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Abstract: In this paper, we present a series of fixed point results for Mann'’s iteration scheme in
the framework of G,-metric spaces. First, we introduce the concept of convex G,-metric space by
means of a convex structure and Mann’s iteration algorithm is extended to this space. Furthermore,
using Mann’s iteration scheme, we prove some fixed point results for several mappings satisfying
various suitable conditions on complete convex G,-metric spaces. Some examples supporting our
main results are also presented. We also discuss the well-posedness of the fixed point problems and
the P property for given mappings. Moreover, as an application, we apply our main result to prove
the existence of the solutions to integral equations.
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1. Introduction and Preliminaries

It is well know the fixed point theory in metric spaces plays an important role in
nonlinear analysis. In 1922, Banach [1] proved a well-known fixed point theorem called the
Banach fixed point theorem, which various applications in different branches of science.
Since then, many researchers have extended these results by considering classes of nonlinear
mappings and in other important spaces. In particular, generalizations of metric spaces
were reported by Gahler [2] and Dhage [3] to aim to solve the more complex nonlinear
analysis problems. Later, in 1993, Czerwik [4] proposed the concepts of b-metric spaces
and generalized the classical Banach fixed point principle to these spaces.

Definition 1 ([4]). Let X be a nonempty set and assume that a mapping d : X x X — [0, +-00)
satisfies for all x,y,u € X,

(1) d(x,y) =0ifand only ifx = y;

(2) d(x,y) =d(y,x);

(3) there exists a real number s > 1 such that d(x,y) < s[d(x,u) +d(u,y)].

Then d is called a b-metric on X and the pair (X, d) is called a b-metric space with coefficient
s > 1.

Obviously, the class of b-metric is considerably larger than the class of metric spaces
since a metric is a b-metric with s = 1. Note that a b-metric function is not necessarily
continuous in each of its arguments [5].

In 2006, the concept of G-metric spaces was introduced by Mustafa and Sims [6]. Then,
Aghajani et al. [7] introduced the notion of G,-metric spaces which can be viewed as a
generalization of G-metric spaces and b-metric spaces.

Axioms 2023, 12, 108. https:/ /doi.org/10.3390/axioms12020108

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12020108
https://doi.org/10.3390/axioms12020108
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-9519-7234
https://orcid.org/0000-0001-6756-2233
https://doi.org/10.3390/axioms12020108
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12020108?type=check_update&version=3

Axioms 2023, 12, 108

20f16

Definition 2 ([7]). Let X be a nonempty set. Suppose that a mapping G : X x X x X — [0, 00)

satisfies the following conditions:

(1) G(xy,z)=0ifx=y=2z

(2) 0< G(x,x,y)forall x,y € X with x # y;

(3) G(x,x,y) <G(x,y,z) forall x,y,z € X withy # z;

4) G(x,y,z) = G(x,z,y) = G(z,x,y) = ..., (symmetry in all three variables);

(5)  there exists a real number s > 1 such that G(x,y,z) < s[G(x,u,u) + G(u,y,z)] for all
x,y,z,uc X
Then G is called a Gy-metric on X and the pair (X, G) is called a G,-metric space.

Example 1 ([7]). Let X = Rand (X, d) be a b-metric space with s > 1. Let
Gi(xy,2) =d(x,y) +d(x,2) +d(y, 2).
Then (X, Gy ) is not a Gy-metric space. However, let
Ga(x,y,2) = max{d(x,y),d(x,2),d(y,2)}.
Then (X, Gy) is a Gy-metric space with s.

Remark 1. It is worth mentioning that Gy-metric spaces and b-metric spaces are topologically
equivalent [7]. This allows us to readily transport many concepts and results from b-metric spaces
into Gy-metric spaces.

Proposition 1 ([7]). Let (X, G) be a Gy-metric space. Then for any x,y,z,u € X, we have:
(1) ifG(x,y,z) =0,thenx =y =z;

2) G(x,y,2z) <s(G(x,x,y) +G(x,x,2));

(3) G(x,y,y) <25G(y,x,x);

4 G(x,y,z) <s(G(x,u,z)+G(u,y,z)).

Definition 3 ([7]). Let (X, G) be a Gy-metric space. A sequence {xy} in X is said to be convergent
in X if there exists x* € X such that lirl} G(xp, xm, x*) = 0. (X, G) is said to be a complete
n,1m—00

Gy-metric space if every Cauchy sequence in X is convergent.

Proposition 2 ([7]). Let (X, G) be a Gy-metric space. Then, the following are equivalent:

(1)  the sequence {xy} is a Cauchy sequence;
(2)  forany e > 0O, there exists ny € N such that G(xy, Xm, Xm) < €, for all m,n > ny.

Definition 4 ([7]). A Gy-metric G is said to be symmetric if G(xy, Xm, Xm) = G(Xm, Xn, Xn) for
all x,, xm € X.

Definition 5 ([8]). Let (X1, G1) and (X3, Gy) be two Gy-metric spaces. Let f : (X1,G1) —
(X2, Gp) be a mapping; then f is said to be G-continuous at a point x* € X; for any y,z € X and
€ > 0, there exists 5 > 0, such that Gy (x*,y,z) < 6 implies Go(fx*, fy, fz) < e.

Proposition 3 ([8]). Let (Xq,G1) and (Xa, Gp) be two Gy-metric spaces. Then a mapping
f:(X1,G1) = (X2, Gy) is G-continuous at a point x* € X if and only if f(x,) is G-convergent
f(x*) whenever {xy} is G-convergent to x*.

On the other hand, the concepts of a convex structure and a convex metric space were
introduced by Takahashi [9].

Definition 6 ([9]). Let (X,d) be a metric space and I = [0,1]. A continuous function
w: X xXx[0,1] — X is said to be a convex structure on X if for each x,y,u € E and
a el

du,w(x,y;a)) < ad(u,x)+ (1 —a)d(u,y)
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holds. A metric space (X, d) with a convex structure w is called a convex metric space.
Norouzian et al. [10] introduced convex structure in G-metric spaces.

Definition 7 ([10]). Let (X, G) be a G-metric space. A mapping w : X x X x X x [0,1] x
[0,1] x [0,1] — X is said to be a convex structure on X if for each (x,y,z; A1, 2, A3) € X X
X x X x[0,1] x [0,1] x [0,1] with Ay + Ay + A3 = 1 then w(x,y,z; A1, Az, A3) € X, where
w(x,y,z; A1, A2, A3) = AMx + Ay + Asz. If w is a convex structure on X, then the triplet
(X, G, w) is called a convex G-metric space.

Howeve, iterative methods have received vast investigation for finding fixed points of
nonexpansive mappings—see [11-18]. Particularly, in the research on some approximations
of the fixed points problem using the iteration scheme, one of the most famous fixed point
methods is the Mann iteration [19] as follows:

Xpi1=0nxy + (1 — ay) Ty, a0y € [0,1].
[e)

For example, Reich [20] proved that if {a,} is chosen such that Y ay,(1 —ay) = oo,

n=1
then the Mann sequence {x, } converges weakly to a fixed point of T in a uniformly convex
Banach space with a Fréchet differentiable norm.

In this article, we first give the notion of convex G,-metric spaces by means of con-
vex structure in the sense of Takahashi. Then, we generalize the Mann iterative algo-
rithm to Gp-metric spaces and present the existence and uniqueness theorem for con-
traction mapping. Moreover, we show concrete examples supporting our main results.
The results greatly generalize the previous results from [16]. Furthermore, we consider the
well-posedness of the fixed problems and the P property for a given mapping. Finally, we
apply our main result to approximating the solutions of integral equations.

In the following, we always denote by Ny the set of nonnegative integers.

2. Main Results

We begin with the following definition which generalizes the notion of G,-metric
spaces and convex structure in the sense of Takahashi.

Definition 8. Let (X, G) be a Gy-metric space with coefficient s > 1 and I = [0,1]. A mapping
w: X x X x[0,1] = X is said to be a convex structure on X if for each x,y,u,v € Xand a € I,

Gu,v,w(x,ya)) <aG(u,v,x)+ (1—a)G(u,v,y) (1)
holds. Then the triplet (X, G, w) is called a convex Gy-metric space with coefficient s > 1.

Remark 2. A convex G,-metric space reduces a convex G-metric space for s = 1.

Definition 9. Let (X, G) be a Gy-metric space and T : X — X be a mapping. We say the sequence
{xn} is a Mann sequence if
Xpe1 = w(xn, Txn; ), n € Ny,
where xg € X and ay € [0,1].
We present now some specific examples of convex Gj,-metric spaces.
Example 2. Let X = R and the metric G : X x X x X — [0, 00) be defined by

1 2
G(x,y,z) = g(\x—y|+|y—z|+|x—z|) , forall x,y,z € X,

as well as the mapping w : X x X x [0,1] — X defined by the formula

w(x,y;0) =ax + (1 —a)y.
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Then (X, G, w) is a convex Gy-metric space with s = 2. Indeed, it is clear that that (X, G) is
a Gy-metric space with s = 2 (see [21], Example 4). For any x,y,u,v € X, we get

G(x,y,w(u,v;0)) =5 x (|x =yl + |y — au — (1 = a)o| + |x — au — (1 — a)o|)*

— \O|

<g x[alx —yl+ A —a)lx —y[+afy —u[+ (1 —a)ly —o|
+alx —ul+ (1 —a)|x — 0]

1

=5 [a(lx =yl +ly = ul+ = ul) + (1= a)(|x —y| + |y —o| + |x — o]}’
1

<5 [@(lx =yl +ly = ul + [ = u)+ (1 = 0)(x = y| + |y = o] + |x — o])?
+20(1—a) (|x —y| + [y — ul + [x — u|)’]

1
<g [l =yl +ly—ul+lx —u)’ + (A=) (x =yl +ly — v +|x —v])’]
=aG(x,y,u) + (1 —a)G(x,y,v).

Hence, (X, G, w) is a convex Gy-metric space with s = 2.

Example 3. Let X = R, and for x,y € X, let us define the metric d : X x X — [0, +00) by the

formula
n

d(x,y) =) (x — )%,
i=1
forall x = (x1,x2,-+-,x4) € Xandy = (y1,y2,--- ,yn) € X, and define the mapping
w: X x X x[0,1] — X by the formula

xX+y
7
We can know that (X,d) is a convex b-metric space with s = 2 (see [16], Example 4).
The metric G : X x X x X — [0, 00) is defined by

G(x,y,z) = max{d(x,y),d(x,z),d(y,z)}.
For any x,y,u,v € X, we have
G(x,y,w(u,v;a)) = max{d(x,y),d(x,w(u,v;a)),d(y, w(u,v;a))}
< max{d(x,y),ad(x,u) + (1 —a)d(x,v), ad(y,u) + (1 —a)d(y,v) }
< amax{d(x,y),d(x,u),d(y,u)} + (1 —a)max{d(x,y),d(x,v),d(y,v)}
=aG(x,y,u) + (1 —a)G(x,y,0).

Hence, (X, G,w) is a convex Gy-metric space with s = 2P~1,

w(x,y;0) =

The next example shows that the mapping w defined in the above examples sometimes
may not be a convex structure on some Gy-metric spaces.

Example 4. Let L(X,m,®) be a measure space and suppose that K denotes either R or C.
We define the L%(ﬂ) space as follows:

LE(8) = {x : X = K| x is measureable and / |x|P < oo},O <p<l
X

We define G : Li (9) x Lk (8) x LE (8) — [0, 00) by the formula
1

/
G(x,y,z) = (/X|x—y|pdv+/x|y—z|”dv+/x|x—z|pdv> p,
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1
where x,y,z € LE(9). It is not hard to see that (X, G) is a Gj-metric space with s = 2 /p
Let w(x,y;a) = ax+ (1 —a)y forall x,y € L%(ﬁ). Then, for all « € (0,1), we get

/
G(x,y,w(u,v;zx))—(./X|x—ypdz?+/x|y—w(u,v,~zx)|pd19+/x|x—w(u,v;1x)|pdl9> P

(/. |xy*’dﬂ); ([ w0 a>|yv|>”dﬂ)’l’

n (/X (afx — uf +(1—a)|x—v|)f’dl9>’l’

>(/X ’ _ypdﬂ); i (/X e u|pdl9>; " (/X (1—a)fly - vlpdﬁ>;

+ (/Xocp|x—u|’7dl9>; + (/X(l —oc)p|x—v|pd19>;
=aG(x,y,u) + (1 —a)G(x,y,0),

which implies that w is not a convex structure on X.

The following properties are consequences of Definition 8.

Proposition 4. Let (X, G, w) be a convex Gy-metric space. If & € (0,1), then Gy-metric G is
symmetric.

Proof. If x = y, then obviously G(x, x,y) = G(x,y,y) holds. Suppose that x # y. Due to
a < 1,itisnot difficult to see that x # w(x,y;«) and y # w(x, y; «). Indeed, if x = w(x, y; ),
we have

G(x,y,y) = G(w(x,y;a),y,y) < aG(x,y,y),

a contradiction. Therefore, x # w(x,y; «). Using similar arguments, we get y # w(x, y; «).
Now consider

G(x,yy) < Glxy,w(x,y;a)) < aG(x,y,x) + (1 —a)G(x,y,y).
This implies that G(x,y,y) < G(x,x,y). In addition
G(x,x,y) < G(x,w(x,y;0),y) <aG(x,x,y)+ (1 —a)G(x,y,y).

This implies that G(x,x,y) < G(x,y,y). By induction, we have G(x,x,y) =
G(x,y,y). O

Now we generalize Banach’s contraction principle for convex G,-metric space as
follows:

Theorem 1. Let (X, G, w) be a complete convex Gy-metric space with constant s > 1 and T :
X — X be a mapping such that

G(Tx, Ty, Tz) < AG(x,y,2)

forall x,y,z € Xand A € [0,1). Suppose that the sequence {x,} is generated by the Mann

iterative process and xo € X. If the sequence {n, } € (0,1) converges to & < 512_755226\ and A < le'
then T has a unique fixed point x* in X. Moreover T is G-continuous at x*.

Proof. For any n € Ny, we have

G(xn, Xn, X 1) = G(xn, Xn, W(xn, Txn;an)) < (1= an)G(xn, xn, Txn).
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Thanks to Definition 8 and Proposition 4, we obtain

G(xp, xn, Txy) = G(xy, Txy, Txy)
<s[G(xn, Txy—1, Txy—1) + G(Tx_1, Txn, Txp)]
SS[G( (xn 1, Txy—1; 00— 1) Txp_1,Tx,— 1)+AG(xn—1/xn/xn)]
<sfay1G(xn—1, Txy1, Txp—1) + A1 = 1) G(xp—1,%p-1, TXy-1)]
[

=slay1 + A1 —ap1)]G(xp—1, X401, Txy—1).

Set k,, = s[ay, + A(1 — ay)]. By the hypothesis, we get lim Ky = sa + sA(1—a) < L.

S
Thus we have

n—1
G(xn/ Xn, Txt’l) < knflG(xnfll Xn—1s Txnfl) <...< H kiG(x()/ X0, Tx0>'
i=0
Furthermore, we get that
n—1
G(xn/ Xn, xn+1) (1 - D‘n)G(xn/ Xn, Txn) < H kiG(XO/ X0, TxO)-
i=0

For any p € N, we have
G(xn/ Xn, xn+p) :G(xn/ Xn+p, xn+p)
<SG (X, Xpy1, Xng1) +5G(Xp41, Xn+p, xn+p)

<SG (X, Xpt1, Xns1) + 52 G (X1, Xnt2, Xns2) + - + 5P G(Xptp1, Xntps Xnp)

n n+1
<s[TkiG(xo, x0, Tx0)G(x0, X0, Txo) + s* [ | kiG(x0, x0, Txo) + . ..
i=0 i=0
n+p—1
sP kiG(xo, x9, Txo)
i=0
n+1 ntp-1
= SHkl‘ +Sz Hkl + ...+ H ki G(xo,xo,Txo).
i=0 i=0 i=0
.o onti
LetZ,,; =5[] k;,i=0,1,2,...,p — 1. Then we deduce that
i=0
G(xn, xn, Xn+p) (Zn +Zppi+ .+ Ly 1)G(Xo, x0, Txg).
Notice that
n+i+1
z+2 H k.
Zyii =
lim sup M = lim sup ]:: = lim sup sk, 411 < 1.
i—o0 nti i—o0 s T K i—o0
i=0

[e¢]
By D’Alembert’s test, we can deduce that ) Z; is convergent which yields
i=0

lim E Z, = 0. Hence, we get hm G(xn,xn,xn+p) = 0, which implies that {x,} is a

71*}001 n

Cauchy sequence in X. Since (X, G w) is a complete convex Gj,-metric space, there exists
x* € X such that hm G(xy, xy, x*) = 0. Note that
G(x*, Tx*, Tx*) < s[G(x* Xn, Xn) + G(xy, Tx*, Tx™)]
sG(x*, xy, xy) —l—sz[G(xn,Txn,Txn) + G(Txy, Tx*, Tx™)]
sG(x*, xn, xn) + SZG(xn, Txy, Txy) + SZAG(xn, x*, x%);

letting n — oo, we deduce G(x*, Tx*, Tx*) = 0 which implies Tx* = x*. Thus x* is a fixed
point of T. Suppose that x*,y* € X are two distinct fixed points of T. Then

0 < G(x*,x*,y") = G(Tx", Tx*, Ty*) < AG(x*,x*,y"),



Axioms 2023, 12, 108

7 of 16

which is a contradiction. Therefore, we must have G(x*,x*,y*) = 0. To see that T is
G-continuous at a fixed point x*, let {y, } be a sequence such that lgn Yn = x*. Then
n—oo

G(x*, Tyn, Tyn) = G(TX*, Tyn, Tyn) < AG(X*, Yn, Yn).

Taking the limit as n — oo, we obtain that lgr1 G(x*, Tyn, Tyn) = 0 which implies
n (o]
lgrl Ty, = x* = Tx*. Combining this with Proposition 4, we have that T is G-continuous
n o]

atx*. O

Let us give an example illustrating the above theorem.

Example 5. Let X = R* U {0} and Tx = § for all x € x. For any x,y,z € X, we define
G: X x X x X — [0,00) with the formula
1 2
Glx,y,z) = |3(x —yl+ly—z[+]x—z[)] ,
while the mapping is defined by
w(x,y;0) =ax + (1 —a)y.

Then (X, G, w) is a convex Gy-metric space with s = 2. Set x,11 = w(xy, Txy; ay) and

oy = %. Forany u,v,x,y € X, it is not difficult to see that T satisfies

G(Tx, Ty, Tz) < =G(x,y,z) < AG(x,y,2),

O | —

for A € [0, %) We choose xo € X\{0}; according to x, 1 = w(xn, Txy;ay), we have x, =
%xn,l + %Txn,l. Combining with Tx = 3, we obtain x, = %xn,l =+ %xn,l = f—zxn,l, that
is, Xp = $5Xxy—1. Then we have x, = (35)"xo and Tx, = 1 x (55)"x. Let n — oo; we get
xy = 0 € Xand Tx, — 0 € X. Hence, 0 s a fixed point of T in X. Suppose x*,y* € X are two
distinct fixed points of T. Thus we have

1
G(x*, x*,y*) = G(Tx", Tx*, Ty") < gG(x*,x*,y*),
which shows that G(x*,x*,y*) = 0, that is, x* = y*. Thus 0 is a unique fixed point of T.

We denote the set of all fixed points of T by F(T), thatis, F(T) = {x € X : Tx = x}.

Theorem 2. Let (X, G, w) be a complete convex Gy-metric space with constant s > 1 and T :
X — X be a mapping such that for all x,y,z € X and p > 0.

G(x,x,y)G(y,y,x) G(x,x, Ty)G(y,y, Tx)
<
G(Tx, Ty, Tz) <\ M(x,y) + Ay M(x,y)
G(v,y,2)G(z 2 Y) Gy, y,Tz)G(z,2,Ty)
AT My M M)
G(x,x,2)G(z,z,x) LA G(x,x,Tz)G(z,z, Tx)
M(x,z) 6 M(x,z) ’

+ As

where
M(x,y) = max{B, G(x,x,Tx),G(y,y, Ty)}
M(x,z) = max{B,G(x,x,Tx),G(z,z,Tz)}
M(y,z) = max{B,G(y,y, Ty), G(z,z,Tz)},

and M + A3+ As < %,M +As+ A6 < % Suppose that the sequence {x, } is generated by the

Mann iterative process and xo € X. If the sequence {a, } € [0, ﬁ], then T has a fixed point, that
is, F(T) # @.
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Proof. For any n € Ny, we have
G(xn, Xn, Xny1) = G(xn, Xn, W(xn, Txn; 0n)) < (1 — ) G(xn, X, Txn).

If x, = x,41, then G(xy, Txy, Txy) = G(xp11, Txn, Txyn) < 0y G(xy, Txp, Txy), which
implies that x, = Tx, and x;, is a fixed point of T. So, assume that x;, # x,+1 and x,, # Txy,.
From Definition 8 and Proposition 4, it follows that

G(xp, xn, Txn) = G(xy, Txy, Txy)
< S[G(xnr Tx,_1, Txnfl) + G(Txnflr Txy, Txn)]
< slay1G(xp—1, Txu—1, Txy—1) + G(Txy—1, Txn, Txn)].

On the one hand, we can consider {G(Tx,,_1, Txy, Txy)} in the following cases.

Case 1 For any n € Ny, we have

G(xn—lf Xn—1, xn)G(xn/ Xn, xn—l) G(Xn_1, Xn—1, Txn)G(xn/ Xn, Txn—l)

G(Tx,,—1, Tx,, T <A A
( Tn—ts 2 Xn)_ ! M(xnflrxn) th M(xnflzxn)
+/\ G(xnflrxnflzxn)G(xnrxnrxnfl) +/\ G(xnflzxnferxn)G(xn/xnz Tx}’l*l)
> M(xn—lzxn) * M(xn—l/xn)
A G(xn, xn, %n) G (X, X, Xn) A G(xn, xn, Txn) G (X, X, TXy)
5 M(x”,xn> 6 M(xn/xn)
((1 - D‘n—l)G(xn—lr Xn—1, Txn—l))2
< (A4 A
< ) M(xy—1, %n)
0, 1G(xy—1,Xp-1, Txn)G(x—1, %1, Tx)—
+(A2+A4>nl (nl n]i/l n) (nl n—1 ”l)+A6G(xn,xn,Txn)
(%, Xn-1)

<(1—ay1)* (A + A3)G (%1, %41, T 1)
+ oy 1(A2 + Ag)S[G(Txy, xn, Xn) + G(xn, X1, Xu—1)] + A6 G(xn, xn, Txy)
<[(1 = ap—1)*(A1 4+ A3) + a1 (1 — ay_1)s(Az + Ag)]G(xp—1, Xu—1, Txy_1)
+ [ans(Ay + Ag) + Ag|G(xn, X, Txy).

Case 2 For any n € Ny, we have

G(Txy_1, Txn, Txy) =G(Txpn, Txy_1, Txp)

G(xn/ Xn, Xn—1 )G(xn—lz Xn—1, xn) G(xn/ Xn, Txn—l)G(xn—ll Xn—1, Txn)

<A + A
=M M(xn,xn,l) 2 M(xn/xnfl)
+/\3G(xn,xn,xn)G(xn, Xn, Xn) +MG(xn,xn,Txn)G(xnfl,xn,Txn)
M(xn,xn) M(xn/xn)
A G(xn—lrxn—lrxn)G(xn/xn/xn—l) A G(xn—lzxn—l/Txn)G(xn/xn/ Txn—l)
+As M(x +As M
I’l*l/x?’l) (xnfllx}’l)
((1 - Dcn—l)G(xn—lf Xn—1, Txn—l))z
<A+ A
—( 1 5) M(xnflrxl’l)
+ (A +/\6)ucn,1G(xn,1,xn71,Txn)G(an,xnfl,Txnfl) + A4G (2, X, T
M(xp, xp-1)

<(1 = ay—1)*(A + A5)G(xn—1, Xn—1, Txy—1) + ay—1(A2 + A6)s[G(Txn, X, X
+ G(xn, Xn—1, Xn-1)] + A4 G (xn, X, Txn)

<[(1 = ap—1)*(A1 4+ As) + a1 (1 — ay—1)s(A2 + A6 )]G (xy—1, X1, TXp—1)
+ [an_18(A2 + Ag) + Ag] G(xp, X, Txp).

Case 3 For any n € Ny, we have
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G(Tx,_1, Txy, Txy) =G(Txy, Txy, Txy_1)

<\ G(xn/ Xn, xn)G(xnr Xn, xn) G(xn/ Xn, Txn)G(xn/ Xn, Txn)

+ A
M(xn,xn) 2 M(xn/ xn)
s G(xn/ Xn, xnfl)G(xnflr Xn—1, xn) A G(xn/ Xn, Txnfl)G<xn71/ Xn—1, Txn)
M(xn,xn_l) M(xn/ xn—l)
G(xn,xn,xn_1)G(xn_1, Xn—1, xn) G(xm Xn, Txn—l)G(xn—ll Xn—1, Txn)
+ As + Ag
M(xn, xn,l) M(xnr Xp—1)
((1 - “nfl)G(xnflr Xn—1, Txnfl))z
< _ 1, Tx,—
<G (xp—1, %01, Txp—1) + (A3 + As) M(xn 1, %)
W —1G(xp—1, %1, T ) G(Xy—1, X1, TXy_1)
+ (Mg + Ag)—
( 4 6) M(xnr xn—l)

<A2G (%, X, Txn) + (1 — a0 1)2(A3 + A5)G(xy 1, 1, Txp_1)
+ a1 (Ag + A6)S[G(Txn, X, Xn) + G(Xn, Xp—1, Xp—1)]

<[(1 = ay—1)* (A3 + As) + a1 (1 — ay_1)s(As + A6)]G(xp—1, Xu—1, Txy_1)
+ [an,1()\4 + Aé) =+ /\Z}G(xnr Xn, Txn)-

Since G(Tx,,_1, Txy, Txy) = G(Txy, Tx,_1, Tx,_1), on the other hand, similar to the
procedure of the above cases, we can deduce that

Case 4 For any n € Ny, we have

G(Txn, Txy—1, Txtu—1) <[(1— aty—1)*(M + A3) + ay—1 (1 — ay—1)s(A2 + Ag) + Ag) G (xp—1, X1, TXy_1)
+ a,_15(Ag + A6)G(xn, xn, Txy).

Case 5 For any n € Ny, we have

G(Txy_1, Txy, Txp—1) <[(1 = ap_1)2(A1 4+ As) + a1 (1 — ap_1)s(A2 + Ag) 4+ Aa]G(Xp_1, X1, TX,_1)
+ a,_18(A2 + Ag) G (xn, xu, Txy).

Case 6 For any n € Ny, we have
G(Txy_1, Txy_1, Txy) <[(1 = ap_1)2(A3 4+ As) + a1 (1 — a_1)s(Ag + Ag) 4+ A2]G(Xp—1, X1, TX,_1)
+ oy 18(Ag + Ag) Gy, xp, Txy).
In view of all the above cases, we deduce that
6G(Txp—1, Txn, Txn) <[4(1 = ay_1)*(A1 + A3+ As) + (day 1 (1 — ay_1)s + 1) (A2 + Ay + Ag)]

X G(xnflzxnflr Tx,_1)+ (4"‘71715 =+ 1)()\2 +Ag+ Aé)G(xn/xn/ Txn)-

Then we have

2
G (xn, X, Txn) SS[ﬂcn71+4(l ay—1)" (M +)\3+A5)+(4ﬂég—1(1 “n—1)5+1)(/\2+/\4+)‘6)]

4oy, (A2 + A4+ A
X G(xnflrxnfll Txﬂ*l) + ( B8 )(6 2 6) G(x}’l/x?’l/ Txn)

542 x(1-55) 1
+ s ' 252 ]G(xnfl,xn,l, Txn,l) + EG(xn, X, Txn>
5+% 1
TW)G(xn—lr X1, Txp_1) + EG(X”’ Xn, Txy),

A
w |-
N —

[
31(

S

N =
+
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that is,
1, 5x27+28
1(+ )
G (%n, Xn, Txy) < g%G(xn_l,xn_l,Tan).
6
(1+5><27+28)
Let y = 127 ZX8°; we also note that 7 < 1. It follows from the above
inequality that
G(xn, xn, Txn) < G (Xp-1,Xn-1, Txp—1).-
Moreover,

G(xn, xn, 1) < 4G (%xn, Xn, Txy).
Thus, for any p € N, we get
G(xn, X, Xnyp) =G (X, Xy p, X p)
<sG(xn, Xp11, Xnt1) +8G(Xut1, Xntp, Xntp)
<SG (Xn, Xps1, Xna1) + S2G(Xpg1, Xng2, Xnio) + ... + SPG (Xt p—1, Xntps Xntp)
<s17" G (x0, X0, Tx) + s> 1 G (xq, x0, Txg) + . .. + P "P1G(x, xo, Tx0)
<n"(s + s> + 2% +...)G(x0, o, Txp)

<

=57 sn" G(xo, xo, Txo),
and, letting n — oo, we deduce that nlgrolo G(xn, Xn, Xnyp) = 0, which shows that {x,} is a
Cauchy sequence in X. Since (X, G, w) is a complete convex G,-metric space, there exists
x* € X such that ILI’H G(xy, xy, x*) = 0. Note that
n—oo
G(Tx*, x*,x*) <s[G(Tx*, Txy, Txn) + SG(Txpn, xn, Xn) + sG(x, x*, x*)]

G(x*, x*, xn)G(xn/ Xn, x*)

G(x*, x*, Tx)G(xy, Xy, Tx*)
<s[(AM+A A+ A
_S[( 1+4) M(x*,xy) + A2+ A) M(x*, x,)
G(xn, X0, Tx)G (X0, X0, Txy), . , o
+ As M(tn, 1) ]+ 2G(Txy, X, Xn) + 5°G(xn, x*, x*)

<s[(M + A3)G(x™, x%, %) G(xn, x4, x™)
+ (A2 + Ag)s[G(x™, xp, x4) + G(xn, Txy, Txn )] G(xy, X, TX)
+ A5G (xy, x4, Txy)] + sZG(Txn, Xn, Xn) + sZG(xn, x*, x*).

Letting n — oo, we deduce G(x*,x*, Tx*) = 0, which implies x* = Tx*. Thus x* is a fixed
pointof T. O

Remark 3. The condition in Theorem 2 does not guarantee the uniqueness of the fixed point.
The following example illustrates this fact.

Example 6. Let X = {1,2,3} and G : X x X x X — [0, 00) be a mapping for any x,y,z € X
such that G(x,y,z) = G(y,x,z) = G(z,y,x) = ...and G(1,1,1) = G(2,2,2) = G(3,3,3) =
0,G(1,1,2) = G(2,2,1) = 3,G6(1,1,3) = G(3,3,1) = 4,G(2,2,3) = G(3,3,2) =
5,G(1,2,3) = 6. Then (X,d) is a complete G,-metric space with s = 1. Let T be a mapping
defined by Tx = x for any x € X. Set

. G(x,x,y)G(y,y,x) G(x,x, Ty)G(y,y, Tx)
B 7T R V(€%
G(y,v,2)G(z,2,y) G(y,y,T2)G(z,z Ty)
AT My, M M)
G(x,x,2)G(z,z,x) A G(x,x,Tz)G(z,z,Tx)
M(x,z) 6 M(x,z)
=AM+ 22)G(x, x,y) + (A3 + A4)G(y, v, 2) + (A5 + A6)G(x, X, 2)

+ As
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Forany x,y,z € X, we have

F(x,y,2) =(M1 +12)(G(x,%,y))* + (A3 + A2) (G(1,1,2))? + (A5 + A6) (G(x, x,2))?
F(z,%,y) =(A3 + A2)(G(x,%,9))? + (A5 + A6) (G, ,2))* + (A1 + A2)(G(x, x,2))?
F(y,2,%) =(As + A6) (G(x,%,1))* + (M1 + A2) (G(1,1,2))* + (A3 + Aa) (G(x, x,2) ).
Therefore, ]

6 6
3F(x,y,z):(2/\)(Gxxy + (Y. A)(G(y,y,2) 2 G(x,x,2))>%
i=1 i—1

Now, we consider the following cases:
Case1lfx =1, y:2223 then

/\i) (G(l, 113))2

™=

F(1,2,3) 2/\ G(1,1,2)) 2)\ G(2,2,3))* + (
1

:(i/\ )(9+25 + 16) = 120,

=1

which implies
1
F(1,2,3) = 10 > G(T1,72,73) = G(1,2,3) = &

Case2Ifx =y =1,z =2, then

3F(1,1,2) :(i A)(G(1,1,1))* + (i A)(G(1,1,2)) + (f 2)(G(1,1,2))?
i=1 i=1 i=1
() 58 =2

I
—

which implies
F1,1,2) = 2 5 6(1,11,12) = 6(1,1,2) = 3

Case 3Ifx =y =1,z =3, then

6 6 6
3F(1,1,3) =(}_ A)(G(1,1,1)) 2 G(1,1,3)) 2 G(1,1,3))

l=1 i=1 1=
6 36

=(}_ M) x (9+9) = 3
i=1

which implies
36

F(1,1,2) =~ > G(TL,T1, T2) = G(1,1,2) = 4

Case4lfx =y =2,z=23, then
6

Ai)(G(2,2,2)* + (Y Ai)(G(2,2,3))* + (i Ai)(G(2,2,3))*

=1

3F(2,2,3) =(

I

100

|
o

I
-

which implies
F(2,2,3) = % > G(T2,T2,T3) = G(2,2,3) =5.

Therefore, we obtain that G(Tx, Ty, Tz) < F(x,y,z) forany x,y,z € X. Hence, all conditions
of Theorem 2 are satisfied and F(T) = {1,2,3}.
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The well-posedness of a fixed point problem has evoked much interest to many authors
(see [22-26]).

Definition 10 ([22,23]). Let (X, d) be a metric space and T : X — X be a mapping. The fixed
point problem of T is said to be well-posed if

(1) T has a unique fixed point x* € X;

(2)  For any sequence {x,} in X with nlgn d(xy, Txy) =0, then lim d(x,,x*) = 0.

n—o0

We introduce the concept of well-posedness in G,-metric space.

Definition 11. Let (X, G) be a Gy-metric space and T : X — X be a mapping. The fixed point

problem of T is said to be well-posed if

(1) T has a unique fixed point x* € X;

(2)  For any sequence {x, } in X, if lgn G(xy, xy, Txy) = 0, then ILI’H G(xn, x4, x*) =0, o1, if
n—00 n o]

lim G(xp, Txy, Tx,) = 0, then lim G(xy,, x*,x*) = 0.
n—oo n—soco

Theorem 3. Under the conditions of Theorem 2, if

6
Z A < max{)q + Ay, Az + Ay, As + )\6}/
i=1

then the fixed point problem for T is well-posed.

Proof. Taking advantage of Theorem 2, we get that T has a fixed point x* € X. We
shall prove that x* is a unique fixed point of T. Assume the contrary, that y* is another

6
fixed point of T. By virtue of the hypotheses, let }; A; < A; + Ay, which is only true if
i=1
A3 = Ay = As = Ag = 0. Then we get

G(x*, x*, x*)G(x*, x*, x*) G(x*, x*, Tx*)G(x*, x*, Tx*)
+ A

koK x) o
G(x", x%y") <A Bt M(x, <) B+ M(x*, x*)

:0,

that is, G(x*,x*,y*) = 0, a contradiction. In the other cases, it is easy to get that
x* = y*. Therefore, x* is a unique fixed point. Suppose that {y,} is a sequence in X
such that nlgn G(Yn,yn, Tyn) = 0. Next, we discuss following cases.

6
Case 11If Y- A; < A1 + Ay, which implies that A3 = Ay = A5 = A¢ = 0, we have
i=1

G(Tyn,x*,x*) =G(Tyn, Ty, Tx™)

<A G(Yn, Yn, Yn)G(Yn, Yn, Yn)
B B+ M(Yn,yn)
:)\ZG(yn/ Yn, Tyn)'

G(Yn, Yn, Tyn)G(Yn, yn, Tyn)
B+ M(Yn,yn)

+ A

Letting n — oo, we conclude that lijn G(Tyn, x*,x*) = 0.
n—oo

6
Case2If ) A; < Az + Ay, which implies that Ay = Ap = A5 = A¢ = 0, we have
i=1

G(Tyn, x*,x*) =G(Tyn, Tx*, Tyy)

G(Yn, Yn, Yn)G(Yn, Yn, Yn)
<A
= M(Yn, Yn)
:)\4G(yn/ Yn, Tyn)~

A G(Yn, Yn, Tyn)G(Yn, Yn, Tyn)
M(Yn, Yn)

Letting n — oo, we conclude that nlgrolo G(Tyn, x*,x*) = 0.
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G(Tx, Tx, T?x)

6
Case 3 If ) A; < A5 + Ag, which implies that Ay = Ap = A3 = A4 = 0, we have
i=1

G(Tyn, x*,x*) =G(Tx*, Tyn, Tyn)

<As G(Yn, Yn, Yn)G(Yn, Yn, Yn) A G(Yn, Yn, Tyn)G(Yn, Yn, Tyn)
B M(Yn, Yn) M(Yn, Yn)

:)\6G(yn/ Yn, Tyn)'

Letting n — oo, we conclude that nh_r)rolo G(Tyn, x*,x*) = 0.

By the above cases, we have G(Ty,, x*,x*) < %(/\2 + Aq+ A6)G(Yn, Yn, Tyn). Then

G(yn, x*, x*) <s[G(Yn, Tyn, Tyn) + G(Tyu, x*, x")]
<s(1+ Az + Aa+ A)G(Yn, Y, Tyn).

Letting n — oo, we conclude that 1i_r)n G(yn, x*,x*) = 0, hence lgn G(Wn,Yn,x*)=0. O
n (e ) n o0

If a map T satisfies F(T) = F(T"), n € Ny, then T is said to have the P property [27,28].
Note that if T has a fixed point x*, then x* is also a fixed point of T", but it is well-known
that the converse is not true.

Theorem 4. Let (X, G) be a Gy-metric space with coefficient s > 1 and T : X — X be a mapping
with F(T) # @ satisfying

G(Tx, Tx, sz) < nG(x,x, Tx) )

forany x € X, where y € [0,1). Then T has the P property.

Proof. Obviously, we can assume that n > 1. Let z = T"z for all n > 1. We have

G(z,2,Tz) = G(TT" 'z, TT" 'z, T>T" 1z)
<nG(T" 1z, T" 1z, TT"z)
= G(TT" 1z, TT" %z, T*T"z)
<PG(T" 1z, T" 22, TT"2)
<...
<n"G(z,z Tz).

Letting n — oo, we get G(z,z, Tz) = 0, which implies thatz = Tz. O
Theorem 5. Under the conditions of Theorem 2, T has the P property.

Proof. For any x € X, we have

=G(Tx, Tx, TTx)
G(x,x,x)G(x,x,x) G(x,x,Tx)G(x,x, Tx)
14+ M(x,x) 14+ M(x,x)
G(x,x,Tx)G(Tx, Tx, x)
1+ M(x, Tx)
<(A2 4+ A3+ A5)G(x, x, Tx),

<M

+ A

G(x, x, sz)G(Tx, Tx, Tx)
1+ M(x, Tx)

+ (A3 +As)

+ (Mg + Ag)

which implies that
G(Tx, Tx, T>x) < (Ay + A3+ A5)G(x, x, Tx).

Note that Ay + A3 + A5 < 1; accordingly, (2) is satisfied. Thus, T has the P property. O
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3. Application

In this section, we apply Theorem 1 to guarantee the existence of a solution to the
following integral equation:

b b
x(t) :f(t)—f—'y/ﬂ u(t,’L’)Kl(T,x(T))dT/a u(t, T)Ko(t, x(7))dt 3)

fort € [a,b], where f : [a,b] — R, u : [a,b] X [a,b] - Rand Ky,K; : [4,b] x R — R are
continuous functions. Let X = C([4, b], R) denote the space of all continuous functions on
[a,b]. We endow with the G,-metric mapping

2
G(x,y,2) = (SUP [x(t) —y(5)| + sup [y(t) —z(£)| + sup |x(t) —Z(f)|> ,
tela,b) te(a,b] te(a,b]

while the function w : X x X x (0,1) — X is defined as w(x, ;&) = ax + (1 —a)y.
It is clear that (X,G,w) is a complete convex Gj,-metric space with s = 2
Define T : X — X by

b b
Tx(t) = f(¢) +')//a u(t,T)Kl(T,x(T))dT/a u(t, T)Ka(t, x(7))dr. 4)

Obviously, T is well-defined. In order to find a solution for integral Equation (3), it is
sufficient to find a fixed point of the operator T.
Now, we state the following consequence.

Theorem 6. Assume that the following conditions are satisfied:
(1) +<1;

@ [Pu(t,)d(r) <1;

() |Ki(t,x(1) - Ki(T, (1)) < Llx —yl,i = 1,2, and

b
[t v K (xy(0) + Ko, x(x) T < 1.
a
Then, the integral Equation (3) has a unique solution in X.

Proof. Itis clear that any fixed point of (4) is a solution of (3). Using the condtions of (1)-(3),
we obtain
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2
G(Tx, Ty, Ty) = (2 sup |Tx(t) — Ty(t)|>

te(a,b]

b b
/a u(t,T)Kl(T,x(T))dT/ﬂ u(t, T)Ka(t, x(7))dt
>2
/h u(t, ) |Ki (1, x(1)) — Ky (7, y(7))|dt /b u(t, T)Ka (T, x(1))dt
>2

sup / Yt Tyt / Lt KT, 2(1) )T

tela,b]
) 2

S'yz <2 sup
tela,b]

b b
—/a u(t,T)Kl(T,y(T))dT/a u(t, t)Ka(7,y(t))dt

S'yz <2 sup
tela,b]

b b
+/a u(t,T)Kl(T,y(T))dT/a u(t, 7)|Ka(1, x(1)) = Ka(t,y(7))|d7

<4'yz<sup sup |Kq(T,x(7)) — Ky (7, y(7))|

telab] t€(a,b]

b b
+ sup sup |Kx(7,x(7)) —Kz(T,y(T))|‘/a u(t,T)Kl(T,y(T))dT/a u(t, t)dt

te(a,b] T€(a,b]

/ah u(t,T)dT/ahu(t,T)K2(T,x(T))dT
>2

b 2
S%,YZ sup (/ u(t,T)dT) <sup |x —y| sup
a

tela,b] te(a,b] te(a,b]
> 2

[ ule DK, y(2) + Kol x(1))ax

a

<42 (%2 sup x— y] sup
5 yelay) tea,b]

+ /abu(t, T)Kq (7, y(7))dT /ﬂh u(t, 7)dt

/b u(t, 7)Ka(t, x(7))dt

>2

+ /ub u(t, 7)Ki(t,y(1))dt

<2y (2 sup |x —y| sup
5 te(ab] te(ab]

2
<2 sup |x — y|>
te(a,b]

G(x,y,y),

<

gl — Q1 =

which satisfies all conditions of Theorem 1 with y = z. Hence, we can get that the integral
Equation (3) has a unique solution x(t) satisfying ILm x,(t) = x(t) where the sequence
n—oo

{xn} is defined by x,, = a,_1x,—1 + (1 — ay—1) Tx—1, &y € (0, %) O
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