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1. Introduction

Mathematical models have been widely used in real-world data-based concerns in
fields such as economics, engineering, computer science, medicine, and social sciences,
among others. It is common to use mathematical tools to analyze a system’s behavior
and various properties, which leads to coping with uncertainties and incomplete data in
various settings. Although some well-known mathematical methods, such as probability
theory, fuzzy set theory, and rough set theory, are beneficial for understanding ambiguity,
each has its inherent issues, as demonstrated in [1]. Soft sets were introduced in 1999 [1]
as a new mathematical tool for dealing with uncertainties that are free of difficulties faced
with pre-existing techniques. The authors of [2,3] then used soft sets in a decision-making
problem and defined numerous soft set operators, including a soft subset, a soft equality
relation, a soft intersection, and a union. The concept of a bijective soft set was presented
and discussed in the context of a decision-making problem [4]. After comparing rough and
fuzzy sets, the authors of [5] concluded that every rough and fuzzy set is a soft set. The
authors in [6] improved on the results obtained in [3] by changing the necessary operators.
It should be highlighted that the high potential for soft set theory applications in a variety
of areas encourages rapid research progress (see, for example, [7–9]).

The concept of soft sets was used to define soft topological spaces in [10]. One
established and explored fundamental concepts in soft topological spaces such as soft
open sets, soft subspaces, and soft separation axioms. In [11], the author identified and
corrected certain gaps in [10]. Many traditional topological concepts have been explored
and expanded in soft set situations (see, [12–26]), but substantial additions remain possible.
Thus, among topological scholars, the study of soft topology is a contemporary topic.

By defining a new class of soft sets in soft topological spaces, we hope to pave the
way for multiple forthcoming research articles on the subject of soft topological spaces.
In this paper, we define and investigate soft ωθ-open sets as a novel type of soft set. We
characterize them and demonstrate that they form a soft topology that lies strictly between
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the soft topologies of soft θ-open sets and soft ω0-open sets. Moreover, we show that soft
ωθ-open sets and soft ω0-open sets are equivalent to soft regular spaces. Furthermore, we
investigate the connections between particular types of soft sets in a given soft anti-locally
countable space and the soft topological space of soft ωθ-open sets generated by it. In
addition to these, we define soft (ωθ , ω)-sets and soft (ωθ , θ)-sets as two classes of sets, and
via these sets, we introduce two decompositions of soft θ-open sets and soft ωθ-open sets,
respectively. Finally, the relationships between these three new classes of soft sets and their
analogs in general topology are examined.

The arrangement of this article is as follows:
In Section 2, we recall several notions that will be employed in this paper.
In Section 3, we display the concept of “soft ωθ-open sets”, which is the main idea

of this paper. We show that the family of soft ωθ-open sets form a soft topology that
lies between the soft topologies of soft θ-open sets and soft ω0-open sets. We provide
some interesting results regarding soft ωθ-open sets in soft regular spaces, soft locally
countable spaces, and soft anti-locally countable spaces. In addition to these, we examine
the relationships between soft ωθ-open sets and their analogs in general topology.

In Section 4, we display the concepts of “soft (ωθ , ω)-sets” and “soft (ωθ , θ)-sets” as
two new classes of soft sets, and via them, we introduce decompositions of soft θ-open sets
and soft ωθ-open sets. Moreover, we examine the relationships between these classes and
their analogs in general topology.

In Section 5, we summarize the main contributions and suggest some future work.

2. Preliminaries

In this section, we recall several notions that will be employed in the sequel to this
paper.

In this paper, TS will be used to signify topological space.
Let (K, µ) be a TS and T ⊆ K. Throughout this paper, the collection of all closed sets

of (K, µ) will be denoted by µc; the closure of T in (K, µ) and the interior of T in (K, µ) will
be denoted by Clµ(T) and Intµ(T), respectively.

Definition 1. [27] Let (K, µ) be a TS and let U ⊆ K.

(a) A point k ∈ K is in the θ-closure of U (k ∈ Clθ
µ(U)) if for every V ∈ µ with k ∈ V, we have

Clµ(V) ∩U 6= ∅.
(b) U is θ-closed in (K, µ) if Clθ

µ(U) = U.
(c) U is θ-open in (K, µ) if K−U is θ-closed in (K, µ).
(d) The family of all θ-open sets in (K, µ) is denoted by µθ .

Definition 2. [28] Let (K, µ) be a TS and T ⊆ K. A point k ∈ K is called a θ-interior point of T
in (K, µ) if there exists V ∈ µ such that k ∈ V ⊆ Clµ(V) ⊆ T. The set of all θ-interior points of T
in (K, µ) is called the θ-interior of T in (K, µ) and is denoted by Intθ

µ(T).

Definition 3. [29] Let (K, µ) be an STS and let U ⊆ K. Then

(a) U is called a ωθ-open set in (K, µ) if for any k ∈ U, there is V ∈ µ such that k ∈ V and
V − Intθ

µ(U) is countable. The collection of all ωθ-open set in (K, µ) will be denoted by µωθ
.

(b) U is called a ωθ-closed set in (K, µ) if K−U ∈ µωθ
.

Definition 4. [1] Let K be an initial universe and S be a set of parameters. A soft set over K relative
to S is a function G : S −→ P(K), where P(K) is the power set of K. The family of all soft sets
over K relative to S will be denoted by SS(K, S).

Definition 5. [3] Let G ∈ SS(K, S).

(a) G is called a null soft set over K relative to S, denoted by 0S, if G(s) = ∅ for each s ∈ S.
(b) G is called an absolute soft set over K relative to S, denoted by 1S, if H(s) = K for each s ∈ S.
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Definition 6. [4] Let H, G ∈ SS(K, S).

(1) H is a soft subset of G, denoted by H⊆̃G, if H(s) ⊆ G(s) for each s ∈ S.
(2) The soft union of H and G is denoted by H∪̃G and defined to be the soft set H∪̃G ∈ SS(K, S)

where
(

H∪̃G
)
(s) = H(s) ∪ G(s) for each s ∈ S.

(3) The soft intersection of H and G is denoted by H∩̃G and defined to be the soft set H∩̃G ∈
SS(K, S) where

(
H∩̃G

)
(s) = H(s) ∩ G(s) for each s ∈ S.

(4) The soft difference of H and G is denoted by H − G and defined to be the soft set H − G ∈
SS(K, S) where (H − G)(s) = H(s)− G(s) for each s ∈ S.

Definition 7. [30] Let Γ be an arbitrary index set and {Hr : r ∈ Γ} ⊆ SS(K, S).

(a) The soft union of these soft sets is the soft set denoted by ∪̃r∈Γ Hr and defined by
(
∪̃r∈Γ Hr

)
(s) =

∪r∈ΓHr(s) for each s ∈ S.
(b) The soft intersection of these soft sets is the soft set denoted by ∩̃r∈ΓHr and defined by(

∩̃r∈ΓHr
)
(s) = ∩r∈Γ Hr(s) for each s ∈ S.

Definition 8. [6] Let Ψ ⊆ SS(K, S). Then Ψ is called a soft topology on K relative to S if

(1) 0S, 1S ∈ Ψ,
(2) the soft union of any number of soft sets in Ψ belongs to Ψ,
(3) the soft intersection of any two soft sets in Ψ belongs to Ψ.

The triplet (K, Ψ, S) is called a soft topological space (STS) over K relative to S. The
members of Ψ are called soft open sets in (K, Ψ, S) and their soft complements are called soft-
closed sets in (K, Ψ, S). The family of all soft-closed sets in (K, Ψ, S) will be denoted by Ψc.

Definition 9. [6] Let (K, Ψ, S) be a STS and let N ∈ SS(K, S). Then

(1) the soft closure of N in (K, Ψ, S) is denoted by ClΨ(N) and defined by
ClΨ(H) = ∩̃

{
M : M is soft closed in (K, Ψ, S) and N⊆̃M

}
.

(2) the soft interior of N in (K, Ψ, S) is denoted by IntΨ(N) and defined by IntΨ(N) =

∪̃
{

K : K ∈ Ψ and K⊆̃N
}

.

Definition 10. A soft set H ∈ SS(K, S) defined by

(1) [31] H(s) =
{

U if s = a
∅ if s 6= a

is denoted by aU .

(2) [32] H(s) = U for all s ∈ S is denoted by CU .

(3) [33] H(s) =
{
{y} if s = a
∅ if s 6= a

is denoted by ay and is called a soft point. The set of all soft

points in SS(K, S) is denoted by SP(K, S).

Definition 11. [33] Let H ∈ SS(K, S) and ay ∈ SP(K, S). Then ay is said to belong to H
(notation: ay∈̃H) if y ∈ H(a).

Definition 12. [34] Let (K, Ψ, S) be a STS and let H ∈ SS(K, S). Then H is called a soft ω-open
set in (K, Ψ, S) if for each sk∈̃H, there exist G ∈ Ψ and N ∈ CSS(K, S) such that sk∈̃G and
G− N⊆̃H. The family of all soft ω-open set in (K, Ψ, S) is denoted by Ψω.

Theorem 1. [35] For any TS (K, µ), the family
{H ∈ SS(K, S) : H(s) ∈ µ for all s ∈ S}
is a soft topology on K relative to S. This soft topology will be denoted by τ(µ).

Theorem 2. [31] For any collection of TSs {(K, µs) : s ∈ S}, the family

{H ∈ SS(K, S) : H(s) ∈ µs for all s ∈ S}

forms a soft topology on K relative to S. This soft topology is denoted by ⊕s∈Sµs.
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Definition 13. [36] Let (K, Ψ, S) be a TS and let H ∈ SS(K, S).

(a) A soft point sk ∈ SP(K, S) is in the θ-closure of H (sk∈̃Clθ
Ψ(H)) if for every G ∈ Ψ with

sk∈̃G, we have ClΨ(G) ∩ H 6= 0S.
(b) H is soft θ-closed in (K, Ψ, S) if Clθ

Ψ(H) = H.
(c) H is soft θ-open in (K, Ψ, S) if 1S − H is soft θ-closed in (K, Ψ, S).
(d) The family of all soft θ-open sets in (K, Ψ, S) is denoted by Ψθ .

Definition 14. [36] Let (K, Ψ, S) be a TS and let H ∈ SS(K, S). A soft point sk ∈ SP(K, S) is
called a soft θ-interior point of H in (K, Ψ, S) if there exists G ∈ Ψ such that sk∈̃G⊆̃ClΨ(G)⊆̃H.
The soft set of all soft θ-interior points of H in (K, Ψ, S) is called the soft θ-interior of H in (K, Ψ, S)
and is denoted by Intθ

Ψ(H).

Definition 15. [37] Let (K, Ψ, S) be a STS and let H ∈ SS(K, S). Then

(a) H is called a soft ω0-open set in (K, Ψ, S) if for any sk∈̃H, there is G ∈ Ψ such that sk∈̃G
and G − IntΨ(H) ∈ CSS(K, S). The collection of all soft ω0-open set in (K, Ψ, S) will be
denoted by Ψω0 .

(b) H is called a soft ω0-closed set in (K, Ψ, S) if 1S − H ∈ Ψω0 .

Theorem 3. [37] For any STS (K, Ψ, S), Ψ ⊆ Ψω0 ⊆ Ψω.

Definition 16. A STS (K, Ψ, S) is called

(1) [34] soft locally countable if for each sk ∈ SP(K, S), there exists H ∈ Ψ ∩ CSS(K, S) such
that sk∈̃H.

(2) [34] soft anti-locally countable if for every H ∈ Ψ− {0S}, H /∈ CSS(K, S).
(3) [38] soft regular if for each sk ∈ SP(K, S) and each H ∈ Ψ such that sk∈̃H, there exists

G ∈ Ψ such that sk∈̃G⊆̃ClΨ(G)⊆̃H.
(4) [39] soft Urysohn space if for any two soft points sk, tn ∈ SP(K, S), there exist H, G ∈ Ψ

such that sk∈̃H, tn∈̃G and H∩̃G = 0S.

Definition 17. Let (K, Ψ, S) be a STS and let H ∈ SS(K, S). Then H is called soft α-open [40]
(resp. soft β-open [41], soft regular open [42]) in (K, Ψ, S) if H⊆̃IntΨ(ClΨ(IntΨ(H))) (resp.
H⊆̃ClΨ(IntΨ(ClΨ(H))), H = IntΨ(ClΨ(H))). The families of soft α-open sets, soft β-open sets,
and soft regular open sets are denoted by α(K, Ψ, S), β(K, Ψ, S), and RO(K, Ψ, S), respectively.

For the concepts and terminologies that have not appeared in this section, we shall
follow [31,34].

3. Soft ωθ-Open Sets

Herein, we display the concept of “soft ωθ-open sets”, which is the main idea of this
paper. We show that the family of soft ωθ-open sets form a soft topology that lies between
the soft topologies of soft θ-open sets and soft ω0-open sets. We provide some interesting
results regarding soft ωθ-open sets in soft regular spaces, soft locally countable spaces,
and soft anti-locally countable spaces. In addition to these, we examine the relationships
between soft ωθ-open sets and their analogs in general topology.

Definition 18. Let (K, Ψ, S) be a STS and let G ∈ SS(K, S). Then

(a) G is called a soft ωθ-open set in (K, Ψ, S) if for any sk∈̃G, there is H ∈ Ψ such that sk∈̃H
and H − Intθ

Ψ(G) ∈ CSS(K, S). The collection of all soft ωθ-open set in (K, Ψ, S) will be
denoted by Ψωθ

.
(b) G is called a soft ωθ-closed set in (K, Ψ, S) if 1S − G ∈ Ψωθ

.

Theorem 4. Let (K, Ψ, S) be a STS and let G ∈ SS(K, S). Then G ∈ Ψωθ
if and only if for each

sk∈̃G, there are H ∈ Ψ and R ∈ CSS(K, S) such that sk∈̃H and H − R⊆̃Intθ
Ψ(G).
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Proof. Necessity. Suppose that G ∈ Ψωθ
. Let sk∈̃G. Then there is H ∈ Ψ such that

sk∈̃H and H − Intθ
Ψ(G) ∈ CSS(K, S). Let R = H − Intθ

Ψ(G). Then R ∈ CSS(K, S) and
H − R = Intθ

Ψ(G)⊆̃Intθ
Ψ(G).

Sufficiency. Suppose that for each sk∈̃G, there is H ∈ Ψ and R ∈ CSS(K, S) such
that sk∈̃H and H − R⊆̃Intθ

Ψ(G). Let sk∈̃G. Then by assumption, there are H ∈ Ψ and
R ∈ CSS(K, S) such that sk∈̃H and H − R⊆̃Intθ

Ψ(G). Since H − R⊆̃Intθ
Ψ(G), then H −

Intθ
Ψ(G) = R ∈ CSS(K, S) and thus, H − Intθ

Ψ(G) ∈ CSS(K, S). Therefore, G ∈ Ψωθ
.

Theorem 5. For any STS (K, Ψ, S), Ψθ ⊆ Ψωθ
⊆ Ψω0 .

Proof. To see that Ψθ ⊆ Ψωθ
, let G ∈ Ψθ and let sk∈̃G. Since G ∈ Ψθ , then Intθ

Ψ(G) = G.
Thus, we have sk∈̃G ∈ Ψ such that G− Intθ

Ψ(G) = 0S ∈ CSS(K, S), and hence G ∈ Ψωθ
.

To see that Ψωθ
⊆ Ψω0 , let G ∈ Ψωθ

and let sk∈̃G. Then there is H ∈ Ψ such that sk∈̃H
and H − Intθ

Ψ(G) ∈ CSS(K, S). Since Intθ
Ψ(G)⊆̃IntΨ(G), then H − IntΨ(G)⊆̃H − Intθ

Ψ(G)
and so H − IntΨ(G) ∈ CSS(K, S). Hence, G ∈ Ψω0 .

Theorem 6. For any STS (K, Ψ, S), (K, Ψωθ
, S) is a STS.

Proof. Since by Proposition 5.7 of [36], (K, Ψθ , S) is a STS, then 0S, 1S ∈ Ψθ . Thus, by
Theorem 5, 0S, 1S ∈ Ψωθ

.
Let M, N ∈ Ψωθ

and let sk∈̃M∩̃N. Then sk∈̃M ∈ Ψωθ
and sk∈̃M ∈ Ψωθ

. So, there
are H, L ∈ Ψ such that sk∈̃H∩̃L ∈ Ψ and H − Intθ

Ψ(M), L− Intθ
Ψ(N) ∈ CSS(K, S). Since

byProposition 5.4 of [36], Intθ
Ψ(M∩̃N) = Intθ

Ψ(M)∩̃Intθ
Ψ(N), then

(
H∩̃L

)
−
(

Intθ
Ψ(M∩̃N)

)(
H∩̃L

)
−
(

Intθ
Ψ(M∩̃N)

)
=

(
H∩̃L

)
−
(

Intθ
Ψ(M)∩̃Intθ

Ψ(N)
)

=
((

H∩̃L
)
− Intθ

Ψ(M)
)
∪̃
((

H∩̃L
)
− Intθ

Ψ(N)
)
∈ CSS(K, S).

Hence, M∩̃N ∈ Ψωθ
.

Let {Gα : α ∈ ∆} ⊆ Ψωθ
and let sk∈̃ ∪α∈∆ Gα. Then there exists α◦ ∈ ∆ such that

sk∈̃Gα◦ . Then by Theorem 4, there are H ∈ Ψ and R ∈ CSS(K, S) such that sk∈̃H and
H − R⊆̃Intθ

Ψ(Gα◦)⊆̃Intθ
Ψ(∪̃α∈∆Gα◦). Hence, ∪̃α∈∆Gα◦ ∈ Ψωθ

.

Theorem 7. If (K, Ψ, S) is a soft locally countable STS, then Ψωθ
= SS(K, S).

Proof. Suppose that (K, Ψ, S) is soft locally countable. Let G ∈ SS(K, S) and let ks∈̃G. By
soft local countability of (K, Ψ, S), there is H ∈ CSS(K, S) ∩ Ψ such that sk∈̃H⊆̃G. Thus,
we have sk∈̃H ∈ Ψ, H ∈ CSS(K, S) and H − H = 0S⊆̃Intθ

Ψ(G). Hence, G ∈ Ψωθ
.

Lemma 1. Let (K, Ψ, S) be a STS and let N ∈ SS(K, S). Then for every s ∈ S,
(

Intθ
Ψ(N)

)
(s) ⊆

Intθ
Ψs
(N(s)).

Proof. Let k ∈
(

Intθ
Ψ(N)

)
(s). Then sk∈̃Intθ

Ψ(N) and so, there is H ∈ Ψ such that
sk∈̃H⊆̃ClΨ(H)⊆̃N. Since by Proposition 7 of [10], ClΨs(H(s)) ⊆ (ClΨ(H))(s). There-
fore, we have H(s) ∈ Ψs and k ∈ H(s) ⊆ ClΨs(H(s)) ⊆ (ClΨ(H))(s) ⊆ N(s). Hence,
k ∈ Intθ

Ψs
(N(s)).

Theorem 8. Let (K, Ψ, S) be a STS. Then for each s ∈ S, (Ψωθ
)s ⊆ (Ψs)ωθ

.

Proof. Let s ∈ S. Let U ∈ (Ψωθ
)s and let k ∈ U. Choose H ∈ Ψωθ

such that U =
H(s). Since sk∈̃H ∈ Ψωθ

, then by Theorem 4, there is G ∈ Ψ and R ∈ CSS(K, S) such
that sk∈̃G and G − R ⊆̃Intθ

Ψ(H). Thus, we have k ∈ G(s) ∈ Ψs, R(s) is a countable
set, and G(s)− R(s) = (G− R)(s) ⊆

(
Intθ

Ψ(H)
)
(s). But by Lemma 1,

(
Intθ

Ψ(H)
)
(s) ⊆

Intθ
Ψs
(H(s)) = Intθ

Ψs
(U). It follows that U ∈ (Ψs)ωθ

.

Corollary 1. Let (K, Ψ, S) be a STS and let G ∈ Ψωθ
. Then for every s ∈ S, G(s) ∈ (Ψs)ωθ

.
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Proof. Let s ∈ S. Since G ∈ Ψωθ
, then G(s) ∈ (Ψωθ

)s. Thus, by Theorem 8, G(s) ∈
(Ψs)ωθ

.

Lemma 2. Let {(K, λs) : s ∈ S}. Then for every t ∈ S and U ⊆ K, tInt(λt)θ
(U)⊆̃Int(⊕s∈Sλs)θ

(tU).

Proof. Let t ∈ S and U ⊆ K. Let tk∈̃tInt(λt)θ
(U) where k ∈ Int(λt)θ

(U). Since k ∈ Int(λt)θ
(U),

then there exists V ∈ λt such that k ∈ V ⊆ Clλt(V) ⊆ U. So, we have tk∈̃tV ∈ ⊕s∈Sλs, and
Cl⊕s∈Sλs(tV) = tClλt (V)⊆̃tU . Hence, tk∈̃Int(⊕s∈Sλs)θ

(tU).

Theorem 9. For any collection of TSs {(K, λs) : s ∈ S}, we have (⊕s∈Sλs)ωθ
= ⊕s∈S(λs)ωθ

.

Proof. By Theorem 3.7 and Theorem 3.8 of [31],
(
(⊕s∈Sλs)ωθ

)
s
⊆ ((⊕s∈Sλs)s)ωθ

= (λs)ωθ

for all s ∈ S. Thus, (⊕s∈Sλs)ωθ
⊆ ⊕s∈S(λs)ωθ

. To show that ⊕s∈S(λs)ωθ
⊆ (⊕s∈Sλs)ωθ

, by

Theorem 3.6 of [31], it is sufficient to show that
{

sU : s ∈ S and U ∈ (λs)ωθ

}
⊆ (⊕s∈Sλs)ωθ

.

Let s ∈ S and U ∈ (λs)ωθ
. Let sk∈̃sU . Then k ∈ U ∈ (λs)ωθ

. So,
there are V ∈ λs and a countable subset D ⊆ K such that k ∈ V and
V − D ⊆ Int(λs)θ

(U). Thus, we have sk∈̃sV ∈ ⊕s∈Sλs, sD ∈ CSS(Y, B) and
sV − sD⊆̃sInt(λs)θ

(U). But by Lemma 2, sInt(λs)θ
(U)⊆̃Int(⊕s∈Sλs)θ

(sU). Therefore,

sV − sD ⊆̃Int(⊕s∈Sλs)θ
(sU). Hence, sU ∈ (⊕s∈Sλs)ωθ

.

Corollary 2. For any TS (K, µ) and any set of parameters S, (τ(µ))ωθ
= τ(µωθ

).

Proof. Let µs = µ for every s ∈ S. Then τ(µ) = ⊕s∈Sλs. Thus, by Theorem 9,

(τ(µ))ωθ
= (⊕s∈Sλs)ωθ

= ⊕s∈S(λs)ωθ

= τ(µωθ
).

The examples below show that none of the two soft inclusions in Theorem 5 can be
substituted by equality:

Example 1. Let K = Z, S = R, Ψ = {0S} ∪ {F ∈ SS(K, S) : K− F(s) is finite for all s ∈ S}.
Since (K, Ψ, S) is soft locally countable, then Ψωθ

= SS(K, S). Therefore, CN ∈ Ψωθ
−Ψθ .

Example 2. Let K = R, S = {a, b}, Ψ =
{

0S, 1S, CR−(1,3)

}
. Suppose that Intθ

Ψ

(
CR−(1,3)

)
6=

0S. Then there exists sk∈̃Intθ
Ψ

(
CR−(1,3)

)
and so there is G ∈ Ψ such that sk∈̃G⊆̃ClΨ(G)⊆̃CR−(1,3).

Since sk∈̃G⊆̃CR−(1,3), then G = CR−(1,3) and ClΨ(G) = 1S⊆̃CR−(1,3) which is impossible.

Therefore, Intθ
Ψ

(
CR−(1,3)

)
= 0S. If CR−(1,3) ∈ Ψωθ

, then there are N ∈ Ψ and H ∈ CSS(K, S)

such that a4∈̃N and N − H⊆̃Intθ
Ψ

(
CR−(1,3)

)
= 0S. Thus, N⊆̃H and hence N ∈ CSS(K, S).

On the other hand, since a4∈̃N ∈ Ψ, then either N = CR−(1,3) or N = 1S and in both cases
N /∈ CSS(K, S). It follows that CR−(1,3) /∈ Ψωθ

. On the other hand, since CR−(1,3) ∈ Ψ, then by
Theorem 3, CR−(1,3) ∈ Ψω0 .

Example 2, shows also that Ψ need not be a subset of Ψωθ
in general.

Theorem 10. For any soft regular STS (K, Ψ, S), Ψωθ
= Ψω0 .
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Proof. By Theorem 5, Ψωθ
⊆ Ψω0 . To see that Ψω0 ⊆ Ψωθ

, let G ∈ Ψωθ
and let sk∈̃G.

Then there are L ∈ Ψ and N ∈ CSS(K, S) such that sk∈̃L and L− N ⊆̃IntΨ(G). We are
going to show that IntΨ(G)⊆̃Intθ

Ψ(G). Let ax∈̃IntΨ(G). Since (K, Ψ, S) is soft regular and
ax∈̃IntΨ(G) ∈ Ψ, then there exists H ∈ Ψ such that ax∈̃H⊆̃ClΨ(H)⊆̃IntΨ(G)⊆̃G. Thus,
ax∈̃Intθ

Ψ(G). This ends the proof.

Corollary 3. For any soft regular STS (K, Ψ, S), Ψ ⊆ Ψωθ
.

Proof. Follows from Theorem 3 and Theorem 10.

Theorem 11. Let (K, Ψ, S) be a STS. If CU ∈ (Ψ ∩Ψωθ
)− {0S}, then (Ψωθ

)U ⊆ (ΨU)ωθ
.

Proof. Let G ∈ (Ψωθ
)U and let su∈̃G. There exists H ∈ Ψωθ

such that G = H∩̃CU . As
CU ∈ Ψωθ

, then G ∈ Ψωθ
. So, there are L ∈ Ψ and N ∈ CSS(K, S) such that su∈̃L and

L − N ⊆̃Intθ
Ψ(G). Thus, we have su∈̃L∩̃CU ∈ ΨU , N∩̃CU ∈ CSS(U, S), and

(
L∩̃CU

)
−(

N∩̃CU
)
⊆̃(L− N)∩̃CU ⊆̃Intθ

Ψ(G)∩̃CU⊆̃Intθ
ΨU

(G).

Corollary 4. Let (K, Ψ, S) be a STS. If CU ∈ Ψθ − {0S}, then (Ψωθ
)U ⊆ (ΨU)ωθ

.

As can be shown by the following example, the condition ‘CU ∈ Ψ ∩Ψωθ
’ is essential

in Theorem 11.

Example 3. Let K = R, U = Qc, S = {a, b}, µ be the usual topology on K, and Ψ =
{CV : V ∈ µ}. Since (K, Ψ, S) is soft regular and C(2,∞) ∈ Ψ, then by Corollary 3.15, C(2,∞) ∈
Ψωθ

. So, C(2,∞)∩̃CU = C(2,∞)∩Qc ∈ (Ψωθ
)U . If C(2,∞)∩Qc ∈ (ΨU)ωθ

, then there are V ∈ µ and

H ∈ CSS(U, S) such that a3 ∈ CV and CV − H⊆̃Intθ
ΨU

(
C(2,∞)∩Qc

)
= 0S. Therefore, CV⊆̃H,

and so CV ∈ CSS(U, S). Hence, V is a countable set. This is impossible.

Theorem 12. If (K, Ψ, S) is soft Lindelof, then for each G ∈ Ψωθ
∩ Ψc, G − Intθ

Ψ(G) ∈
CSS(K, S).

Proof. Let (K, Ψ, S) be soft Lindelof and let G ∈ Ψωθ
∩ Ψc. Since G ∈ Ψωθ

, then for every
sk∈̃G, there exists Hsk ∈ Ψ such that sk∈̃Hsk and Hsk − Intθ

Ψ(G) ∈ CSS(K, S). Since G ∈ Ψc,
then G is a soft Lindelof subset of (K, Ψ, S). Put R =

{
Hsk : sk∈̃G

}
. Since G⊆̃∪̃R∈RR, then

there is a countable subcollectionR1 ⊆ R such that G⊆̃∪̃R∈R1 R. SinceR1 is countable, then
∪̃
{

R− Intθ
Ψ(G) : R ∈ R1

}
∈ CSS(K, S). Since G − Intθ

Ψ(G)⊆̃ ∪̃
{

R− Intθ
Ψ(G) : R ∈ R1

}
,

then G− Intθ
Ψ(G) ∈ CSS(K, S).

Theorem 13. Let (K, Ψ, S) be a STS and let H ∈ (Ψωθ
)c. Then there are M ∈ Ψc and N ∈

CSS(K, S) such that Clθ
Ψ(H)⊆̃M∪̃N.

Proof. If H = 1S, then H⊆̃1S∪̃0S with 1S ∈ Ψc and 0S ∈ CSS(K, S). If H 6= 1S, then there
exists sk∈̃1S − H ∈ Ψωθ

. So, there are G ∈ Ψ and N ∈ CSS(K, S) such that sk∈̃G and
G − N⊆̃Intθ

Ψ(1S − H) = 1S − Clθ
Ψ(H) and hence Clθ

Ψ(H)⊆̃1S − (G− N) = (1S − G)∪̃N.
Let M = 1S − G. Then M ∈ Ψc and Clθ

Ψ(H)⊆̃M∪̃N.

Theorem 14. A STS (K, Ψ, S) is soft anti-locally countable if and only if (K, Ψωθ
, S) is soft

anti-locally countable.

Proof. Necessity. Suppose that (K, Ψ, S) is soft anti-locally countable and suppose to the
contrary that there exists G ∈ (Ψωθ

∩ CSS(K, S))− {0S}. Choose sk∈̃G. Since G ∈ Ψωθ
,

then there are H ∈ Ψ and R ∈ CSS(K, S) such that sk∈̃H and H − R⊆̃Intθ
Ψ(G)⊆̃G. Thus,

H⊆̃G∪̃R and hence H ∈ CSS(K, S). Since sk∈̃H, then H ∈ Ψ− {0S}. Since (K, Ψ, S) is soft
anti-locally countable, then H /∈ CSS(K, S), a contradiction. Sufficiency. Obvious.
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Theorem 15. Let (K, Ψ, S) be soft anti-locally countable and let H ∈ Ψωθ
, then ClΨ(H) =

ClΨωθ
(H).

Proof. By Theorem 5, we have Ψωθ
⊆ Ψω0 and so ClΨ

ω0 (H)⊆̃ClΨωθ
(H). Since (K, Ψ, S) is

soft anti-locally countable and H ∈ Ψωθ
⊆ Ψω0 , then by Theorem 21 of [37], ClΨ

ω0 (H) =

ClΨ(H). Therefore, ClΨ(H)⊆̃ClΨωθ
(H). We will show that 1S − ClΨωθ

(H)⊆̃1S − ClΨ(H).
Let sk∈̃1S − ClΨωθ

(H) ∈ Ψωθ
. Then there are G ∈ Ψ and L ∈ CSS(K, S) such that sk∈̃G

and G − L⊆̃Intθ
Ψ

(
1S − ClΨωθ

(H)
)
⊆̃1S − ClΨωθ

(H)⊆̃1S − H. Thus, G∩̃H⊆̃L and hence

G∩̃H ∈ CSS(K, S). Since G∩̃H ∈ Ψω0 and by Theorem 18 of [37], (K, Ψω0 , S) is soft anti-
locally countable, then G∩̃H = 0S. Therefore, we have sk∈̃G ∈ Ψ such that G∩̃H = 0S, and
hence sk∈̃1S − ClΨ(H).

Corollary 5. Let (K, Ψ, S) be soft anti-locally countable and let H ∈ (Ψωθ
)c, then IntΨ(H) =

IntΨωθ
(H).

In Theorem 15, the condition “soft anti-locally countable” is necessary, as the following
example shows:

Example 4. Let K = Z, S = {s, r} and Ψ = {0S, 1S, r1}. Since (K, Ψ, S) is soft locally countable,
then by Theorem 7, Ψωθ

= SS(K, S). Thus, r1 ∈ Ψωθ
and ClΨωθ

(r1) = r1 while ClΨ(r1) = 1S.

Theorem 16. If (K, Ψ, S) is a soft anti-locally countable STS such that Ψ ⊆ Ψωθ
, then α(K, Ψ, S) ⊆

α(K, Ψωθ
, S).

Proof. Let H ∈ α(K, Ψ, S). Then H⊆̃IntΨ(ClΨ(IntΨ(H))). Since by assumption Ψ ⊆ Ψωθ
,

then H⊆̃IntΨωθ
(ClΨ(IntΨωθ

(H))). On the other hand, since IntΨωθ
(H) ∈ Ψωθ

, then by The-

orem 14, ClΨ(IntΨωθ
(H)) = ClΨωθ

(IntΨωθ
(H)). Therefore, H⊆̃IntΨωθ

(ClΨωθ
(IntΨωθ

(H)))

and hence H ∈ α(K, Ψωθ
, S).

Corollary 6. If (K, Ψ, S) is soft regular and soft anti-locally countable, then α(K, Ψ, S) ⊆
α(K, Ψωθ

, S).

Proof. Follows from Corollary 3 and Theorem 16.

The inclusion in Theorem 16 cannot be replaced by equality in general, as will be
shown in the following example:

Example 5. Let µ be the usual topology onR. Consider the STS (R, τ(µ), [0, 1]). Then (R, τ(µ), [0, 1])
is soft anti-locally countable. On the other hand, CQc ∈ α(R, (τ(µ))ωθ

, [0, 1])− α(R, τ(µ), [0, 1]).

Theorem 17. If (K, Ψ, S) is a soft anti-locally countable STS such that Ψ ⊆ Ψωθ
, then RO(K, Ψ, S) =

RO(K, Ψωθ
, S).

Proof. Toseethat RO(K, Ψ, S) ⊆ RO(K, Ψωθ
, S), let H ∈ RO(K, Ψ, S). Then H = IntΨ(ClΨ(H)).

Since H ∈ Ψ ⊆ Ψωθ
, then by Theorem 15, ClΨωθ

(H) = ClΨ(H), and thus H = IntΨ(ClΨωθ
(H)).

Also, since ClΨωθ
(H) ∈ (Ψωθ

)c, then by Corollary 5, H = IntΨ(ClΨωθ
(H)) = IntΨωθ

(ClΨωθ
(H)).

Hence, H ∈ RO(K, Ψωθ
, S).

To see that RO(K, Ψωθ
, S) ⊆ RO(K, Ψ, S), let H ∈ RO(K, Ψωθ

, S). Then
H = IntΨωθ

(ClΨωθ
(H)). Since ClΨωθ

(H) ∈ (Ψωθ
)c, then by Corollary 5, IntΨ(ClΨωθ

(H)) =

IntΨωθ
(ClΨωθ

(H)). Also, since H ∈ Ψ ⊆ Ψωθ
, then by Theorem 15, ClΨωθ

(H) = ClΨ(H).
Thus, IntΨ(ClΨ(H)). Hence, H ∈ RO(K, Ψ, S).



Axioms 2023, 12, 311 9 of 13

Corollary 7. If (K, Ψ, S) is soft regular and soft anti-locally countable, then RO(K, Ψ, S) =
RO(K, Ψωθ

, S).

Proof. Follows from Corollary 3 and Theorem 17.

In Theorem 17, the condition in ‘soft anti-locally countable’ cannot be dropped:

Example 6. Let K = {a, b, c, d, e}, µ = {∅, K, {a}, {a, b}, {a, b, c}, {a, b, c, d}}. Consider the
STS (K, τ(µ), [0, 1]). Then RO(K, τ(µ), [0, 1]) = {0S, 1S} but RO(K, (τ(µ))ωθ

, [0, 1]) = τ(µ).

Theorem 18. If (K, Ψ, S) is a soft anti-locally countable STS such that Ψ ⊆ Ψωθ
, then

β(K, Ψωθ
, S) ⊆ β(K, Ψ, S).

Proof. Let H ∈ β(K, Ψωθ
, S). Then H⊆̃ClΨωθ

(IntΨωθ
(ClΨωθ

(H))). Since ClΨωθ
(H) ∈

(Ψωθ
)c, then by Corollary 5, IntΨ(ClΨωθ

(H)) = IntΨωθ
(ClΨωθ

(H)) and thus

H⊆̃ClΨωθ
(IntΨ(ClΨωθ

(H))). Also, since Ψ ⊆ Ψωθ
, then ClΨωθ

(H)⊆̃ClΨ(H),

IntΨ(ClΨωθ
(H))⊆̃IntΨ(ClΨ(H)), and ClΨωθ

(IntΨ(ClΨ(H)))⊆̃ClΨ(IntΨ(ClΨ(H))). There-

fore, H⊆̃ClΨ(IntΨ(ClΨ(H))). Hence, H ∈ β(K, Ψ, S).

Theorem 19. If (K, Ψ, S) is soft anti-locally countable and soft Urysohn such that Ψ ⊆ Ψωθ
, then

(K, Ψωθ
, S) is soft Urysohn.

Proof. Let sk, tm ∈ SP(K, S) such that sk 6= tm. Since (K, Ψ, S) is soft Urysohn, then there
are L, M ∈ Ψ such that sk∈̃L, tm∈̃M, and ClΨ(L)∩̃ClΨ(M) = 0S. Since Ψ ⊆ Ψωθ

, then
L, M ∈ Ψωθ

and by Theorem 15, ClΨ(L) = ClΨωθ
(L) and ClΨ(M) = ClΨωθ

(M). Thus,
ClΨωθ

(L)∩̃ClΨωθ
(M) = ClΨ(L)∩̃ClΨ(M) = 0S. Hence, (K, Ψωθ

, S) is soft Urysohn.

Theorem 20. If (K, Ψ, S) is soft anti-locally countable and soft regular, then (K, Ψωθ
, S) is

soft Urysohn.

Proof. Follows from Corollary 3 and Theorem 19.

4. Decompositions of θ-Openness ωθ-Openness

Herein, we display the concepts of “soft (ωθ , ω)-sets” and “soft (ωθ , θ)-sets” as two
new classes of soft sets, and via them, we introduce decompositions of soft θ-open sets and
soft ωθ-open sets. Moreover, we examine the relationships between these classes and their
analogs in general topology.

Definition 19. Let (K, Ψ, S) be a STS and let G ∈ SS(K, S). Then G is called

(a) a soft (ωθ , ω)-set in (K, Ψ, S) if IntΨωθ
(G) = IntΨω (G). The collection of all soft (ωθ , ω)-

sets in (K, Ψ, S) will be denoted by Ψ(ωθ ,ω).
(b) a soft (ωθ , θ)-set in (K, Ψ, S) if IntΨωθ

(G) = IntΨθ
(G). The collection of all soft (ωθ , θ)-sets

in (K, Ψ, S) will be denoted by Ψ(ωθ ,θ).

Theorem 21. Let {(K, λs) : s ∈ S} be a collection of TSs and let G ∈ SS(K, S). Then G ∈
(⊕s∈Sλs)(ωθ ,ω) if and only if G(s) ∈ (λs)(ωθ ,ω) for all s ∈ S.

Proof. Necessity. Suppose that G ∈ (⊕s∈Sλs)(ωθ ,ω) and let t ∈ S. Then Int(⊕s∈Sλs)ωθ
(G) =

Int(⊕s∈Sλs)ω
(G) and

(
Int(⊕s∈Sλs)ωθ

(G)
)
(t) =

(
Int(⊕s∈Sλs)ω

(G)
)
(t). Since by Theorem 9,

(⊕s∈Sλs)ωθ
= ⊕s∈S(λs)ωθ

and by Theorem 8 of [34], (⊕s∈Sλs)ω = ⊕s∈S(λs)ω, then we

have
(

Int⊕s∈S(λs)ωθ
(G)

)
(t) =

(
Int⊕s∈S(λs)ω

(G)
)
(t). But by Lemma 4.9
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of [26],
(

Int⊕s∈S(λs)ωθ
(G)

)
(t) = Int(λt)ωθ

(G(t)) and
(

Int⊕s∈S(λs)ω
(G)

)
(t) = Int(λt)ω

(G(t)).

Therefore, Int(λt)ωθ
(G(t)) = Int(λt)ω

(G(t)) and hence G(t) ∈ (λt)(ωθ ,ω).

Sufficiency. Suppose that G(s) ∈ (λs)(ωθ ,ω) for all s ∈ S. Then for each s ∈ S we

have Int(λs)ωθ
(G(s)) = Int(λs)ω

(G(s)). But, by Lemma 4.9 of [26],
(

Int⊕s∈S(λs)ωθ
(G)

)
(t) =

Int(λt)ωθ
(G(t)) and

(
Int⊕s∈S(λs)ω

(G)
)
(t) = Int(λt)ω

(G(t)) for all t ∈ S. Thus,(
Int⊕s∈S(λs)ωθ

(G)
)
(t) =

(
Int⊕s∈S(λs)ω

(G)
)
(t) for all t ∈ S and hence Int⊕s∈S(λs)ωθ

(G) =

Int⊕s∈S(λs)ω
(G). Since by Theorem 9, (⊕s∈Sλs)ωθ

= ⊕s∈S(λs)ωθ
and

by Theorem 8 of [34], (⊕s∈Sλs)ω = ⊕s∈S(λs)ω. Then we have
Int(⊕s∈Sλs)ωθ

(G) = Int(⊕s∈Sλs)ω
(G). Hence, G ∈ (⊕s∈Sλs)(ωθ ,ω).

Corollary 8. Let (K, µ) be a TS and let S be a set of parameters. Then G ∈ (τ(µ))(ωθ ,ω) if and
only if G(s) ∈ (τ(µ))(ωθ ,ω) for all s ∈ S.

Proof. Let µs = µ for every s ∈ S. Then τ(µ) = ⊕s∈Sλs. Thus, by Theorem 21 we get the
result.

Theorem 22. Let {(K, λs) : s ∈ S} be a collection of TSs and let G ∈ SS(K, S). Then G ∈
(⊕s∈Sλs)(ωθ ,θ) if and only if G(s) ∈ (λs)(ωθ ,θ) for all s ∈ S.

Proof. Necessity. Suppose that G ∈ (⊕s∈Sλs)(ωθ ,θ) and let t ∈ S. Then Int(⊕s∈Sλs)ωθ
(G) =

Int(⊕s∈Sλs)θ
(G) and

(
Int(⊕s∈Sλs)ωθ

(G)
)
(t) =

(
Int(⊕s∈Sλs)θ

(G)
)
(t). Since by Theorem 9,

(⊕s∈Sλs)ωθ
= ⊕s∈S(λs)ωθ

and by Theorem 2.21 of [13], (⊕s∈Sλs)θ = ⊕s∈S(λs)θ , then we

have
(

Int⊕s∈S(λs)ωθ
(G)

)
(t) =

(
Int⊕s∈S(λs)ω

(G)
)
(t). But by Lemma 4.9 of [26],(

Int⊕s∈S(λs)ωθ
(G)

)
(t) = Int(λt)ωθ

(G(t)) and
(

Int⊕s∈S(λs)θ
(G)

)
(t) = Int(λt)θ

(G(t)). There-

fore, Int(λt)ωθ
(G(t)) = Int(λt)θ

(G(t)) and hence G(t) ∈ (λt)(ωθ ,θ).

Sufficiency. Suppose that G(s) ∈ (λs)(ωθ ,θ) for all s ∈ S. Then for each s ∈ S we

have Int(λs)ωθ
(G(s)) = Int(λs)θ

(G(s)). But, by Lemma 4.9 of [26],
(

Int⊕s∈S(λs)ωθ
(G)

)
(t) =

Int(λt)ωθ
(G(t)) and

(
Int⊕s∈S(λs)θ

(G)
)
(t) = Int(λt)θ

(G(t)) for all t ∈ S. Thus,(
Int⊕s∈S(λs)ωθ

(G)
)
(t) =

(
Int⊕s∈S(λs)θ

(G)
)
(t) for all t ∈ S and hence Int⊕s∈S(λs)ωθ

(G) =

Int⊕s∈S(λs)θ
(G). Since by Theorem 9, (⊕s∈Sλs)ωθ

= ⊕s∈S(λs)ωθ
and by

Theorem 2.21 of [13], (⊕s∈Sλs)θ = ⊕s∈S(λs)θ . Thus, we have
Int(⊕s∈Sλs)ωθ

(G) = Int(⊕s∈Sλs)θ
(G). Hence, G ∈ (⊕s∈Sλs)(ωθ ,θ).

Corollary 9. Let (K, µ) be a TS and let S be a set of parameters. Then G ∈ (τ(µ))(ωθ ,θ) if and
only if G(s) ∈ (τ(µ))(ωθ ,θ) for all s ∈ S.

Proof. Let µs = µ for every s ∈ S. Then τ(µ) = ⊕s∈Sλs. Thus, by Theorem 21 we get the
result.

Theorem 23. For any STS (K, Ψ, S), Ψωθ
⊆ Ψ(ωθ ,ω).

Proof. Let G ∈ Ψωθ
. Then IntΨωθ

(G) = G. On the other hand, since by Theorem 5

and Theorem 3, Ψωθ
⊆ Ψω0 ⊆ Ψω, then G = IntΨωθ

(G)⊆̃IntΨω (G). Therefore, G =

IntΨωθ
(G) = IntΨω (G) and hence G ∈ Ψ(ωθ ,ω).

Theorem 24. For any STS (K, Ψ, S), Ψθ ⊆ Ψ(ωθ ,θ).
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Proof. Let G ∈ Ψθ . Then IntΨθ
(G) = G. On the other hand, since by Theorem 5, Ψθ ⊆

Ψωθ
, then G = IntΨθ

(G)⊆̃IntΨωθ
(G). Therefore, G = IntΨθ

(G) = IntΨωθ
(G) and hence

G ∈ Ψ(ωθ ,θ).

The following two examples show that Theorems 23 and 24 are not reversible in
general:

Example 7. Let K = R, S = {s, r} and Ψ = {0S, 1S, CR−Q}. Let G = CN. Since (K, Ψ, S) is
soft anti-locally countable and G ∈ Ψc, then by Theorem 14 of [34], IntΨω (G) = IntΨ(G) = 0S.
Also, since by Theorem 5 and Theorem 3, Ψωθ

⊆ Ψω0 ⊆ Ψω, then IntΨωθ
(G)⊆̃IntΨω (G) = 0S.

Thus, IntΨω (G) = IntΨωθ
(G) = 0S and hence G ∈ Ψ(ωθ ,θ). Suppose that Intθ

Ψ(G) 6= 0S. Then
there exists sk∈̃Intθ

Ψ(G) and so there is H ∈ Ψ such that sk∈̃H⊆̃ClΨ(H)⊆̃G. Since sk∈̃H⊆̃G,
then H = CR−Q and CR−Q⊆̃CN which is impossible. Therefore, Intθ

Ψ(G) = 0S. If G ∈ Ψωθ
,

then there are N ∈ Ψ and M ∈ CSS(K, S) such that s1∈̃N and N −M⊆̃Intθ
Ψ(G) = 0S. Thus,

N⊆̃M and hence N ∈ CSS(K, S). On the other hand, since s1∈̃N ∈ Ψ, then either N = CR−Q or
N = 1S and in both cases N /∈ CSS(K, S). It follows that G /∈ Ψωθ

.

Example 8. Let K = R, S = {s, r} and Ψ = {0S, 1S, C(−∞,1)}. Let G = C(2,∞). Since Ψθ ⊆ Ψ
and G /∈ Ψ, then G /∈ Ψθ . Again since Ψθ ⊆ Ψ, then IntΨθ

(G)⊆̃IntΨ(G) = 0S. Suppose
that IntΨωθ

(G) 6= 0S. Then there exists sk∈̃IntΨωθ
(G) ∈ Ψωθ

and so there are N ∈ Ψ and
M ∈ CSS(K, S) such that s3∈̃N and N−M⊆̃Intθ

Ψ(G)⊆̃IntΨ(G) = 0S. Thus, N⊆̃M and hence
N ∈ CSS(K, S). On the other hand, since s3∈̃N ∈ Ψ, then either N = C(−∞,1) or N = 1S and in
both cases N /∈ CSS(K, S). Therefore, IntΨθ

(G) = IntΨωθ
(G) = 0S and hence, G ∈ Ψ(ωθ ,θ).

Theorem 25. For any STS (K, Ψ, S), Ψωθ
= Ψω ∩Ψ(ωθ ,ω).

Proof. By Theorem 5 and Theorem 3, we have Ψωθ
⊆ Ψω0 ⊆ Ψω. Also, by Theorem 23,

we have Ψωθ
⊆ Ψ(ωθ ,ω). Hence, Ψωθ

⊆ Ψω ∩Ψ(ωθ ,ω). To see that Ψω ∩Ψ(ωθ ,ω) ⊆ Ψωθ
, let

G ∈ Ψω ∩ Ψ(ωθ ,ω). Then G ∈ Ψω and G ∈ Ψ(ωθ ,ω). Since G ∈ Ψω, then IntΨω (G) = G.
Since G ∈ Ψ(ωθ ,ω), then IntΨωθ

(G) = IntΨω (G). Thus, we have IntΨωθ
(G) = G, and hence

G ∈ Ψωθ
.

Theorem 26. For any STS (K, Ψ, S), Ψθ = Ψωθ
∩Ψ(ωθ ,θ).

Proof. By Theorem 5, we have Ψθ ⊆ Ψωθ
. Also, by Theorem 24, we have Ψθ ⊆ Ψ(ωθ ,θ).

Hence, Ψθ ⊆ Ψωθ
∩ Ψ(ωθ ,θ). To see that Ψωθ

∩ Ψ(ωθ ,θ) ⊆ Ψθ , let G ∈ Ψωθ
∩ Ψ(ωθ ,θ). Then

G ∈ Ψωθ
and G ∈ Ψ(ωθ ,θ). Since G ∈ Ψωθ

, then IntΨωθ
(G) = G. Since G ∈ Ψ(ωθ ,θ), then

IntΨωθ
(G) = IntΨθ

(G). Thus, we have IntΨθ
(G) = G, and hence G ∈ Ψθ .

We expect Theorems 25 and 26 to play an important role in specific types of soft
continuity that can be defined by the classes of soft sets introduced in this paper. In
particular, they will give decomposition theorems for such soft continuity types.

5. Conclusions

This paper belongs to the field of soft topology. The concepts of soft ωθ-open sets,
soft (ωθ , ω)-sets, and soft (ωθ , θ)-sets in soft topological spaces are introduced, and their
properties are investigated. In particular, the relationships between these classes of soft
sets and their analogs in general topology are examined (Theorems 8, 9, 21 and 22, and
Corollaries 1, 2, 7 and 8). Also, it is proved that the family of soft ωθ-open sets form a soft
topology that lies between the soft topologies of soft θ-open sets and soft ω0-open sets
(Therems 5 and 6). Moreover, it is proved that the soft topologies of ωθ-open sets and soft
ω0-open sets are equivalent for soft regular spaces (Theorem 10). Furthermore, it is proved
that the soft topology of ωθ-open sets is a soft discrete space for soft locally countable
spaces (Theorem 7). In addition to these, decomposition theorems of soft θ-openness
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and soft ωθ-openness in terms of soft (ωθ , ω)-sets and soft (ωθ , θ)-sets are introduced
(Theorems 25 and 26).

In the upcoming work, we plan: (1) To define soft separation axioms via soft ωθ-open
sets; (2) To investigate the behavior of our new notions under product STSs; (3) To define
soft ωθ-continuity; (4) To extend these concepts to include soft bi-topological spaces.
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Science and Technology.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References
1. Molodtsov, D.; Leonov, V.Y.; Kovkov, D.V. Soft sets technique and its application. Nechetkie Sist. Myagkie Vychisleniya 2006, 1, 8–39.
2. Maji, P.K.; Biswas, R.; Roy, R. An application of soft sets in a decision making problem. Comput. Math. Appl. 2002, 44, 1077–1083.

[CrossRef]
3. Maji, P.K.; Biswas, R.; Roy, R. Soft set theory. Comput. Math. Appl. 2003, 45, 555–562. [CrossRef]
4. Gong, K.; Xia, Z.; Zhang, X. The bijective soft set with its operations. Comput. Math. Appl. 2010, 60, 2270–2278. [CrossRef]
5. Aktas, H.; Cagman, N. Soft sets and soft groups. Inform. Sci. 2007, 77, 2726–2735. [CrossRef]
6. Ali, M.T.; Feng, F.; Liu, X.; Minc, W.K.; Shabir, M. On some new operations in soft set theory. Comput. Math. Appl. 2009, 57,

1547–1553. [CrossRef]
7. Acikgoz, A.; Tas, N. Binary soft set theory. Eur. J. Pure Appl. Math. 2016, 9, 452–463.
8. Cagman, N.; Enginoglu, S. Soft matrix theory and its decision making. Comput. Math. Appl. 2010, 59, 3308–3314. [CrossRef]
9. Cagman, N.; Enginoglu, S. Soft set theory and uni-int decision making. Eur. J. Oper. Res. 2010, 207, 848–855. [CrossRef]
10. Shabir, M.; Naz, M. On soft topological spaces. Comput. Math. Appl. 2011, 61, 1786–1799. [CrossRef]
11. Min, W.K. A note on soft topological spaces. Comput. Math. Appl. 2011, 62, 3524–3528. [CrossRef]
12. Al Ghour, S. Soft connectivity and soft θ-connectivity relative to a soft topological space. J. Intell. Fuzzy Syst. 2022, in press.

[CrossRef]
13. Al Ghour, S. Soft θω-open sets and soft θω-continuity. Int. J. Fuzzy Logic Intell. Syst. 2022, 22, 89–99. [CrossRef]
14. Al Ghour, S.; Ameen, Z.A. Maximal soft compact and maximal soft connected topologies. Appl. Comput. Intell. Soft Comput. 2022,

2022, 9860015. [CrossRef]
15. Al Ghour, S. On soft generalized ω-closed sets and soft T1/2 spaces in soft topological spaces. Axioms 2022, 11, 194. [CrossRef]
16. Al-shami, T.M. Soft somewhat open sets: Soft separation axioms and medical application to nutrition. Comput. Appl. Math. 2022,

41, 216. [CrossRef]
17. Azzam, A.A.; Ameen, Z.A.; Al-shami, T.M.; El-Shafei, M.E. Generating soft topologies via soft set operators. Symmetry 2022, 14,

914. [CrossRef]
18. Al-shami, T.M.; Ameen, Z.A.; Azzam, A.A.; El-Shafei, M.E. Soft separation axioms via soft topological operators. Aims Math.

2022, 7, 15107–15119. [CrossRef]
19. Musa, S.Y.; Asaad, B.A. Hypersoft topological spaces. Neutrosophic Sets Syst. 2022, 49, 397–415.
20. Ameen, Z.A. A non-continuous soft mapping that preserves some structural soft sets. J. Intell. Fuzzy Syst. 2022, 42, 5839–5845.

[CrossRef]
21. Al-shami, T.M.; Mhemdi, A. Two families of separation axioms on infra soft topological spaces. Filomat 2022, 36, 1143–1157.

[CrossRef]
22. Al-shami, T.M. Defining and investigating new soft ordered maps by using soft semi open sets. Acta Univ. Sapientiae Math. 2021,

13, 145–163. [CrossRef]
23. Al-shami, T.M. On soft separation axioms and their applications on decision-making problem. Math. Probl. Eng. 2021, 2021,

8876978. [CrossRef]
24. Al-shami, T.M. Compactness on soft topological ordered spaces and its application on the information system. J. Math. 2021, 2021,

6699092. [CrossRef]
25. Al Ghour, S. Soft ω∗-paracompactness in soft topological spaces. Int. J. Fuzzy Log. Intell. Syst. 2021, 21, 57–65. [CrossRef]
26. Al Ghour, S. Strong form of soft semiopen sets in soft topological spaces. Int. J. Fuzzy Log. Intell. Syst. 2021, 21, 159–168.

[CrossRef]
27. Velicko, N.V. H-closed topological spaces. Mat. Sb. 1966, 70, 98–112; English translation: Amer. Math. Soc. Transl. 1968, 78,

102–118.
28. Caldas, M.; Jafari, S.; Kovar, M.M. Some properties of θ -open sets. Divulg. Mat. 2004, 12, 161–169.
29. Ekici, E.; Jafari, S.; Latif, R.M. On a finer topological space than τθ and some maps. Ital. J. Pure Appl. Math. 2010, 27, 293–304.
30. Zorlutuna, I.; Akdag, M.; Min, W.K.; Atmaca, S. Remarks on soft topological spaces. Ann. Fuzzy Math. Inform. 2012, 3, 171–185.
31. Al Ghour, S.; Bin-Saadon, A. On some generated soft topological spaces and soft homogeneity. Heliyon 2019, 5, e02061. [CrossRef]

http://doi.org/10.1016/S0898-1221(02)00216-X
http://dx.doi.org/10.1016/S0898-1221(03)00016-6
http://dx.doi.org/10.1016/j.camwa.2010.08.017
http://dx.doi.org/10.1016/j.ins.2006.12.008
http://dx.doi.org/10.1016/j.camwa.2008.11.009
http://dx.doi.org/10.1016/j.camwa.2010.03.015
http://dx.doi.org/10.1016/j.ejor.2010.05.004
http://dx.doi.org/10.1016/j.camwa.2011.02.006
http://dx.doi.org/10.1016/j.camwa.2011.08.068
http://dx.doi.org/10.3233/JIFS-220371
http://dx.doi.org/10.5391/IJFIS.2022.22.1.89
http://dx.doi.org/10.1155/2022/9860015
http://dx.doi.org/10.3390/axioms11050194
http://dx.doi.org/10.1007/s40314-022-01919-x
http://dx.doi.org/10.3390/sym14050914
http://dx.doi.org/10.3934/math.2022828
http://dx.doi.org/10.3233/JIFS-212410
http://dx.doi.org/10.2298/FIL2204143A
http://dx.doi.org/10.2478/ausm-2021-0008
http://dx.doi.org/10.1155/2021/8876978
http://dx.doi.org/10.1155/2021/6699092
http://dx.doi.org/10.5391/IJFIS.2021.21.1.57
http://dx.doi.org/10.5391/IJFIS.2021.21.2.159
http://dx.doi.org/10.1016/j.heliyon.2019.e02061


Axioms 2023, 12, 311 13 of 13

32. El-Shafei, M.E.; Abo-Elhamayela, M.; Al-shami, T.M. Partial soft separation axioms and soft compact spaces. Filomat 2018, 32,
755–4771. [CrossRef]

33. Das, S.; Samanta, S.K. Soft metric. Ann. Fuzzy Math. Inform. 2013, 6, 77–94.
34. Al Ghour, S.; Hamed, W. On two classes of soft sets in soft topological spaces. Symmetry 2020, 12, 265. [CrossRef]
35. Nazmul, S.K.; Samanta, S.K. Neigbourhood properties of soft topological spaces. Ann. Fuzzy Math. Inform. 2013, 6, 1–15.
36. Georgiou, D.N.; Megaritis, A.C.; Petropoulos, V.I. On soft topological spaces. Appl. Math. Inf. Sci. 2013, 7, 1889–1901. [CrossRef]
37. Al Ghour, S. Between the classes of soft open sets and soft omega open sets. Mathematics 2022, 10, 719. [CrossRef]
38. Hussain, S.; Ahmad, B. Soft separation axioms in soft topological spaces. Hacet. J. Math. Stat. 2015, 44, 559–568. [CrossRef]
39. Ramkumar, S.; Subbiah, V. Soft separation axioms and soft product of soft topological spaces. Maltepe J. Math. 2020, 2, 61–75.

[CrossRef]
40. Akdag, M.; Ozkan, A. Soft α-open sets and soft α -continuous functions. Abstr. Appl. Anal. 2014, 2014, 891341. [CrossRef]
41. Akdag, M.; Ozkan, A. Soft β-open sets and soft β -continuous functions. Sci. World J. 2014, 2014, 843456. [CrossRef] [PubMed]
42. Evanzalin, E.P.; Thangavelu, P. Between nearly open sets and soft nearly open sets. Appl. Math. Inform. Sci. 2016, 10, 2277–2281.

[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.2298/FIL1813755E
http://dx.doi.org/10.3390/sym12020265
http://dx.doi.org/10.12785/amis/070527
http://dx.doi.org/10.3390/math10050719
http://dx.doi.org/10.15672/HJMS.2015449426
http://dx.doi.org/10.47087/mjm.723886
http://dx.doi.org/10.1155/2014/891341
http://dx.doi.org/10.1155/2014/843456
http://www.ncbi.nlm.nih.gov/pubmed/25045746
http://dx.doi.org/10.18576/amis/100630

	Introduction
	Preliminaries
	Soft -Open Sets
	Decompositions of -Openness -Openness
	Conclusions
	References

