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Abstract: Three subclasses of analytic and bi-univalent functions are introduced through the use of
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1. Introduction

Legendre first made the discovery of orthogonal polynomials in 1784 [1]. Under spe-
cific model restrictions, orthogonal polynomials are frequently employed to solve ordinary
differential equations. Furthermore, a crucial function in the approximation theory is
performed by orthogonal polynomials [2].

Py, and P, are two polynomials of order m and n, respectively, and are orthogonal if

/'b Pu(x)Pp(x)s(x)dx =0,  for

Ja

m#n,

where s(x) is a suitably specified function in the interval (a, b); therefore, all finite order
polynomials P, (x) have a well-defined integral.

Gegenbauer polynomials are orthogonal polynomials of a specified type. As found
in [3], when traditional algebraic formulations are used, the generating function of Gegen-
bauer polynomials and the integral representation of typically real functions Tx are related
to each other in a symbolic way Tr. This undoubtedly caused a number of helpful inequali-
ties to emerge from the world of Gegenbauer polynomials.

g—orthogonal polynomials are now of particular relevance in both physics and mathe-
matics due to the development of quantum groups. The g—deformed harmonic oscillator,
for instance, has a group-theoretic setting for the g—Laguerre and g—Hermite polynomials.
Jackson’s g—exponential plays a crucial role in the mathematical framework required to
characterize the properties of these g—polynomials, such as the recurrence relations, gener-
ating functions, and orthogonality relations. Jackson’s g—exponential has recently been
expressed by Quesne [4] as a closed-form multiplicative series of regular exponentials with
known coefficients. In this case, it is crucial to look into how this discovery might affect the
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theory of g—orthogonal polynomials. An effort in this regard was made in the current work.
To obtain novel nonlinear connection equations for §—Gegenbauer polynomials in terms of
their respective classical equivalents, we used the aforementioned result in particular.

This study analyzed various features of the class under consideration after associating
some bi-univalent functions with §—Gegenbauer polynomials. The following part lays the
foundation for mathematical notations and definitions.

2. Preliminaries

Let A denote the class of all analytical functions f that are defined on the open unit
disk U = {¢ € C: |¢| < 1} and normalized by the formula f(0) = f'(0) —1 = 0. Asa
result, each f € A has the following Taylor-Maclaurin series expansion:

fE) =c+ f:zanc", (¢ ). )

In addition, let S denote the class of all functions f € A that are univalent in U.

Let the functions ¢(&) and () be analytic in U. We say that the function f(¢) is
subordinate to g(¢), written as f(&) < g(&), if there exists a Schwarz function w that is
analytic in U with

lw(§)] <land w(0) =0 (¢ €U)

such that

Beside that, if the function g is univalent in U, then the following equivalence holds:

f(§) < g(&) if g(0) = f(0)
and
f(U) € g(U).
It is well known that every function f € S has an inverse f !, defined by

c=f1f@) (e

and

; Jwl <ro(f))

N

@) =w  (n(f) =

where
2

fFH(w) = w— ayw?* — w?(a3 — 2a3) + w*(5apa3 — ay —5a3) + - - - . ()

If both f~1(¢) and f(&) are univalent in U, then a function is said to be bi-univalent
inU.

Let X denote the class of bi-univalent functions in U given by (1). Examples of functions

in the class X are 1%' log %

Fekete and Szegd achieved a sharp bound of the functional 743 — a3, with real 7
(0 <7 <1) for a univalent function f in 1933 [5]. Since that time, it has been known as the
classical Fekete and Szego problem of establishing the sharp bounds for this functional of
any compact family of functions f € .4 with any complex 7.

In 1983, Askey and Ismail [6] found a class of polynomials that can be interpreted
as g—analogues of the Gegenbauer polynomials. These are essentially the polynomials

B (g, 2)
6 (xe) =Y eV (xge, 3)

n=0
where x € [-1,1]and ¢ € U.
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In 2006, Chakrabarti et al. [7] found a class of polynomials that can be interpreted as
g—analogues of the Gegenbauer polynomials by the following recurrence relations:

cV(xq) =1, M (x:9) = [Al,CL(x) = 2[Al4x, )

eV (wg) = WpChx) - 5 (W - WB) G =2(Wp + WB)2 - W )

where0 <g<land A e N={1,23,---}.

In 2021, Amourah et al. [8,9] considered the classical Gegenbauer polynomials & () (x,8),
where ¢ € Uand x € [-1,1]. For fixed x, the function &) is analytic in U, so it can be
expanded in a Taylor series as

6N (x,8) = Y. CHxE",
n=0

where Cj; (x) is the classical Gegenbauer polynomial of degree n.

Recently, several authors have begun examining bi-univalent functions connected to
orthogonal polynomials (such as [10-28]).

As far as we are aware, there is no published work on bi-univalent functions for
q—Gegenbauer polynomials. The major objective of this work is to start an investigation
of the characteristics of bi-univalent functions related to g—Gegenbauer polynomials.
To perform this, we consider the following definitions in the next section.

3. Coefficient Bounds of the Class By (x, ;)

Here, we introduce some new bi-univalent function subclasses that are subordinate to
the g—Gegenbauer polynomial.

Definition 1. For x € (3,1] and 0 < q < 1, if the following subordinations are satisfied,
a function f belonging to X is said to be in the class By, (x, w; q) given by (1):

9.£(&) < &M (x,¢) ©)

and N
dz8(w) < (’5,(1 )(x,w), (7)

where A € N = {1,2,3,---}, a is a nonzero real constant, the function f~!(w) = g(w)

is defined by (2), and QSSM is the generating function of g—analogues of the Gegenbauer
polynomials given by (3).

We start by providing the coefficient estimates for the class By (x, «;q) specified in
Definition 1.

Theorem 1. Let f € X given by (1) be in the class By, (x, a;q). Then,
2x|[A]g|/2[A]gx
lag| < ,
DM¢K$§)Mﬁ%m4ﬂ+Mh

laz| <

and

Proof. Let f € Bx(x,n;q). From Definition 1, for some analytic functions w and v such
that w(0) = 0 =v(0) and |w(¢)| < 1, [v(w)| < 1forall w,§ € U; then, we can write
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84f(8) = & (x,w(2)) (®)
and
348(w) = & (x,0(w)), ©)
From the Equations (8) and (9), we obtain that
8,f@) =1+ (mgat+ [V (wae+ M (x)d] 2+ (10)
and
9;8(w) =1+ CY‘)(x;q)Lhw + [CY\) (x;q)dy + Cé)‘)(x;q)dﬂ )w2 4 (11)

It is generally understood that if
()] = |e1g+ g + e+ <1, (EE€V)

and
lo(w)| = ’dlw—i—dzwz + dzw® + - - - ’ <1, (wel),

then
lcjl <1and |d;| < 1foralljeN. (12)

As a result, we have the following after comparing the relevant coefficients in (10) and (11):

2,22 = CY(x;9)cy, (13)
[3]4a3 = Cg)‘)(x;q)cz + CEA) (x;q)c%, (14)
—[2]ga2 = CM (x;9)dy, (15)
and N N
3], <2a% - ﬂ3) = C£ )(x;q)dz + Cé )(x;q)d%. (16)

From the Equations (13) and (15), we have

1= —di (17)
and )
202203 = [V (xi9)] (F +42). (18)
By adding (14) to (16), yields
2(8)g03 = " (x:9) (2 + do) + C (x:9) (3 + ). (19)

We determine that, by replacing the value of (cf +d?) from (18) on the right side
of (19),

ANy 2
S2a WO O+ o). 20
(M xg)]

2 2
Through computations using (11), (5), and (20), we find that

] < 2|[Alg|xy/2[A]gx
ap| <

[z1q\/ (122 —2) 03 - 2015] 1,

2[3]4
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In addition, if we subtract (16) from (14), we obtain

28)g (a5 — a3) = M (xiq)(c2 — o) + CY (i) (3 - ). 1)

Then, in view of (18) and (21), we obtain

(g

. Ao,
_ / &) (x;9)
a3 = 72[2}% (cp —da).

(C% + d%) + 72[3]{4
By applying (4), we conclude that
4AI7x% 2|[A]g]x

%l < g+,

The proof of the theorem is now complete. [

Using the values of a3 and a3, we prove the following Fekete-Szeg6 inequality for

functions in the class By (x, a; q).

Theorem 2. Let f € X given by (1) be in the class By, (x, a;q). Then,

(2031 —[212) A2 212[A] 2 ) 2+20212 0]

2x|[/\] |
e lo—1| < o /
‘a3 - m%‘ <
2[3]5—[212) [A2—[212[A] 5 ) ¥2+2[2)2[A]
22[\Jgx{I1()l, e =11 2 () 2q[3]q[)f]$x2qz> e |

Proof. From (20) and (21),

3
i — a2 (1-0) [Cp)(x;q)} (c2 +dy) +C§A)(x;q)(c 42)
3 2 = - > 213 2 — U2
2080 [ )]~ 22 ()| 2
1 1
—ci()| [ + 2[311,} cx + () 2[3“}12],
where " )
o) - (V] a-o)
- M e — 212120 (12 )
208y [V (x9) | — 2213 (i)
In view of (4) and (5), we conclude that
cM (xg)
, ’ [S]qq" |K(0)|§ﬁ,
as —(mz‘ <
2cVm|iK@l K@) = o

The proof of the theorem is now complete. O

Corollary 1. Let f € X given by (1) belong to the class By (x,a;1). Then,

loc|x /2] x

|L12| < .

~ V(e =2)x% +1]a
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2|A|x
lag] < A%x% + u,
2|a|x (a—2)x2+1
3 =1 < | =7
and |az — na%] <
2lax[* 1| S | (@=2)x2+1
|[(1x—2)x2+1}1x|' |77 - 1‘ = 3ax2 ’

Corollary 2. Let f € X given by (1) belong to the class Bx(x,1;1). Then,

xv/2x

B < ——
|az| < M

2
jas] < 2+ =,

and
3 m-us|5E
|a3 - 77”%| < 223(1—y| )
2| / |’7—1|2‘13;’§ :

4. Coefficient Bounds of the Class Sy (x,«;q)

Definition 2. For x € (3,1] and 0 < q < 1, if the following subordinations are satisfied,
a function f belonging to X is said to be in the class S5 (x, a; q) given by (1) :

§oqf (¢

;(J:';() ) < eM(x,0), (22)
and 30¢(w)

w w

g”’(%‘;]) < oM (x,w), (23)

where A € N = {1,2,3,---}, a is a nonzero real constant, the function g(w) = f~(w)

is defined by (2), and Q5l(7)‘) is the generating function of the g-analogues of Gegenbauer
polynomials given by (3).

Theorem 3. Let f € X. given by (1) belong to the class Ss:(x, «;q). Then, we have

] < 2[[Alg|xy/2[A]gx
a| <

q\/z(mg - [A]qz)xZ + qul

and
4[A]§x2 Z[A}qx

az| < + .
sl < ===+ i)

Proof. Let f € S5 (x,a;q). From Definition 2, for some analytic functions w and v such
that w(0) = 0 =v(0) and |w(¢)| < 1, [v(w)| < 1forall §,w € T,

§agf (%) s

f©) !

(x,w(¢)), (24)

and
3
iffzil();") = Y (x, 0(w)). (25)
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From the equalities (24) and (25), we obtain that

9
ule) ;{;)6) =1+ M+ [V (g + Y ()| + - (26)
and 5
g;(“’;(];l]) =1+ C%A)(x;q)dlw + [C§A)(x;q)d2 + Cé/\) (x;q)d%] Jw? 4 (27)
Thus, upon comparing the corresponding coefficients in (26) and (27), we have

gn = OV (i g)er, (28)
9(1+ q)as — a3 =V (wig)ex + G (xi0) e, (29)
—qay = CM (x;q)dy, (30)

and N N
9(1+29)a3 —g(1+ q)as = O (viq)d2 + €3 (xi ). (31)

From the Equations (28) and (30), it follows that

c1=—di (32)
and )
2¢%a3 = [C{A)(x;q)} (c% + d%) (33)
By adding (29) to (31), yields
20243 = CV (x;9) (e + do) + CV (x;9) (c% + d%) (34)

We determine that, by replacing the value of (cf +d?) from (33) on the right side
of (34),

A
211- M
1 2
Y (i)
Moreover, through computations using (5) and (35), we find that
ol < 2|[A]y |y /2[ g
ar] <

q\/z(mg — )22+ qu'

Now, if we subtract (31) from (29), we obtain

a3 = CM (x;9)(c2 + o). (35)

29(1+9) (a3 = a3) = O (x:9) (c2 — o) + [V (x;9) (] — ). (36)

By viewing of (33) and (36), we conclude that

). 112
asz = W(c%%—d%).—i—

W (x9)

2q(1 +q) (C2 - dZ)'

By applying (4) and (5), we have
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4[A]§x2 2[A]yx
q° q(1+4q)

This completes the proof of the Theorem 3. [J

laz| <

Theorem 4. Let f € X given by (1) belong to the class S5.(x, a; q). Then,

" e Fll )]
9(1+9) - 8(1+q) | [Alg2]
‘a3 - (711%‘ <
8| ()| 11— 1—o|> qz{(2([A]?,—[A]qz)x2)+[qu]
7 - 3 .
qZKZ([A]ZF[/\]qZ)xz)+[)\]q2] 8(1+4)| [A]g2 |
Proof. From (35) and (36),
3
1-0)(c™M(x;q) M (x;
R ™) ( E (A? 2+ )+ M(Q ~ %)
2!12([(31 (x:9)] =} (M))
(1)
. G (x:9)
Y Hﬁ(0)+ 1+q]cz+ [ﬁ(a) - 1+q] 2}’
where

§ P (2(1V2 - We) ) + g
8(1+q)|[Alga|’

then, in view of (4) and (5), we conclude that

) :
‘ 2‘ g gy [R(0)] < 1555
{13 - Uﬂz >~
A
HePwolls@l 180 = o

This completes the proof of the Theorem 4. [J

Corollary 3.  Let f € X given by (1) belong to the class Ss:(x,«;1). Then, we have

2| |xv/2x
a| < , laz| < A(dAx + 1),
|2 21 |a3] < A( )
and ( )
A 2(A=1)x%) +1
‘ z‘xf [1-0] < TS
‘a;;—aa%‘ <
8124%(1 o} (1)1

AN -] —o >
(2(A-1)x2) +17 t=ol> 16]A[2x3
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5. Coefficient Bounds of the Class Cx(x,4; )

Definition 3. For x € (},1] and 0 < q < 1, if the following subordinations are satisfied,
a function f belonging to X is said to be in the class €y, (x, a; q) given by (1):

a3 (2)
L+ 5 <o @) (37)
and é‘az ()
g8\w (A)
1+ 3,5 (@) <8, (x,w), (38)

where A € N = {1,2,3,---}, a is a nonzero real constant, the function g(w) = f~(w)

is defined by (2), and Q5¢(7A) is the generating function of the g-analogues of Gegenbauer
polynomials given by (3).

Theorem 5.  Let f € X given by (1) belong to the class €x (x,«; q). Then,

| |< 2[A]gx4/2|[A]4]x
a| <

/2 (2121, —30210) 3 — 202} 01 2) 2 + 20102

and
Az L 2y
217 [2gl8ly

|ﬂ3’ <

Proof. Let f € €x(x,ua,;q). From Definition 3, for some analytic functions w, v such
that w(0) = v(0) =0and |w(¢)| < 1, [v(w)| < 1forall,w e T,

gogf(2)

s
! =0 ’ ‘ 39
Fafg o @) )
and éaz ( )
g 8\W) (V)
U gy — 81 (o). (40)
By expanding the Equations (39) and (40), we obtain that
Zo2f(2)
15 =AY et [ e+ mod]@ e @
and
Zozg(w)
1+ aqqgg(w) =t C%A) (x; q)dyew + [Ci/\) (x;q)d2 + Cé)\)(x;q)dﬂ Yw? 4 (42)

Upon comparing the corresponding coefficients in (41) and (42), we have

[2]qa2 = Cg’\) (x;q)c1, (43)
[2g[3]qas — (21243 = CM (x:9)c2 + CYV (x:9)2, (44)

—[2]4a2 = CM (x;9)dy, (45)
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and
21q (20815 — (214 ) a3 = [214[8lqas = € (x: )2 + OV (s )2 (46)
We get from (43) and (45) that
c1=—di (47)
and )
2(12)g)%a3 = [V ()] (G + ). (48)
By adding (44) to (46), we obtain
2[25 (3l — 21g)a3 = CY (x:9) (2 + do) + T (x;9) (3 + 3. (49)
We determine that, by replacing the value of (c3 +d?) from (48) on the right side
of (49),
A) (x
G (x;
202y | (Bl - ) - 2 | = eV +d). 60

T

Moreover, by doing computations along (12) and (50), we find that

2[A]4x4/2][A]4]x

/2 (2031, —30219) (4 — 2l Al2)22 + a4 )

o] <

By subtracting (44) from (46), we obtain
2[2)4[8)g (a3 — a3) = €1 (xiq) (c2 — o) + €1 (i) (3 — ). (51)

In view of (48) and (51), we obtain
M (. )]
GV (x:q)
ﬂ3:|: ! 2:| (C%+d%)+
2([2]5)

By applying (5), we conclude that

4[A]§x2 2[A]gx
217 [204Bly

This completes the proof of the Theorem 5. [J

’03’ <

Theorem 6. Let f € X given by (1) belong to the class €y, (x, a;q). Then,

’113 —mz%‘ <
2|A|x _
21,5, 1—cl<F,
16(1-0)|[A];[*+3 1ol >
7 - el F/
121, ((2( (281423121 M3 -2[214[A] 2 ) ) 2+ (21412 ) | |
where

(z((z[g]qz —3[2),) [A2 - z[z]qm]q2) )22 + [2]4[A] 2

F= 16[2],[3][A]7x
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Proof. From (50) and (51),

where )
(1-0)[ct” (xiq)]
Koy = BPNINE B ’

202l ([ i) 2l i)

(4¢12 (232 — [2],SY (x;q))
|1 - U| < 2
413, (A2«
Then, in view of (5), we conclude that
‘CP)(X;’J)‘ 1
S ne K@< 7p155-
’lilg, —oay| <

A

FlcMwa|ik@l K@) > gt

This completes the proof of the last theorem. [

Corollary 4. Let f € X given by (1) belong to the class € (x, «;1). Then,

Axy/2x
|az| < ,
1—2x2
|as| < A%+
and
2|[Mg|x lo—1] < ‘172)”‘2
‘a;;—cm%‘ < [2][,[3}4(/'\) = 24)\x§ ,
=11 ) 1-21
gl @K@l -1z 528

6. Conclusions

In the current study, we introduced and examined the coefficient issues related to each
of the three new subclasses of the class of bi-univalent functions in the open unit disk U:
By (x,4;9), Ss(x,a;4q), and €z (x, a; q). These bi-univalent function classes are described,
accordingly, in Definitions 1 to 3. We calculated the estimates of the Fekete-Szegt functional
problems and the Taylor-Maclaurin coefficients |a;| and |a3| for functions in each of these
three bi-univalent function classes. Several more fresh outcomes are revealed to follow
following specializing the parameters involved in our main results. Obtaining estimates
on the bound of |a,| for n > 4;n € N for the classes that have been introduced here is still
a problem.
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