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Abstract: In this paper, we aim to establish several estimates concerning the generalized Euclidean
operator radius of d-tuples of A-bounded linear operators acting on a complex Hilbert space /¢,
which leads to the special case of the well-known A-numerical radius for d = 1. Here, A is a positive
operator on 7. Some inequalities related to the Euclidean operator A-seminorm of d-tuples of
A-bounded operators are proved. In addition, under appropriate conditions, several reverse bounds
for the A-numerical radius in single and multivariable settings are also stated.
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1. Introduction

The theory of inequalities remains a very attractive area of research in the last few
decades. In particular, the investigation of numerical radius inequalities in Hilbert and
semi-Hilbert spaces has occupied an important and central role in the theory of operator
inequalities. For further details, interested readers are referred to the very recent book by
Bhunia et al. [1].

Throughout the present article, .7 stands for a non-trivial complex Hilbert space with
inner product (-, -) and the corresponding norm || - ||. By B(.%#), we denote the C*-algebra
of all bounded linear operators acting on J#. The identity operator on J# will be simply
written as I. Let T € B(.#). The range and the adjoint of T will be denoted by R(T)
and T*, respectively. An operator T € B(.¢) is called positive and we write T > 0 if
(Tx,x) > 0forallx € 5. If T > 0, then T1/2 denotes the square root of T.

If S is a subspace of 7, then we mean by S the closure of S in the norm topology of
J€. Let C be a closed subspace of s#. We denote by P the orthogonal projection onto C.

For the rest of this work, by an operator, we mean a bounded linear operator acting on
. We also assume that A € B(.%¢) is a non-zero, positive operator. Such an A defines the
following semi-inner product on .7

X, = (Ax,y) = Al/zx,Al/2 ,
Yia y y

for all x,y € 7. The seminorm on % induced by (-, ) 4 is stated as: ||x|| 4 = ||A'/%x|| for
every x € . Hence, we see that the above seminorm is a norm on # if and only if A is a
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one-to-one operator. Furthermore, one can prove that the semi-Hilbert space (7, || - || ) is
a complete space if and only if R(A) = R(A). The A-unit sphere of 7 is defined as

Sh=1{yeA; |lyll,=1}

We refer the reader to the following list of recent works on the theory of semi-Hilbert
spaces [1-6].

Let T € B(27). We recall from [7] that an operator R € B(.%) is called an A-adjoint
of T if the equality

(Ty,z) o = (Y, Rz)4

holds for all y,z € J#, thatis, AR = T* A. In general, the existence and the uniqueness of
an A-adjoint of an arbitrary bounded operator T are not guaranteed. By using a famous
theorem due to Douglas [8], we see that the sets of all operators that admit A-adjoint and
Al/2_adjoint operators are, respectively, given by

B, () = {S € B(#); R(S*A) C R(A)},
and
B,i2() = {S € B(#); 37 >0 suchthat ||Sx||, < {|x[|4, Vx e 2}

When an operator S belongs to B 41,2(.7), we say that S is A-bounded. It is not difficult
to check that B4 () and B 41,2() represent two subalgebras of B(.#). Moreover,
the following inclusions

Ba(H) CBg1/2() C B(H)

hold and are, in general, proper. For more details, we refer to [7,9-11] and the references
therein. We recall now that an operator S € B(.%) is called A-self-adjoint if AS is self-
adjoint. Clearly the fact that S is A-self-adjoint implies that S € B 4 (.#). Furthermore, we
say that an operator S is called A-positive (and we write S >4 0) if AS > 0. Obviously,
A-positive operators are A-self-adjoint. For S € B 41/2(%), the operator A-seminorm and
the A-numerical radius of S are given, respectively, by

[Sla=sup [|Sx||la and wa(S) = sup |(Sx,x) 4. @)
xeSY xeSY

The quantities in (1) are also intensively studied when A = I, and the reader is referred
to [12-22] as a recent list of references treating the numerical radius and operator norm of
operators on complex Hilbert spaces.

If S € Bs(s), then by the Douglas theorem [8], there exists a unique solution,
denoted by S*4, of the problem: AX = S*A and R(X) C R(A). We emphasize here that if

S € B(H), then STa € B, () and (Sta)Ta = PSS Priay:
Now, let 7 = (Ty,..., T;) € B j12(# ) be a d-tuple of operators. According to [23],

the following two quantities

wu(T) = sup Z| Ty, y)al%
]/ESl _

d

ITla = sup | 3 I Tyl
yesh \ k=1

and
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generalize the notions in (1) and define two equivalent norms on B 41/2(#)4. Namely,
we have

;HHTHA < wa(T) < | Tlla, @)

for every operator tuple 7 = (Ty,...,Ty) € B ,41,2(5#)%. Note that wa(7) and |74
are called the joint A-numerical radius and joint operator A-seminorm of 7, respectively.
The above two quantities have been investigated by several authors when A = I (see for
instance [24-27]). Another joint A-seminorm of A-bounded operators has been recently in-
troduced [28]. Namely, the Euclidean A-seminorm of an operator tuple 7 = (Ty,...,T;) €
B j1/2(#)% is given by

1T llea = sup 1T +...+viTyla, 3)

(Vl,...,Vd)Egd

where B; denotes the closed unit ball of C e,

o d
By := {v =(1,...,v4) € c?; ||1/||% = Z e |> < 1},
k=1

where C denotes the set of all complex numbers. It is important to note that the following
inequalities,

<|T

T < 1T o < 1Tl
hold for any d-tuple of operators T = (Ty, ..., Ty) € B 41/2(5#)% (see [28]).

Our aim in the present article is to establish several estimates involving the quantities
wa(T), ||T)|a and || T ||e,a, where T = (Ty,..., T;) is a d-tuple of A-bounded operators.
Some inequalities connecting the A-numerical radius and operator A-seminorm for A-
bounded operators are established. One main target of this work is to derive, under appro-
priate conditions, several reverse bounds for w4 (7) in both single and multivariable settings.
In particular, for T € B 41,2(2¢), v € Cand r > 0, we will demonstrate under appropriate
conditions on T, v and r that

2
ITI < @B (1) + —— ———wa(T).
]+ /v =72

2. Results

This section is devoted to present our contributions. By Rez, we will denote the real
part of any complex number z € C. In the next theorem, we state our first result.

Theorem 1. Let T € B 41,2() and p, o € Cwith p # 0. If

Re(px — Tx,Tx —ox) , >0 forany x €Sy (4)
ot, equivalently
HTx—p—HT < 1\p—(7|f0rzm]/ x €Sy, ®)
2 |, "2
then
ITI < @i(T) + glo — o ©

Proof. Notice first that the following assertions,

(i) RNe(u—y,y—z),>0,
@)y — =4 < 3llu—zlla
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are equivalent for every y,z,u € . Indeed, one can see that

2

z+u 1 2 1 2
- = gllu—y+y—zla—zly—z+y—ully
A

1 2
ALRE TR T

= 3 (lu =1+ 2Reu — yy —2) 4 + 1y~ 2I3)
(g2l + 2Rely — 2,y — u) o+~ yl)
= %(?Re@t — Yy —2),— %e<y—z,y—u>A)
= %(%(M —yy—z),—Rely—uy—z2),)
= Re(u—y,y— z>A.
Hence, the equivalence is proved.
By taking u = px, z = ox and y = Tx in the statements (i) and (ii), we deduce that (4)

and (5) are equivalent.
Now, for x € S}q, we define

L = %e[(p — <Tx,x>A) ((Tx,x>A —E)}

and
I := Re(px — Tx, Tx — 0x) ,.
Then, )
I = Re [p(Tx,x}A +(7<Tx,x>A} - ‘<Tx,x>A’ — Re(p0)
and
L = Re {p<Tx,x>A +?<Tx,x>A} — ||Tx|[%3 — Re (7).
This gives

) 2
L= = ||Tx[[ — ’<Tx'x>A

7

for any x € S} and o, p € C. This is an interesting identity itself as well.
If (4) holds, then I; > 0 and thus

I Tx|[% — ‘<Tx,x>A’2 < %e{(p — <Tx,x>A> ((Tx,x>A —F)}. (7)

Furthermore, it can be checked that for every u,v € C, we have

Re(uv) < }L\u + o2
By letting
u:=p- <Tx,x>A, V= <Tx,x>A —0c
in the above elementary inequality, we obtain
T — 1
%e{(p—(Tx,@A) <<Tx,x>A—¢7)] < Zl|p—(f|2. (8)

Making use of the inequalities (7) and (8), we deduce that
2 1
ITx|3 < ’<Tx,x>A‘ +4lo—of’ ©)

and by taking the supremum over all x € S, in (9), we obtain the required result (6). O
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Remark 1. Let S € B(.5¢). We say that S is an A-accretive operator, if
§Re<5x,x>A >0, forallx € .

Now, let T € Bp (). If0 > > 0 are such that either (T*4 — uI) (61 — T) is A-accretive
or (Tt — uI) (61 — T) >4 0, then by (6), we obtain

1
ITI% < @h(T) + (6 —n)?,

which gives

1 2
ITl4 < \/WIZA(T) + 40— p)”.
As an application of Theorem 1, we state the following result.

Corollary 1. Let T = (Ty,...,Ty) € B j12(5#)? and p, o € C be such that p # o and

‘Tix—w §1|p_g|,
2
forany x € SY and every i € {1,...,d}. Then,
1 2
17124 < d(, max, (T + 4lo —of). (1)

Proof. Let (vq,...,v;) € By. From Theorem 1, we have
2 2 1 2
ITi[a < wa(Ti) + g le — ol
fori e {1,...,d}. This gives,
Zlvzl ||T||A<Z|Vz| IP—U\ Zlvzl (11)

By using the triangle and Cauchy-Schwarz inequalities, we have

2 2
1 & 1 d
H ) d(znvzﬂA) < L PITI (12)
i=1 A i=1
Moreover, since
DM )< max @A(T) lul,

ke{1,...d} i1
then, by applying (11) and (12), we obtain
2

Z%

< max w4 (T v + o V;
ke{1,...d} A( k)121| z‘ P | Zl i

for all (Ul,...,Ud) Egd. .
By taking the supremum over all (vy, ...,v;) € B; in the last inequality and then using
the identity in (3), we reach (10) as desired. O

An important application of the inequality (9) can be stated as follows.
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Corollary 2. Let T = (Ty,...,Ty) € B 41,2(5#) and p;, 0; € Cwith p; # o; fori € {1,...,d}.
Assume that for every x € S, we have

’Tix—pi+aix <Yl vieq,..a. (13)
2 472
Then,
2 1 2
ITlla < | WA (T) + 7 Lloi = ail. (14)
i=1

Proof. Let x € S.. By applying (9), we obtain

2 1
1Tl < [(Tixx) 4|+ 1o — il

forie {1,...,d}.
By summing overi =1,...,d, we obtain

d ) d 5 1 d ,
YTl < Yo|(Tix) [+ lei =i
i=1 i=1 i=1
Finally, by taking the supremum over x € S!,, we obtain
2 2 1 & 5
ITI < @3 (T)+ 1 Y loi — il
i=1

This establishes (14). O
The following lemma is needed for the sequel.
Lemma 1 ([29] p. 9). Let 0,p € Cand {; € C be such that

o+ 1

forallj € {1,...,d}. Then,

2
< 1dz|p—c7|2. (15)

d 2
d ol - (o) <5
]:

d
25
j=1

We can now prove the next proposition.

Proposition 1. Let 7 = (Ty,...,Ty) € B12()" and p, o € C with p # 0. Assume that

o+ 1 .
cUA(],291><2|p(7|forany]€{1,...,d}. (16)
Then,

d 1
wi(T) < wi (Z T]> + Ed\p—cﬂz. (17)
=1

Ul
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Proof. Assume that (16) is valid. Let x € S}, and take {; = (Tjx,x) , forall j € {1,...

Then, we see that

A (x,x) 4

-3,

o+ o+
=732 =3¢

< sup << — 2p1>x,x>A
xeSk
- £) <3l-o
= <3 0 ,
foranyje {1,...,d}.
By using (15), we obtain
i 2
T, L T; Ly 2
]§‘< ]x,x>A‘ <= Z X,X) , +gdlo— ol

So, by taking the supremum over all x € S!,, we obtain (17) as desired. [

We now have the following result.

Theorem 2. Let T € B 41,2(). If v € C\{0} and r > 0 are such that

IT— vl <r.
Then,
1Ty < wa(T)+ 2.2
AT

Proof. Letx € S}q. It follows from (18) that
ITx —vx|q < [T=vIl[, <1
This implies that
I Tx|[% + |v]* < 2Re [V(Tx,x}A] +7? < 2|v|‘<Tx,x>A‘ + 72
Taking the supremum over x € S!, in the last inequality, we obtain
ITI + [v[? < 2w (T) v + 77
Moreover, it is clear that
2|T||alv] < (I TIS + oI,
thus, by applying (19) and (20), we infer that
2| T 4lv| < 2wa(T)|v] + 7%

So, we immediately obtain the desired result. [

The following corollary is now in order.

(18)

(19)

(20)
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Corollary 3. Let T € B 41/2() and a, p € Cwitha & {—pB, B}. Assume that

Re(ax — Tx, Tx — ﬁx>A >0 VxeSh. (21)

Then, )
ITl, < wa(T) + 1228 2)

4 |a+pl

Proof. According to the proof of Theorem 1, we observe that (21) is equivalent to

HTx—

> < %|¢x — B|forany x €S}, (23)

which is, in turn, equivalent to the following operator norm inequality:

a+p

I
2

1
T— <f — Bl.
H B

Now, applying Theorem 2 for v = ‘Hﬁ

result. O

and r = %|a — B|, we deduce the desired

Another sufficient condition under which the inequality (22) hold is presented in terms
of A-positive operators and reads as follows.

Corollary 4. Leta, p € Cwitha ¢ {—p,B}and T € B (). If

(T+A - BI) (@l —T) >0,

then

o — B

1|
IT|[4 < wa(T)+
A 4 latpl

Corollary 5. Suppose that T, v and r are as in Theorem 2. If, in addition,

[v| —wa(T)| > p, (24)

for some p > 0, then
(0 T — Wi (T) < 7*—p

Proof. From the inequality (19), we see that
ITI% — Wi (T) < 7 = wi(T) +2wa(T)|v] = |v[?
=7 —(jv| - wa(T))*
Hence, an application of (24) leads to the desired inequality. [J
Remark 2. If, in particular, | T — vI|| , < rwith |v] = wa(T), v € C, then
0 )T~ wh(T) < 7.
Our next result reads as follows.

Theorem 3. Let T = (Ty,...,T;) € B12(5#) and a;, B; € C with «; ¢ {—B;, Bi} for
ie{l,...,d}If
ai+Bi;

i

< 7‘ *,Bi|1 (25)
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forie{1,...,d}, then

I

d 2 (. % |O‘1 i
() ) e

d 2
Z‘“z’ - :BI
i=1

and

1
[T 1la < wal(T)+ 1

T (27)
d ) 2
<Z|D‘i+ﬁi| >
i=1
Proof. Using Corollary 3, we have
1|ai —Bil” |
Tl 4 <wy(T;) +
ITila < wa(T) + 7 bl
fori e {1,...,d}. B
Let (vq,...,vy) € By, multiply by |v;| and sum to obtain
d d | |
viT:l ., < vilew 28
Z;HI lHA—;| ilwa(T;) Z| Vil T2 |041+,3| (28)

By the triangle inequality, we have

d
<Y [Tl 4
i=1

A

while by the Cauchy-Schwarz inequality, we obtain

d d 2% d 2 d 2
;|Vi|wA(Ti) < <Z{|Vi| > (2“’31(@) < (Z@x(ﬂ‘))

i=1

D zl',HﬁH (le l') <121|“:+ﬁ:>

( | = )
FI‘Om (28), we thel’l Obtaln

1
d 3
(& |ai — pil*
l A (l; l 4 1221 |"‘t‘|‘,31|
forall (vy,...,v4) € By.

By taking the supremum over (vy,...,v;) € By and using the representation (3), we
obtain (26).

The inequality (25) is equivalent for x € S} to

and

d
2 vi
i=1

&; + Bi

2 2
ITix|[s — 2Re (Tix,x) 4| + ‘”‘1 +Bil* < 4| '~ Bil
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fori € {1,...,d}. Therefore,

Lias = B2 +2%e "‘1J2rﬁf<Tix,x>A] (29)

2
ITix|[4 + \“1+ﬁ| <

.MH »M

<Tix,x>A‘

< <o — Bil* + | + Bil

forie {1,...,d}.
If we sum and apply the Cauchy-Schwarz inequality, we then obtain

d , 1d ,
Y I Tix||% + 1 Y lai + Bil
= izl

1¢ , &
< g ulwi =BT+ Yl <T,-x,x>A‘

i=1 i=1

13 1/ o\ 2
<3 8- (Lmen) (Elmsn.f)

On the other hand, an application of the arithmetic-geometric mean inequality shows

that )
d
(gnnxni) ():|al+ﬁ|) < ST+ § Lo+ B

Therefore, we deduce that

(éllﬂﬂli) ? @ +ﬁi2> 2
i —Bil*+ <é|ﬂéi+ﬁilz>2(é‘@%x%’z)

If we take the supremum over all x € S!,, we obtain

1
2

NH

1
d

d 7 d 3
171 A (ZW +,3i|2> < }L Y lai — Bil* + (Zl“z‘ +ﬁi|2> wa(T),
i=1 i=1

i=1

which gives (27). Hence, the proof is complete. [

An immediate application of Theorem 3 is derived in the next corollary.

Corollary 6. Let T = (Ty,...,Ty) € B j12(5) and 0, p € C with p # +0. Assume that

a—i-pI

1
< —
2 < 35lp -0 (30)

Tj_

forie{1,...,d}. Then,

and
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Now, we state in the next lemma a reverse of the Cauchy-Schwarz inequality (see for
instance ([29] p. 32) for a more general result).

Lemma 2. Under the same assumptions of Lemma 1, we have

(£er) < (1

We state our next result as follows.

L,lp—ol
- 31
|73 m+d> ey

Theorem 4. Let T = (Ty,..., Ty) € B412(H)¥ and o, p € C with p # +0. Assume that

1
wA(Tj—az—i_pI> g§|p—0|foranyj€{l,...,d}. (32)

Then,

d
wa(T) < \}QWA (Z T]> + - \flp +T7||

Proof. Letx € S, and 7 = (Ty,..., T;) € B 41,2()" with the property (32). By letting
Zj = (Tjx,x) , and then proceeding as in the proof of Proposition 1, we see that

oc+p oc+p 1
€j2’ SCUA( jz) SEIP*‘TL

foranyj € {1,...,d}. So, by employing (31), we obtain

AN 1lp=of
J;‘< | ) T
1 1 |p—a]2

- +od
¢d< “loro

for every x € Sl. By taking the supremum over all x € S} in the last inequality, we reach
the desired result. [J

2 (Tx),

j=1

<izj’x>A

=

Remark 3. Since wu(T) < ||T|| a, then (30) implies (32).

Now, we aim to establish several reverse inequalities for the A-numerical radius of
operators acting on semi-Hilbert spaces in both single and multivariable settings under
some boundedness conditions for the operators. Our first new result in this context may be
stated as follows.

Theorem 5. Let T € B 1/2() be such that AT # 0. If v € C\{0} and r > 0 are such that
|v| > rand
IT—via=r,

2 wy(T)
ViwE ST, S %

ITIE + v = < 2v]wa(T).

then

Proof. By (19), we have
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Dividing by 1/|v|* — 2 > 0, we obtain

7A+1/|U|2_72§M' (34)
_q2 /|1/|2—r2

Further, it is easy to verify that

17|17 2
2|Tp < ==+ IV

— 2.
[ =72

So, by using (34), we deduce

wa(T)l
ITlly < <AL,
Vivp—r

which is immediately equivalent to (33). O

Remark 4. (1) Squaring the inequality (33), we obtain the following inequality:

2
2 r 2
(0 )T|I% — wi(T) < WE TN

(2) For every operator T € B 41/2(A#), we have the relation w(T) > %||T|| , (see [23]). Inequality
(33) would produce an improvement of the above classic fact only in the case when

2\ 2
S 1_1’72 7
vl

N =

which is, in turn, equivalent to \VL|

<

NS

The next corollary holds.

Corollary 7. Let o, p € C with Re(ap) > 0. Additionally, let T € B 41/2(H) be such that
AT # 0. Assume that either (21) or (23) holds. Then, we have

2,/ Re(ap) _ wa(T)

CE I i P >
and )
O ITI - () < [ S5 I,

Proof. If we consider v = *1£

s and r = 1|a — B|, then

|1/‘2 _ 7’2 —

: = Re(ap) > 0.

Now, by applying Theorem 5, we deduce the desired result.

a+f
2

2

O

Remark 5. If |a — | < ? |l + B| and Re(aB) > 0, then (35) is a refinement of the inequality
wa(T) = 3| T| 4.
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Corollary 8. Let a, B € C with Re(af) > 0. Additionally, let T = (Ty,..., Ty) € B g12()"
be such that the condition ‘
1

1Tlloa < 2L (iw ) ®7)
2,/ Re(ap)

Proof. Notice, first, that since (36) holds, then we infer that

forany x € S}q and alli € {1,...,d}. Therefore, it follows from (35) that

1
. < g —
TSR < Sl pl 36)

is true fori € {1,...,d}. Then,

1
Tix — > §| —Bl,

o+
1T, < LTy

2,/ Re(ap)

forie {1,...,d}. B
Let (vy,...,v4) € By, multiply by |v;| and sum to obtain

et Bl ¢
ZHVlTHA Z|VZ|WA

2/ Re(ap

Therefore, we see that

d
Y uTy| <
i=1 A

d

ZHViTi”A

Clat+pl ¢

< 2 fReep) meA
< 2%@% )%i%(ﬂ))i-

By taking the supremum over (vy,...,v;) € By and using the representation (3), we
obtain (37). O

In the next result, we prove under appropriate conditions a new relation connecting
the joint A-seminorms || - || 4 and wy ().

Proposition 2. Let a;, f; € C with Re(a;p;) > 0 forall i € {1,...,d}. Additionally, let
T =(Ty,...,Ty) € B 41/2(H)? be such that (25) is valid for i € {1,...,d}. Then,

: }
. <Z|0¢i+ﬁi|2>
ITla < 5= wa(T).
d

e

(38)

N
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Proof. From (29), we obtain

1 1
| Tix[ |2, + 2l +Bil* - 2l — Bil* < |aj + Bil <Tixrx>A‘
fori € {1,...,d}. This is equivalent to
I Tix |5 + Re (i) < |a; + Bl <Tixrx>A‘

forie {1,...,d}.
If we sum and then apply the Cauchy-Schwarz inequality, we then obtain

d d d

YN Tix||5 + ;%ewi) <Y |a; + Bil

i=1 i=1

<Tix’x>A‘

1
2

< <é|ai+ﬁi|2>z(é\<nx,x>A!2> .

By applying the famous arithmetic-geometric mean inequality, we observe that

d % d 2 d d
2<;||Tix||34> <;§Re(’xi/§i)> S;HTix\Ii—i—Ziﬂ?e(aiBi).

1 i=

Therefore,

Nl—

N

W“(i?i;;;ifi (B0 )

and by taking the supremum over x € S}, we obtain (38). O

Remark 6. With the assumptions of Corollary 8, we can prove that

1Tla < L2t

"2 fRe(ap)

The following lemma plays a fundamental role in the proof of our next proposition.

CUA(T).

Lemma 3 ([29] p. 26). Ifo,p € Cand {; € C,j € {1,...,d} with the property that Re(p7) > 0
and

<1] — 0|
5P

c+p
6~ ‘

foreachj e {1,...,d}, then

2

d
Yo < Llete (39)
=1

2
~ 4d Re(p7)

d
24
j=1

By proceeding as in the proof of Theorem 4 and using Lemma 3, we state without
proof the following result.
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Proposition 3. Let 7 = (Ty,...,Ty) € B412(#)%, o,p € C with Re(p&) > 0. Suppose that

(32) is satisfied. Then,
ja+ Bl (d
wa(T) £ —F———=wa T; |
2d/Re(ap) j=1
The following result also holds.
Theorem 6. Let T € B 41/2() and v € C\{0}, r > O with |v| > r.If
IT—vI[[y <7,

then
272

v+ P =12

Proof. Let x € SL. It follows from (40) that

2
IT|% < wi(T) + wa(T).

ITx—vallo < |IT—vIf, <7,

which yields that
ITx] + v < 2Re[7(Tx, x) 4| + 72

(40)

(41)

(42)

By using (42), it can be seen that |v| ‘ (Tx, x) A‘ # 0. So, by taking (42) into account, we

obtain
R 20 B T
T, wTEa,] W] (e, |

Moreover, we see that

Telf [(Ton,)
|u|‘<Tx,x>A’ i
. 2Re :V<Tx,x>A} 2 ‘(Tx,x>A’ v|
< - - -
i[(Txx),| Wit P ()
_ 2%Re :V(Tx,x>A} - |1/|2 _2 - ‘<Tx,x>A‘
[v] <Tx,x>A‘ ]v|‘<Tx,x>A’ v

2Re _U<Tx, x>A}

vl <Tx’x>A‘ \v|‘<Tx,x>

Vvl vl

A

Since
%e{?(Tx,@A] < |y\‘<Tx,x>A‘

Vv =2 ‘<Tx’x>A‘

vl

and
2

2
T el A B
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then, we deduce that

2( [v] = \/|v]? =12
e [T (1= P —r)

vI|(Tx,x) )

7

vl vl

A

which gives the inequality

| Tx|% < ’<Tx,x>A‘2 +2‘<Tx,x>A’ (|1/| - r2>. (43)

By taking the supremum over x € S}, in (43), we obtain

ITI < wi(T) +2wA<T><|v| /e —r2). (44)

So, we immediately obtain (41). O

By making use of the inequalities (44) and (43), we are ready to establish the next two
corollaries as applications of our previous result.

Corollary 9. Let p,0 € C be such that p # o and Re(pc) > 0. Additionally, let T € B 1,2 ()
be such that either (4) or (5) holds. Then:

ITIR < wA(T) + [|p+o —2\/%€(PU)]WA(T)- 45)

Proof. Setv := ’HT‘T andr:= ;7‘. Clearly, |v| > r. Moreover, since (5) holds, then so is
(40). So, the desired result follows by applying (44) and then observing that

2
= Re(p0). (46)

2 —
|V|2—72—’ _’p o

2

2
O
Remark 7. Assume that T € B4 (). If0 > p > 0 are such that either (TTA — ul) (61 — T) is
A-accretive or
(T+A - yI)(GI —T)>40
then, by applying (45), we infer that
2 _ 2 NG 2
1Tl < @i (T) + (VO - Vi) wa(T).

Corollary 10. Let 7 = (T,..., Ty) € B 41,2(5¢)% and p;, 0; € C with p; # 07, Re(pjo;) > 0
forie{1,...,d}. Assume that

|7- 5% <3lei-al, )
foralli e {1,...,d}. Then,
) -
1713 < w3 (T) L 1(|pi+a,-—z\/%e<pm) ] wA(T).
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Proof. Let x € S}q. Setv; := @ and r; = M foralli € {1,...,d}. Clearly, we have
|vi| > rjand ||T; — v;I|| 4 < r; for every i. Thus, an application of (43) shows that

HTxHA ‘(Txx ‘—1—2‘ Txx ’<|Vl‘_\/m>

This yields, through (46), that

731 < (im0, (Jos ol — 24/ R ) (T

forie {1,...,d}.
If we sum and then apply the Cauchy-Schwarz inequality, we then obtain

innxﬁ
i= , . ,
g;‘(Tix,x>A’ +;(|Pz+(71—2\/m>’<TiX,x>A’

d

(Il 2W>] (gy i) | )

d 2
< 2’<Tix,x>A’ +
i—1

By taking the supremum over this inequality, we derive the desired result. [

Another application of the inequality (45) provides an upper bound for the Euclidean op-
erator A-seminorm of d-tuples of operators in B 12 ()% and stated in the next proposition.

Proposition 4. Let 7 = (Ty,...,Ty) € B2(#)% Let also p,0 € C with p # o and
Re(po) > 0. Suppose that

forany x € S}q andalli € {1,...,d}. Then,

2 -
ITI2n < 4, max, 0a(T{, max, 0a(T+ [lo+ ol —2/Re(om)| }.

Proof. From (45), we see that

1T < @i (T) + [|p+v\ 2\/%e<po->]wA<Ti>

+0o
Tix—pTx

1
<slo-dl, (48)
A

fori e {1,...,d}. B
Let (v1,...,v4) € By, multiply by |v;|* and sum to obtain

d
Z|v,| 1T < Dm [|p+o—| z\/%e@o)] Y luiPawa(T)

i=1
d 2
< v; max w4 (T
< (Xl ) max wh(Ti)

1=

d
+ (Zw) max, @alT)|lp-+ o] =2/ Re(oo)|

i=1

<  max wi(Tk)+[|p+a|—2\/§Re(p0)} max wa(Ty).

ke{1,...d} ke{1,...d}
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Moreover, since

1l 2 o
P Y vl <Y lil*lTill%,
i=1 A i=1
hence
1 ? )
- v;iTi|| < max w3 (1) + + 0| —24/Re(po max wa(Ty).
d Z:Zl e o kelld) a(Te) [Ip | (e ﬂ ke{1,...d} A(Ti)

By taking the supremum over (vy,...,v;) € By and using the representation (3), we
obtain the desired result. [

The next lemma plays a crucial role in establishing our final result in this paper.
Lemma 4 ([30]). Ifo,p,{; € Care such that Re(pd) > 0 and

o+ 1
gj_ 2p‘<2|p_a|

foreachj € {1,...,d}, then we have

d

Y. gl

j=1

+lp+o|— 2\/§Re(p(r)>

Now, we are ready to state our final proposition.

d
Sl < (4
=1

d
2.5
j=1

Proposition 5. Let T = (Ty,...,Ty) € B 12() and let p,o € C be such that p #
o, Re(pd) > 0. Assume that the condition (16) is valid. Then,

d d
%CUA (ZlT]> + o+ 0| —24/ %6(p5’)1 WA <Zl T]>
= =

Proof. The proof follows by proceeding as in the proof of Proposition 2 and then taking
Lemma 4 into consideration. [

Wi (T) <

3. Conclusions

In this paper, we established several inequalities involving the generalized Euclidean
operator radius of d-tuples of A-bounded linear operators acting on a complex Hilbert
space . The obtained bounds lead to the special case of the classical A-numerical
radius of semi-Hilbert space operators. We proved also some estimates related to the
Euclidean operator A-seminorm of d-tuples of A-bounded operators. In addition, we
stated, under appropriate conditions, several reverse inequalities for the A-numerical
radius in single and multivariable setting.

These inequalities can be further utilized to provide reverse triangle inequalities
for the operator A-seminorm and A-numerical radius of semi-Hilbert space operators
that play an important role in the geometrical structure of the A-inner product space
under consideration.

Additionally, the techniques and ideas of this article can be useful for future inves-
tigations in this area of research. In future papers, we aim to investigate the connections
between the joint A-numerical radius and joint operator A-seminorm of some special
classes of multivariable operators such that the class of jointly A-hyponormal operators in
semi-Hilbert spaces.
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