptions pU1–U6q, if for each s, m P Y and b ě 1, ρ P p0, 1q

χ1

a

1` x2eιtan´1x À
ρ

b2

"

χ2, χ3, χ4, χ5,
χ6 ˆ χ7

1` χ8

*

where

χ1 “ ‖ Ψ1spzq ` ϕ1pzq ´Ψ2mpzq ´ ϕ2pzq ‖8
a

1` x2eιtan´1x,

χ2 “ ‖ 2spzq ´Ψ3spzq ´ ϕ3pzq ´ 2mpzq `Ψ4mpzq ` ϕ4pzq ‖8
a

1` x2eιtan´1x,

χ3 “ ‖ Ψ1spzq ` ϕ1pzq ´ 2mpzq `Ψ6mpzq ` ϕ6pzq ‖8
a

1` x2eιtan´1x,

χ4 “ ‖ Ψ1mpzq ` ϕ1pzq ´ 2mpzq `Ψ3mpzq ` ϕ3pzq ‖8
a

1` x2eιtan´1x,

χ5 “ ‖ Ψ2mpzq ` ϕ2pzq ´ 2mpzq `Ψ5mpzq ` ϕ5pzq ‖8
a

1` x2eιtan´1x,

χ6 “ ‖ Ψ1spzq ` ϕ1pzq ´ 2spzq `Ψ4spzq ` ϕ4pzq ‖8
a

1` x2eιtan´1x,

χ7 “ ‖ Ψ2mpzq ` ϕ2pzq ´ 2mpzq `Ψ3mpzq ` ϕ3pzq ‖8
a

1` x2eιtan´1x,

χ8 “ ‖ 2spzq ´Ψ6spzq ´ ϕ6pzq ´ 2mpzq `Ψ5mpzq ` ϕ5pzq ‖8
a

1` x2eιtan´1x

(2): Γ1pYq Ď Γ4pYq,Γ1pYq Ď Γ3pYq,Γ2pYq Ď Γ5pYq and Γ2pYq Ď Γ6pYq.
(3): pΓ1, Γ2q, pΓ1, Γ3q, pΓ1, Γ4q, pΓ1, Γ5q and pΓ1, Γ6q are compatible.
Then, the system of Urysohn integral equations (2) has a unique common solution.

Proof. Note that System 2 of integral equations has a unique common solution if and only
if System 3 of operators has a unique common fixed point.
Now,
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dpΓ1s, Γ2mq “ maxzPpx,yq ‖ Ψ1spzq ` ϕ1pzq ´Ψ2mpzq ´ ϕ2pzq ‖8
?

1` x2eιtan´1x,
dpΓ3s, Γ4mq “ maxzPpx,yq ‖ 2spzq ´Ψ3spzq ´ ϕ3pzq ´ 2mpzq `Ψ4mpzq ` ϕ4pzq ‖8

?
1` x2eιtan´1x,

dpΓ1s, Γ6mq “ maxzPpx,yq ‖ Ψ1spzq ` ϕ1pzq ´ 2mpzq `Ψ6mpzq ` ϕ6pzq ‖8
?

1` x2eιtan´1x,
dpΓ1m, Γ3mq “ maxzPpx,yq ‖ Ψ1mpzq ` ϕ1pzq ´ 2mpzq `Ψ3mpzq ` ϕ3pzq ‖8

?
1` x2eιtan´1x,

dpΓ2m, Γ5mq “ maxzPpx,yq ‖ Ψ2mpzq ` ϕ2pzq ´ 2mpzq `Ψ5mpzq ` ϕ5pzq ‖8
?

1` x2eιtan´1x,
dpΓ1s, Γ2sq “ maxzPpx,yq ‖ Ψ1spzq ` ϕ1pzq ´ 2spzq `Ψ4spzq ` ϕ4pzq ‖8

?
1` x2eιtan´1x,

dpΓ2m, Γ3mq “ maxzPpx,yq ‖ Ψ2mpzq ` ϕ2pzq ´ 2mpzq `Ψ3mpzq ` ϕ3pzq ‖8
?

1` x2eιtan´1x,
dpΓ6s, Γ5mq “ maxzPpx,yq ‖ 2spzq ´Ψ6spzq ´ ϕ6pzq ´ 2mpzq `Ψ5mpzq ` ϕ5pzq ‖8

?
1` x2eιtan´1x

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

(4)

From condition (CM2) of Theorem 2, we have

χ1

a

1` x2eιtan´1x À
ρ

b2

"

χ2, χ3, χ4, χ5,
χ6 ˆ χ7

1` χ8

*

,

which implies that

max
aPpx,yq

χ1

a

1` x2eιtan´1x À
ρ

b2

#

max
aPpx,yq

χ2, max
aPpx,yq

χ3, max
aPpx,yq

χ4, max
aPpx,yq

χ5,
maxaPpx,yq χ6 ˆmaxaPpx,yq χ7

1`maxaPpx,yq χ8

+

.

Using the above distances in Equation 4, we obtain

dpΓ1s, Γ2mq À
ρ

b2

"

dpΓ3s, Γ4mq, dpΓ1s, Γ6mq, dpΓ1m, Γ3mq, dpΓ2m, Γ5mq,
dpΓ1s, Γ4sqdpΓ2m, Γ3mq

1` dpΓ6s, Γ5mq

*

.

Now, to show that Γ1pYq Ď Γ4pYq, we have

Γ4
`

Γ1µpzq ` ϕ4pzq
˘

“ 2rΓ1µpzq ` ϕ4pzqs ´Ψ4
`

Γ1µpzq ` ϕ4pzq
˘

´ ϕ4pzq

“ Γ1µpzq ` Γ1µpzq ` ϕ4pzq ´Ψ4
`

Γ1µpzq ` ϕ4pzq
˘

“ Γ1µpzq `Ψ1µpzq ` ϕ1pzq ` ϕ4pzq ´Ψ4
`

Ψ1µpzq ` ϕ1pzq ` ϕ4pzq
˘

.

Using pU1q;
we get Γ4

`

Γ1µpzq ` ϕ4pzq
˘

“ Γ1µpzq,
which implies that Γ1pYq Ď Γ4pYq.

Now, Γ2pYq Ď Γ5pYq, and thus we have

Γ5
`

Γ2µpzq ` ϕ5pzq
˘

“ 2rΓ2µpzq ` ϕ5pzqs ´Ψ5
`

Γ2µpzq ` ϕ5pzq
˘

´ ϕ5pzq

“ Γ2µpzq ` Γ2µpzq ` ϕ5pzq ´Ψ5
`

Γ2µpzq ` ϕ5pzq
˘

“ Γ2µpzq `Ψ2µpzq ` ϕ2pzq ` ϕ5pzq ´Ψ5
`

Ψ2µpzq ` ϕ2pzq ` ϕ5pzq
˘

.

Using pU2q,
we get Γ5

`

Γ2µpzq ` ϕ5pzq
˘

“ Γ2µpzq,
which implies that Γ2pYq Ď Γ5pYq.

Similarly, one can prove that Γ1pYq Ď Γ3pYq and Γ2pYq Ď Γ6pYq.
Next, we need to show that the pair pΓ1, Γ5q is compatible.
For this, let us have a sequence xη such that limηÑ8 Γ1xη “ limηÑ8 Γ5xη “ x.
To prove that pΓ1, Γ5q is compatible,

it is enough to prove that dpΓ1Γ5x, Γ5Γ1xq “ 0 when dpΓ1x, Γ5xq “ 0 for some x P Y.
With the help of (U3),

‖ Γ1pxq ´ Γ5pxq ‖ “ ‖ Ψ1xpzq ` ϕ1pzq ´ 2xpzq `Ψ5xpzq ` ϕ5pzq ‖
“ ‖ ´2xpzq `Ψ1xpzq ` ϕ1pzq `Ψ5xpzq ` ϕ5pzq ‖
“ ‖ ´2xpzq ` 2xpzq ‖“ 0.
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So, dpΓ1x, Γ5xq “ 0.
Now,

‖ Γ1Γ5pxq ´ Γ5Γ1pxq ‖ “ ‖ Γ1
`

2xpzq ´Ψ5xpzq ´ ϕ5pzq
˘

` ϕ1pzq ´ Γ5
`

Ψ1xpzq ` ϕ1pzq
˘

‖
“ ‖ 2Ψ1xpzq ´Ψ1Ψ5xpzq ´Ψ1 ϕ5pzq ` ϕ1pzq ´ 2Ψ1xpzq ´ 2ϕ1pzq

`Ψ5Ψ1xpzq `Ψ5 ϕ1pzq ` ϕ5pzq ‖
“ ‖ ´Ψ1 ϕ5pzq ´Ψ1Ψ5xpzq ` ϕ1pzq `Ψ5Ψ1xpzq

`Ψ5 ϕ1pzq ` ϕ5pzq ´ 2ϕ1pzq ‖“ 0

Thus, dpΓ1Γ5x, Γ5Γ1xq “ 0,
which implies that pΓ1, Γ5q is compatible.

Similarly, by using pU3q and pU5q, we can show that the pairs pΓ1, Γ3q, pΓ1, Γ4q and
pΓ1, Γ6q are also compatible and by using pU4q and pU6q one can prove the compatibility of
pΓ1, Γ2q.

Thus, by Theorem 2, we can find a unique common fixed point of Γ1, Γ2, Γ3, Γ4, Γ5,
and Γ6 in Y, that is, System (2) of Urysohn integral equations has a unique common solution
in Y.

4.2. Existence of a Unique Common Solution to the System of Volterra–Hammerstein Integral
Equations:

Here, we discuss the existence of a solution for the following System (5) of non-linear
Volterra–Hammerstein integral equations.

Let C “
`

Lp0,8q, R
˘

be the space of real-valued measurable functions on p0,8q:

µpzq “ $ipzq ` γ

ż x

0
wpz, αqgi

`

α, µpαq
˘

dα` υ

ż 8

0
ηpz, αqhi

`

α, µpαq
˘

dα (5)

for all x P p0,8q, where γ, υ are real numbers, $i P C is known and wpz, αq, ηpz, αq, gi
`

α, µpαq
˘

and hi
`

α, µpαq
˘

, i “ 1, 2, . . . , 6 are real-valued measurable functions in both z and α on
p0,8q.

Let us denote

fiµpzq “
ż x

0
wpz, αqgi

`

α, µpαq
˘

dα

and

Λiµpzq “
ż 8

0
ηpz, αqhi

`

α, µpαq
˘

dα

where i “ 1, 2, . . . , 6.
Assume that

pV1q: For i “ 4, 3,

0 “ f1µpzq `Λ1µpzq ` $1pzq ` $ipzq ´fi
`

f1µpzq `Λ1µpzq ` $1pzq ` $ipzq
˘

´Λi
`

f1µpzq `Λ1µpzq ` $1pzq ` $ipzq

pV2q: For j “ 5, 6,

0 “ f2µpzq `Λ2µpzq ` $2pzq ` $jpzq ´fj
`

f2µpzq `Λ2µpzq ` $2pzq ` $jpzq
˘

´Λj
`

f2µpzq `Λ2µpzq ` $2pzq ` $jpzq
˘

.

pV3q: For i “ 3, 4, 5, 6,

f1µpzq `Λ1µpzq ` $1pzq ` $ipzq `fiµpzq `Λiµpzq “ 2µpzq
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pV4q: For j “ 2,

0 “ f1
`

fjµpzq `Λjµpzq ` $jpzq
˘

`Λ1
`

fjµpzq `Λjµpzq ` $jpzq
˘

` $2pzq

´
`

f2
`

fjµpzq `Λjµpzq ` $jpzq
˘

`Λ2
`

fjµpzq `Λjµpzq ` $jpzq
˘

` $2pzq
˘

.

pV5q: For i “ 3, 4, 5, 6,

0 “ f1
`

2µpzq ´fiµpzq ´Λiµpzq ´ $ipzq
˘

`Λ1
`

2µpzq ´fiµpzq ´Λiµpzq ´ $ipzq
˘

`$1pzq ´
`

2
`

f1µpzq `Λ1µpzq ` $1pzq
˘

´fi
`

f1µpzq `Λ1µpzq ` $1pzq
˘

´Λi
`

f1µpzq `Λ1µpzq ` $1pzq
˘

´ $ipzq
˘

Let C “
`

Lp0,8q, R
˘

be a complex valued b-metric space with metric:

dps, mq “ max
aPp0,8q

‖ spaq ´mpaq ‖8
a

1` x2eιtan´1x

for all s, m P C.
Define six operators Υ1, Υ2, Υ3, Υ4, Υ5 and Υ6: C Ñ C by

Υ1µpzq “ f1µpzq `Λ1µpzq ` $1pzq,
Υ2µpzq “ f2µpzq `Λ2µpzq ` $2pzq,
Υ3µpzq “ 2µpzq ´f3µpzq ´Λ3pzq ´ $3pzq,
Υ4µpzq “ 2µpzq ´f4µpzq ´Λ4pzq ´ $4pzq,
Υ5µpzq “ 2µpzq ´f5µpzq ´Λ5pzq ´ $5pzq,
Υ6µpzq “ 2µpzq ´f6µpzq ´Λ6pzq ´ $6pzq.

,

/

/

/

/

/

/

.

/

/

/

/

/

/

-

(6)

Now, we have to prove our existence results.

Theorem 4. (1): Based on these suppositions pV1–V5q, if for each s, m P C and b ě 1, γ P p0, 1q

1ג

a

1` x2eιtan´1x À
γ

b2

"

,2ג ,3ג ,4ג ,5ג
6ג ˆ 7ג

1` 8ג

*

where

1ג “‖ f1µpzq `Λ1µpzq ` $1pzq ´f2µpzq ´Λ2µpzq ´ $2pzq ‖8
?

1` x2eιtan´1x,
2ג “‖ 2µpzq ´f3µpzq ´Λ3pzq ´ $3pzq ´ 2µpzq `f4µpzq `Λ4µpzq ` $4pzq ‖8

?
1` x2eιtan´1x,

3ג “‖ f1µpzq `Λ1µpzq ` $1pzq ´ 2µpzq `f6µpzq `Λ6µpzq ` $6pzq ‖8
?

1` x2eιtan´1x,
4ג “‖ f1µpzq `Λ1µpzq ` $1pzq ´ 2µpzq `f3µpzq `Λ3µpzq ` $3pzq ‖8

?
1` x2eιtan´1x,

5ג “‖ f2µpzq `Λ2µpzq ` $2pzq ´ 2µpzq `f5µpzq `Λ5µpzq ` $5zq ‖8
?

1` x2eιtan´1x,
6ג “‖ f1µpzq `Λ1µpzq ` $1pzq ´ 2µpzq `f4µpzq `Λ4µpzq ` $4pzq ‖8

?
1` x2eιtan´1x,

7ג “‖ f2µpzq `Λ2µpzq ` $2pzq ´ 2µpzq `f3µpzq `Λ3µpzq ` $3pzq ‖8
?

1` x2eιtan´1x,
8ג “‖ 2µpzq ´f6µpzq ´Λ6µpzq ´ $6pzq ´ 2µpzq `f5µpzq `Λ5µpzq ` $5pzq ‖8

?
1` x2eιtan´1x

,

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

-

(7)

(2): Υ1pZq Ď Υ4pZq,Υ1pZq Ď Υ3pZq,Υ2pZq Ď Υ5pZq and Υ2pZq Ď Υ6pZq.
(3): pΥ1, Υ2q, pΥ1, Υ3q, pΥ1, Υ4q, pΥ1, Υ5q and pΥ1, Υ6q are compatible.
Then, the system of Volterra–Hammertion equations (5) has a unique common solution.



Axioms 2023, 12, 685 18 of 20

Proof. Note that System (5) has a unique common solution if and only if System (6) of
operators has a unique common fixed point.
Now,

dpΥ1s, Υ2mq “ maxzPp0,8q ‖ f1spzq `Λ1spzq ` $1pzq ´f2mpzq
´Λ2mpzq ´ $2pzq ‖8

?
1` x2eιtan´1x,

dpΥ3s, Υ4mq “ maxzPp0,8q ‖ 2spzq ´f3spzq ´Λ3spzq ´ $3pzq ´ 2mpzq `f4mpzq
`Λ4mpzq ` $4pzq ‖8

?
1` x2eιtan´1x,

dpΥ1s, Υ6mq “ maxzPp0,8q ‖ f1spzq `Λ1spzq ` $1pzq ´ 2mpzq `f6mpzq
`Λ6mpzq ` $6pzq ‖8

?
1` x2eιtan´1x,

dpΥ1m, Υ3mq “ maxzPp0,8q ‖ f1mpzq `Λ1mpzq ` $1pzq ´ 2mpzq `f3mpzq
`Λ3mpzq ` $3pzq ‖8

?
1` x2eιtan´1x,

dpΥ2m, Υ5mq “ maxzPp0,8q ‖ f2mpzq `Λ2mpzq ` $2pzq ´ 2mpzq `f5mpzq
`Λ5mpzq ` $5zq ‖8

?
1` x2eιtan´1x,

dpΥ1s, Υ2sq “ maxzPp0,8q ‖ f1spzq `Λ1spzq ` $1pzq ´ 2spzq `f4spzq
`Λ4spzq ` $4pzq ‖8

?
1` x2eιtan´1x,

dpΥ2m, Υ3mq “ maxzPp0,8q ‖ f2mpzq `Λ2mpzq ` $2pzq ´ 2mpzq `f3mpzq
`Λ3mpzq ` $3pzq ‖8

?
1` x2eιtan´1x,

dpΥ6s, Υ5mq “ maxzPp0,8q ‖ 2spzq ´f6spzq ´Λ6spzq ´ $6pzq ´ 2mpzq `f5mpzq
`Λ5mpzq ` $5pzq ‖8

?
1` x2eιtan´1x

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

(8)

From condition (CM2) of Theorem 2, we have

1ג

a

1` x2eιtan´1x À
$

b2

"

,2ג ,3ג ,4ג ,5ג
6ג ˆ 7ג

1` 8ג

*

,

which implies that

max
aPpx,yq

1ג

a

1` x2eιtan´1x

À
$

b2

#

max
aPp0,8q

,2ג max
aPp0,8q

,3ג max
aPp0,8q

,4ג max
aPp0,8q

,5ג
maxaPp0,8q 6ג ˆmaxaPp0,8q 7ג

1`maxaPp0,8q 8ג

+

.

Using the above distances in Equation (8), we obtain

dpΥ1s, Υ2mq

À
$

b2

"

dpΥ3s, Υ4mq, dpΥ1s, Υ6mq, dpΥ1m, Υ3mq, dpΥ2m, Υ5mq,
dpΥ1s, Υ4sqdpΥ2m, Υ3mq

1` dpΥ6s, Υ5mq

*

.

Now, to show that Υ1pZq Ď Υ3pZq, we have

Υ1
`

Υ1µpzq ` $3pzq
˘

“ 2rΥ1µpzq ` $3pzqs ´f3rΥ1µpzq ` $3pzqs ´Λ3rΥ1µpzq ` $3pzqs ´ $3pzq

“ Υ1µpzq ` Υ1µpzq ` $3pzq ´f3rΥ1µpzq ` Υ1µpzq ` $3pzqs

´Λ3rΥ1µpzq ` Υ1µpzq ` $1pzq ` $3pzqs

From condition pV1q,

Υ1
`

Υ1µpzq ` $3pzq
˘

“ Υ1µpzq.

This implies that Υ1pZq Ď Υ3pZq.
Similarly, we can show that Υ1pZq Ď Υ4pZq, Υ2pZq Ď Υ5pZq and Υ2pZq Ď Υ6pZq by

using pV1q and pV2q.
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Next, we have to show the compatibility of the pairs pΥ1, Υ2q, pΥ1, Υ3q, pΥ1, Υ4q, pΥ1, Υ5q

and pΥ1, Υ6q.
For this, let us have a sequence xη such that limηÑ8 Υ1xη “ limηÑ8 Υ5xη “ x.
To prove that pΥ1, Υ5q is compatible, it is enough to prove that dpΥ1Υ5x, Υ5Υ1xq “ 0

when dpΥ1x, Υ5xq “ 0 for some x P C.
With the help of pV3q,

‖ Υ1pxq ´ Υ5pxq ‖ “ ‖ f1xpzq `Λ1xpzq ` $1pzq ´ 2xpzq `f5xpzq `Λ5xpzq ` $5pzq ‖
“ ‖ ´2xpzq `f1xpzq `Λ1xpzq ` $1pzq `Λ5xpzq ` $5pzq ` $5pzq ‖
“ ‖ 2xpzq ` 2xpzq ‖“ 0.

So, dpΥ1x, Υ5xq “ 0.
Now,

‖ Υ1Υ5pxq ´ Υ5Υ1pxq ‖ “ ‖ Υ1
`

2xpzq ´f5xpzq ´Λ5xpzq ´ $5pzq
˘

´ Υ5
`

f1xpzq

`Λ1xpzq ` $1pzq
˘

‖
“ ‖ f1

`

2xpzq ´f5xpzq ´Λ5xpzq ´ $5pzq
˘

`Λ1
`

2xpzq ´f5xpzq

´Λ5xpzq ´ $5pzq
˘

` $1pzq ´ r2
`

f1xpzq `Λ1xpzq ` $1pzq
˘

´f5
`

f1xpzq `Λ1xpzq ` $1pzq
˘

´Λ5
`

f1xpzq

`Λ1xpzq ` $1pzq
˘

´ $5pzqs ‖“ 0.

Thus, dpΥ1Υ5x, Υ5Υ1xq “ 0, which implies that pΥ1, Υ5q is compatible.
Similarly, by using pV3q, pV4q and pV5q, we can show that the pairs pΥ1, Υ2q, pΥ1, Υ4q

and pΥ1, Υ6q are also compatible.
Thus, by Theorem 2, we can find a unique common fixed point of Υ1, Υ2, Υ3, Υ4, Υ5

and Υ6 in C, that is, System (5) of Volterra–Hammerstein equations has a unique common
solution in C.

5. Conclusions

Many real-world problems can be described by integral equations, and there are
various techniques for investigating the solution of a system of integral equations. One of
the significant tools is the theory of fixed points.

In the current study, we establish new fixed point results for six self mappings satisfying
rational-type inequalities that serve as a useful tool for investigating unique solutions to systems
of integral equations. This approach offers new ways to examine complicated mathematical
systems and has the potential to significantly advance the study of integral equations.
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