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Abstract: The 4 x 4 trace-free complex matrix set is introduced in this study. By using it, we are
able to create a novel soliton hierarchy that is reduced to demonstrate its bi-Hamiltonian structure.
Additionally, we give the Darboux matrix T, whose elements are connected to the spectral parameter
in accordance with the various positions and numbers of the spectral parameter A. The Darboux
transformation approach has also been successfully applicated to superintegrable systems.
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1. Introduction

Professor Tu [1], as is well known, presents a method for constructing the Lax
equation systematically using Lie algebra as a tool. In this paper, we describe a novel
4 x 4 isospectral issue [2] with three potentials, as well as the related hierarchy of nonlinear
evolution equations. A new coupled KdV equation [3] is generated in particular. The
trace identity is also used to explore their generalized bi-Hamiltonian structures [4-9]. Fur-
thermore, the nonlinearization of the associated Lax pair yields a new finite-dimensional
Hamiltonian system.

Soliton equations in nonlinear science have important applications in many fields,
such as nonlinear optics, deep water wave theory, plasma physics, etc. For many soliton
equations, we have many methods to obtain their exact solutions, such as the backscattering
method, bilinear method, Darboux transform method, algebraic geometry method and
so on. Many interesting exact solutions have been found, among which the famous ones
are the pure soliton solution, finite band potential solution and pole expansion solution.
Among these methods, Darboux transformation has been paid more and more attention
and has developed rapidly in the theoretical study of soliton and polarizable systems. In
Refs. [10-13], we know that Darboux transformation is a completely algebraic and powerful
approach for obtaining a new solution to a nonlinear problem from an existing one.

Over the last several decades, many linear and nonlinear equations have been con-
structed and extended via the Darboux transformation, including the Korteweg—de-Vries
equation, nonlinear Schrodinger equations and many others. Darboux transformations of
linear Schrodinger equations all have one thing in common: the solution of an auxiliary
equation must be obtained in order to complete the transformation. Normally, this auxiliary
equation must have the same form as the underlying Schrodinger equation; however, in a
few recent studies, this restriction has been removed. Discrete integrable systems have also
been successfully discretized using the Darboux transformation [5,14-22] technique.

We begin by introducing a 4 x 4 complex matrix set, whose trace is zero. As a result of
its application, we gain a soliton hierarchy in Section 2 that is reduced to its Hamiltonian
structures. In addition, in Section 3, we offer the Darboux matrix T for one of the equations
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in the hierarchy, in which each element has a connection to the spectral parameter A
depending on its position and number. Every element of T is assumed to be polynomial in
terms of A. This paper aims to examine the use of the Darboux transformation method in
superintegrable systems.

2. A New Soliton Hierarchy
2.1. A Hierarchy of New cKdV Equations

0 1 0
_ _|r—A 0 r 0].
q 0 p—A O
then, the stationary zero curvature equation
Ny =[M,N], N = (Njj)axs- ()

Let

Nip+ N3y =2X, Ny =Y, Nz =7, 4 3)
X =Yi>0Xj-1A7/, Y=%i>0Y1A7, Z=Y>0Zj1A".

Substituting Equation (3) into Equation (2), we have

2Ny =071 (rZ — qY) — Xy, Npp = X,

2N13 = =Yy, N1y =Y,

2N21 =rl+ I/]Y — Xxx + 2(p — /\)X,

2Ny =071 (rZ — qY) + Xy,

2Ny = 2rX +2(p — A)Y — Y, 2Npg = Yy,

2N31 = —Zx,N3p = Z,

2N33 =071 (qY —rZ) — Xy, N3y = X,

2Ny = 29X — Zyyx +2(p — /\)Z,2N42 =Zy,

2Ng3 = qY +1Z — Xax +2(p — A)X, 2Ny = 071 (qY — rZ) + Xs.

Then, substituting the above equations into the following ones,

2N21x = —(p — )\)Zlex + 72N31 — q2N24,
2Np3y = —(p — A)2Niay +7(2N33 — q2N22),
2Ny = —(p — A)2N3p, + q(2N11 — 2Nyy),
2Ny = —(p — A)2N34, + q2N13 — 12Ny

Equation (2) becomes

(—0% 4+ 4pd +20p) X + (g0 + 9q)Y + (rd + 9r)Z = 4AX,. 4)
2(99 +9q)X +29071qY + (2px +4pd — 299 'r — 3%)Z = 4AZ,, (5)
2(rd +0r)X 4 (2py +4pd —2r0"1qg — )Y +-2r0"1rZ = 4AY,, (6)

Thus, from Equations (4) and (5), we obtain the Lenard gradient sequence

A2X,Y,Z)T = AB(2X,Y,2)T, @)
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where
pd +0p — 30° g9 + 9g rd + or
A= 40 + 0q 2q0~ g 2pd +20p —2q0~r — 0% |,
ro + or 2pd +20p — 20~ 'r — 9° 2ro~1r

20 0 O
B=|0 40 0|,
0 0 60

H; = (2X;,Y;,Z;),j > 0.
Substituting Equation (2) into Equation (7) yields the recursion relation
BHy =0,AH; = BHj44,j > 0. 8)

Using the initial value,
Hy = (2,0,0)7.

H; is defined only by the recursion relation in Equation (8). Particularly, we obtain the
following equations:

—IPxx + 3P2+ Q4
H; = —%rxx + %pr .
—§xx + 3P0

Make an assumption:
¢r, = N, N = (AHUN) ,n >0, ©)

where the symbol + represents the choice of a non-negative power of A. The zero-curvature
representation is then produced by the compatibility condition of Equations (1) and (9).

My, — N 4+ [M,N®™] =0,

P
<q> = BH, = AH, 4, (10)
r
t

n

which is equivalent to

where A and B are given by Equation (7), when

_Afx /\:_% rA :27; r%
n=1,N0 = p ERR A S L (1)
s —x q —PXx A+ ’
qA qfx qu ! pxz
T st @ T
where 5
a:—)\2+@—@+ﬂ+ﬂ.

2 4 2 2
As a result, a novel coupled KdV equation associated with Equations (1) and (11)
is presented:
Pt = —}Pxxx + 3PPx + 3(7)x,
U = _%q”x + %(PQ)xr (12)
wy = *%rxxx + %(Pr)x~
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When p = g = r, Equation (12) is reduced to the KdV equation

1
pt = *prxx +3ppx. (13)

2.2. Generalized Hamiltonian Structures

We use the King—Cartan form (A, B) as tr(A, B)to examine the hierarchy’s generalized
Hamiltonian structures (10). So, we can conclude from direct calculations that

oM oM oM oM
<N’a)\> = —Ni2 — N3y, <N, ap> = Nip + N3, <N, aq> = Ny, <N, ar> = N3;. (14)

According to the trace identity

G o () (2 e

Equations (3) and (14) are substituted into it to obtain
58
Sp’ éq’

| =

)(=2Xj1) = (v =] —1)(2X,Y;, Z;),j = 0. (16)

>

r

By comparing the coefficient of j = 0 in the previous equation, we can find the constant,

whichis v = %

By combining it with Equation (16), we obtain

5 6 0. T K'_4X]~+1

As a result, we obtain the desired generalized Hamiltonian hierarchy structures of

Equation (10)
P SKm—1) 6Kn—1) 6Kn—1 6Kn) SKmn) SKn
- op éq or op éq or
t
where A and B are given by Equation (7).
3. Darboux Transformation
3.1. Spatial Scales of the Darboux Transformation
We introduce the temporal part
¢+ = No, (19)
where ) )
—Px —TIx
P Ats 2 3
o | B geE B domap g
£ j F T as
e L S S s
The compatibility condition
(th = (Ptxr

give rise to a zero curvature equation

M; — Ny + [M,N] = 0. (20)
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Consider the Darboux transformation

¢=T¢, (21)
where T is defined by
Ty + TM = MT; (22)
at the same time,
T: + TN = NT, (23)

A novel spectral issue is as follows:
P = M§, 1 = N§, (24)
where M and N have the same form as M and N, except replacing p, g and r with p, g

and 7.
Now, we consider the basic form of T. First of all, we assume that

T = Aajj)axs + (bij)axa, (25)

in which 4;; and b;; (i,j = 1, 2, 3, 4) are functions of x and t. When Equation (25) is inserted
into Equation (22), the coefficients matrix for AZ is shown to be

—a 0 —ayy 0
7012_211;&11 ﬂ(1)2 fa2_4a43r4a13 a(1)4 (26)
—A4 +4a31 A3x —da+a33 434
The following are the simplest non-trivial versions of T:
ay # 0,a43 # 0 and a;; = 0 in otherwise. (27)

We reinsert Equation (25) into Equation (22) under condition Equation (27), and
compare the coefficients of A/(j = 2, 1, 0). We can easily obtain

a2y =0, g3, =0, bip=—ay, biz="by,
big =bxx =0, by = by, (28)
b3s = —ag3, bz = by, b3z = by,

When j =1, the coefficients matrix of A is the following;:

—bip —an 0 —byy 0
ax1y — by + b1y ax +byo —bog + by3 b1 (29)

—b32 0 —b3g —ag3 0

—byp + b3 b3 A43y — by + b3z a4z + by
The subsequent equations result from j = 0:

bi1y + b12p + b1aq — bay =0, (30)
bioy +b11 —bn =0, (31)
b1z + bior + bigp — bz =0, (32)

biay + b1z —bog = 0, (33)
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bo1y + boop + boaq — pb11 — bz =0, (34)
baoy +bay — pbip — bz =0, (35)
basy + boot + boap — pbrz — b3z = 0, (36)
boay + bag — pbra — 7b3s =0, 37)
b3y + pbsp + qbza — bay =0, (38)
baoy +b31 —bap =0, (39)

basy + bar + bagp — byz = 0, (40)
baay + b33 —bsa =0, (41)

a1y + bagp + baaq — gbry — pbz =0, (42)
bagy + by — b1y — pbz =0, (43)
bazy + baot + baap — g1z — pbzz =0, (44)
baay + baz — qbra — pbss = 0. (45)

Both det(¢) and det(¢) are constants since the solutions to Equations (1) and (24) are
two 4 x 4 matrices. Tr(M) = Tr(M) = 0 indicates that Equation (22) has a constant A = A4
and a solution ¢ = (¢1, ¢, 3, $4)” that satisfies the condition

birgr + braga + biaps + brags = 0, (46)
(a21A + b1) 1 + boag + bass + baaps = 0, (47)
ba1¢1 + bzaga + bazps + baaps = 0, (48)
b1 + baoda + (as3A + baz) P53 + baapy = 0. (49)

Substituting Equations (30), (31), (35), (41) and (34) for (28), we obtain
bi1y = biaxy = booy = baa, =0, (50)
Combining Equation (28) with Equations (46)—(50), we obtain
bu=1  bp=-an, bh3=1  bu=0
byy = —anp, bp=1 by=-—anr, bu=1, (51)

b31 =1, b3x=0, byz=1 by = —ay3,
by = —ag3q, bp=1, byz=—agp, byu=1
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The undefined functions p, g, 7 can be determined using Equations (45), (42) and (36):

p=r (52)
g = —asqx +4, (53)
7= —daynry+71, (54)

The others of Equations (30)—(45) can be verified to be automatically satisfied.

3.2. Temporal Scales of the Darboux Transformation
The compatibility condition ¢ = ¢, holds if the transformation Equation (25) maps

Equation (19) into ¢;=N¢, in which N has the same form as N in (19) except that p, g and r
have been replaced with g, § and 7:

M; — Ny + [M,N] = 0. (55)

Note that Equation (19) has a new solution given by (7, g, 7).

The following is the fundamental point of the proof. We need to demonstrate that the
equation ¢;=N¢ holds.

Comparing the coefficient of M (=3,2,1,0), when j = 2, the coefficients matrix is

—b1z —an 0 —byy 0
—bpn+bi1 a1 +bip —by+bi3 b1g (56)
) 0 —b3q —ay3 0
—byp + b3 bss —byy + b3z ay3+ b3y
From Equation (51), we can easily determine that Equation (56) is correct.
We have the same form as Equation (29) when a1, = 0 and a43, = 0.
The subsequent equations result from j = 1:
p q p
—_— —_—— — — pr— 7
bio 5t N 5 215 by =0, (57)
bi1 — b =0, (58)
r P 7
bios + byt — st — by =
125 tbuy —azy —bs =0, (59)
biz-ba =0, (60)
p p 7
ﬂzlt—ﬂzl%—bzzg+bz4g—ﬂ21%—bllg—bmi =0, (61)
P P T
yi1+ by — b1z 5 b3 5 =0 (62)
L] r p_ x4 P, T
a1y + ba 5t by 5 sy bis > b33 5 =0 (63)
o1 s+ byy — by — bagr = 0 (64)
215 + b3 — by — bz =0,

b3zg + b34g - ﬂzlg —by =0, (65)
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bay — by =0,
bar +b34g—b43—ﬂ43§ 0,
bz — byy = 0,
—Fl43%x +b42§ +b44g —ﬂzl%x - bng - b31§ =0,
ﬂ43§+b41*blzg*bazg 0,

. _ _ _
a3 — ﬂ43% + b42§ + b44g - b43% - bl3g - bsag =

ﬂ43p +by3 — bl4g — b3y

I\J\"Gl

From Equation (37), we know that

ragz = ant,

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

Substituting Equation (51) for Equation (59), and replacing Equation (59) with
Equation (73), Equation (59) is valid. Substituting Equation (51) for Equation (72), we
find that Equation (72) is valid. Equations (57)—(72) can be verified to be correct in a

similar way.
The subsequent equations result from j = 0:

iy — Bbn — (B -5 *)bu — by
(M — pq)l’]14 + *bll %bzl + 5 b31 - ’b14 =0,

bio; + gbn + %blz + gblfi 4

21316 — 3 —(F - pr)b12 — b3
— (B — B — $)bug + Bibis — Bbos + Gbas — Sbas =0,

7 7
bias + 5 b11 + blz + bl3p + b14 Px | %bn - gbm + besz; ~3

2

2
by — *bzzl boo (B *_% — ) — Tbos — (L — pg)bos
(B — B — Dby — Beboy + (5 — pF)bsy — by =0,

b22t+b212 +b22 +b232 +b244 (%*%*?)blz
Brby + (B — pr)bsp — by = 0,

2

b23t_7 %b_zzl {rf —pr )b22 - &bzg, — (m — % _ ﬂ)b24
+(va _ % — ‘L)bB — —b23 + (L — pF)bs3 — 7[943 —0,

bogy + bo1 3 +b22r4 + bash + by B

(B -5 - *)bl4 — By + (B — pP)bsa + Gbag =0,

2
bay — ba — (B — % — % )bz — *b33
— (B — pq)bsg + Zbyy — Jbyy + by — Bbay =0,

Pxy P Py Ty
b1y + blz 2522+ 4532 2542 0,

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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b3 + gb?)l + %bSZ + ﬂ1733 + qib34 + Ix 1712 - ﬂbzz + Px 532 - Bb42 (83)

12331‘ - *bSl (ﬂ - pr)b32 — —b33
_(%_%_7)1734_'_ b13_ b23+*b33—%b43:0,

p

(84)

bag + b31 + bsz + b33 + b34p I b14 qbz4 + %b% - glm =0, (85)

2
bary — Bbay — (B2 — B — T)bap — Bz — (L% — pq)baa (86)

2
+(BE = pp)bu + Fbon + (B — B — F)bay — Bb =0,

bios + 5byy + B by + 11743 + Lbyy + (qm pgd)biz 87)
fzbzz‘F(pxx*%**)bgz* by =0,
2
byzy — by — (B - pr)ba - %bg — (B — 5 — )by (88)
(5 = pa)bis — Tl + (B = B — D)bgs — Grbys = 0,
baas + 5bay + Bbyp + bag + Bbgy + (B2 — pg)byy
‘Ix Pxx P2 qr Px (89)
Tha+ (5 *7*7)%4*7544:0
From Equation (43), we know that
ax1q = a43q. (90)
Then, we can obtain
A210x = A43qx- 91)

Substituting Equation (51) for Equation (83), and replacing Equation (83) with
Equations (91) and (53), we find that Equation (83) is valid.
Equations (74)—(89) can be verified to be correct in a similar way.

4. Conclusions and Remarks

The related hierarchy of nonlinear evolution equations is presented for a novel isospec-
tral problem with three potentials in a 4 x 4 matrix context. Notably, this approach yields
a new coupled KdV equation. The trace identity is used to explore their generalized bi-
Hamiltonian structures. Furthermore, the related Lax pair is subjected to a nonlinearization
process in order to create a new finite-dimensional Hamiltonian system. The Lax operator
generates sufficient conserved integrals that are involutionary and functionally indepen-
dent to ensure the Hamiltonian system’s Liouville integrability. In addition, we offer the
Darboux matrix T for one of the equations in the hierarchy, in which each element has a
connection to the spectral parameter A depending on its position and number. And, every
element of T is assumed to be polynomial in terms of A. We have also verified that T is
correct.
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