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Abstract: The question is still open as to whether there exist infinitely many Fermat primes or
infinitely many composite Fermat numbers. The same question concerning Mersenne numbers is
also unanswered. Extending some recent results of Megrelishvili and the author, we characterize
the Fermat primes and the Mersenne primes in terms of the topological minimality of some matrix
groups. This is achieved by showing, among other things, that if F is a subfield of a local field of
characteristic 6= 2, then the special upper triangular group ST+(n,F) is minimal precisely when the
special linear group SL(n,F) is. We provide criteria for the minimality (and total minimality) of
SL(n,F) and ST+(n,F), where F is a subfield ofC. Let Fπ and Fc be the set of Fermat primes and
the set of composite Fermat numbers, respectively. As our main result, we prove that the following
conditions are equivalent for A ∈ {Fπ ,Fc}: A is finite; ∏Fn∈A SL(Fn − 1,Q(i)) is minimal, where
Q(i) is the Gaussian rational field; and ∏Fn∈A ST+(Fn − 1,Q(i)) is minimal. Similarly, denote by Mπ

and Mc the set of Mersenne primes and the set of composite Mersenne numbers, respectively, and let
B ∈ {Mπ ,Mc}. Then the following conditions are equivalent: B is finite; ∏Mp∈B SL(Mp + 1,Q(i)) is
minimal; and ∏Mp∈B ST+(Mp + 1,Q(i)) is minimal.

Keywords: Fermat primes; Fermat numbers; Mersenne primes; minimal group; special linear group;
Gaussian rational field

MSC: 11A41; 11Sxx; 20H20; 54H11; 54H13

1. Introduction

A Fermat number has the form Fn = 22n
+ 1, where n is a non-negative integer while

a Mersenne number has the form Mp = 2p − 1 for some prime p. Note that 2n − 1 is
composite when n is composite. In other words, a Mersenne prime is a prime number that
is one less than a power of two. There are several open problems concerning these numbers
(e.g., see [1]). For example, it is still unknown whether there are infinitely many Fermat
primes, composite Fermat numbers, Mersenne primes, or composite Mersenne numbers.

All topological groups in this paper are Hausdorff. Let F be a topological subfield
of a local field. Recall that a local field is a non-discrete locally compact topological field.
Denote by SL(n,F) the special linear group over F of degree n equipped with the pointwise
topology inherited from Fn2

, and by ST+(n,F) its topological subgroup consisting of upper
triangular matrices. In [2], Megrelishvili and the author characterized Fermat primes in
terms of the topological minimality of some special linear groups. Recall that a topological
group G is minimal [3,4] if every continuous isomorphism f : G → H, with H a topological
group, is a topological isomorphism (equivalently, if G does not admit a strictly coarser
Hausdorff group topology).

Theorem 1 ( [2], Theorem 5.5). For an odd prime p, the following conditions are equivalent:

1. p is a Fermat prime;
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2. SL(p − 1, (Q, τp)) is minimal, where (Q, τp) is the field of rationals equipped with the
p-adic topology;

3. SL(p− 1,Q(i)) is minimal, where Q(i) ⊂ C is the Gaussian rational field.

A similar characterization of Mersenne primes is provided in Theorem 5. Note that it
follows from Gauss–Wantzel Theorem that an odd prime p is a Fermat prime if and only if
a p-sided regular polygon can be constructed with compass and straightedge.

We prove in Theorem 2 that if F is a subfield of a local field of characteristics distinct
from 2, then the special upper triangular group ST+(n,F) is minimal if and only if the
special linear group SL(n,F) is minimal. This result with some other tools yields criteria
for the minimality (and total minimality) of SL(n,F) and ST+(n,F), where F is a subfield
of C (see Proposition 2, Remark 2, and Corollary 1).

As a main result, we prove in Theorem 8 that the finitude of Fermat and Mersenne
primes as well as the finitude of composite Fermat and Mersenne numbers is equivalent to
the minimality of some topological products of some matrix groups.

2. Minimality of ST+(n,F) and SL(n,F)
Let N := UT(n,F) and A be the subgroups of ST+(n,F) consisting of upper unitrian-

gular matrices and diagonal matrices, respectively. Note that N is normal in ST+(n,F) and
ST+(n,F) ∼= Noα A, where α is the action by conjugations. It is known that N is the derived
subgroup of ST+(n,F). Recall also that SL(n,F) has finite center (e.g., see [5] (3.2.6)).

Z(SL(n,F)) = {λIn : λ ∈ µn},

where µn is a finite group consisting of the n-th roots of unity in F and In is the identity
matrix of size n.

Lemma 1. Let F be a field and n ∈ N. Then, Z(ST+(n,F)) = Z(SL(n,F)) and
ST+(n,F)/Z(ST+(n,F)) is center-free.

Proof. Let (C, D) ∈ Z(NoA) and E ∈ A such that eii 6= ejj whenever i 6= j. For every i > j
it holds that

(CE)ij =
n

∑
t=1

citetj = cijejj

and

(EC)ij =
n

∑
t=1

eitctj = cijeii

Then, the equality (C, D)(I, E) = (I, E)(C, D) implies that CE = EC and cijejj = cijeii.
As eii 6= ejj, we deduce that cij = 0. Since C is an upper unitriangular matrix, it follows
that C = I. To prove that Z(ST+(n,F)) = Z(SL(n,F)), it suffices to show that the diagonal
matrix D is scalar. To this aim, pick distinct indices i, j and a matrix F ∈ N such that
fij 6= 0. As (I, D) ∈ Z(NoA), it follows that (I, D)(F, I) = (F, I)(I, D). This implies that
DF = FD and, in particular, (DF)ij = (FD)ij. This yields the equality dii fij = djj fij since D
is diagonal. We conclude that dii = djj in view of the inequality fij 6= 0. This proves that
Z(ST+(n,F)) = Z(SL(n,F)).

Now, let (B, D)Z(No A) ∈ Z(No A/Z(No A)) and (C, E) ∈ No A. By what we
proved, there exists a scalar λ ∈ F such that (B, D)(C, E) = (C, E)(B, D)(I, λI). Therefore,
DE = λDE and λ = 1. This means that (B, D)(C, E) = (C, E)(B, D) for every (C, E) ∈ NoA.
Therefore, (N o A)/Z(N o A) and its isomorphic copy ST+(n,F)/Z(ST+(n,F))
are center-free.

The following lemma will be useful in proving Theorem 2.
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Lemma 2. Let F be a subfield of a field H and let n ≥ 3 be a natural number. If L is a normal sub-
group of ST+(n, H) that intersects UT(n, H) non-trivially, then it intersects UT(n,F) non-trivially.

Proof. Since L∩UT(n, H) is a non-trivial normal subgroup of the nilpotent group UT(n, H),
it must non-trivially intersect the center Z(UT(n, H)). Then there exists

I 6= B =



1 0 . . . 0 b

0 1
. . .

... 0
...

. . . . . . . . .
...

... . . . 0 1 0
0 . . . . . . 0 1


∈ L ∩ Z(UT(n, H))

for some b ∈ H (see [6] (p. 94) for example). Since n ≥ 3 there exists a diagonal matrix
D ∈ ST+(n, H) such that d11 = b−1 and dnn = 1. This implies that

I 6= DBD−1 ∈ Z(UT(n,F)).

Definition 1. Let H be a subgroup of a topological group G. Then H is essential in G if H ∩ L 6= {e}
for every non-trivial closed normal subgroup L of G.

The following minimality criterion of dense subgroups is well known (for compact G
see also [4,7]).

Fact 1. Let H be a dense subgroup of a topological group G. Then, H is minimal if and only if G is
minimal and H is essential in G [8] (minimality criterion).

Remark 1. If F is a subfield of a local field P, then its completion F̂ is a topological field that can be
identified with the closure of F in P. In case F is infinite, then F̂ is also a local field, as the local field
P contains no infinite discrete subfields (see [9] (p. 27)).

Proposition 1 ([2], Proposition 5.1). Let F be a subfield of a local field. Then the following
conditions are equivalent:

1. SL(n,F) is minimal;
2. Any non-trivial central subgroup of SL(n, F̂) intersects SL(n,F) non-trivially (i.e., if

1 6= λ ∈ µn(F̂), then there exists k ∈ Z such that 1 6= λk ∈ F).

Theorem 2. Let F be a subfield of a local field of characteristic distinct from 2. Then, SL(n,F) is
minimal if and only if ST+(n,F) is minimal.

Proof. Without a loss of generality, we may assume that F is infinite. Suppose first that
ST+(n,F) is minimal. By Lemma 1, Z(ST+(n,F)) = Z(SL(n,F)). Since this center is finite
it follows from the minimality criterion that any non-trivial central subgroup of ST+(n, F̂)
intersects ST+(n,F) non-trivially. This implies that any non-trivial central subgroup of
SL(n, F̂) intersects SL(n,F) non-trivially. By Proposition 1, SL(n,F) is minimal.

Conversely, let us assume that SL(n,F) is minimal. In case n = 2, then ST+(n,F) is
minimal by [2] (Theorem 3.4) as an infinite subfield of a local field is locally retrobounded
and non-discrete. So, we may assume that n ≥ 3. By [2] (Theorem 3.19), ST+(n, F̂) is
minimal as F̂ is a local field (see Remark 1). In view of the minimality criterion, it suffices to
show that ST+(n,F) is essential in ST+(n, F̂). Let L be a closed normal non-trivial subgroup
of ST+(n, F̂). If

L ⊆ Z(ST+(n, F̂)) = Z(SL(n, F̂)),

then L intersects SL(n,F) non-trivially by Proposition 1. Clearly, this implies that L in-
tersects ST+(n,F) non-trivially. If L is not central, then it must non-trivially intersect
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UT(n, F̂), the derived subgroup of ST+(n, F̂), in view of [10] (Lemma 2.3). Now, Lemma 2
implies that L intersects ST+(n,F) non-trivially and we deduce that ST+(n,F) is essential
in ST+(n, F̂).

In view of Theorems 1 and 2, the following characterization of Fermat primes is obtained.

Theorem 3. For an odd prime p the following conditions are equivalent:

1. p is a Fermat prime;
2. ST+(p− 1, (Q, τp)) is minimal;
3. ST+(p− 1,Q(i)) is minimal.

The following concept has a key role in the total minimality criterion.

Definition 2. A subgroup H of a topological group G is totally dense if for every closed normal
subgroup L of G the intersection L ∩ H is dense in L.

Fact 2 ([11], total minimality criterion). Let H be a dense subgroup of a topological group G.
Then, H is totally minimal if and only if G is totally minimal and H is totally dense in G.

Theorem 4 ([2], Theorem 4.7). Let F be a subfield of a local field. Then SL(n,F) is totally minimal
if and only if Z(SL(n,F)) = Z(SL(n, F̂)) (i.e., µn(F) = µn(F̂)).

Let ρm = e
2πi
m be the m-th primitive root of unity. The next result extends [2] (Corollary 5.3),

where ρ4 = i is considered.

Proposition 2. Let F be a dense subfield of C. Then,

1. SL(n,F) is totally minimal if and only if ρn ∈ F;
2. SL(n,F) is minimal if and only if 〈ρm〉 ∩ F is non-trivial whenever m divides n.

Proof. (1) Necessity: Follows from Theorem 4. Indeed, λ = ρn ∈ C is an n-th root of unity.
Sufficiency: If λ ∈ C and λn = 1, then λ ∈ 〈ρn〉 ⊆ F. So, we may use Theorem 4 again.
(2) Necessity: Let 1 6= λ ∈ C be an n-th root of unity. Then, λ is an m-th primitive root

of unity where m divides n. Since SL(n,F) is minimal, it follows that there exists k such
that 1 6= λk ∈ F. Clearly, λk ∈ 〈ρm〉 ∩ F. So, 〈ρm〉 ∩ F is non-trivial. Now use Proposition 1.

Sufficiency: Let 1 6= λ ∈ C be an n-th root of unity. Then, λ is an m-th primitive root
of unity where m divides n. This means that λ = e

2πik
m = (ρm)k, where 1 ≤ k ≤ m with

gcd(k, m) = 1. By our assumption, 〈ρm〉 ∩ F is non-trivial. Hence, there exists l such that
1 6= (ρm)l ∈ 〈ρm〉 ∩ F. Since gcd(k, m) = 1 and λ = (ρm)k, it follows that there exists t ∈ Z
such that (ρm)l = λt. This proves the minimality of SL(n,F), in view of Proposition 1.

Remark 2. It is known that a subfield F is dense in C if and only if it is not contained in R. By [2]
(Corollary 4.8), if F ⊆ R, then SL(n,F) is totally minimal for every n ∈ N. So, together with
Proposition 2, we obtain criteria for the minimality and total minimality of SL(n,F), where F is
any subfield of C and n ∈ N.

Since C has zero characteristic, Theorem 2, Proposition 2, and Remark 2 imply
the following:

Corollary 1. Let F be a topological subfield of C.

1. If F is dense in C, then ST+(n,F) is minimal if and only if 〈ρm〉 ∩ F is non-trivial whenever
m divides n.

2. If F ⊆ R, then ST+(n,F) is minimal for every n ∈ N.
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3. Proof of the Main Result

By [2] (Corollary 5.3), SL(n,Q(i)) is minimal if and only if n = 2k, where k is a non-
negative integer. This immediately implies the following theorem concerning Mersenne
primes (compare with Theorems 1 and 3).

Theorem 5. For a prime p the following conditions are equivalent:

1. p is a Mersenne prime;
2. SL(p + 1,Q(i)) is minimal;
3. ST+(p + 1,Q(i)) is minimal.

At this point, one may expect to have similar characterizations of the Mersenne primes
involving the p-adic topology (see item 2 of Theorem 3)). Nevertheless, the following
proposition holds for all primes and not just for the Mersenne primes.

Proposition 3. Let F be a topological subfield of Qp, where p is a prime number.

1. SL(p + 1,F) is totally minimal.
2. ST+(p + 1,F) is minimal.

Proof. (1) By [2] (Corollary 4.8), it suffices to show that

Z(SL(p + 1,Qp)) = {I,−I}.

It is known that ±1 are the only roots of unity in Q2 and that for p > 2 the roots of
unity in Qp form a cyclic group of order p− 1 (see [12] (p. 15)). So, the assertion holds for
p = 2. Now assume that p > 2 and λp+1 = 1. On the one hand, the order of λ must divide
p− 1 as λ is a root of unity. On the other hand, we must also have o(λ)|(p + 1). Since
2 = p + 1− (p− 1), it follows that o(λ)|2 and we deduce that Z(SL(p + 1,Qp)) = {I,−I}.

(2) By (1), SL(p+ 1,F) is minimal. In view of Theorem 2, ST+(p+ 1,F) is also minimal.

In the sequel, we will always equip a product of topological groups with the prod-
uct topology.

Theorem 6.

1. If F is a local field, then ∏n∈N SL(n,F) is minimal.
2. If, in addition, char(F) 6= 2, then ∏n∈N ST+(n,F) is minimal.

Proof. (1) Since a compact group is minimal, we may assume without loss of generality
that F is infinite. By [13] (see also [2] (Theorem 4.3)), the projective special linear group
PSL(n,F) = SL(n,F)/Z(SL(n,F)) (equipped with the quotient topology) is minimal for
every n ∈ N. Being algebraically simple (see [5] (3.2.9)), PSL(n,F) has a trivial center.
Therefore, the topological product ∏n∈N PSL(n,F) is minimal by [14] (Theorem 1.15). As,

∏
n∈N

PSL(n,F) ∼= ∏
n∈N

SL(n,F)/Z
(

∏
n∈N

SL(n,F)
)

,

where Z
(

∏n∈N SL(n,F)
)

is compact, it follows from [15] (Theorem 7.3.1) that

∏n∈N SL(n,F) is minimal.
(2) By Lemma 1, the center of ST+(n,F)/Z(ST+(n,F)) is trivial for every n ∈ N, where

Z(ST+(n,F)) = Z(SL(n,F)). By [2] (Theorem 3.17), ST+(n,F)/Z(ST+(n,F)) is minimal.
We complete the proof using the topological isomorphism

∏
n∈N

ST+(n,F)/ ∏
n∈N

Z(ST+(n,F)) ∼= ∏
n∈N

(ST+(n,F)/Z(ST+(n,F)))
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and similar arguments to those appearing in the proof of (1).

Remark 3. In their recent paper [16], the authors call a minimal group G z-minimal if G/Z(G)
is minimal. In view of the results obtained in [2,8], it holds that in case F is a local field, then
SL(n,F) is z-minimal. Moreover, by Lemma 1 and [2] (Theorem 3.17) also ST+(n,F) is z-minimal
in case the local field F has a characteristic distinct from 2. By [16] (Corollary 4.9), a product of
complete z-minimal groups is minimal. This provides an alternative proof for Theorem 6.

Definition 3. [17] A minimal group G is perfectly minimal if G× H is minimal for every minimal
group H.

Proposition 4. Let F be a subfield of a local field. Then SL(2k,F) is perfectly minimal for every
k ∈ N. If char(F) 6= 2, then ST+(2k,F) is perfectly minimal for every k ∈ N.

Proof. Let F be a subfield of a local field and k ∈ N. By [2] (Corollary 5.2), SL(2k,F)
is minimal. Being finite, the center Z(SL(2k,F)) is perfectly minimal (see [3]). Having
a perfectly minimal center, the minimal group SL(2k,F) is perfectly minimal in view
of [14] (Theorem 1.4). The last assertion is proved similarly, taking into account that
Z(SL(2k,F)) = Z(ST+(2k,F)) and the fact that ST+(2k,F) is minimal by Theorem 2.

Corollary 2. Let n be a non-negative integer and Fn = 22n
+ 1 be a Fermat number. Then

SL(Fn − 1,Q(i)) and ST+(Fn − 1,Q(i)) are perfectly minimal. If p = Fn is a Fermat prime, then
SL(p− 1, (Q, τp)) and ST+(p− 1, (Q, τp)) are perfectly minimal, where τp is the p-adic topology.

Proof. Use Proposition 4 and the fact that Fn − 1 is a power of two.

Recall that if Mp is a Mersenne number then Mp + 1 is a power of two. So, we also
obtain the following result:

Corollary 3. Let p be a prime number and Mp = 2p − 1 be a Mersenne number. Then SL(Mp +
1,Q(i)) and ST+(Mp + 1,Q(i)) are perfectly minimal.

Using Proposition 3, together with the arguments appearing in the proof of Proposition 4,
one may obtain the following result.

Corollary 4. If F is a topological subfield of Qp, where p is a prime number, then both topological
groups SL(p + 1,F) and ST+(p + 1,F) are perfectly minimal.

Theorem 7. Let (nk)k∈N be an increasing sequence of natural numbers. Then, neither
∏k∈N SL(2nk ,Q(i)) nor ∏k∈N ST+(2nk ,Q(i)) are minimal.

Proof. We first prove that G = ∏k∈N SL(2nk ,Q(i)) is not minimal. In view of the minimality
criterion, it suffices to show that G is not essential in Ĝ = ∏k∈N SL(2nk ,C). To this aim, let

N = {(λk I2nk )k∈N ∈ Ĝ| (λk+1)
2 = λk ∀k ∈ N}.

The equality λ2
k+1 = λk implies that N is a closed central subgroup of Ĝ. Moreover, N

is non-trivial as the sequence (nk)k∈N is increasing. Let us see that N trivially intersects G.
Otherwise, there exists a sequence (λk)k∈N of roots of unity in Q(i) such that (λk+1)

2 = λk
for every k ∈ N and λk0 6= 1 for some k0 ∈ N. It follows that λk0 , λk0+1, λk0+2, λk0+3 are
different non-trivial roots of unity in Q(i), contradicting the fact that ±1,±i are the only
roots of unity in Q(i).

Now consider the group H = ∏k∈N ST+(2nk ,Q(i)). In view of Lemma 1 and what
we have just proved, N is also a closed non-trivial central subgroup of Ĥ that trivially
intersects H. This means that H is not essential in Ĥ. By the minimality criterion, H is
not minimal.
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Theorem 8. 1. Let Fπ and Fc be the set of Fermat primes and the set of composite Fermat
numbers, respectively, and let A ∈ {Fπ ,Fc}. Then, the following conditions are equivalent:

(a) A is finite;
(b) ∏Fn∈A SL(Fn − 1,Q(i)) is minimal;
(c) ∏Fn∈A ST+(Fn − 1,Q(i)) is minimal.

2. Let Mπ and Mc be the set of Mersenne primes and the set of composite Mersenne numbers,
respectively, and let B ∈ {Mπ ,Mc}. Then, the following conditions are equivalent:

(a) B is finite;
(b) ∏Mp∈B SL(Mp + 1,Q(i)) is minimal;
(c) ∏Mp∈B ST+(Mp + 1,Q(i)) is minimal.

Proof. (1) Assume first that A is finite. It is easy to see that a product of finitely many
perfectly minimal groups is minimal. This and Corollary 2 imply that both topological
groups ∏Fn∈A SL(Fn − 1,Q(i)) and ∏Fn∈A ST+(Fn − 1,Q(i)) are minimal. If A is infinite,
then ∏Fn∈A SL(Fn − 1,Q(i)) and ∏Fn∈A ST+(Fn − 1,Q(i)) are not minimal by Theorem 7.

(2) The proof is similar to (1). The only difference is that we use Corollary 3 instead of
Corollary 2.

Due to the fact that there are infinitely many Fermat numbers and infinitely many
Mersenne numbers, we immediately obtain the following corollaries of Theorem 8:

Corollary 5. At least one of the following topological products is not minimal:

• ∏Fn∈Fπ
SL(Fn − 1,Q(i));

• ∏Fn∈Fc SL(Fn − 1,Q(i)).

Corollary 6. At least one of the following topological products is not minimal:

• ∏Mp∈Mπ
SL(Mp + 1,Q(i));

• ∏Mp∈Mc SL(Mp + 1,Q(i)).

The next proposition deals with the p-adic topology τp.

Proposition 5. 1. If the set of Fermat primes Fπ is finite, then ∏p∈Fπ
SL(p− 1, (Q, τp)) and

∏p∈Fπ
ST+(p− 1, (Q, τp)) are minimal.

2. If the set of Mersenne primes Mπ is finite, then ∏p∈Mπ
SL(p + 1, (Q, τp)) and

∏p∈Mπ
ST+(p + 1, (Q, τp)) are minimal.

Proof. As noted above, the product of finitely many perfectly minimal groups is minimal.
Using Corollary 2 and Corollary 4, we complete the proof.

4. Open Questions and Concluding Remarks

In view of Proposition 5 and Theorem 8, two natural questions arise.

Question 4. Consider the following conditions:

1. Fπ is finite;
2. ∏p∈Fπ

SL(p− 1, (Q, τp)) is minimal;
3. ∏p∈Fπ

ST+(p− 1, (Q, τp)) is minimal.

Are they equivalent?

Question 5. Consider the following conditions:

1. Mπ is finite;
2. ∏p∈Mπ

SL(p + 1, (Q, τp)) is minimal;
3. ∏p∈Mπ

ST+(p + 1, (Q, τp)) is minimal.
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Are they equivalent?

Since Proposition 3 deals with all primes, we also ask

Question 6. Let P be the set of all primes. Are ∏p∈P SL(p + 1, (Q, τp)) and ∏p∈P ST+(p +
1, (Q, τp)) minimal?

Remark 7. If there were only finitely many primes, then we could have proved that both topological
products ∏p∈P SL(p + 1, (Q, τp)) and ∏p∈P ST+(p + 1, (Q, τp)) must be minimal. So, showing
that either one of these products is not minimal produces a new topological proof for the infinitude
of primes.
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