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Abstract: Recently, some researchers determined lower bounds for the normalized version of some
special functions to its sequence of partial sums, e.g., Struve and Dini functions, Wright functions and
Miller-Ross functions. In this paper, we determine lower bounds for the normalized Le Roy-type

Mittag-Leffler function Fy‘; (z)=z+ X0, Anz"t1, where A, = [ﬁ%
(7)

of partial sums (IF, 3 (z))m(z) = z+ XM, Auz" L. Several examples of the main results are also

7 .
} and its sequence

considered.
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1. Introduction and Preliminaries

Geometric Function Theory is an important branch of complex analysis. It deals with
the geometric properties of analytic functions. Special functions are very important in
the study of geometric function theory, applied mathematics, physics, statistics and many

check for other subjects. One of these functions is the Mittag-Leffler funciton [1], widely used in the
updates solution of fractional-order integral equations or fractional-order differential equations.
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which are analytic in the open unit disc 4l = {z € C : |z| < 1} and hold the normalization
condition f(0) = f/(0) — 1 = 0. Furthermore, by S we shall denote the class of all functions
in A, which are univalent in 4.

The integral transformation I[f] : & — C of f is defined by

[e9)

Mﬂ:/ﬂ?m:z+z:@ﬂ.

0 n=2 n

This is called the Alexander Transformation, and it was introduced by Alexander in [10].
Alexander was the first to observe and prove that the integral transformation I maps the
class S*of starlike functions onto the class K of convex functions in a one-to-one fashion.

Recently, Gerhold [11] and Garra and Polito [12] independently introduced the Le
Roy-type Mittag-Leffler function, defined as

COPRE z"
b &) = L an + B

In particular, whena = =1, F DEA’ﬂ) (z) leads to the following function studied by E.

«,pB,v>0, zeC.

The Le Roy-type function [13] is defined as

& 1
R, (z) = Z", y>0,z€eC.
“r( ) n;o (n!)“Y

It can be easily noted that F ﬂ%) (z) is a generalization of the familiar Mittag-Leffler function

Ea, B (Z ) .
It is clear that the Le Roy-type Mittag-Leffler function Fé}z) (z) does not belong to the

family A. Thus, it is natural to consider the following normalization of F 0%) (z):

F{)(2) = 2[T(B))"EY (2)

:z—i-i & 7Z”H, a,B,v>0, zeC. 2)
T(a(n —1) +p)
In this paper, we shall restrict our attention to the case of positive real valued «, 8, v and
zed
Observe that the function ¥ 0;2 contains many well-known functions as its special case,
for example,

1
Fgll) (z) = zé?,
]F512) (z) =e*—1,
Fglg (z) =2(e*—z—1)/z,

Geometric properties, including starlikeness, convexity and close-to-convexity, for the

normalized geometric properties of the Le Roy-type Mittag-Leffler function F” (z) were

recently investigated by Mehrez and Das in [13].
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The Taylor polynomial f,(z) of f in A, defined by
m
z)=z+ ) a,7", @)
n=2

is called the m-th section/partial sum of f.

The partial sums of analytic functions play an important role in Geometric Function
Theory in finding the largest disk 4, = {z € C: |z| < r}, which makes the partial sum
fm(z) univalent. In 1928, Szego [14] proved that if f € S, then each partial sum f,,(z)
of f is univalent in the disk {{; /4. Clearly, the partial sums of f € S are not necessarily
univalent throughout the unit disk &I, as the convex univalent function f(z) = z/(1 — z)
demonstrates. Moreover, the second partial sum f,(z) = z + 222 of the Koebe function
k(z) = z/(1 — z)? is univalent in $l; /4, and the radius 1/4 is the best possible. The radius
of starlikeness of the partial sum f,,(z) of f € §* was proven by Robertson [15].

Determining the exact (largest) radius of univalence r,, of f,,(z) (f € S) remains an
open problem. However, many other related problems on sections have been solved for
various geometric subclasses of S, for example, the classes S*, K and C of starlike, convex
and close-to-convex functions, respectively (see [15-20] and the survey articles [21,22]).

Furthermore, several researchers determined the lower bound of the real part of the
ratio of the partial sum of analytic functions to its infinite series sum. The concept of
finding this lower bound was first introduced by Silvia [23]. In [24], Silverman found the
partial sums of convex and starlike functions by developing more useful techniques. After
that, several researchers investigated such partial sums for different subclasses of analytic
functions. For more work on partial sums, the interested readers are referred to [20,25-33].

Recently, some researchers have studied on partial sums of special functions. For
example, Orhan and Yagmur in [34] determined lower bounds for the normalized Struve
functions to its sequence of partial sums. Some lower bounds for the quotients of normal-
ized Dini functions and their partial sum, as well as for the quotients of the derivative
of normalized Dini functions and their partial sums, were obtained by Aktas and Orhan
in [35]. Din et al. [36] found the partial sums of two kinds of normalized Wright functions
and the partial sums of the Alexander transform of these normalized Wright functions.
Meanwhile, Kazimoglu in [37] studied the partial sums of the normalized Miller—Ross
Function.

In this paper, we study the ratio of a function of the form (2) to its sequence of partial
sums

Y
(Faj’g( =z+ Z [n—ﬁl)ﬂ—ﬁ)] Z""Um eN, 4)

and for m = 0, we have (Fagﬁ) (z))o(z) = z.
The purpose of the present paper is to determine lower bounds for

IE;('Y) z e Fi’?)( ) ! F(W) ;n 7
m{ <“'>ﬁ() }'m{( v)) ”}'m ((7,/)5,2) R (“(f)) >
(Fa,ﬁ)m(z) ’ﬁ(z) (Fa’ﬁ)m(z) (]F ,S(Z))

m{ I[F3] ) } {U[[F”ﬁ)] }
A[FD (=) 1[F7] (2)

where I {]F( )} is the Alexander transform of IF( 7)

B @B’

In order to obtain our results, we need the following lemmas.

Lemma 1 ([13]). Let a, B, v be positive real numbers.
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(i) Ifay > 1 and a®y > B, then the sequence (by),>1 defined by

o _ T D)
n= 0
[[(an +B)]
is decreasing forn > 1.
(it) If ay > 1 and 2a%y > B, then the sequence (cy )1 defined by

_ [+ 2)[C(A)
[F(an +p)]"

n

is decreasing forn > 1.

Lemma 2. Let a, B, y be positive real numbers. Then, the function F uyﬁ) : U =C, defined by (2),
satisfies the following inequalities:

(i) Ifay > 1 and a®y > B, then

)| < [T+ B 4 Mo~ 1)
N

(ii)If ay > 1 and 2a%y > B, then

Y| < T+ B +2TE e 1)
(Ee) | < F BT Fey)

(iii) If ay > 1 and a®y > B, then

(z e d).

e rer L
2 T+ p”

C(n+ DIFE s
+ L T s P

<1+ib10¢[37

A\

- e

S Farpr Y

(ii) Using Lemma 1 for ay > 1 and 24?7y > B, we have
g v i

(e F

(n+1)[T(B
ocn+,B)'Y
”+ﬂﬁ(ﬂ

[C(an + B)]"n!

aﬁv

1+

8N48EP%

l/\
) ”M

[r(zs)]
S Tt pr

A

~(e—1).

’—1
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(iii) Let ay > 1 and a?y > B. It follows from Lemma 1 that
N L1
n:l 1’l—|—1 (“n—i_‘B)}’y

2 - (n+ 1)[1"(:3)]7 Zn+1
+ le (n+1)[T(an+B)]"n

[T =

O

Let w(z) be an analytic function in {l. In the sequel, we will use the following well-
known result:

1+ w(z) . ‘
%{17,0(2)} >0, z € Yifand only if |w(z)| <1, z € 4L

Theorem 1. Ifay > 1,a%y > Band [T(a + B)]” > [[(B)]" (e — 1), then

F(’Y)(Z) . _
apB [T(a+B)]" — [L(B)]"(e—1)
‘ﬁ{ (Fa?lg))m(z)} - [T(a+ B)]" , z€4, ®)
and
(FN’Y,B))"”(Z)) [r(‘x_"_ﬁ)],y
%{ ngﬁ)(z) } - [C(a+B)]" +[T(B)]"(e—1) z € 4. (6)
Proof. From inequality (i) of Lemma 2, we obtain
2 B+ M) (e = 1)
T+ Ll < L ,
or equivalently
e Y §
(T@ress) Sl <
where i, 7
An = [F(D&(ﬂ—l)—l—ﬁ)] ’ (7)

In order to prove the inequality (5), define the function w(z) in { as follows:

1+w<z>_< T(a+p)" ) F3) [t p) — L)' (e—1)
=@~ \FE -1/ | 71),0 @+ B)’

_ 1D A+ (it ) Trome An"
- T+ | Az

®)
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Now, from (8), we can write

[T(x+B)
([F(,B‘)k]ﬁ) Zn m+1 Apz"

w(z) = |
242500 Auz" + ({g(ﬁ(ﬂ%) Y A
thus, we have
_[(atp)]” T A
|ZU(Z)| < ([ T(B)]"(e— 1)) n=m-+1

2— 22 1|An|7(%)2n m—l—llAn'

This implies that |w(z)| < 1if and only if

[C(x+p)]”
(rre ), 24 =22 S
This further implies that

- [[(a+B)] 3

I = IR ©

It suffices to show that the left hand side of (9) is bounded above by

(Fwrees) S

which is equivalent to

T+ B)]" — [T (e—1)\ &
( TE)](e—1) )ZlAnlzo.

To prove (6), we write

1+ w() _ ([r<a+ﬁ>w+ [r(xam(e—l)) (Fypin(z) [r(+B))"
T—w(z) T (e—1) R TPl + T 1)
e np A (BTN 7 A
T+Y" Apzt ‘
Therefore,

et p) [T B
(M ) S 4l

w0(z)] < L i <1
225 |An| — (PO ) e Al
The last inequality is equivalent to
[C(x+p)]” ) 3
An| + < Anl < 1. (10)
L+ (Gmes) L4

Since the left hand side of (10) is bounded above by <[1“[(ﬁ(l)¥];ﬁ> Y o1|An|, this completes

the proof of our theorem. [

Theorem 2. Ifay > 1,202y > Band [[(a+ B)]” > 2[T(B)]" (e — 1), then
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) !
ol F5@) | rarpr —ar@re-n __, )
EDm@ |~ [C(a+p)]" ' '
and
(i n(2) M+ p)"
m{ () [ Ter A arere-n 1 -
a,p
Proof. From part (ii) of Lemma 2, we observe that
s [C(a+p)]" +2[C(B)]"(e—1)
e R (LT A
where A, as given in (7). This implies that
[Cla+p .
(awrers) Sovoia <t
Consider
1+ w(z)
1—w(z)
(jmeenr (Fos @) [ra+p) —2r() e~ 1)
20(B)]" (e =1) /) | (FM))1 (2) [C(a+p)]"
«p
L+ D (n+ D) Anz + (Rt ) B (14 1) Anz”
B 1+ 271:1 (T’l + 1)Anz"
Therefore,
[C(a+p)]”
lw(z)| < <2[r(ﬂ)]+ )Z; = (74 1)l <1.
22500 (0 + 1) Al = (GEG S ) o (1 4+ 1] Al
The last inequality is equivalent to
S [C(a+p)]" c-
L i+ (e ), X 0 Dl <1 1

It suffices to show that the left hand side of (13) is bounded above by

T+l ) &
(reres > L, (n+ 114

which is equivalent to

[+ B))7 —2[T(B)] (e~ 1) &
( 2T (B (e —1) )Z”“'A'>O

n=1



Axioms 2023, 12, 441 8 of 12

To prove the result (12), we write

14+ w(z)
1—w(z)
_ ([r(wﬁm+2[r</s>me—1>> GHAON [C(a+B)]"
2[T(B)]"(e—1) (]Ffjﬁ) (Z))' [F(a+B)]" +2[T(B)]7 (e —1)
where
[T(a+/3)]7+2[F(/5)W(671) co 1A,
‘W(Z)l < ( 2[r(p)]” (B[rl)Jr )]v)ziiz )7]7?:1(;1 + )| | <1
2722;? (n+1)|An|7 < g[r( )7 (e—1) Zn m+1(n+1)|An|
The last inequality is equivalent to
- [C(a+B)]” S
Lo+ ia+ (e ), L, 0 Dl <1 )
It suffices to show that the left hand side of (14) is bounded above by
Cla+pl” \ ¢
(arptem7) 0 Vi
The proof is complete. [
Theorem 3. Ifay > 1,a%y > Band [T (a + B)]” > [[(B)]" (e — 2), then
L ) ) P
AF ] (2) T(a+ B)]
and
(IF ) m(2) T+ )"
‘ﬁ{ G [ Terpr+rere—2 % (10
where I[F ojﬁ) | is the Alexander transform of ngﬁ)

Proof. To prove (15), we consider from part (iii) of Lemma 2 that

© |Au _ [t B +[TE) (—2)
Flur s T+ p) /

or equivalently

| /\

(Fore-m) 5

where A, as given in (7). Now, we write

=@ \TEe-2) | ) Fa+pI”
Y 0 n
1 + Zr 1 L‘i”lz + ([r[{’é‘;ﬁé)lz)) Zn:erl ‘nﬁl‘z (17)
1+ ;‘ﬁll z"

1+w<z>_< T(a+p))" )[ IF3E) [+ p) — [T(B)]"(e—2)
[ (
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Now, from (17), we can write

T'(a+p)]" 00 Ay
([1"[( ()X]Wélz)) Zn:m+1 n-i—lZ
n r i 0 n n'
2 + Zzn 1 n+1Z + ([J(é%ﬁ(@l@) Zn:erl nf}HZ

Using the fact that |w(z)| < 1, we obtain

C@ip)]” \ o A
(Frels) S it

Ay _ (el =t
2-2Ya 1w — (W> Ln=m+1 i1
The last inequality is equivalent to
Al < [C(a+p)]” ) v 1A
+ <L (18)
n; n+1 - \[T(B)"(e—2) n:;Jrl n+l1

It suffices to show that the left hand side of (18) is bounded above by (%{7@2)) Yo Lﬁ”ll ,

which is equivalent to

T+ B - MBI e Al
(e )Zrm—

The proof of (16) is similar to the proof of Theorem 1 and is thus omitted. [

2. Special Cases

In this section, we obtain the following corollaries for special cases of 1, a, f and v for
the functions listed in Remark 1.
Choosing m =0,y = 1,2« = 2 and B = 1 in Theorem 1, we obtain the following result.

Corollary 1. The following inequalities hold true:

R{cosh(vz)} > ST 0.14086, =z €\,

and )
> ~ 0.537 88, z € 4l

9{{ coshl(ﬁ) } “1+e

If we takem =0,y =1, &« =2 and f = 2 in Theorem 1 and Theorem 2, we obtain the
following corollary.

Corollary 2. The following inequalities hold true:
m{ Vzsinh(vz) } > 7: ~ 071362,  zedl,

z

z 6
R > ~ 0.777 38, ey,
{ﬁsinh(ﬁ)}5+e z

%{; cosh/z +

\[smh\f} 3e~ z €4,

and

1 3
R > ~ 0.63582, =zl
{%cosh\/i+2\1ﬁsinhﬁ} T 2+e
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If we takem =0,y =1,a =2 and = 3 in Theorem 1 and Theorem 2, we obtain the
following corollary.

Corollary 3. The following inequalities hold true:

m{ 2[cosh(;/2) —1] } > 13& ©~ 085681, zedl

z 12
R > ~ 0.87475, ey,
{2[cosh(\/£) —1]} “1lte z

7

9‘{{\2 sinh ﬁ} >

%{ﬁ }2 6 ~ 0.77738, z el
sinh \/z 5+e

Choosing m =0,y =1, « = 2 and B = 4 in Theorem 2, we obtain the following result.

ge ~ 071362, z€

and

Corollary 4. The following inequalities hold true:

%{Sﬁcoshﬁ—Bsinh\/E} S 11

—e
~ 0.82817, e 4,
zy/z z

10

and
9%{ z/z
3y/zcosh \/z — 3sinh \/z

}> 10 <o085337, zeuw
9+4e

/
Remark 1. Putting m = 0 in inequality (11), we obtain SR{ (ngﬁ) (z)) } > 0. In view of the

Noshiro-Warschawski Theorem (see [17]), we have that the normalized Le Roy-type Mittag-Leffler
function is univalent in  for [T (a + B)]” > 2[T(B)]" (e — 1), where ay > 1 and 20~ > B.

3. Conclusions
In our present investigation, we have considered normalized Le Roy-type Mittag-

Leffler function IF 1547/5) (z) and determined lower bounds for

m{ Fyj(2) }m{ oFJg)m(z)}% (Fp@) | [ e
(FV A ) !

Dnz) Epn@ || (FD @)

. 1[F] 2) A[FR])n(2)
Furthermore, we give lower bounds for R o o 7 R and R — T where
A[F )n () 1[F](2)

I [Ra,ﬁﬁ] is the Alexander transform of R, g . Several examples of the main results are also
considered.

Making use of Le Roy-type Mittag-Leffler function Fi}s) (z) defined in (2) could inspire
researchers to introduce and study new subclasses of analytic functions and obtain new
properties of these classes, such as coefficient properties, distortion theorems, extreme
points, etc. Furthermore, one can introduce new subclasses of bi-univalent functions
and estimate the second and the third coefficients in the Taylor-Maclaurin expansions of

functions belonging to these classes.
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