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Abstract: We define the notions of weakly p-countably compactness and nearly p-countably compact-
ness denoted by Wy-CC and N u-CC as generalizations of y-compact spaces in the sense of Csaszaf
generalized topological spaces. To obtain a more general setting, we define Wy-CC and N u-CC via
hereditary classes. Using pg-open sets, pi-regular open sets, and p-regular spaces, many results and
characterizations have been presented. Moreover, we use the properties of functions to investigate
the effects of some types of continuities on Wy-CC and N -CC. Finally, we define soft Wu-CC and
Nu-CC as generalizations of soft ji-compactness in soft generalized topological spaces.

Keywords: p-countably compact; uH-countably compact; weakly y-countably compact; nearly
p-countably compact
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1. Introduction

In 2002, Csaszaf introduced generalized topology [1]. Csa$zaf’s topology removes the
intersection property of a finite number of open sets. Many authors have made different
generalizations of compactness such as [2-5]. On the other hand, many generalizations
have been done by using the notion of generalized topology as [6—10]. In particular, we
introduce the notion of weakly (nearly) y-countably compactness. Additionally, by using
hereditary classes defined in 2007 [8], weakly (nearly) yH-countably compact spaces have
been investigated in more general settings. The current paper has an application in soft
set theory as can be seen in the last section. Similar applications can be made in fuzzy and
set theories, which are in uncertainty in mathematics. In particular, many developments
can be made as interactions between uncertainty and other disciplines of mathematics as
fractional calculus or in function spaces. So, the reader can return to [11-15].

A subset y of the power set of X is generalized topology on X, whenever ¢ € u and

U A € pforall Ay € p [8]. In this work, the notation i stands for strong generalized
aEA
topology, which means X € u. A subset A is y-open whenever A € y and A is y-closed

if X\ A € p. The interior of A in y is Int, (A) = Us,ca Sa for all Sy € p, and the closure
is given by Cl,(A) = Nacp, Fa for all X\F, € p. Whenever A = Int,(Cl,(A)) (resp.
A = CI,(Int,(A)), then A is called p-regular open (resp. p-regular closed) [8]. See that
whenever A = Int,(A), then A is y-open [6]. We write the pair (X, ) simply as X,,.
Now, let A # @ be a subset of X, then y 4 is a generalized subspace topology of A in X
whenever, for all B € p 4, there is a subset U € p such that B = U N A [16]. Let H C P(X)
and @ € H, then H is a hereditary class on X whenever C € Hand A C C,then A € H
forall A,C C X. The pair (X, H) is a generalized space with respect to # [8]. Moreover,
whenever AUB € H forall A, B € H, then H is called an ideal on X.

Next, we give basic concepts of known generalizations of compactness and countable
compactness in generalized topology. Nearly y-countably compactness and yH-countably
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compactness have been discussed in Section 2. In p-regular spaces, Theorem 4 shows
that there is no difference between nearly yH-countably compact space and pH-countably
compact space. In Section 3, weakly y-countably compactness has been characterized by
using u-closed sets in Theorem 10. There have been some further results about subsets of
weakly pi-countably compact spaces. Some examples are given to verify the new spaces.
The main contribution in Section 4 is to characterize the continuity in the generalized
topology of the discussed spaces. Theorems 23 and 24 show that continuity preserves such
given spaces. Using different kinds of continuity, we obtain stronger results in several
theorems in Section 4. As a consequence, we add Section 5 before the conclusions. The short
section is about an applicable definition in soft theory that generalizes soft pi-compactness.

Definition 1 ([7]). Let X be a set. The space X, is said to be y-compact whenever X = |J Uy,

AEA
where Uy € y forall A € A, then there is a finite sub-collection {U) : A € Ag C A} such that
X= U U

AEA)

Definition 2 ([17]). Let X be a set. The space X, is said to be nearly y-compact (denoted by N p-
compact) whenever X = |J Uy, where Uy € p forall A € A, then there is a finite sub-collection
AEA
{Ur: A€ Ag € A} suchthat X = \J Int,Cl,(Uy).
AEN)

Definition 3 ([10]). Let X be a set. The space X, is said to be weakly y-compact (denoted by VWy-
compact) whenever X = |J Uy, where Uy € u forall A € A, then there is finite sub-collection
AEA
{Upr: A€ Ag C A} suchthat X = |J Cl,(Uy).
AEN)

Definition 4 ([18]). Let (X,,H) be a space with respect to H. The pair (X, H) is said to be
weakly wH-compact (denoted by WuH-compact) whenever X = |J Uy, where Uy € y for all
AEA

A € A, then there is a finite sub-collection {U) : A € Ag C A} such that X\ U Cl,(Uy) € H.
AEA)

Definition 5 ([17]). Let (X,,H) be a space with respect to H. The pair (X, H) is said to be
nearly wH-compact (denoted by N yH-compact) whenever X = J Uy, where Uy € u for all
AEA
A € A, then there is a finite sub-collection {Uy : A € Ag C A} such that X\ U Int,CI,(U,)
AEN)

cH.

Definition 6 ([19]). Let X be a set. The space X, is said to be y-countably compact (denoted by
u-CC) whenever X = |J Uy, where Uy € y forall A € A and A is a countable index set, then
AEA
there is a finite sub-collection {U) : A € Ao C A} suchthat X = | U,.
AEA)

Definition 7 ([19]). Let X, be a space. A subset A of X is said to be y-CC set whenever A C
U Uy, where Uy € p forall A € A and A is a countable index set, then there is a finite
AEA
sub-collection {Uy : A € Ag € A} suchthat AC U (Uy).
AeNg

Definition 8 ([19]). Let (X, H) be a space with respect to H. The pair (X, H) is said to be
uH-countably compact (denoted by wH-CC) whenever X = |J Uy, where Uy € pforall A € A
AEA
and A is a countable index set, then there is a finite sub-collection {U) : A € Ag C A} such that
X\ U U, eH.
AENg
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Definition 9 ([10]). Let X be a set. The space X, is said to be p-regular whenever, for each p-open
subset U of X and for each x € U, there exist a y-open subset V of X and a yp-closed subset F of X
suchthatx € V.C F C U.

Definition 10 ([10]). IfC C X, and x € X, then x is called 6,,~cluster point of C if C1,(V) N C #
@ forall V € pand x € V. The set (Cl,)o(C) = {x € X : x is a 0-cluster point of C } if
(Cly)e(C) = C, then C is called pg-closed. The set C is pg-open if X\C is pg-closed.

Lemma 1 ([10]). IfA,C C X, and A C C, then Cl,.(A) = Cl,(A)NC.

Lemma 2 ([10]). Let f : X, — Yg be a function. The following statements are equivalent:

1. fis (u, B)-continuous;
2. f(Cl(U)) C Clg(f(U)), forall U C X;
3. Clf (V) c fYClg(V)), forallV C Y.

Definition 11. Let f : X, — Yp be a function. If for each t € X and f(t) € V € B, there exists
U € y containing t such that:

1. f(Cl,(U)) C V, then f is said to be strongly O(u, B)-continuous [20].

2. f(Int,Cl,(U)) C V, then f is said to be super (u, B)-continuous [20].

3. f(Int,Cl,(U)) C IntgClg(V), then f is said to be (9, 8')-continuous [21].
4. f(U) C IntgClg(V)), then f is said to be almost (u, B)-continuous [22].

2. Nearly p-Countably Compactness and Nearly #H-Countably Compactness

In this section, we introduce the notion of nearly y-countably compact and the notion
of nearly uH-countably compact. Some interesting examples are presented to investigate
these spaces.

Definition 12. Let X be a set. The space X, is said to be nearly p-countably compact (denoted by
Nu-CC) whenever X = |J Uy, where Uy € p forall A € A and A is a countable index set, then
AEA
there is a finite sub-collection {Uy : A € Ag C A} suchthat X = U Int,Cl,(U,).
AEA)

Corollary 1. Every u-CC space is N'u-CC space.

Proof. Let X, be a y-CC space. Which means that X = (J U,, where U, € pforallA € A
AEA
and A is a countable index set, then there is a finite sub-collection {U, : A € A9 C A}
where X = U Uy, but U, C Int,Cl,(U,) for each A € Ay,
AENg
so U (Uy) € U Int,Cl,(Uy). Thus, X = U Int,CL,(U,). O
AEN) AEN) AEA)

The converse of Corollary 1 is not true as presented in Example 1.

Example 1. Let (R, u) be a space, where y = {A C R : A = @ or R\ A is a countable}. Let
R = U Uy, where U, € y forall A € A and A is a countable index set, then we can find a finite
AEA
sub-collection {Uy : A € Ag € A}, s0 Cl,(Uy) = Rand Int,Cl,(Uy) = R for each A € Ag.
ThusR = U Int,Cl,(Uy,) is a N'u-CC space. It is clear that (R, u) is not u-CC space.
AEAg

Definition 13. Let (X, H) be a space with respect to H. The pair (X, H) is said to be nearly

wH-countably compact (denoted by N uH- CC) whenever X = |J Uy, where Uy € u for all
AEA

A € Aand A is a countable index set, then there is a finite sub-collection {U) : A € Ag C A}

such that X\ U Int,ClL,(Uy) € H.
AEN)
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Theorem 1. If X is a N u-CC space, then X is a N uH-CC space.

Proof. Let X be a N'u-CC space. Which means that X = (J U,, where U, € u for all
AEA
A € Aand A is a countable index set, then there is a finite sub-collection {U) : A € Ay C A}

where X = U Int,Cl,(Uy), but X\ U Int,Cl,(U))=@ € H. Hence, X, be NuH-CC
AeNg AeNg
space. [

In Example 1, we show that the converse of Theorem 1 is not always true.

Example 2. Let X = Z,and B = {{2n—1,2n,2n+1} : n € Z} be y-subbase where y generated
by B such that (X, u(B)) and H = P(Z). Then, (X, u(B)) is not N'u-CC space. Howeuver, it is

NuH-CC space. Since X = |J Uy, where Uy € y forall A € A and A is a countable index set,
AEA
then there is a finite sub-collection {U) : A € Ag C A} where X\ U Int,Cl,(Uy) € H.
A€

Theorem 2. If X is a yH-CC space, then X is a N uyH-CC space.

Proof. Let X be a yH-CC space. This means for X = |J U,, where U) € pforallA € A
AEA
and A is a countable index set, then there is a finite sub-collection {U, : A € A9 C A} where

X\ U UyeH,butX\ U Int,ClL(Uy) C X\ U (Uy). Thus, X\ U Int,ClL,(Uy,) €
AeA) AeN) AeNg AEN)
H. Hence, X, is a N uH-CC space. [

The converse of Theorem 2 is not true, as presented in Example 3.

Example 3. Let X = (0,1), u = {$, G, : n € ZT}, where G, = (%,1) and H = Hy. Then,

n’

Xy is NuH-CC because for any proper p-open set Int,Cl,(Gn,) = X where i € Z%, then
n

X\ U Int,Cl,(Gy,) € H. However, that is not yH-CC because there is no finite sub-collection
i

n
such that X\ U Gy, € H.
k

Theorem 3. If a space X, is N uH-CC, then for every countable cover of X by pg-open sets, there

exists a finite sub-collection {U) : A € Ag C A} suchthat X\ U Uy € H.
AeNg

Proof. Suppose (X;, H) is NuH-CC and {U, : A € A} is the pg-open cover of X. Then,

for all x € X, there exists Ay € A where x € U, . Since U}, is pug-open, then there exists

My € p where x € My C Cl,(My) C U,,. However, M, C Int,Cl,(My) C Cl,(My).

Then, X = U M,, where n € N. Since X is NuH-CC, there exist x1,x,...,x, € X
XneX

where X\ 6 Int,(Cl,(My,)) € H. However, X\ LnJ (Up, ) € X\ CJ Int,(Cl,(My,)) € H.
k=1 k=1 k=1

n
Hence, X\ U (Up, ) € H. O
k=1

Theorem 4. Let X, be a p-regular space. The following statements are equivalent:
1. (Xu,H)is NuH-CC.
2. (Xu,H)is yH-CC.

Proof. (1) = (2) : - Suppose X is p-regular and NuyH-CC and {U, : A € A} is the
ug-open cover of X. Then, for all x € X, there exists Ay € A where x € U, . Since U, _ is
tig-open, then there exists My € u such that x € M, C CI, (M) C U, . However, M, C
Int,(Cl,(My)) € Cly(My). Then, the sub-collection {M,, : x € X} is the y-open cover of
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n
X. Since X is N uH-CC, so there exist x1, Xy, ..., x, € X where X\ U Int,(Cl,(My,)) € H.
k=1

However, X\ U (Up, ) © X\ Lnj Int,(Cl,(My,)) € H. Thus, X\ LnJ(LIAXk) € H. This
k=1 k=1

mean (XV,H) is ;47-{ -CC.
(2) = (1) : - It follows from Theorem 2. [

3. Weakly u-Countably Compactness and Weakly pH-Countably Compactness

In this section, we introduce the notion of weakly y-countably compactness and
the notion of weakly yH-countably compactness. We also present a diagram to describe
the relationships among different types of generalizations of p-compactness and pH-
compactness.

Definition 14. Let X be a set. The space X, is said to be weakly p-countably compact (denoted
by Wu- CC) whenever X = |J Uy, where Uy € y forall A € A and A is a countable index set,
AEA

then there is a finite sub-collection {U) : A € Ag C A} suchthat X = J Cl,(Upy).
A€

Theorem 5. A space X, is Wu-CC if and only if whenever X = U U,, where U, is a p-regular
AEA
open subset for all A € A, then there exists a finite subset Ao C A such that X = U Cl,(U,).
AEN)

Proof. Necessity. It is straightforward and therefore omitted.

Sufficiency. Suppose X = |J Uy, where U, € pforall A € A and A is a countable

AEA
index set. It is clear that Int,Cl,(U,) is p-open, thus Z = {Int,Cl,(U,) : A € A} isa
countable y-regular open cover of X. So we can find a finite sub-collection {U, : A € Ag C

A} of X where X = U Cl,(Int,Cl,(Uy)). It is clear that Cl, (Int,Cl,(U,)) is p-closed,
AEN)

thus X = (J Cl,(U,). Hence, X, is Wu-CC. [
AEN)

Theorem 6. Let X, be a space. The following statements are equivalent:

1.  Xis Wu-CC;
2. For any countable collection F = {U, : A € A} of countable y-closed subset of X such

that ( Uy, = @, there exists a finite sub-collection {U) : A € Ay C A} such that
/\GAO

N Int,(Uy) = @;
AEN)

3. For any countable collection F = {U) : A € A} of countable p-regular closed subsets of X

such that ( U, = @, there exists a finite sub-collection {U, : A € A9 C A} such that
AEA)

N Int,(U,) = @.
AEA)

Proof. (1) = (2) : - Suppose X is Wu-CC and F = {U, : A € A} is a countable sub-
collection of a p-closed subset of X such that N{U) : A € A} = @. Then, X = X\ NF =
U X\ F. Since X is Wu-CC, there exists a finite sub-collection { X\U) : A € Ag C A} cover
of X. Thus, X = |J Cl,(X\U,). Hence,

A€
X\ U Clu(X\UA) X\CL( U (X\UL)) = Inty (X\( U (X\Un))
A€ AENg A€
AEA AEN

(2) = (1) : - Suppose {U) : A € A} is a countable of pu-open cover of X. Thus,

{X\U, : A € A} is a countable of - closed subset of X.

Since X = U (U,), so X\ U (u,) = (X\UA) @. So, by the assumption that there
Ae

exists a flmte sub collectlon {X \Uy: A€ Ao} of F such that
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Int, (( N (X\Up)) = 2.

AeNg
Hence, X = X\Int,(( N (X\Uy)) = CL,(X\ N (X\Uy) = ( U Cl,(Uy)). Therefore,
AEN AEN AEN
X is Wu-CC.

(3) = (1) : - Suppose {U) : A € A} isa countable y-open cover of X and so {Int,(Cl,(U,)) :

A € A} is a countable pi-regular open cover of X.

Thus, { X\ Int,(Cl,(U))) : A € A} is a p-regular closed subset of X such that

X\ /\UA Int,(CL,(Uy)) = AﬂA Cl,(Int,(X\U,) = @, so by the assumption that there exists
€ €

a finite sub-collection {U) : A € Ag C A} of Fsuchthat Int,(( N Cl,(Int,(X\U,)) = @.
AeNg

Hence, X = X\Int,( N (Cl,(Int,(X\Uy))) = CL(X\ N (X\Up) =( U CL,(Uy)). It
/\EAO /\EAO /\EAO
is clear that X is Wu-CC.

(2) & (3) : - It is obvious since p-regular closed is p-closed.
(1) = (3) : - Itis similar to (1) = (2) : since p-regular closed is y-closed. O

Theorem 7. If a space X, is VWWu-CC, then every countable cover of X by pg-open sets has a finite
sub-cover.

Proof. Suppose X, is Wu-CC and F = {U), : A € A} be yug-open countable cover of X.
Then, for all x € X, there exists Ay € A such that x € U, . Since U, is a yg-open, then
there exists M, € y where x € My C Cl,(My) C U,,. However, X is Wu-CC, so there

n n
exist x1, X2, ..., X, € X where X = U CI,(My,) = U (U/\xk)' O
k=1 k=1

Theorem 8. Let X, be a y-regular space. Then, X, is Wu-CC if and only if X,, is u-CC.
Proof. It is straightforward and therefore omitted. [

Definition 15. Let X, be a space. A subset A of X is said to be weakly py-countably compact set

(denoted by Wu-CC set) whenever A C |J Uy, where Uy € u forall A € A and A is a countable
AEA
index set, then there is a finite sub-collection {U) : A € Ag € A} suchthat A C |J CI,(U,).
AeNg

Theorem 9. A subset A of X, is Wu-CC set if and only if, whenever A = U U,, where U, is
AEA
p-regular open subset for all A € A, then there exists a finite sub-collection {U) : A € Ag C A}

such that A = |J Cl,(Uy).
AEA

Proof. It is straightforward and therefore omitted. [

Theorem 10. Let A be a subset of X,,. The following statements are equivalent:

1. A is Wu-CC;

2. For any countable collection F = {U) : A € A} of a p-closed subset of X such that
N{U) : A € A} NA = @, there exists a finite sub-collection Ay € A of F such that

[N Int,(U)]NA=0;
AENg

3. Forany countable collection F = {U) : A € A} of u-reqular closed subsets of X such that
[N{U) : A € A}JNA = @, there exists a finite sub-collection Ag € A of F such that

[N It (U)INA = .
AeNg

Proof. (1) = (2) : - Suppose A is Wu-CC set and F = {U) : A € A} is a u-closed
countable collection of X such that \{U, : A € A}NA=@. Then, A C X\ NF = X\F.
Since X is Wu-CC, there exists a finite sub-collection {U) : A € Ag C A} cover of A such
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that {X\U, : A € Ag € A}. Thus, A C AU Cl,(X\U,). Hence, X\ U ClL,(X\U,) =
€Ny E/\o
X\Cl( U (X\Up)) = Inty(X\( U (X\Up))

AeNg AeNg
= N Int,(Uy). Thus, [ N Int,(Uy)]NA=0
AEAg AEA
(2) = (1) : - Suppose {U, : A € A} is a countable p-open cover of A. Thus, {X\U, : A €

A} is a p-closed subset of X. By the assumption that X\ U (U))NA= ﬂ (X\U))NA=

@, so there exists a finite sub-collection Ag € A of F such that
Int,(( N (X\Uy)) = @.

)\EAO
Hence, A C X\Int,(( N (X\Uy)) = Cl,(X\ N (X\Uy) = ( U Cl,(Uy)). Therefore,
AEA) AEA) AEN)
X is Wu-CC.

(3) = (1) : - Suppose A = U U, where U, € u forall A € A and A is a countable index

set, s0 A = U Int,(CI, (LIA)) Thus, {X\Int,(Cl,(Uy)) : A € A} is a p-regular closed

subset of X. By the assumption that X\ U Int,(CL,(Uy))NA = N Cl,(Int,(X\Uy) N
AEA AEA

A = @, so there exists a finite sub-collection {U, : A € Ay C A} of F such that
Int,(( N Cly(Int,(X\Uy)) = N Int,(Cl,(Int,(X\U,))) = .
AEN) AEN)

Hence,

ACX\ N Int,(Cly(Int,(X\Uy))) = CL,(X\ N (X\Uy) = ( U CIL,(Uy)). Itis clear
AEA) AEA) AEN)

that A is Wyu-CC set.

(2) < (3) : - It is obvious since p-regular closed is p-closed.

(1) = (3) : - Itis similar to (1) = (2) : since p-regular closed is p-closed. [

Theorem 11. Let A be a Wy-CC subset of a space X,,. Then, every cover of A by pg-open subsets
of X has a finite subcover.

Proof. It is straightforward and therefore omitted. [

Theorem 12. Let A, B C X, and X\ A be countable. If A is pg-closed and B is Wyu-CC, then
AN Bis Wn-CC set.

Proof. Let ANB C U U,, where Uy, € yu for all A € A is a countable index set,
AEA
and F = {Uy : A € A}. Then, B C (U Uy)U(X\A). Additionally, for all x ¢ A,
AEA

there exists Uy € p where x € U, C Cl,(Uyx) C X\A. Since Uy is a pg-open and X\ A
is countable, then F U {Uy : x € X\ A} is a countable y-open cover of B. However, B is
Wy -CC, so there exist M, Az, ..., Ay € A and there exist x1, Xy, ..., X, € X\ A such that B C

n
( U Cl,(Uy,)) U( U Cl,(Uy,)). However, Cl,(Uy,) C X\A, thus ANB C kgl Cl,(Uy,).
Hence, ANBisa Wy -CCset. [

Theorem 13. Let A C B C X, . If A is Wup-CC, then A is Wy-CC set.

Proof. Suppose that A is Wyp-CC set,and U = {U, : A € A} is a countable y-open cover
of A. Then, Ui = {U, : A € A} is a ug-open cover of A. However, A is Wyp-CC, so there

exists a finite sub-collection {U, : A € Ag C A} of Ug suchthat A = (J Cly,(Uy N B).
AENg

It is clear that Cl,, (U, N B) = (Cl,(UyNB)) "B C Cl,(Uy) where A € Ag. Hence, A is
Wu-CCset. O
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Definition 16. Let (X, H) be a space with respect to H. The pair (X, H) is said to be weakly

uH-countably compact (denoted by WuH- CC) whenever X = |J Uy, where Uy € yu for all
AEA
A € Aand A is a countable index set, then there is a finite sub-collection {U) : A € Ay C A}

such that X\ U Cl,(Uy) € H.
AEN)

Example 4. Let X = (0,1), p = {¢, G, : n € Z"}, where G, = (},1) and 1 = Hy. Then,

n’

Xy is NuH-CC because for any proper p-open set Int,Cl,(Gn,) = X where i € Z%, then
n

X\ U Int,Cl,(Gy,) € H. However, that is not yH-CC because there is no finite sub-collection
i

n
such that X\ U Gy, € H.
k

Example 5. Let X = Z, K = {{2n —1,2n,2n + 1} : n € Z}, and y generated by p-subbase S
and H = P(Z). Then, (X, k), H) is WuH-CC, but not Wu-CC.

Theorem 14. A space (X, H) with respect to H is WuH-CC if and only if for any countable
u-regular open cover {U, : A € A} of X, there exits a finite sub-collection {Uy : A € Ag C A}

such that X\ | Cl,(Uy) € H.
AEN)

Proof. Necessity. It is straightforward and therefore omitted.

Sufficiency. Let X = |J Uy, where U, € p forall A € A and A is a countable index set. It
AEA

is clear that Int, (Cl,(U,)) is p-open, thus Z = {Int,(Cl,(U,)) : A € A} bis a countable

p-regular open cover of X. Then, there exists a finite sub-collection {U, : A € Ay C A}

such that X\ U Cl,(Int,(ClL,(U,))) € H.

AEN)
However, X\ U Cl,(U,) € X\ U Cl,(Int,ClL,(Uy,)). Thus, X\ U CL(U,) € H.
AEA) AEN) AEN)

Hence, X;, is Wp-CC. O

Theorem 15. Ifa space (X, H) is WuH-CC, then for every countable cover of X by pg-open sets

there exists a finite sub-collection {U) : A € Ag C A} such that X\ U (Uy) € H.
AEN)

Proof. Suppose (X, H) is WuH-CC and {U, : A € A} be a py-open cover of X. Then,

for all x € X, there exists Ay € A such that x € U, . Thus, there exists M, € u such

that x € My, C Cl,(My) C U,,. Then, X = |J My, where n € N. Since X is WuH-CC,
xeX

n n
so there exist x1,xp,...,x, € X where X\ U Cl,(My,) € H. However, X\ | (quk) C
k=1 k=1

X\ Lnj Cly(My,) € H. Hence, X\ CJ (U/\xk) eH. O
k=1 k=1

Theorem 16. Let X, be a p-regular space. The following statements are equivalent:

1 (X, H)is WuH-CC;
2. (X, M) is pH-CC.

Proof. (1) = (2) : - Suppose X is a p-regular, and WuH-CC and {U, : A € A} are
ug-open covers of X. Then, for all x € X, there exists Ay € A such that x € U, . Thus, there
exists My € y where x € My C CI,(My) C U,,. Then, the sub-collection {My, : x € X}
is a countable p-open cover of X. Since X is WuH-CC, so there exist x1, xp,...,x;, € X

where X\ LHJ Cl,(My,) € H. However, X\ CJ(U/\xk) C X\ CJ Cly,(My,) € H. Thus,
k=1 k=1 k=1

X\ Lnj (U)ka) € ‘H. This means (X, H) is pH-CC.
k=1
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(2) = (1) : - Itis clear that X\ J Cl,(My,) € X\ U (My,) € H.
k=1 k=1

Thus, X\ U (Cly(My,) € H. O
k=1

Theorem 17. Let A be a WuH-CC, then for every countable cover of A by pg-open sets there exits

a finite sub-collection {U, : A € Ag C A} such that A\ |J Cl,(Uy) € H.
AEN)

Theorem 18. Let A, B C X, be subsets of a space X, and X\ A is countable. If A is pg-closed and
Bis WuH-CC, then AN B is WuH-CC.

Proof. Let F = {U, : A € A} be a countable y-open cover of AN B. Then, FUX\Aisa
countable p-open cover B. Since X\ A is a pg-open for all x ¢ A, there exists a p-open set
Uy, where x € U, C Cl,(Uyx) C X\A. Thus, F U {Uy : x € X\ A} is a countable y-open
cover of B. However, B is Wu-CC, so there exist A1, A3, ..., Ay € A and x1, X2, ..., xm € X\ A

where B\(ijJl Cl,(Uy,)) U(kgl Clu(Ux,)) € H.

Thus, AN B\(kgl Cl,(Uy,)) U(k@1 Cly(Uy,)) C B\(k@1 Cl,(Uy, ) U( U Cly(Uy,)). Hence,

ANB\(U Cly(Uy))U(U Cly(Uy,)) € M. This mean AN B is WyH-CC. O
k=1 k=1

Theorem 19. Let (Xy, ) be a space with respect to H where H is an ideal on X, then the union
of two WuH-CC sets is a WuH-CC set.

Proof. Suppose A and B are WuH-CC sets of X. Let F = {U, : A € A} be any countable
p-open cover of AU B of X, then there exist finite subsets Ag, A7 C Awhere A\ | (U,) €

NoEA
Hand B\ U (Uy) € H.
A EA
Thus, AUB\ U (Uy) C (A\ U (Uy))U(B\ U (U,)). However, Ag U A is a finite
AENQUA, VAGISTAN A EN
subset of A and H is anideal on X. Then, AUB\ U (U,) € H. Hence, AUB is WuH-

AENGUA
CC. O

Example 6 illustrates that H being an ideal is a necessary condition.

Example 6. Let X = N, u = P(N), and hereditary class H = {A C N : A is subset of the set

of all odd numbers or A is a subset of the set of all even numbers }. Let A be the set of all odd

numbers and B be the set of all even numbers, then A and B are WuH-CC sets. While AU B is

not WuH-CC. Let \J {2n —1,2n}} = AU B where {2n —1,2n} € u forall n € N. Thus,
neN

m
(AUB)\ U CI,({2n, —1,2n}) ¢ H, for some ny, wherek = 1,2,...,m.
k=1

Theorem 20. Let X, be a N'u-CC space, then X, is a Wy-CC space.

Proof. Suppose X, is a N u-CC space. Then, for each countable y-open cover {U, :
A € A} of X, there exists a finite sub-collection {U, : A € Ay C A} of X such that

X = U Int,Cl,(Uy). However, Int,Cl,(Uy) C CL,(Uy).
A€

Thus, X = U Int,Cl,(Uy) € U Cl,(Uy). Hence, X = U Cl,(Uy). O
AEAg AEAg AEN

Lemma 3. Let X, be a space such that X = [0,1] C R, and Xy, X, X3 be disjoint dense p-
subspaces of X such that X = X1 U X, U X3. Consider the u* = {0, X, X1, X, X1 U X} and
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Y = u A u* generated by the finite intersection of elements of y and u*, then if C is a y-regular
closed subset of Xy and A is a p-open subset of X, such that C C A, then Inty(C) C Int,Cly(A)

Proof. It is straightforward and therefore omitted. [

The converse of Theorem 20 is not true, as illustrated in Example 7.

Example 7. Let X, and Xy as they are in the above Lemma 3.20. It is proved that Xy is
not almost compact in [23], so it is not nearly u-CC. We prove that Xy is weakly u-CC. Let
{U) : A € A} be a countable p-regular open cover of X, so there is Cy p-reqular closed in

Xy where Inty(Cy) € Cy C Uy and X = U Inty(Cy)). Then, by Lemma 3.20, we obtain
AEA
Inty(Cy) C Int,(Cly(Uy)), then X, = U Int,Cly(Uy) where Int,Cly(Uy) € u for all
AEA

A € A and A is countable, since Xy, is yu-CC, then there exists a finite subset Ao C A where
X = U Int,(Cly(Uy))). Hence, X = |J Cly(Uy,)) this shows that Xy is weakly u-CC.
AeN) AEN)

Theorem 21. If (X, H) is a N uH-CC space, then X,, is a WuH-CC space.

Proof. Suppose X, is a N'uH-CC space. Which means that X = |J Uy, where U, € u
AEA
forall A € A and A is a countable index set, then there exists a finite Ag C A where

X\ U Int,Cl,(Uy) € H.
AEA)
However, X\ U Cl,(Uy) € X\ U Int,Cl,(U,). Hence, X\ U Cl,(Uy) € H. O
AEAg AEAg AENg

Figure 1 shows the relationship between all types of generalization of y-compact
spaces studied in this paper.

yH CC

= CC—HW cc*u\/;m cc

- comp% — compact W]/H cc

Ny — compact Nyt — compact Wy cC

1
Wy — compact —» Wy?—l - compact

Figure 1. The relationship between all types of generalization of y-compact spaces.

4. Function Properties on A su-Countably Compact and Wyu-Countably Compact
Theorem 22. Let f : X, — Yg bea (y, B)-continuous function.

1. If Aisa Wu-CC subset of X, then f(A) is WB-CC.
2. IfAisa N'u-CC subset of X, then f(A) is N B-CC.

Proof. (1) : - Suppose f(A) = U V), where V) € Bforall A € A and A is a countable
AEA

index set. Since f is (y, B)-continuous, then A = |J f~1(V)), where f~1(V,) € u for all
AEA
A€ Aand Aisa countable index set and A is a Wyu-CC set. Thus, there exist A1, Ay, ..., Ay €

A where A C U Cly(f~1(Vy,)). Thus, f(A) C kgl FICL(F1(V3,))). Since f is (i, B)-

continuous and Cly(f '(B)) c f~'(Clg(B)) for all B C Y, then f(CL,(f'(V),))) C

Clgf(f~ Yvy)) C Clg(V), ). Hence, f(A) is WpB-CC.

(2) : - Suppose f(A) = U V), where V) € Bforall A € A and A is a countable index
AEA
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set. Since f is (y, B)-continuous, then A = |J f~1(V,), where f~1(V,) € pforallA € A
AEA
and Ais a Countable index set and A is N'u-CC set. Thus, there exist A1, Ay,..., Ay € A
n
where A C U Int, (CL(f~1(Vy,)))- Thus, f(A) € U f(Int,(CLi(f~1(Vy,))))- Since f is

k=1
(u, B)- contmuous and Int,(CL,(f~1(B))) C f~(Int Clg(B))) for every subset B of Y,
)

(
then f(Int, (CL(f~1(V1,)))) C Intg(Claf (f~1(V4,))) C Intg(Clg(Vy,)). Hence, f(A) is
NB-CC. O

Theorem 23. Let f : X, — Yp bea (p, B)-continuous surjective function.
1. IfXisa Wu-CC, then f(X) is WWB-CC.
2. IfXisa Nu-CC, then f(X) is N B-CC.

Proof. (1) : - Suppose f(X) = U V), where V) € Bforall A € A and A is a countable
index set. Since f is (u, B) contmuous then X = U f~Y(Vy), where f~1(V)) € pu for all
A€ Aand Ai 1s a countable index set and X is W;j\ CC. Thus, there exist A, Ay, ..., A, € A
where X = k!lCZ;,(f (V/\k)). Thus, f(X) = U f(CL(f~ (VM)))' Since f is (u, B)-

continuous and Cl,(f~}(B)) C f_l(Cl/g(B)) for all B C Y, then f(CL,/(f*(Vy,))) C
Clgf(f~1(Va,)) C Clg(Vy,). Thus, f(X) is WB-CC. Hence, Y = f(X) is WB-CC since f
is surjective.

(2) : - Suppose f(X) = U V), where V) € B forall A € A and A is countable index

set. Since f is (y, B) Contmuous then X = U f~Y(Vy), where f~1(V)) € uforall A € A
Ae
and A i 1s a countable index set and X is Wy CC Thus, there exist A1, Ay, ..., A, € A where
X = kU Cly(f~1(Vy,))- Thus, f(X) = U f(CL.(f~(Vy,)))- Since f is (, B)-continuous,
=1

then A = |J f~1(V,) where f~1(V) e y forall A € A and A is a countable index set and
AEA

X is N u-CC. Thus, there exist A1, Ay, ..., Ay € A where X = Lnj Int, (CL,(f~*(Vy,))). Thus,

k=1

n

f(X) = U f(Int,(CL,(f1(Vy,)))). Since f is (1, B)-continuous and Int, (Cl,(f~*(B))) C

k=1

f~1(Intg(Clg(B))) forall B C Y, then f(Int,(Cl,(f~1(V),)))) C Intg(Clgf(f~1(Va,))) C
Intg(Clg(Vy,))- Thus, f(X) is N'B-CC. Hence, Y = f(X) is N'B-CC since f is surjective. []

Theorem 24. Let f : (Xy, H) — Yg be a (p, B)-continuous surjective.
1. If(Xy, M) is WuH-CC, then Yg is WBf(H)-CC
2. If(Xu,H)is NuH-CC, then Yg is N Bf(H)-CC

Proof. (1) : - Suppose f(X) = U V), where V) € Bforall A € A and A is countable
AEA

index set. Since f is (u, B)-continuous, X = U f~1(V,), where f~1(V,) € u for all
AEA
A € A and A is a countable index and X is WuH-CC. Thus, there exist Ay, Ay, ..., Ay €

A where X\ LnJ Cl,(f~*(Vy,)) € H. Since f is (u, B)-continuous and Cl,(f~1(B)) C
k=1
£1(Clg(B)) for all B C Y, then X\ kﬁ (F1(Cla(Vy,)) € X\ kﬁ CL(f~1(V;)) € H. Since
=1 =1
f(CL(f1(Va,))) C Clgf(f1(Va,)) C Clg(Vy,)- Thus, f(X) kﬁl(aﬁ(vAk) € f(H). Since

f is surjective, then f(X) = Y. This means Y is WBf(H)-CC -
(2) : - Suppose f(X) = U Vy, where V) € Bforall A € A and A is countable index
AEA



Axioms 2023, 12,122

12 of 17

set. Since f is (p, B)-continuous, X = U f~Y(Vy), where f~1(V)) € uforall A € A
and A is a countable index and X is N/ ;tH -CC. Thus, there exist A1, Ay, ..., Ay, € A where
X\ U Int,Cl,(f~*(Vy,)) € H. Since f is (u, B)-continuous and Int,(CL,(f~'(B))) C
f- (Int/g(Clﬁ( ))) for all B C Y, then

X\ U (f ' (Intg(Clg(Va,))) C X\ U Inty (ClL(f (Vi) € H.
Smcef(lnty<czy<f*1<wk>>>> C Int(Claf(F-1(Vay))) € Ints(Clys (Vi)

Thus, f(X)\ U Intg(Clg(Vy,) € f(H). Since f is surjective, then f(X) = Y. This means Y
is NBf(H)- CC O

Theorem 25. Let f : X, — (Yg, H) bea (y, B)-open bijective function.
1. If(Yg, M) is WBH-CC, then X, is Wi f 1 (H)-CC.
2. If(Yg, M) is NBH-CC, then X, is N'uf ~1(H)-CC.

Proof. Since f : X, — (Yp, M) is a (1, B)-open bijective, then
i (Yg,H) — Xy is a (B, p)-continuous surjective. By Theorem 24, so (Y, H) is a
WPBH-CC(resp. N BH-CC), then X,, is Wuf 1 (H)-CC (resp.Npuf 1 (H)-CC). O

Theorem 26. Let f : (X, H) — Yg bea (i, B)-continuous.

1. IfAis WuH-CC, then f(A) is WBf(H)-CC

2. IfAis NuH-CC, then f(A)is NBf(H)-CC

Proof. (1) : - Suppose f(A) = | V), where V) € Bforall A € A and A is a countable
AEA

index set. Since f is (y, B)-continuous, then A = |J f~1(V)), where f~1(V)) € y for all

AEA
A € A and A is a countable index and A is WuH-CC set. Thus, there exist A1, Ay, ..., Ay € A

where A\kQ1 Cl,(f~1(V4,)) € H. Itis clear that Cl,,(f~1(Vy,)) € (f~1Clg(Vy,))-
Thus, A\kLZJl( FICI5(Vy,) © A\kLZJl Cl,(f1(Vy,)) € H. Thus,

A\ U ficlpv) = A\ U Cly(F () =

AN O Cly(f (V)

Hence, £(A1£1(1\ U Cly(F(V3,00)) = (AN (0 U Cla(F(v3,))

k=1
- f(A)\kLZJl Clg(Vy,)) € f(H). This means f(A) is WBf(H)-CC

(2) : - Itis clear that f is (i, B)-continuous and Int, (CL,(f~'(B))) C f!(Intg(Clg(B)))
for all B C Y, then

A\ U (f~1(Intg(Clg(Vy,))) A\kL:Jl Int, (CL(f (Vi) € H.

Slnce f(IntH(Cl},(f’ (Vi) € Intl;(Cll;f(f’l(V)\k))) C Intﬁ(Clﬁ(VAk)).
Thus f(A)\kL:J1 Intg(Clg(Vy,) € f(H).This means f(A) is NBf(H)-CC. O

Theorem 27. Let X, be a Wyu-CC; if f : X, — Y is strongly @(u, B)-continuous surjective,
then Yg is p-CC.

Proof. Suppose Y = |J V), where V) € Bforall A € A and A is a countable index
A€EA

set. Then, for all t € X, there exists V), for some A; € A where f(t) € V),. Since f is a
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strongly @(u, B)-continuous, then U,, € p containing t such that f(CI,(U,,)) C V,,. Since
A is countable index set, we obtain X = (J U,,, where U, € pforall A € Aand A is

AEN
m
countable index set. Since X, is Wy-CC, we obtain X = (J Clu(U,, ).
n=1
m m m
Thus, Y = f(X) = f( U1C1y(umn)) = Ulf(ClM(U)W)) C Ul(VAM)‘ Hence, Yp is a
n= n= n—=

B-CC. O

Theorem 28. Let X;, bea N'u-CC; if f : X, — Yp is super (u, B)-continuous surjective, then Yg
is B-CC.

Proof. SupposeY = |J V), where V) € Bforall A € A and A is a countable index set.
AEA

Then, for all t € X, there exists V), for some A; € A such that f(t) € V,,. Since f is a

super (y, B)-continuous, then U, € u containing t where f(Int,Cl,(U,,)) C Vj,. Since

A is a countable index set, we obtain X = |J U,, where U,, € uforallA € Aand Ais
AMEA

m
countable index set. Since X}, is N'u-CC, we obtain X = U Int,Cl,(U,, ).
n=1

3

Thus, ¥ = £(X) = £( 0 (IntuClu(U,))) © @1 Flnt,Clu(Uy, ) L"_jl(VM). Hence Y
isap-CC. O - - -

Theorem 29. Let X, be a Np-CC; if f = X, — Yg is (6, &')-continuous surjective, then Yp is
NB-CC.

Proof. Suppose Y = | IntgClg(V,), where V), € B forall A € A and A is a countable
AEA

index set. Then, for all t € X, there exists IntgClg(V),) for some A € A where f(t) €

IntgClg(Vy,). Since fisa (9, ¢')-continuous, then there exists U,, € u containing t where

f(Int,Cl,(Uy,)) C IntgClg(Vy,). Since A is a countable index set, we obtain X = |J U,,,
AMEN
where U), € pforall A € A and A is a countable index set. Since X, is N'u-CC, we obtain

m
X = U Int,Cl,(Uy, ). Thus,
n=1

m m m

Y = f(X) = f( U1 ITltyCl;x,(u/\,ﬂ) c Ulf(lntyCly(U)\tn) - Ul Ii’lt/gClﬁ(V)\tn). Hence, Y/5
n= n= n=

isaNB-CC. O

Theorem 30. Let X, be a N'u-CC,

1. Iff: Xy — Yg is strongly @(u, B)- continuous surjective, then Yg is B-CC.
2. Iff: Xy — Ygis super (p, B)- continuous surjective, then Yg is p-CC.

3. Iff:Xu—Ygis(s, &')- continuous surjective, then Y is p-CC.

Proof. It is straightforward and similar to Theorem 27, and therefore omitted. [

Theorem 31. Let f : (Xy, H) — Yp be almost (u, B)- continuous surjective.

1. If (Xu, H) isa WuH-CC, then Yg is also VWWBf (H)-CC.
2. If(Xy,H)isa NuH-CC, then Yg is also N Bf(H)-CC.

Proof. (1) : - Suppose Y = |J V), where V) € Bforall A € A and A is countable
AEA

index set. Since f is a almost (j, B)- continuous, then f~!(IntgClg(Vy)) € u. Thus
X=U i ntgClg(Vy)) forall A € A is a countable index set, then there exists a finite
AEA
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sub-collection {f~1(IntzClg(Vy,)) : k € N} where X\CZH(kCJ F1(IntgCly(Vi,))) € H,
=1
X\Ch( 0 FCl( 0 (V) € X\CT(F (D (Cly(V2,))))

C X\CI( CJ f_l(Il’li’/gCllg(V)\k))) € H, it is clear that
k=1

X\Ch( (0 (C1a(v2,0)) = X\(F (U (CTp(V2,)))) € H, then

f(X)\(kLZJl(Clﬁ(VAk))) € f(H). Hence, Y isa WBf(H)-CC.

(2) : - Suppose Y = |J V), where V) € Bforall A € A and A is a countable index set.
AEA

Since f is an almost (y, B)-continuous, then f‘l(IntﬁClﬁ(VA)) €u.
Thus, X = U f (I ntgClg(V))) for all A € A is a countable index set, then there exist
AEA

Aty Ags oy A € A where X\Int, CL( U f~}(IntgCly(Vy,))) € H.
k=1
Since Int, ClL,(f~1(V),)) C (f'(IntgClg(Vy,)), then

n n

X\ kg f_l(Int/;Clﬁ(kszl(VAk))) C X\Int, CL,( f—l(kgl(intﬁczﬁ(wk)))) cH.

Thus X\ LHJ f’l(IntﬁCll;( LnJ (V,))) € H,itis clear that
k=1 k=1

FONGU (IntgCle(Va))))) = FOONF(FH( U (IntgCl(Va,)))))

1 k=1
:f(X)\(k intgClg(Vy,)) € f(H). Hence, Yisa NBf(H)-CC. O
1

x-
I

=

5. Applications in Soft Set Theory

Recall that soft set theory is an important mathematical tool in uncertainty. The con-
cepts defined in the current paper can be applied to furnish more work to obtain generaliza-
tions of covering properties of soft generalized topological spaces. In particular, we define
soft ;1-CC and soft N -CC as generalizations of soft y-compactness. Moreover, we provide
an examined example to verify the new definitions as an applicable generalizations.

Definition 17 ([24]). A soft set Sy on the universe X is defined by the set of ordered pairs
Sa={(tfalt)):t €G,fa(t) € 2%}, where {fy: G — 2%} and G is the set of all possible
parameters such that f4(t) = @ ift ¢ A. S 4 is said to be an approximate function of the soft set.
The value of f4(t) may be arbitrary. S(X) stands for the set of all soft sets.

Definition 18. Let Sy € S(X).

1. If fa(t) = X foreach t € G, then S 4 is said to be an A-universal soft set, denoted by S ;.
IfA=G,thenS 118 said to be a universal soft set, denoted by S [25].

2. The soft complement of S 4, denoted by X\Sy, is defined by the approximate function
fxa(t) = X\ fa(t), where X\ fa(t) is the complement of the set f4(t) for all t € G [26].

Definition 19. Let Sy, S € S(X).

1. Spisasoft subset of S 4, denoted by Sg C S 4, if f4(t) C fg(t) forall t € G [27].
2. The soft union of S 4 and Sp, denoted by S 4 U S, is defined by the approximate function

faus(t) = fa(t) U f(t) [25].
3. The soft intersection of S and Sp, denoted by S4 N Sp, is defined by the approximate

function fanp(t) = fa(t) N fp(t) [26].
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Definition 20 ([28]). Let Sy € S(X). A soft generalized topology (briefly. sGT) on S 4, denoted
by Sy, is a family of soft subsets of S o such that S € p and if a family {SA> 1S4 C Sy i €
] € N} C pthen Ui (Sai) € p.

Definition 21 ([28]). Let (Sa, 1) be a sGTS. Every element of y is called a soft y-open set. The Sg,
is a soft p-open set. If Sg be a soft subset of S 4, then Sp is called soft u-closed if its soft complement
X\Sp is a soft p-open.

Definition 22 ([28]). Let (S, ) be a sGTS and S C S 4, then

(a) the soft union of all soft u-open subsets of Sp is said to be soft y-interior of S and denoted
by Ints ,,Sp.

(b) the soft intersection of all soft u-closed subsets of Sg is said to be soft y-closure of Sg and
denoted by Cls ,,Sp.

Definition 23 ([29]). A sGTS (S, i) is called soft y-compact (denoted. soft u-C) whenever

S = U Uy, where Uy is soft y-open for all A € A and A, then there is a finite sub-collection
AEA
{Uy : A€ Ao C A} such that Sy = Upen, Un-

Definition 24. Let (S, ) be a sGTS and Sg C Sy, then
1. the soft y-regular open set if Sg = Ints ,,Cls ,,,(SB).
2. the soft p-regular closed set if Sg = Cls ,, Ints ,,,(Sp)-

Definition 25. A sGTS (S 4, i) is called soft p-countably compact (denoted soft y-CC) whenever

Sa = U Uy, where U, is soft y-open for all A € A and A countable index set, then there is a
AEA
finite sub-collection {Uy : A € Ag € A} such that S g = Upep, Un-

Definition 26. A sGTS (S, u) is called soft nearly p-countably compact (denoted soft N u-CC)

whenever S4 = | Uy, where U, is soft p-open for all A € A and A is a countable index set, then
AEA
there is a finite sub-collection {U, : A € Ag C A} such that Sy = Ujpen, Ints uCls (Up).-

Corollary 2. Every soft u-CC space is a soft N u-CC space.

Proof. It is straightforward and therefore omitted. [

The converse of Corollary 2 is not true, as presented in Example 8.

Example 8. Let X = N,G = A = {{;:ieN}and Sg = {(t;, X):t; € G}, let F =
{(t{Lx}) : x € X,x # 1} foreach t € G. Consider a sGT u(F) generated on sGTS Sz
by the soft basis JF. Then, only Sg and Sg are soft y-regular open sets so a sGTS (Sg, u(F)) is
soft N'u(F)-CC, but it is not soft u(JF)-CC, since a family {Sé_ (i e N}, where

S, = {(t,{1,2}), (t2,{1,2,3}), (£3,{1,2,3,4}),...... Iy

Séz = {(tl, {1,3}), (i’z, {1,2,4}), (l’g, {1, 2,3,5}), ...... },

Se, = {(t1,{1,4}), (t2,{1,2,5}), (£3,{1,2,3,6}),...... }

is soft ju(F)-open cover of sGTS (Sg, u(F)) with no finite soft u(F)-open sub-cover.

6. Conclusions

We have explored and examined the definition of weakly (nearly) yu-countably com-
pact spaces in the sense of generalized topology given in [1]. Further, we studied the effect
of hereditary classes on these spaces. The space presented in Example 1 is N u-CC, but not
u-CC. Some other results regarding subsets of such spaces have been presented. Observing
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that p- countably compactness is a generalization of y-compactness, Figure 1 is a summary
to show the relations between these spaces studied in the paper and other spaces generaliz-
ing p-compactness. Finally, we studied the effect of generalized continuity on these spaces.
In particular, it is proved that the images and preimages of the new notions of spaces
defined in this paper are preserved under (y, f)-continuous functions. Stronger results
are given if we use strongly @(u, B)-continuous functions and super (y, B)-continuous
functions. More varying results are given by using (4,8 )-continuous functions and almost
(u, B)-continuous functions.

As future research, some modifications can be made if we replace the generalized
topology p by a weaker framework as a weaker structure WS [30]. Moreover, we can
study the effect of soft y-regular sets on soft nearly y-countably compact spaces defined in
Section 5. To see some applications of generalizations of spaces in generalized topology,
you can see [29,31,32].
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