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Abstract: In this study, we consider different types of convex-exponent products of elements of a
certain class of log-harmonic mapping and then find sufficient conditions for them to be starlike
log-harmonic functions. For instance, we show that, if f is a spirallike function, then choosing a
suitable value of v, the log-harmonic mapping F(z) = f(z)|f(z)|?" is a-spiralike of order p. Our
results generalize earlier work in the literature.
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1. Introduction

Let E be the open unit disk E = {z € C : |z| < 1} and H(E) denote the linear space of
all analytic functions defined on E. Additionally, let A be a subclass consisting of f € H(E)
such that f(0) = f/(0) —1 = 0.

A C?-function defined in E is said to be harmonic if Af = 0, and a log-harmonic
function f is a solution of the nonlinear elliptic partial differential equation

75 fZ (1)

= =4ad—,

fof
where the second dilation function a € H(E) is such that [a(z)| < 1forall z € E. In the
above formula, f, means (fz). Observe that f is log-harmonic if log f is harmonic. The au-

thors in [1] have proven that, if f is a non-constant log-harmonic mapping that vanishes
only at z = 0, then f should be in the form

f(z) = 2"|z*"Ph(2)3(2), @

where m is a nonnegative integer, Re > —%, while i and g are analytic functions in #(E)
satisfying ¢(0) = 1 and h(0) # 0. The exponent B in (2) depends only on a(0) and is
given by

p=a0) 11—+|aa((00))|2' o

We remark that f(0) # 0 if and only if m = 0 and that a univalent log-harmonic
mapping in E vanishes at the origin if and only if m = 1, that is, f has the form

f(z) = z|zl*Ph(2)3(2),
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where Re > —1 and 0 ¢ hg(E).

Recently, the class of log-harmonic functions has been extensively studied by many
authors; for instance, see [1-10].

The Jacobian of log-harmonic function f is given by

Jf(z) = |21~ la(z)?) @)

and is positive. Therefore, all non-constant log-harmonic mappings are sense-preserving in
the unit disk E. Let B denote the class of functions a € H(E) with |a(z)| < 1 and By denote
a € B such that a(0) = 0.

It is easy to see that, if f(z) = zh(z)g(z), then the functions & and g, and the dilation

a satisf
o W@ _ (g, ) .
~a(14 557 ) ®

Definition 1. (See [2].) Let f = z|z|*Ph(z)g(z) be a univalent log-harmonic mapping. We say
that f is a starlike log-harmonic mapping of order o if

aargf(reie) B Rezfz —Zfz -

= <
% 7 , 0<a<1
forall z € E. Denote by STy g (a) the class of all starlike log-harmonic mappings.

By taking B = 0 and g(z) = 1 in Definition 1, we obtain the class of starlike analytic
functions in A, which we denote by §*(«).

The following lemma shows the relationship of the classes STy («) and 5*(«).

Lemma 1. (See [2].) Let f(z) = z|z|*Ph(z)g(z) be a log-harmonic mapping on E, 0 ¢ hg(E).

Then, f € STyy(a) if and only if ¢(z) = ?((ZZ)) € 5*(w).

In [2], the authors studied the class of a — spirallike functions and proved that, if
f(z) = z|z|*Ph(z)g(z) is a log-harmonic mapping on E, 0 ¢ hg(E), then f is a — spirallike if

Re(e—i“‘zfzfzfz> >0, 0<a<1

for all z € E. We remark that a simply connected domain () in C containing the origin is
said to be a — spirallike, —F < a < F if wexp(—te®) € Q forall t > 0 whenever w € Q
and that f is an a — spirallike function, if f(E) is an a-spiralike domain. Motivated by this,
we define the class of & — spirallike log-harmonic mappings of order p as follows:

Definition 2. Let f(z) = z|z|*Ph(z)g(z) be a univalent log-harmonic mapping on E, with
0 ¢ hg(E). Then, we say that f is an a — spirallike log-harmonic mapping of order p (0 < p < 1) if

Re(e_i”‘zfzf(_z)zfz> > pcos (z€E)

for sone real a(|a| < T). The class of these functions is denoted by S§ (). Furthermore, we
define St (1) = Mo<p<1 Stu(p)

Additionally, we denote by S*(p) the subclass of all f € A such that f is a-spiralike of
order p and S%(1) = No<p<1 S*(p)-
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Lemma 2. ([2]) If f(z) = z|z|*Ph(z)g(z) is log-harmonic on E and 0 ¢ hg(E), with Rep > —1,
then f € Sty (p) if and only if p(2) = Z155 € 5*(p).

In the celebrated paper [11], the authors introduce a new way of studying harmonic
functions in Geometric Function Theory. Additionally, many authors investigated the linear
combinations of harmonic functions in a plane; see, for example, [12-14]. In Section 2 of this
paper, taking the convex-exponent product combination of two elements, a specified class
of new log-harmonic functions is constructed. Indeed, we show that, if f(z) = zh(z)§(z) is
spirallike log-harmonic of order p, then by choosing suitable parameters of « and v, the
function F(z) = f(z)|f(z|? is log-harmonic spirallike of order &. Additionally, in Section 3,
we provide some examples that are constructed from Section 2.

2. Main Results

Theorem 1. Let f(z) = zh(z)g(z) € STru(p), (0 < p < 1) with respect to a € By,
¢ € S*(y),(0 < <1)and a, B be real numbers with « + B = 1. Then, F(z) = f(z)*K(z)P is
starlike log-harmonic mapping of order ap + By with respect to a, where

_ a(s) ¢'(s)
K(z) = ¢(2) exp{ZR /0 o o ds}.

Proof. By definition of F, we have

% J}Z—i—ﬁ and

Additionally direct computations show that

=ua= 4+ p—. (6)

K; _ 1 9'(2)

Kz a(z) ¢'(2)
K T=a@ ot ™ K~ 1-a@ 602) )
Now, in view of Equations (6) and (7),
E of +,B§ ol + %
e it
T aFtPE aF +PE
On the other hand,
zFZ—ZTz_ zfZ & B zfz
Zfz Zfz zKz &
> wp + By.

The above relation shows that F is a log-harmonic starlike function of order ap + 7,
and the proof is complete. [

Theorem 2. Let f(z) = zh(z)g(z) € SﬁH (p) with respect to a € By and vy be a constant with
Rey > —1. Then, F(z) = f(z)|f(2)|*" is an a — spirallike log-harmonic mapping of order p
with respect to
a(z) = %,
1+ 9+ 7a(z)

tan f+2Imy )

where |B| < § and o = tan_l( TroRey
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Proof. By definition of F, we have

F(z) = f@)|f (@)Y =z 772"H(2)G(2),

where
H(z) =h'"(2)g7(z)  and  G(2) = h7(2)g"7(2).

With a straightforward calculation and using Equation (5),

zF, zh () zg'(z) zh ()
and

ZTFZ = 7<1 + ZZ;?) +(1+ 7)7“5:;;) = (1 + ZZ;?) (7 + (1 +7)a(2)).

If we consider
(75)
a(z) = TRG)
F(z)

then

bz = 1T (1+7)a(z)
(IT+7) +7a(z)

Now, in view of |a(z)| < 1, it easy to see that |d(z)| < 1 provided that ’%’ <1,

which evidently holds |y|> < |1+ 7|? since Rey > —3, and this means that F is a log-
harmonic function.

Additionally, by putting

we have
zH(z)  zh(z)'t7g(z)7

Y ST T e

Then, we obtain

e EE et (et e ) - (a4 - e i
. . !/
= (e 4 70) + (14 e — 7] (14 5 )
h(z)
=i —in)28'(2)
—[(14+7)e® — qeit
[(1+7)e™ — e <)
The condition on &« ensures that
—in _ i _ COS& _ig it _ o —in _ COSR g
(T4 7)e e —Cosﬁe and (14+7)e"™ — e —COS’Be ,

because by letting v = 1 + i72, the first equality holds true if and only if
cosBcosa —i(1+271) sinacos B + 27y, cos B cosa = cosa cos B — i cosa sin B
or, equivalently, after simplification

293cotp— (1+29;) tanacot p = —1
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or P
.1 tanf+2Imy
%= fan ( 1+ 2Rey >
Thus, by hypothesis,
_in 2V (2) cos ( _i zh'(z) 529 (2)
Re{e ™ = Re( e P(1+ — P2 V) S peosa
@ T s T ) T e ) 7

and it follows that F is an a-spirallike log-harmonic mapping of order p in which the
dilation is 4(z). O

Theorem 3. Let fi(z) = zhi(2z)gk(z) € SfH(p) with k = 1,2 and with respect to the same
a € By and <y be a constant with Rey > —%. Moreover, let

F(z) = i@A@PT  and  E(z) = L&) fE)1P.

Then, F(z) = FMz)F}~M(z) is an a-spirallike log-harmonic mapping of order p with
respect to
(1+7)a(z) +7

a(z) = 1+ 9 +7ya(z) ’

T o —1 ( tan B+2Im7y
where |B| < 5 and & = tan (W

Proof. According to the definitions of F; and F,, we have

FMz) = ()| fi(z)]P)*
—_ A
= (227 (2)8] (2)h] ()17 (2))

and

B (2) = (h()| A=) P
—— 1A
= (2221, (2)83 (2)1] (2)g5 7 (2))

Putting the values of F}' and l-"Zl_)L on F, we obtain

F(z) = (P (@)l (I (g7 (@) (EePT i (28] ] @)gh 7 (2))
= z|z|*YH(2)G(2),

where

H(z) = h1(2)* ) g1 (2) My (2) D047 gy (2) (=17 (8)

and

G(z) = (Z)/ng(Z)A(Hwhz(z)(1_/\)7g2(z)(1_)‘)(1+7). )

Now, we show that the second dilation of F i.e., ji(z) satisfies the condition |u(z)| < 1.
For this, since

u(z) =

\_/\/




Axioms 2023, 12, 409

6 of 13

we have
Fi3(z) Fyz(z)
( Afl(z)+(1_/\)fzzz)
Fy, B,
A Fll ((zz)) (1 /\) 1-"22((22))

AT+ 50 + 1+ B + (1= DF A+ 52) + 1+ 7))

AL+ 7)1+ 50 + 938 4 (1 - A)[(1+ )(1+ =)+

T+ A+ Ta@] + 1 - DA+ ) F + 1+ Pa(z)]

(1 +7) +7a(z)] + < N1+ 22)[(1+7) + 7ya(2)] (10)
1- 1)1+ 227 + (14 Pa(2)]

1- )1+ 321+ ) +7a(2)]

T
h2
T

and the condition Rey > —1 ensures that |;1(z)| < 1 in E, which implies that F is a locally
univalent log-harmonic mappmg Now, to prove

F(z) = F'(z)l; " (2) € Stu(p),

zH(z)
G (Z ) p2in

we have to show that ¢(z) = € §%(p). However, a direct calculation shows that

CzH(z) W (28 ()T (2)g M (2)

P ™ T T e T e
Now,
—iale”(Z)
T
=@ - @ - (e - )]
—in _ _ ezm— Zh/z(z) _ v 6210( Zgé(z)
et @ N +0) - TR (e - B2 )
_ _,)/e*ilX _'_eilX,?
(et o+ ) - (et — g B
_ el _ pitm Zhlz(Z) e el Zgé(z)
=0+ )1+ T2 (e e B2
By hypothesis, we know that
(1+7)e ™ —7el® = %e*iﬁ and (1+7)e™ —qe ™ = zgz; e,
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so
> pcosa

and the proof is completed. O

Theorem 4. Let f(z) = zhi(2)g,(z) € SfH(p) with respect to a, € By(k = 1,2). Moreover,
suppose that Rey > —3,

Fi(z) = fi(2)|A(2) P77 and Fx(z) = fa(2)|fa(2) 7.
If

Re

(1—=a1(z)az(2)) (1 + lei((;)) (1 + Z}Zﬁ((;)))] >0 (foranyz € E),
then
F(z) = F'(2)F, *(2) € Stu(p),

o —1 ( tan B4-2Im7y
where |B| < 5,0 <A < 1land « = tan (15271@7)

Proof. Using the same argument as in Theorem 3, we have
F(z) = 2|z|"H(2)G(2),

where H(z) and G(z) are defined by Equations (8) and (9). Now, we show that the second
dilation of F, i.e., ji(z), satisfies the condition |y(z)| < 1. For this, since

using a similar argument to the relation Equation (10) of Theorem 3, we have

n(z)] =

AL+ )T+ 1+ Pa)] + (1 - )1+ 2)[F+ (1 +7)az(2)]‘
AU+ T[4+ 7) +ym(2)] + (1= A1+ 22)[(1+7) + 1a(2)]

However, by hypothesis, we obtain

/

/ 2
A+ THIA+) + 90 @]+ 0=+ T+ ) +902(2)

, 2
zhj

- [+ EDE+ @)+ - ED A+ D)

(1- |az|2)>

+ (2Rey +1) (2/\(1 — MRe[(1—ma)(1+ Z:/ )(1+ Zhh’ )]) > 0.
1 2

zh’

zh’
14+ — I

1—|—h

= (2Re'y+1)</\ (1—|a*) +(1-1)2
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Therefore, |u(z)| < 1 in E, which implies that F is a locally univalent mapping.
Moreover, by following a similar proof to that in Theorem 3, we observe that

F(z) = B (2)K, 7 (2) € Sip(p)
and the proof is completed. [

Theorem 5. Let fi(z) = zhi(z)3,(z) be univalent log-harmonic functions with respect to
ay € Bo(k = 1,2) and Rey > — 3. Moreover, suppose that zhygy, = ¢y (z), where

¢or(z) = zexp{Z/OZ i%dt}
and
Fi(z) = i) i(2) "

and
Then,

B(z) = f2(2)|f2(2)[*".

F(z) = F}(z)E Mz) € S¥y(1)
where0 < A < land a = tan_l(lfz%),

Proof. Since zhgr = ¢x(z), by definition of a;(z) and ¢%(z), we obtain

1+ zh} (z) 1

W@ - 1-m@ b2
Let

ael
ny

(z
uz) = 12
F(z

Using a similar argument to the relation in Equation (10) of Theorem 3, we obtain

—

Ja]

—

—

lu(z)| =

AMl=—am@)T+ A +7)m(z)] + (1 =) (A =a1(2)[7 + (1 +7)aa(2)]
A1 = a(2)[(1+7) +ya(2)] + (1= A) (1 = a1 (2))[(1+7) + 7a2(2)]

Now, |u(z)| < 1is equivalent to

P(A) = (A1 = a2(2)[(1+7) + a1 (2)] + (1= ) (1= a1 (2))[(1+7) + 7a2(2)]
— M1 —a(2)) [y + A+ 7ar(2)] + (1 = M1 —ar(2) [7 + (1 +7)az(2)]]
= (2Rey + 1)[A%[1 — a2 (2) *(1 — |a1 (2)]?)

+2A(1 = A)Re[(1 = a2(2)) (1 — a1(2)) (1 — a1 (2)az(2))]
+ (1= )21 = a1(2) (1~ |ax(2)]*)] > 0.

However, by taking the derivative of (1), we have
' (1) =2(2Rey + 1)
[Re[(1 - a2(2)) (1 = 01 (2)) (1 = ()22 ()] = [1 — an (2) (1~ |ax(2) ),
which shows that ¢ is a continuous monotonic function of A in the interval [0, 1]. Since

$(0) = (2Rey +1)|1 —az(2) (1 = |ar (2)*) > 0
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and
p(1) = (2Rey +1)[1 — a1 (2)|*(1 — |az(2)]*) > 0,

we deduce that ¢(A) > 0 for all A € [0,1], which implies that F is a locally univalent
mapping. Now, to prove
F=F'F, e s}y (11)

we have to show that ¥(z) = GZ(H)(ZZL € S%(1), where H(z) and G(z) are defined by
z e

Equations (8) and (9). A direct computation such as that in Theorem 3 shows that

(14 )e~i* — el @ +7)el — qein 9
cos « o cos & o

Additionally, we note that

P B WL S S
hi &1 hy &
Using these relation and the same argument as that made in Theorem 3, we obtain
P(z) = GZ(H)(ZZL € 5%(1), and the proof is complete. []
z e

Theorem 6. Let fi(z) = zhy(2)g,(z)(k = 1,2) be log-harmonic functions with respect to
ay € Bo. Moreover, suppose that zhygx = z and

F(z) = A@IAEPT  and  B(z) = LE)|RE) P

Then,
F(z) = F(2)F, (2) € Sty (1),

where0 < A < landua = tanfl((lfz%)_

Proof. Since zhg, = z, by definition of a(z), we obtain

zh (z) 1

LR P Sl ey

(k=1,2).

Using the same argument as that in Theorem 5, we obtain our result, but we omit the
details. [

3. Examples

We provide several examples in this section.
Example 1. Let Rey > —% and

(1 + z)lcos p(1=p)e—1]

=\ [(1—p) cos BelP—e?P] 11 _ =\(1—p) cos BeP
(1= e 3 -2 '

flz) =z

Then, it is easy to see that f is a B-spirallike log-harmonic mapping of order p with respect to
a(z) = —ze 2P Now, Theorem 2 implies that the function F(z) = f(z)|f(z)|*" is a a-spirallike
log-harmonic mapping of order p with respect to

iz) = (LET 4T
T (4) e TPz




Axioms 2023, 12, 409

10 0f 13

where 5yal
. _q(tan B+ 2Im7y
a = tan (1 + 2Req .

The image in Example 1 is shown in Figure 1.

oV
"

Figure 1. Image of F(z) for § = 0.5, p = 1, and v = 0.25 in Example 1.

Example 2. Let Rey > —%,0 < a <1, f1 be the function defined in Example 1 and

(1 2lenp i
fz(Z) =z (1+a—2p)

(1 — az) i cosp?

— . . 1+a—2 .
(142 5 gl gy R et

Then, it is easy to see that fy and f, are B-spirallike log-harmonic mappings of order p with
respect to ax(z) = ay(z) = —ze%P. Additionally, suppose that

Fi(z) = A@)AE)PT and B(z) = fo(2)| f2(2)[7.
Then, Theorem 3 shows that

F(z) = F(z)l; " (2) € Stu(p),

where 0 < A < land a = tan_l(%)

Example 3. Let Rey > —%,

z 1-2z
A =gV i
and z )
= Rer—
f2(z) T3¢ .
Firstly, we show that f1 and f, are log-harmonic starlike functions of order 1/2 with respect
toay(z) = —zand a(z) = 5=, respectively. A direct computation shows that
z(fi): _ 1 Z(fi)z) _ _—z
f1 1—22’ f1 1—22

z(f2): _ 2-z Z(f2)z z
fo o 2(1-22) ( )
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Therefore, we obtain
(B2 a2 o (B il
h h fa f2
and this means that f1 and f, are locally univalent log-harmonic functions. Additionally,
2(f1): —2(f))z _ 1 Z \_get 1
Re i = Re 1_22+1_22 —Rel_z>2,
" (s~ 2() 2 1o
Z\J2)z —2{J2)z —Z z
Re——=———"—==R - =Re—— > .
TR (- mm) M
Hence, f1 and f, are starlike log-harmonic functions of order 1/2. Additionally, let
Fi(z) = i(2)A(2)" and F(z) = f2(2)| f2(2) P
Since for z = retf,
zh zh)
Re(1 —a1dp)(1+ 52)(1+ =-2)
hy hy
1 1 1— |z 1
= (1-|z))R = R
A= R =2 = TR a9
1—12
11— r619|2( r)
Theorem 4 implies that
1
F(z) = K ()R, (2) € Siu(y),
1 2
where ) < A < 1and « = tan 1(%)
The images in Example 2—4 are shown in Figures 2—4.
Example 4. Let Rey > 1, a1(z) = z, and hy(z) = g1(z) = 1=5. Moreover, let ay(z) = —z

and hy(z) = go(z) = 11? Then, it is easy to verify that all conditions of Theorem 5 are satisfied.

Hence, according to Theorem 5, by taking

_ 2|z
Fi(z) = 11—z 21(1 - z)+ 2y
and | ‘2
z|z|=Y
k@) = arymar g
we have

F(z) = F(2)F, "(2) € Sty (1),

o -1 2Imy
where 0 < A < 1and x = tan (W)

Example 5. Let Rey > —1, a1(z) = —zand hy(z) = L.,4(z) = 1— 2z Moreover, let
ay(z) = z and hy(z) = %—i—z’ 92(z) = 1+ 2z. Then, it is easy to verify that all conditions of

Theorem 6 are satisfied. Hence, according to Theorem 6, by taking
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2 _ 5 2 -
Fi(z) = Z|7~|(17£1Z) 2 and F(z) = —Z|Z|(;f;)r Z),
we have
F(z) = F(z)F; *(2) € Siu(1),

_ -1 2Imy
where 0 < A < 1and a = tan (_lprr_ZRe'y)'

Y

p—

-4

Figure 2. Images of f1(z) and f»(z) in Example 3.

-4

Figure 3. Images of F; (z) and F,(z) for v = 1 +i in Example 3.

_id

Figure 4. Image of F(z) for y = 1+iand A = 0.5 in Example 3.



Axioms 2023, 12, 409 13 0f 13

4. Conclusions

In this paper, we have shown that, if f(z) = zh(z)g(z) is spirallike log-harmonic of
order p, then by choosing suitable parameters of a and 7, the function F(z) = f(z)|f(z|*"
is log-harmonic spirallike of order a. Moreover, we provide some examples for the
obtained results.
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