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Abstract: In the present paper, four different intuitionistic fuzzy temporal topological structures are
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1. Introduction

The idea for development of the intuitionistic fuzzy topological structures (in the
sense of [1–3]) started from a discussion between the Bulgarian Prof. Doychin Doychinov
(1926–1996) and the author in 1989, when Prof. Doychinov was the Head of the Department
of Geometry and Topology at the Institute of Mathematics and Informatics of the Bulgarian
Academy of Sciences. Unfortunately, back then, none of the Master’s or PhD students
in the department were interested in this idea. That is why no progress was made until
the end of the 20th century, when Dogan Čoker (1951–2003) started working on the topic
(see [4,5]). The author discussed with him the possibility of joint research, but sadly he
passed away too soon. The next important leg of the research in this area was made by
F. Gallego Lupiañez in [6,7]. During the last 20 years, a lot of research in this area has
been published, but it contains the intuitionistic fuzzy interpretations of existing objects in
standard topology (see, e.g., [8–21]).

In [22], the author introduced the idea of intuitionistic fuzzy modal topological struc-
tures (IFMTS). On the basis on Kazimierz Kuratowski’s (1896–1980) definition for a topo-
logical structure [2] that satisfies the conditions

C1 cl(A∆B) = cl(A)∆cl(B),
C2 A ⊆ cl(A),
C3 cl(cl(A)) = cl(A),
C4 cl(O) = O,

where A, B ∈ X, X is some fixed set of sets with a minimal element O, cl is the topological
operator “closure”, and ∆ : X× X → X is the operation that generates cl; additionally,

I1 in(A∇B) = in(A)∇in(B),
I2 in(A) ⊆ A,
I3 in(in(A)) = in(A),
I4 in(I) = I,

where A, B ∈ X, X is the same set and I is its maximal element, in is the topological
operator “interior”, and ∇ : X× X → X is the operation that generates in.
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On a side note, it seems that the first time when the term “temporal topology” was
used was in Robin Le Poidevin’s paper [23] from 1990, which, however discusses the
concept in a philosophical context, bearing no relation to the usage meant in intuitionistic
fuzzy sets. Additionally, we note that another term, which is unrelated, is “temporal
intuitionistic fuzzy topology” in Šostak’s sense, as studied by Fatih Kutlu, Tunay Bilgin
and A.A. Ramadan in [24–26]).

Later, the operators that satisfy the conditions C1–C4 will be termed as “operators of a
closure type”, and those that satisfy the conditions I1–I4 as “operators of an interior type”.

The idea for IFMTS has been discussed in a series of papers [22,27–29], in which some
types of these structures are constructed.

The present paper is a continuation of the author’s research. It is based on the defini-
tions and the notations of the intuitionistic fuzzy sets (IFSs, see, e.g., [30,31]), introduced by
the author 40 years ago, in 1983. In it, the tempotal intuitionistic fuzzy operators (see [30,31])
play the role of the modal operators in the IFMTSs.

In the present paper, we combine the ideas and definitions from the areas of (general)
topology (see, e.g., [1–3]) and of temporal intuitionistic fuzzy sets (see, e.g., [30–32]) and in-
troduce, in a novel way, the concept of an intuitionistic fuzzy temporal topological structure
(IFTTS). We must immediately mention that the object temporal topology is fuzzified in the
sense of Brouwer’s (1881–1966) intuitionism, while the name “temporal intuitionistic fuzzy
topology” points to the idea for the temporalization of an intuitionistic fuzzy topology that
has another meaning.

The present paper shows the possibility for a new direction in the development of
topological structures, and more precisely of the IFTSs. In future, it will be the basis of
a series of modifications and extensions.

Initially, short remarks over intuitionistic fuzzy sets (IFSs) and temporal IFSs (TIFSs)
are given (in Section 2). After this, in Section 3, the new objects are introduced, and some of
their basic properties will be discussed. In Section 4 an example of the application of IFTTSs
in a Multi-Criteria Decision Making procedure is presented, and finally Section 5 outlines a
conclusion and discusses new directions for the development of the present ideas.

2. Short Remarks about Temporal Intuitionistic Fuzzy Sets

The IFSs are one of the early extensions of Lotfi Zadeh’s (1921–2017) fuzzy sets [33] .
When a set E, called a “universum”, is fixed and A is its subset, each IFS in E has the form

A∗ = {〈x, µA(x), νA(x)〉|x ∈ E},

where functions µA : E→ [0, 1] and νA : E→ [0, 1] define the degree of membership and
of non-membership of element x ∈ E, respectively, to the set A ⊆ E, and for each x ∈ E:

0 ≤ µA(x) + νA(x) ≤ 1.

As usual, instead of A∗ for brevity, the notation A is used.
Let the above (fixed) set E be given and let T be a non-empty set (finite or infinite),

called the temporal scale with upper and lower boundaries. The elements of T are called
“time-moments”.

Following [30–32], we define the Temporal IFS (TIFS) as follows:

A∗(T) = {〈x, µA(x, t), νA(x, t)〉|〈x, t〉 ∈ E× T},

where

(a) A ⊆ E is a fixed set,
(b) µA(x, t) + νA(x, t) ≤ 1 for every 〈x, t〉 ∈ E× T,
(c) µA(x, t) and νA(x, t) are the degrees of membership and non-membership, respec-

tively, of the element x ∈ E at the time-moment t ∈ T.

As usual, instead of A∗(T) for brevity, the notation A(T) is used.



Axioms 2023, 12, 182 3 of 15

As is mentioned in [31], each ordinary IFS can be regarded as a TIFS for which T is a
singleton set. Additionally, it is mentioned there that all operations and operators on the
IFSs can be defined for the TIFSs. However, the opposite is also true: each TIFS A(T) is
a standard IFS, but over universe E× T. For this reason, we can re-define all operations,
relations, and operators defined over standard IFSs, now over TIFSs. For example, if we
have two TIFSs:

A(T′) = {〈x, µA(x, t), νA(x, t)〉|〈x, t〉 ∈ E× T′},

and
B(T′′) = {〈x, µB(x, t), νB(x, t)〉|〈x, t〉 ∈ E× T′′},

where T′ and T′′ are temporal scales, then

A(T′) ∪ B(T′′) = {〈x, µA(T′)∪B(T′′)(x, t), νA(T′)∪B(T′′)(x, t)〉|〈x, t〉 ∈ E× (T′ ∪ T′′)},

where
〈x, µA(T′)∪B(T′′)(x, t), νA(T′)∪B(T′′)(x, t)〉

=



〈x, µA(x, t′), νA(x, t′)〉, if t = t′ ∈ T′ − T′′

〈x, µB(x, t′′), νA(x, t′′)〉, if t = t′′ ∈ T′′ − T′

〈x, max(µA(x, t′), µB(x, t′′)), if t = t′ = t′′ ∈ T′ ∩ T′′

min(νA(x, t′), νA(x, t′′))〉,

〈x, 0, 1〉, otherwise

A(T′) ∩ B(T′′) = {〈x, µA(T′)∩B(T′′)(x, t), νA(T′)∩B(T′′)(x, t)〉|〈x, t〉 ∈ E× (T′ ∪ T′′)},

where
〈x, µA(T′)∩B(T′′)(x, t), νA(T′)∩B(T′′)(x, t)〉

=



〈x, µA(x, t′), νA(x, t′)〉, if t = t′ ∈ T′ − T′′

〈x, µB(x, t′′), νA(x, t′′)〉, if t = t′′ ∈ T′′ − T′

〈x, min(µA(x, t′), µB(x, t′′)), if t = t′ = t′′ ∈ T′ ∩ T′′

max(νA(x, t′), νA(x, t′′))〉,

〈x, 0, 1〉, otherwise

For the needs of the present research, we define also operation “(classical) negation” by

¬A(T) = {〈x, νA(x, t), µA(x, t)〉|〈x, t〉 ∈ E× T}

and the simplest relations, defined for the case when T = T′ = T′′:

A(T) ⊆ B(T) iff (∀x ∈ E)(∀t ∈ T)(µA(T)(x, t) ≤ µB(T)(x, t) ∧ νA(T)(x, t) ≥ νB(T)(x, t));

A(T) ⊇ B(T) iff B(T) ⊆ A(T);

A(T) = B(T) iff (∀x ∈ E)(∀t ∈ T)(µA(T)(x, t) = µB(T)(x, t) ∧ νA(T)(x, t) = νB(T)(x, t))

In future research, we will discuss the form of the above relations in the case when
T′ 6= T′′.

Since we assume that T′ = T′′ here, we see that the above definitions of the operations
∪ and ∩ are reduced to the forms:

A(T) ∪ B(T) = {〈x, max(µA(x, t), µB(x, t)), min(νA(x, t), νA(x, t))〉|〈x, t〉 ∈ E× T},
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A(T) ∩ B(T) = {〈x, min(µA(x, t), µB(x, t)), max(νA(x, t), νA(x, t))〉|〈x, t〉 ∈ E× T}.

The first two (simplest) analogues of the topological operators “closure” and “interior”
(defined over IFSs) are introduced over TIFSs in [30,31] as follows:

C(A(T)) = {〈x, sup
y∈E

µA(T)(y, t), inf
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T},

I(A(T)) = {〈x, inf
y∈E

µA(T)(y, t), sup
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T},

while specifically related to temporality are the following two operators over TIFSs (see [30,31]):

C∗(A(T)) = {〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T},

I∗(A(T)) = {〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}.

Thus, we say that the operator C∗ is an operator of closure type, while the operator
I∗ is an operator of interior type. Notably, the first two operators, C and I , are related to
the elements of the universe, while the second two operators, C∗ and I∗, are related to the
elements of the chosen time-scale.

3. Definitions of Four Intuitionistic Fuzzy Temporal Topological Structures

Following [30], let us define

O∗(T) = {〈x, 0, 1〉|〈x, t〉 ∈ E× T},

E∗(T) = {〈x, 1, 0〉|〈x, t〉 ∈ E× T}.

Therefore, for each TIFS A(T):

O∗(T) ⊆ A(T) ⊆ E∗(T).

If for each set X
P(X) = {Y|Y ⊆ X},

then for each TIFS A(T) over the universe E and time-scale T:

P(O∗(T)) = O∗(T),

P(E∗(T)) = {A(T)|A(T) ⊆ E∗(T)}.

Let O and Q be operators such that for each TIFS A(T) ∈ P(E∗(T)):

O(A(T)) = ¬Q(¬A(T)),

Q(A(T)) = ¬O(¬A(T)).

Let ∆,∇ : P(E∗(T))×P(E∗(T))→ P(E∗(T)) be operations such that for every two
TIFSs A(T), B(T) ∈ P(E∗(T)):

A(T)∇B(T) = ¬(¬A(T)∆¬B(T)),

A(T)∆B(T) = ¬(¬A(T)∇¬B(T)).

Let ◦ and • be the special operators over TIFS that are related to temporality and such
that for each TIFS A(T) ∈ P(E∗(T)):

◦A(T) = ¬ • ¬A(T),

•A(T) = ¬ ◦ ¬A(T).
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By analogy with [22], and extending the definitions from there, we will introduce four
types of IFTTSs: a cl-cl-IFTTS, cl-in-IFTTS, in-cl-IFTTS, and in-in-IFTTS.

3.1. cl-cl-Intuitionistic Fuzzy Temporal Topological Structure

The cl-cl-IFTTS is the object

〈P(E∗(T)),O, ∆, ◦〉,

where T is a fixed time-scale; E is a fixed universe; O : P(E∗(T)) → P(E∗(T)) is an op-
erator of a closure type related to operation ∆; ◦ : P(E∗(T)) → P(E∗(T)) is a temporal
operator of a closure type; and for every two TIFSs A(T), B(T) ∈ P(E∗(T)), the following
nine conditions hold:

CC1 O(A(T)∆B(T)) = O(A(T))∆O(B(T)),
CC2 A(T) ⊆ O(A(T)),
CC3 O(O∗(T)) = O∗(T),
CC4 O(O(A(T))) = O(A(T)),
CC5 ◦(A(T)∇B(T)) ⊆ ◦A(T)∇ ◦ B(T),
CC6 A(T) ⊆ ◦A(T),
CC7 ◦E∗(T) = E∗(T),
CC8 ◦ ◦ A(T) = ◦A(T),
CC9 ◦ O(A(T)) = O(◦A(T)).

Now, we see that the first four conditions correspond to the conditions C1–C4 for
a topological operator “closure”; the next four conditions correspond to the conditions C1–
C4, too, but for a temporal topological operator “closure”; and condition CC9 determines
the relation between the two types of operators.

Obviously, when T = {t} is a single set, then the IFTTS is reduced to an IFTS. On the
other hand, if we have a set of IFTSs for which we know that they are related to fixed
time-moments t1 < t2 < . . . , respectively, then on their basis we can construct an IFTTS.

Theorem 1. For each universe E and each time-scale T, 〈P(E∗(T)), C,∪, C∗〉 is a cl-cl-IFTTS.

Proof. Let the IFSs A(T), B(T) ∈ P(E∗(T)) be given. We will sequentially prove the
validity of the nine conditions CC1–CC9.

CC1.

C(A(T) ∪ B(T))

= C({〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
∪ {〈x, µB(T)(x, t), νB(T)(x, t)〉|〈x, t〉 ∈ E× T})

= C({〈x, max(µA(T)(x, t), µB(T)(x, t)),

min(νA(T)(x, t), νB(T)(x, t))〉|〈x, t〉 ∈ E× T})
= {〈x, sup

y∈E
max(µA(T)(y, t), µB(T)(y, t)),

inf
y∈E

min(νA(T)(y, t), νB(T)(y, t))〉|〈x, t〉 ∈ E× T}

= {〈x, max(sup
y∈E

µA(T)(y, t), sup
y∈E

µB(T)(y, t)),

min( inf
y∈E

νA(T)(y, t), inf
y∈E

νB(T)(y, t))〉|〈x, t〉 ∈ E× T}

= C(A(T)) ∪ C(B(T));
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CC2.

A(T) = {〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
⊆ {〈x, sup

y∈E
µA(T)(y, t), inf

y∈E
νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

= C(A(T));

CC3.

C(O∗(T)) = C({〈x, 0, 1〉|〈x, t〉 ∈ E× T})
= {〈x, sup

y∈E
0, inf

y∈E
1〉|〈x, t〉 ∈ E× T}

= {〈x, 0, 1〉|〈x, t〉 ∈ E× T}
= O∗(T);

CC4. Bearing in mind that for each fixed t ∈ T: sup
y∈E

µA(T)(y, t) and inf
y∈E

νA(T)(y, t) are

constants, we obtain that:

C(C(A(T))) = C({〈x, sup
y∈E

µA(T)(y, t), inf
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T})

= {〈x, sup
z∈E

sup
y∈E

µA(T)(y, t), inf
z∈E

inf
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

= {〈x, sup
y∈E

µA(T)(y, t), inf
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

= C(A(T)).

CC5. To check condition CC5, we will first prove that for each x ∈ E:

sup
u∈T

min(µA(T)(x, u), µB(T)(x, u)) ≤ min(sup
u∈T

µA(T)(x, u), sup
u∈T

µB(T)(x, u)), (1)

inf
u∈T

max(νA(T)(x, u), νB(T)(x, u)) ≥ max(inf
t∈T

νA(T)(x, t), inf
t∈T

νB(T)(x, t)). (2)

Let for a fixed x ∈ E:

min(µA(T)(x, u), µB(T)(x, u)) = g(u).

Therefore, for each x ∈ E:

g(u) ≤ µA(T)(x, u),

g(u) ≤ µB(T)(x, u).

Therefore,

sup
u∈T

g(u) ≤ sup
u∈T

µA(T)(x, u),

sup
u∈T

g(u) ≤ sup
u∈T

µB(T)(x, u)

hence,
sup
u∈T

g(u) ≤ min(sup
u∈T

µA(T)(x, u), sup
u∈T

µB(T)(x, u)),

i.e., (1) is valid. (2) is proved in a similar manner.
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Back to the proof of CC5, using (1) and (2), we see that:

C∗(A(T) ∩ B(T))

= C∗({〈x, min(µA(T)(x, t), µB(T)(x, t)),

max(νA(T)(x, t), νB(T)(x, t))|〉〈x, t〉 ∈ E× T})
= {〈x, sup

u∈T
min(µA(T)(x, u), µB(T)(x, u))),

inf
u∈T

max(νA(T)(x, u), νB(T)(x, u))〉|〈x, t〉 ∈ E× T}

⊆ {〈x, min(sup
t∈T

µA(T)(x, t), sup
t∈T

µB(T)(x, t)),

max(inf
t∈T

νA(T)(x, t), inf
t∈T

νB(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

∩ {〈x, sup
t∈T

µB(T)(x, t), inf
t∈T

νB(T)(x, t)〉|〈x, t〉 ∈ E× T}

= C∗(A(T)) ∩ C∗(B(T)).

CC6.

A(T) = {〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
⊆ {〈x, sup

t∈T
µA(T)(x, t), inf

t∈T
νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= C∗(A(T));

CC7.

C∗(E∗(T)) = C∗({〈x, 1, 0〉}|〈x, t〉 ∈ E× T})
= ({〈x, 1, 0〉}|〈x, t〉 ∈ E× T})
= E∗(T)

CC8. Bearing in mind that for each fixed x ∈ T: sup
t∈T

µA(T)(x, t) and inf
t∈T

νA(T)(x, t) are

constants, we obtain that:

C∗(C∗(T)) = C∗({〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, sup
u∈T

sup
t∈T

µA(T)(x, t), inf
u∈T

inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= C∗(A(T));

CC9.

C∗(C(A(T))) = C∗({〈x, sup
y∈E

µA(T)(y), inf
y∈E

νA(T)(y)〉|〈x, t〉 ∈ E× T})

= {〈x, sup
u∈T

sup
y∈E

µA(T)(y, u), inf
u∈T

inf
y∈E

νA(T)(y, u)〉|〈x, t〉 ∈ E× T})

= {〈x, sup
y∈E

sup
u∈T

µA(T)(y, u), inf
y∈E

inf
u∈T

νA(T)(y, u)〉|〈x, t〉 ∈ E× T}

= C({〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T})

= C(C∗(A(T))).
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This completes the proof.

3.2. in-in-Intuitionistic Fuzzy Temporal Topological Structure

The in-in-IFTTS is the object

〈P(E∗(T)),Q,∇, •〉,

where T is a fixed time-scale; E is a fixed universe; Q : P(E∗(T))→ P(E∗(T)) is an oper-
ator of interior type, related to the operation ∇; • : P(E∗(T)) → P(E∗(T)) is a temporal
operator from interior type; and for every two TIFSs A(T), B(T) ∈ P(E∗(T)), the following
nine conditions hold:

II1 Q(A(T)∇B(T)) = Q(A(T))∇Q(B(T)),
II2 Q(A(T)) ⊆ A(T),
II3 Q(E∗(T)) = E∗(T),
II4 Q(Q(A(T))) = Q(A(T)),
II5 •(A(T)∆B(T)) ⊇ •A(T)∆ • B(T),
II6 •A(T) ⊆ A(T),
II7 •O∗(T) = O∗(T),
II8 • • A(T) = •A(T),
II9 • Q(A(T)) = Q(•A(T)).

We see that the first four conditions correspond to the conditions I1–I4 for a topological
operator “interior”; the next four conditions correspond to the conditions I1–I4, too, but for
a temporal topological operator the “interior” and condition CC9 determine the relation
between the two types of operators.

Theorem 2. For each universe E and each time-scale T, 〈P(E∗(T)), I ,∩, I∗〉 is an in-in-IFTTS.

Proof. Let the IFSs A(T), B(T) ∈ P(E∗(T)) be given. We will sequentially prove the
validity of the nine conditions II1–II9.

II1.

I(A(T) ∩ B(T))

= I({〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
∩ {〈x, µB(T)(x, t), νB(T)(x, t)〉|〈x, t〉 ∈ E× T})

= C({〈x, min(µA(T)(x, t), µB(T)(x, t)),

max(νA(T)(x, t), νB(T)(x, t))〉|〈x, t〉 ∈ E× T})
= {〈x, inf

y∈E
min(µA(T)(y, t), µB(T)(y, t)),

sup
y∈E

max(νA(T)(y, t), νB(T)(y, t))〉|〈x, t〉 ∈ E× T}

= {〈x, min( inf
y∈E

µA(T)(y, t), inf
y∈E

µB(T)(y, t)),

max(sup
y∈E

νA(T)(y, t), sup
y∈E

νB(T)(y, t))〉|〈x, t〉 ∈ E× T}

= I(A(T)) ∩ I(B(T));

II2.

I(A(T)) = {〈x, inf
y∈E

µA(T)(y, t), sup
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

⊆ {〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
= A(T);
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II3.

I(E∗(T)) = I({〈x, 1, 0〉|〈x, t〉 ∈ E× T})
= {〈x, inf

y∈E
1, sup

y∈E
0〉|〈x, t〉 ∈ E× T}

= {〈x, 1, 0〉|〈x, t〉 ∈ E× T}
= E∗(T);

II4. Similarly to the above, bearing in mind that for each fixed t ∈ T: inf
y∈E

µA(T)(y, t) and

sup
y∈E

νA(T)(y, t) are constants, we obtain that:

I(I(A(T))) = I({〈x, inf
y∈E

µA(T)(y, t), sup
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T})

= {〈x, inf
z∈E

inf
y∈E

µA(T)(y, t), sup
z∈E

sup
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

= {〈x, inf
y∈E

µA(T)(y, t), sup
y∈E

νA(T)(y, t)〉|〈x, t〉 ∈ E× T}

= I(A(T)).

II5. To check condition II5, as above, we will first prove that for each x ∈ E:

inf
u∈T

max(µA(T)(x, u), µB(T)(x, u)) ≥ max( inf
u∈T

µA(T)(x, u), inf
u∈T

µB(T)(x, u)), (3)

sup
u∈T

min(νA(T)(x, u), νB(T)(x, u)) ≤ min(sup
t∈T

νA(T)(x, t), sup
t∈T

νB(T)(x, t)). (4)

Let for a fixed x ∈ E:

max(µA(T)(x, u), µB(T)(x, u)) = h(u).

Therefore, for each x ∈ E:

h(u) ≥ µA(T)(x, u),

h(u) ≥ µB(T)(x, u).

Therefore,

inf
u∈T

h(u) ≥ inf
u∈T

µA(T)(x, u),

inf
u∈T

h(u) ≥ inf
u∈T

µB(T)(x, u)

and hence
inf
u∈T

h(x) ≥ max( inf
u∈T

µA(T)(x, u), inf
u∈T

µB(T)(x, u)),

i.e., (3) is valid. Proving (4) is done in a similar manner.
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Back to the proof of II5, using (3) and (4), we see that:

I∗(A(T) ∪ (B(T))

= I∗({〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
∪ {〈x, µB(T)(x, t), νB(T)(x, t)〉|〈x, t〉 ∈ E× T})

= I∗({〈x, max(µA(T)(x, t), µB(T)(x, t)),

min(νA(T)(x, t), νB(T)(x, t))〉|〈x, t〉 ∈ E× T})
= {〈x, inf

u∈T
max(µA(T)(x, u), µB(T)(x, u))),

sup
u∈T

min(νA(T)(x, u), νB(T)(x, u))〉|〈x, t〉 ∈ E× T}

⊇ {〈x, max(inf
t∈T

µA(T)(x, t), inf
t∈T

µB(T)(x, t)),

min(sup
t∈T

νA(T)(x, t), sup
t∈T

νB(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

∪ {〈x, inf
t∈T

µB(T)(x, t), sup
t∈T

νB(T)(x, t)〉|〈x, t〉 ∈ E× T}

= I∗(A(T) ∪ I∗B(T)).

II6.

I∗(A(T)) = {〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

⊆ {〈x, µA(T)(x, t), νA(T)(x, t)〉|〈x, t〉 ∈ E× T}
= A(T);

II7.

I∗(O∗(T)) = I∗({〈x, 0, 1〉}|〈x, t〉 ∈ E× T})
= ({〈x, 0, 1〉}〈x, t〉 ∈ E× T})
= O∗(T)

II8. As above, bearing in mind that for each fixed x ∈ T: inf
t∈T

µA(T)(x, t) and sup
t∈T

νA(T)(x, t)

are constants, we obtain that:

I∗(I∗(T)) = I∗({〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, inf
u∈T

inf
t∈T

µA(T)(x, t), sup
u∈T

sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= {〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T}

= I∗(A(T));

II9.

I∗(I(A(T))) = I∗({〈x, inf
y∈E

µA(T)(y), sup
y∈E

νA(T)(y)〉|〈x, t〉 ∈ E× T})

= {〈x, inf
u∈T

inf
y∈E

µA(T)(y, u), sup
u∈T

sup
y∈E

νA(T)(y, u)〉|〈x, t〉 ∈ E× T})

= {〈x, inf
y∈E

inf
u∈T

µA(T)(y, u), sup
y∈E

sup
u∈T

νA(T)(y, u)〉|〈x, t〉 ∈ E× T}
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= I({〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T})

= I(I∗(A(T))).

This completes the proof.

3.3. cl-in-Intuitionistic Fuzzy Temporal Topological Structure

The cl-in-IFTTS is the object

〈P(E∗(T)),O, ∆, •〉,

where T is a fixed time-scale; E is a fixed universe; O : P(E∗(T)) → P(E∗(T)) is an op-
erator of a closure type related to operation ∆; • : P(E∗(T)) → P(E∗(T)) is a temporal
operator from an interior type; and for every two TIFSs A(T), B(T) ∈ P(E∗(T)), the
following nine conditions hold:

CI1 O(A(T)∆B(T)) = O(A(T))∆O(B(T)),
CI2 A(T) ⊆ O(A(T)),
CI3 O(O∗(T)) = O∗(T),
CI4 O(O(A(T))) = O(A(T)),
CI5 •(A(T)∇B(T)) = •A(T)∇ • B(T),
CI6 •A(T) ⊆ A(T),
CI7 •O∗(T) = O∗(T),
CI8 • • A(T) = •A(T),
CI9 • O(A(T)) ⊇ O(•A(T)).

Now, we see that the first four conditions correspond to the conditions C1–C4 for a
topological operator “closure”; the next four conditions correspond to the conditions I1–I4,
too, but for a temporal topological operator “interior”, and condition CC9 determines the
relation between the two types of operators.

Theorem 3. For each universe E and each time-scale T, 〈P(E∗(T)), C,∪, I∗〉 is a cl-in-IFTTS.

Proof. Let the TIFS A(T) ∈ P(E∗(T)) be given.
The checks of the conditions CI1–CI4 coincide with the proofs of conditions CC1–

CC4 in Theorem 1. The checks of the conditions CI6–CI8 coincide with the proofs of
conditions II6–II8.

Hence, it remains that we check only the validity of the conditions CI5 and CI9.
For the validity of condition (CI5), we obtain:

I∗(A(T) ∩ B(T)) = I∗({〈x, min(µA(x, t), µB(x, t)),

max(νA(x, t), νA(x, t))〉|〈x, t〉 ∈ E× T}
= {〈x, inf

u∈T
min(µA(x, u), µB(x, u)),

sup
u∈T

max(νA(x, u), νB(x, u))〉〈x, t〉 ∈ E× T}

= {〈x, min( inf
u∈T

µA(x, u), inf
u∈T

µB(x, u)),

max(sup
u∈T

νA(x, u), sup
u∈T

νB(x, u))〉|〈x, t〉 ∈ E× T}

= I∗(A(T)) ∩ I∗(B(T)).

For the validity of condition CI9, we will first prove that for each TIFS A(T):

sup
u∈T

inf
y∈E

νA(T)(y, u) ≤ inf
y∈E

sup
u∈T

νA(T)(y, u), (5)
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and
inf
u∈T

sup
y∈E

µA(T)(y, u) ≥ sup
y∈E

inf
u∈T

µA(T)(y, u). (6)

Let for a fixed u ∈ T,
h(u) = inf

y∈E
νA(T)(y, u).

Therefore, for each y ∈ E,
h(u) ≤ νA(T)(y, u)

and hence
sup
u∈T

h(u) ≤ sup
u∈T

νA(T)(y, u).

Since sup
u∈T

h(u) is a constant for each y ∈ E and

sup
u∈T

h(u) ≤ inf
y∈E

sup
u∈T

νA(T)(y, u),

i.e., (5) is valid. The check of (6) is similar.

Now, using (5) and (6), we obtain:

I∗(C(A(T))) = I∗({〈x, sup
y∈E

µA(T)(y), inf
y∈E

νA(T)(y)〉|〈x, t〉 ∈ E× T})

= {〈x, inf
u∈T

sup
y∈E

µA(T)(y, u), sup
u∈T

inf
y∈E

νA(T)(y, u)〉|〈x, t〉 ∈ E× T})

⊇ {〈x, sup
y∈E

inf
u∈T

µA(T)(y, u), inf
y∈E

sup
u∈T

νA(T)(y, u)〉|〈x, t〉 ∈ E× T}

= C({〈x, inf
t∈T

µA(T)(x, t), sup
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T})

= C(I∗(A(T))).

This completes the proof.

3.4. in-cl-Intuitionistic Fuzzy Temporal Topological Structure

The in-cl-IFTTS is the object

〈P(E∗(T)),Q,∇, ◦〉,

where T is a fixed time-scale; E is a fixed universe; Q : P(E∗(T))→ P(E∗(T)) is an oper-
ator of interior type, related to the operation ∇; ◦ : P(E∗(T)) → P(E∗(T)) is a temporal
operator of closure type; and for every two TIFSs A(T), B(T) ∈ P(E∗(T)), the following
nine conditions hold:

IC1 Q(A(T)∇B(T)) = Q(A(T))∇Q(B(T)),
IC2 Q(A(T)) ⊆ A(T),
IC3 Q(E∗(T)) = E∗(T),
IC4 Q(Q(A(T))) = Q(A(T)),
IC5 ◦(A(T)∆B(T)) = ◦A(T)∆ ◦ B(T),
IC6 A(T) ⊆ ◦A(T),
IC7 ◦E∗(T) = E∗(T),
IC8 ◦ ◦ A(T) = ◦A(T),
IC9 ◦ Q(A(T)) ⊆ Q(◦A(T)).

Now, we see that the first four conditions correspond to the conditions I1–I4 for
a topological operator "interior" and the next four conditions correspond to the conditions
C1–C4, too, but for a temporal topological operator, "closure" and condition CC9 determine
the relation between the two types of operators.
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Theorem 4. For each universe E and each time-scale T, 〈P(E∗(T)), I ,∩, C∗〉 is an in-cl-IFTTS.

Proof. Let the TIFS A(T) ∈ P(E∗(T)) be given.
The checks of the conditions IC1–IC4 are similar to the proofs of conditions II1–II4 in

Theorem 2. The checks of the conditions IC6–IC8 coincide with the proofs of conditions CC6–
CC8.

Hence, it remains that we check only the validity of the conditions IC5 and IC9.
For the validity of condition (IC5), we obtain:

C∗(A(T) ∩ B(T)) = I∗({〈x, max(µA(x, t), µB(x, t)),

min(νA(x, t), νA(x, t))〉|〈x, t〉 ∈ E× T}
= {〈x, sup

u∈T
max(µA(x, u), µB(x, u)),

inf
u∈T

min(νA(x, u), νB(x, u))〉〈x, t〉 ∈ E× T}

= {〈x, max(sup
u∈T

µA(x, u), sup
u∈T

µB(x, u)),

min( inf
u∈T

νA(x, u), inf
u∈T

νB(x, u))〉|〈x, t〉 ∈ E× T}

= C∗(A(T)) ∩ C∗(B(T)).

Now, using (5) and (6), we obtain:

C∗(I(A(T))) = C∗({〈x, inf
y∈E

µA(T)(y), sup
y∈E

νA(T)(y)〉|〈x, t〉 ∈ E× T})

= {〈x, sup
u∈T

inf
y∈E

µA(T)(y, u), inf
u∈T

sup
y∈E

νA(T)(y, u)〉|〈x, t〉 ∈ E× T})

⊆ {〈x, inf
y∈E

sup
u∈T

µA(T)(y, u), sup
y∈E

inf
u∈T

νA(T)(y, u)〉|〈x, t〉 ∈ E× T}

= I({〈x, sup
t∈T

µA(T)(x, t), inf
t∈T

νA(T)(x, t)〉|〈x, t〉 ∈ E× T})

= I(C∗(A(T))).

This completes the proof.

4. A Short Example of the Application of the IFTTSs in a Multi-Criteria Decision
Making Procedure

Let us have e experts E1, E2, . . . , Ee and c criteria C1, C2, . . . , Cc and let the experts
evaluate some object O using the criteria in the subsequent time-moments t1 < t2 < · · · < ts.

Let the universe be C = {C1, C2, . . . , Cc} and let the time-scale be T = {t1, t2, . . . , ts}.
So, to each expert Ei we juxtapose the TIFS

Fi = {〈Cj, µi(Cj, tk), νi(Cj, tk)〉|Cj ∈ C, tk ∈ T, 1 ≤ j ≤ c}

that corresponds to the expert evaluations of the object O against the subsequent criteria
in the different time-moments, where 1 ≤ i ≤ e. Here, 0 ≤ µi(Cj, tk), νi(Cj, tk), µi(Cj, tk) +
νi(Cj, tk) ≤ 1, where µi(Cj, tk) and νi(Cj, tk) are the degrees of validity and of non-validity
of criterion Cj with respect to the object O at the time-moment tk according to expert Ei.

Now, we can construct the set

F = {Fi|1 ≤ i ≤ e}

that can be the basis of the cl-cl-, cl-in-, in-cl- or in-in-IFTTSs 〈P(F ), C,∪, C∗〉, 〈P(F ), C,∪,
I∗〉, 〈P(F ), I ,∩, C∗〉, 〈P(F ), I ,∩, I∗〉, respectively.

In these structures, the operators C and I will determine the maximal and minimal
evaluations, given by the experts for object O in the separate time-moments, while the
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operators C∗ and I∗ will determine the maximal and minimal evaluations given by each
one of the experts for object O in the whole time-period.

The more interesting case is this one, when we have more than one object for evaluation
by the experts. This case will be discussed in future with respect to a more complex
topological structure.

5. Conclusions and Ideas for Future Research

In [22], the author wrote: “The described above idea opens some directions for future
research...”. Nevertheless, the present direction was not discussed there. On the other
hand, the directions for the development of the IFMTS discussed in [22] are valid for the
IFTTS, too. For example, one of the possible directions is related to the use of the extended
topological operators, discussed in [31]. These operators will be applied over the elements
of the universe E, as well as over the elements of the time-scale T.

Of course, as it has turned out with the IFMTSs, a lot of them will be (using the
notation of [27–29]) feeble structures because they will not satisfy some of the conditions
introduced above.

All of these directions for the development of IFTTSs will be an object of future research
of the author.
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