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Abstract: The purpose of this paper is to attain the existence of coincidences and common fixed points
in four mappings satisfying (i, B, L)-generalized contractive conditions in the framework of partially
ordered b-metric spaces. The main results presented in this paper generalize some recent results in
the existing literature. Furthermore, a nontrivial example is presented to support the obtained results.
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1. Introduction

It is world-renowned that the Banach contraction principle (for short, BCP) (see [1])
occupies a significant role in different fields of basic mathematics, applied mathematics
and other subjects, and it has been generalized and improved in many aspects. Numerous
generalizations and improvements come forth by changing metric spaces into general
abstract metric spaces (see [2,3]). In [4], Vulpe et al. introduced b-metric space (sometimes
so-called metric-type space, see [5]) as a new generalization of usual metric space. He
provided the generalized BCP in b-metric space. From then on, a large number of papers
have considered fixed point theory and its applications or variational methods for single-
valued and multi-valued operators in b-metric spaces (the reader may see [5-10] and the
related references therein). The mappings satisfying certain contractive conditions can be
utilized to establish the existence of solutions to all kinds of operator equations such as
integral equations, differential equations and fractional differential equations. Beg and
Abbas (see [11]) obtained common fixed point theorems by extending a weakly contractive
condition into two mappings. Abbas et al. (see [12]) investigated common fixed points for
four mappings satisfying generalized weakly contractive conditions in complete partially
ordered metric spaces. Esmaicy et al. (see [13]) initiated coincidence point results for four
mappings in partially ordered metric spaces and used their results to seek the common
solution of two integral equations. Recently, Abbas et al. (see [14]) acquired coincidence and
common fixed points for four mappings satisfying generalized (1, f)-contractive conditions
in complete partially ordered metric spaces.

Based on the previous work, throughout this paper, we aim to established coincidence
and common fixed points for four mappings under generalized (i, B, L)-contractive con-
ditions in complete partially ordered b-metric spaces. Our results make great progress in
extending, unifying and generalizing the corresponding results in [14-16].
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2. Preliminaries

In this paper, unless there are special statements, we always denote R, R*, N and
N* as the set of all real numbers, the set of all non-negative real numbers, the set of all
non-negative integers and the set of all positive integers, respectively.

First, we give some basic definitions and results which will be needed in what follows.

Definition 1 ([17]). Let X be a nonempty set and d : X x X — R a mapping satisfying

(1) d(Z,y) = 0ifand only if & = 1

(2) d(Z,n) =d(y,E) forall &,y € X;

(3) (&) < sld(EQ) +d(C, ) forall &1,C € X,
where s > 1 is a given real number, d is then said to be a b-metric on X, and (X, d) is said
to be a b-metric space. If (X, <) is still a partially ordered set, then (X, <,d) is said to be a
partially ordered b-metric space.

Otherwise, for more notions such as b-convergence, b-completeness, b-Cauchy se-
quence and b-continuity in b-metric spaces, the reader may refer to [1,4-11,13,15-28] and
the references mentioned therein.

In general, b-metric is not continuous; kindly see the following examples.

Example 1 ([16]). Let X = N* U {0}, define a mapping d : X x X — R using

0, when g =1,
11 - o o
(&) = ‘ ¢ | Whenoneof &, is even and another is distinctly even or infinity;
5 when one of ¢, 1 is odd and another is distinctly odd or infinity;
2, otherwise.

It is easy to see that when

4E0) < @) +d,0) (€. € X),

then (X, d) is a b-metric space with coefficient s = 3. Put &, = 2n (n € N), then

A(Gn,0) = 5= 0 (1 o0),

$0 &y — 00 (n — o0), but d(&n,1) =2 -+ 5 =d(co,1) (n — o0). That is to say, the b-metric is
not continuous.

Example 2 ([6]). Let X = R and « > 1 be a constant. Define a mapping d : X x X — RT using

_Je=mnl, &n#0,
(g, n) = {zx|§—17|, =0, forall &, € X.

Then, (X, d) is a b-metric space with coefficient s = w, but the b-metric d is not continuous.

Definition 2 ([20,27,28]). Let (X, <,d) be a partially ordered b-metric space and f, g, h be self-

mappings on X such that f(X) U g(X) C h(X).

(1) Ifé,m e X, & <X norny = ¢ holds, then the elements ¢, 11 are called comparable;

(2) Iff¢ < gf¢C forall & € X, then the pair (f,g) is called partially weakly increasing;

(3) Iff& = gnforally € h= (), then the pair (f,g) is called partially weakly increasing with
respect to h;

(4) Ifnli_rggod(fgén,gfén) = 0, whenever {G,} is a sequence in X such that Jgrgofén =

nh_r)r;<> Gy =t for some t € X, then the pair (f,g) is called compatible;
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(6) Ifw = f¢ = gC for some ¢ in X, then ¢ is called a coincidence point of f and g, and w is
called a point of coincidence of f and g.

(6) If f and g commute at their coincidence points, i.e., fgC = gf¢, where f¢ = g¢, then the pair
(f,8) is called weakly compatible;

(7) If¢ =X f¢ foreach ¢ € X, then f is called dominating. If f¢ < ¢ for each ¢ € X, then f is
called dominated.

Example 3 ([14]). Let f : X — X be a mapping defined by f& = &1, where X = [0, 1] is endowed
with usual ordering. Clearly, ¢ < (ﬁ = f¢ forall { € X; thus, f is a dominating map.

Example 4 ([14]). Let f : X — X be a mapping defined by f¢ = ﬁ, where X = [1,400) is
endowed with usual ordering. Clearly, f¢ = Clﬁ < ¢ forall ¢ € X; hence, f is a dominated map.

An assertion similar to the following lemma was used (and proved) in the course of
proofs of several fixed point results in various articles.

Lemma 1 ([26]). Every sequence {&,},en from a b-metric space (X, d) with the property that
there exists <y € [0,1) such that

d(gnr ‘:nJrl) < 'Yd(gnflr cn)
for every n € N is b-Cauchy.

Lemma 2. Let (X,d) be a b-metric space with s > 1 and {n,} a sequence in X such that
nh_r)r;o d(p41,1n) = 0. If {non} or {noy—1} is a b-Cauchy sequence, then {n,} is a b-Cauchy
sequence in X.

Proof. We only prove the case that {75, } is a b-Cauchy sequence. The another case can be
proved similarly.
In view of lgn d(y41,1n) = 0, then for every e > 0, there is a natural number N;
n—oo

such that, for alln > Nj,

€
d(Mps1,1n) < 32 1)

Since {12, } is a b-Cauchy sequence, then for the above ¢ > 0 there is a natural number
Nj such that, for all n > N and any p € N, one has

€
d(n2n, 772n+2p) < 352 ()

Now, let N = max{Njy, N, }. We shall claim that, for all n > N, it satisfies d (17, 7n+p) < €.
We complete the proof with four cases.

(c1) If n and p are even numbers, then, by (2), it follows that

€
A(1n, Mntp) < 352 <&
(c2) If nis an odd number and n + p is an even number, then, by (1) and (2), one has

3 €
A, ntp) < S[A(ns ng1) + d(nr1, ngp)] < S(@ + @) <e

(c3) If nis an even number and n + p is an odd number, then, by (1) and (2), it is easy to
see that

£ €
A0, p) < U s pi1) + s inip )] < 5(55 + 53) <e
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(c4) If nand n + p all are odd numbers, then, by (1) and (2), we have

d(n, v p) < [0, Mng1) +d(ns1, ntp)]
< sd(ifn, fny1) +5° [A(n41, s p1) + A(nsps Tnspia)]
3 5 I3 3
<g. N T
=3 352+S (352+352>
< &

Hence, {7, } is a b-Cauchy sequence. [

3. Main Results

In this section, we improve and generalize some common fixed point theorems from
several references in several sides.

Throughout this paper, let P be the family of all functions 8 : [0, +c0) — [0,1).
Let ¥ be the family of all functions ¢ : Rt — RT satisfying the condition that ¢ is
continuous, nondecreasing and ¢(t) = 0 if and only if t = 0. In this case, ¢ is called altering
distance function.

Let (X, <,d) be a partially ordered b-metric space withs > 1and f,¢,5,T: X — X
be mappings. If there exist § € Pand ¢ € ¥ and a constant L > 0 such that for every two
comparable elements ¢, 1 € X, it satisfies

PSS, 1) < BOME, 1)) max {d(SE, Ty, d(SE, £2),d(Tr, gm)}) + LY(N(E 1), ®
where
M) = (max {d(s¢, Ty, d(s¢, 76),d(Ty, gn), LS IILIINY g

N(&,n) = min {d(S¢, Ty),d(S¢,&n),d(Tn, f&),d(gn, Tn),d(E,81)}, (5)

and e > 0 is a constant, then (f, g) is said to be a (¢, B, L)-ordered contractive pair with
respect to S and T.

Theorem 1. Let f,g,S and T be self-mappings on a partially ordered b-complete b-metric space
(X, =,d) withs > 1. Let fX C TX and gX C SX. Suppose that (f,g) of dominating maps
is a (, B, L)-ordered contractive pair with respect to dominated maps S and T. If {Cn} is a
nondecreasing sequence with ¢, =< n, for all n and n, — u implies ¢, = u and either

(i) for Sis b-continuous, (f,S) are compatible and (g, T) are weakly compatible;

(i) g or T is b-continuous, (g, T) are compatible and (f,S) are weakly compatible, then the
mappings f,g,S and T possess a common fixed point in X. Moreover, the set of common
points of f,g,S and T is well ordered if f, g, S and T have a unique common fixed point.

Proof. Let {y be an arbitrary point of X. Similar to [14], we construct a sequence {7, } in
X such that #p,_1 = T¢2,—1 = fCon—2 and 112, = SC2, = §Coy—1. Since f, g are dominating
maps and S, T are dominated maps, it follows that ,,—» = fCopn—2 = TC¢oy—1 = C2p—1 and
Gon—1 = §Gon—1 = SC2n = C2y. Thus, foralln > 1, we have ¢, = ;1.

Without loss of generality, we assume d(#2,, 2n+1) > 0 for every n. If not, then
N2ny = M2ny+1 for some ny € N. From (3) to (5), we obtain

(s°d(M2ng 11, M2ng+2)) = P(5°d(fCany, §G2n+1))

< IB(M(C2H()/ CZYlo-‘rl)) X lp(max{d(S€2n0/ TCZYI()-‘rl)/d(SanO/ngnO)/d(ngn[)-‘rl/gano-‘rl)})

+ LY(N(C2nps C2np+1))

= B(M(&2nys C2ng+1)) X P(max{d(12uy, N2ng+1), A (M2ng, N2ng+1), A(M2ng+1, N2ng+2) })
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+ LIP(N(CZHQI §2n0+1)) (6)
B(M(G2ngs Gang+1)) X P(max{0,0,d(72ns+1, 2n0+2) })

B(M(G2ngs G2ng+1)) ¥ (d(H2n9+1, 12m9+2))
¥(

d(r/2"0+1' 7727104-2))/

IN

where

N(G2ng, S2np11))
= min{d(582y, TC2ny+1), 4(SC2ne, §G2n0+1), A(TC2ng+1, f 8200 ), A(8G210+1, TG2n9+1), A(E209, 8C200+1)
= min{d (1210, T2ng+1), &(M2ng, N2ng+2), &(M2ng+1, T2ng+1), A(M2ng+2, N2ng+1), A(E2ng, M2ng+2) }
= min{0, d(12ny, N2ny+2), 0, d(N2ng+2, N2ng+1), A(C2ng, M2ng+2) }
-0,
then

P(N(Eany, Eang 1)) = O.

Thus, by the monotonicity of function ¢, it is valid from (6) that

s°d(Mang+1, M2ng+2) < A(Mang+1, M2ng+2),

that is,

1
d(Mang+1, Mong+2) < de(ﬂznoﬂfﬂznﬁz),

50 d(12ny+1, M2ng+2) = 0 (because s* > 1). Hence, 12,41 = H2ny+2-

Following similar arguments, we obtain #2,,42 = #2s,+3. Thus, {#,} becomes a
constant sequence, and 72, is the common fixed point of f,¢,S and T. In this case,
the conclusion we need to prove is clear.

Now, we take d(#2,, 2n+1) > 0 for each n. As &, and {,.1 are comparable, by
inequality (3) we have

P(s°d(nan+1, on+2)) = P(s°d(fCan, §Can+1))

< B(M(G2n, Canv1)) X p(max{d(SCan, T2n+1),4(SC2n, fG2n), A(TS2n11, §C2n41) })
+ Lp(N(S2n, C2nt1))

= B(M(G2n, Gon+1)) x Y(max{d(n2n, 2n+1), (12, N2n+1), A(12n+1, M2n+2) })
+ L¢(N(€2nr§2n+l))

= B(M(G2n, G2n+1)) X Y(max{d(nan, 2n+1), A(120+1, M2n+2) }),

< p(max{d(n2n, N2n+1),d(M2ns1,M2n+2) }),

which follows immediately from the monotonicity of function  that

s°d(Non+1, N2nv2) < max{d(2n, Non+1), A(M2n+1, Mons2) }- ()

Now, if
d(2n, M2n+1) < d(N2n41, ons2),

then by using (7) we have

s°d(M2n1,M2n+2) < d(N2nt1, N2n+2),

which leads to a contradiction because of s° > 1. Therefore, d(12,, 12n+1) > d(Man+1, M2n+2)-
In this case, we have

sd(an+1, Nont2) < d(N2n, Nan+1),
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which implies that

1
d(2n1,12n+2) < A2, on41)- ®)
Again, by inequality (3) we have

(s d(1on+1,120)) = P(s°d(fE2n, §82n-1))

< B(M(Gan, G2n—1)) X P(max{d(S¢an, T¢2n—1),d(SC2n, fC2n), A(TS2n-1,8%20-1)})
+ Lp(N(G2n, C2n-1))

= B(M(G2n, G2n—1)) x P(max{d (121, n2n-1), 4121, N2n+1), 4201, 12n) }) ©)
+ L (N (S2n, C2n-1))

= B(M(G2n, Gon—1)) x Y(max{d(n2n, 2n-1), d(1120, N2n+1) })

< p(max{d(nan, 120-1), d(120, M2n11) }),

where

N(G2n,G2n-1))
= min{d (5821, T¢2n-1),4(S¢21,8C2n-1), A(TS2n—1, fC2n), (821 -1, TC2n-1), d(C2n, §C2n—1)}
= min{d(12n, 20-1), 4 (120, M20), A(N2n—1, M2n+1), (120, M2n—1), 4(S2n, 2n) }
= min{d (1721, 121-1),0,d(M20—1, M2n+1), d(N2n, N2n—1), A(Gon, 12n) }
=0.

By (9) and the monotonicity of function i, we have

sd(Man+1, 2n) < max{d(n2n, N2n-1), 420, N2n+1) }- (10)

Now, if
(120, M2n-1) < d(f2n, N2n+1),
then by using (10) we have

sd(2n, ant1) < d(2n, Mans1),

which leads to a contradiction because of s° > 1. Therefore, d (12,1, 12n-1) > d(M2n, N2n+1)-
In this case, we have

sd(2n, M2n+1) < A(M2n—1,12n),

which implies that

1
d(12n, N2ns1) < de(ﬂznq,’?zn)- (11)

Making full use of (8) and (11), we have

1
d(n, 1) < ;d(vnq,vn)-

Accordingly, by Lemma 1, we claim that {7, } is a b-Cauchy sequence. Since (X, <, d)
is b-complete, then there exists a point { in X such that {7, } converges to .

We first suppose that (i) holds. Assume that S is b-continuous. Because (f,S) are
compatible, we have

lim d(fSGon+2,SfCmt2) =0,
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that is,
lim d(fon+2, Stians3) = 0.

As a result, by the b-continuity of S, we speculate that

d(f112ns2,5C) < s[d(fn2ns2, Sh2ny3) +d(S2n43,5¢)] — 0 (n — o0),

which implies that
Tim d(fjan42,57) = 0. (12)

Now, we show that { = SC. If not, that is, d(SZ,{) > 0. As &o 11 = §Con+1 = SCon+2,
from inequality (3), we have

P(s*d(frn+2,M2n42))

P(s°d(fSCant2,8G2n+1))

< B(M(SGan+2,G2n+1)) X Y(max{d(SS¢2n+2, T¢2n+1),
d(SSCon+2, fSCon+2), A(TS2n11,8C2n+1) } (13)
+ LY (N (882142, 82n+1))

< p(max{d(558an+2, T¢an+1),4(5582n+2, fSGan+2), d(TCon+1,§G2n+1) })

= p(max{d(Snzn+2,M2n+1), d(SN2n+2, fron+2), d(M2n+1, M2n42) }),

where

N(S82n+2,Cont1)) = min{d(S582u42, TCon+1),d(SS5C2n+2,§C2n+1), A(TCon+1, fSCont2),
d(8Con+1, T¢ont1),A(SCon+2,8Gon+1)}
= min{d(Sn2n42, N2n+1), A(SH2n+2, N2n+2), A(Mon+1, f2n42),

d(N2n+2, Yan+1), A(M2nt2, N2n+2) }
=0.

By (13) and the monotonicity of function ¥, we have

sd(fonv2, Nonv2) < max{d(Sn2n+42, M2n+1), A(SH2n12, f12n+2), A(Hon1, Nons2) }- - (14)

Combing (12) and the b-continuity of function S, we obtain

d(Stan+2, fran+2) < s[d(Snan+2,SC) +d(SE, frans2)] — s(0+0) =0 (n — ),

which means that

lim d(SHant2, fians2) = 0. (15)
Moreover, since {1, } is a b-Cauchy sequence, we have
Jim (17201, 12n+2) = 0. (16)
By (15) and (16), there exists N; € N such that, for all n > Nj, one has

d(Shont2, Man+1) > A(SHant2, fionv2),  A(SHans2, Mant1) > d(2nt1, N2ns2)- (17)

Via (14) and (17), it is easy to see that

s*d(fianv2,M2nv2) < d(Sant2,M2ns1) (1> Ni). (18)
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Using the triangular inequality of the b-metric (12) and the b-continuity of function S,

we obtain
|d(f12n42, T2n+2) — A(SHan+2, Mans1) |
= |[d(fr2nt2,M2n+2) — sd(112n12,ST)] + [sd (112012, ST) — d(SL, T)]
+ [d(Sg, 5) - Sd(sﬂn+2/ g)] + [Sd(sﬂn+2/ g) - d(sﬂn+2/ 772n+1)”
< |d(frans2, ons2) — sd(2ns2,SO) | + |sd (112042, ST) — d(SE, T)|
+1d(S¢, ) — sd(Stn12,0)| + |sd(Stiny2,§) — d(Sttus2, 20 11))|
< sd(f112n42,SC) +5d (12042, C) +5d(SC, Stpny2) +5d (L, 2n11)
=0 (n— ),
which establishes that
lim sup d(f12n42, font2) = limsup d(S12u42, H2n+1)- (19)
n—00 n—o0

Consider (18) and (19), they lead to a contradiction because of s* > 1. Consequently,
SC=1.

Now, by virtue of 5,11 = gGon+1 and gCop+1 — {asn — o0, Coyq =X ¢. It suffices to
prove { = f(. As a matter of fact, firstly, notice that

|d(fT, 11ns2) —d(T, fT)]
[A(fT nr2) = sA(fT, tns1)] + [sA(fC, 1ny1) — d(Z, FO]]
d(f€/7n+2) - Sd(fgrﬂn+l)| + |Sd(f€r77n+l) - d(é/f§)|

= |
<|
S Sd(ﬂn+2/ 77H+1) + Sd(nn+1, g) —0 (Tl — OO),
which follows that

limsup d(f{, nn+2) = d(T, f0)- (20)

n—o0

Secondly, by inequality (3), we have

P(s°d(fC, n2n+2))
= ¢(S£d(f€,g§2n+l))
< B(M(E, &any1)) X p(max{d(SE, T¢an11),4(SE, fO),d(Té2n11,8C2n11)})
+ LIP(N(Z;, §2n+1)) (21)
= B(M({, Gonv1)) x Yp(max{d(Z, T¢rn11),d(E, f£), A(TC2n11,8G2n+1) })
+ Ly(N(Z, Can+1))
< p(max{d(Z, n2n+1),4(Z, ), d(M2n+1,2n+2) })
+ LIP(N(Q €2n+1));
where
¢(N(Cr CZn+1)) = lp(mln{d(sél T€2n+l)rd(5€/ g62n+1)/ d(T§2n+1/ fC),
d(géZnJrl/ T€2n+l)r d(é/ g€2n+1)})
tends to

P (min{lim supd(Sg, T¢on+1), limsup d(Sg, §¢op+1), limsup d(T§2n+1,fC),O,O}) =19(0)=0

n—o0 n—oo n—o0

as n — co. By taking the upper limit as n — oo from (21), we obtain

s*limsup d(fZ, 2nt2) < d(fC,0),

n—oo
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which is a contradiction with s* > 1 and (20) unless lim sup d(f{, #2,+2) = 0. As aresult, by
n—oo

L48,0) < A(FE n20s2) + O ),

we have

éd(fé, 0) < liinjup[d(fé, Non2) +d(12n42,0)] =0

which implies that d(f¢, {) = 0. Hence, f{ = (.

In view of f(X) C T(X), then there exists a point w € X such that { = f{ = Tw. Now,
we show d(Tw, gw) = 0. If not, i.e., d(Tw, gw) > 0. Since { = f{ = Tw < w implies { =< w,
from inequality (3), we have

(sgd(Tw qw))
(s*d(fZ, gw))
B(M(Z, w)) x p(max{d(SZ, Tw),d(SC, f{),d(Tw,gw)})
+ Lyp(N(Z,w))
B(M(Z, w)) x p(max{0,0,d(Tw,gw)})
+L¢(mln{d(55 Tw),d(S¢, gw), d(Tw, £{),d(gw, Tw), d(Z, gw)}))
B(M(, w)) x p(d(Tw, gw))
+ Lyp(min{0,d({, gw),0,d(gw, ), d(Z, gw)}))

BM(Z, w))p(d(Tw, gw))
< lP(d(Tw gw)).

Hence, by the monotonicity of function i, we have
s°d(Tw, gw) < d(Tw, gw),

which leads to a contradiction with s®* > 1. As a result, Tw = gw. On account of the fact
that g and T are weakly compatible, we obtain

80 =8f0=gTw="Tgw=Tf{=T¢.

Thus, ¢ is a coincidence point of g and T. Next, we show that { = g{. As oy =< fCon
and f&y, — ¢ (n — o0) implies that ¢, = ¢, from (3) we have

P(s*d(n2n41,8G)) = Y(s°d(fG2n, 80))
< B(M(Gan,€)) x Y(max{d(SCan, TC), d(SG2n, fan), d(TT,80)}) + Lp(N (G2, )
< Y(max{d(S8an, TC), d(SG2n, fGan), d(TT,8C)})
+ Lp(min{d(S¢2n, TC), d(SC2n, §0), d(TC, fG2n),d(8C, TC), d(82n, 8C) })
= p(max{d(S5¢2n, T¢),d(SEan, fG2n),0})
+ Lip(min{d(SG2n, TC), d(SG2n, 85),d(TE, f2n),0,d(S2n, 80) })
= p(max{d(S&an, TC), d(SG2n, fCan) }) + L(0)
= p(max{d(y2n, C), d(2n, N2n+1) }),

which follows immediately from the monotonicity of function ¢ that

s°d(f11an+1,8C) < max{d(n2n, &C), d (120, N2n+1) }- (22)
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Since lgr1 d(nan, an+1) = O, then there exists N, € N such that, for all n > N, one has
n—oo

d(n2n,8C) > d(112n, 20 41)- (23)

Considering (22) and (23), we acquire

5€d(’72n+11g§) < d(WZn/gg) (7’1 > Nz)
Thus, it implies

s*limsup d (2,41, 8C) < limsup d(#2,, 7). (24)

n—o0 n—o0

By virtue of

|d(120+1,8C) — d (120, 807)|

|[d(2041,8C) — sd(8C, 112n—1)] + [5d(8, 112n—1) — d(1720, 80)]|
|d (12041, 8C) — s4(8T, N2u-1) | + [sd (8T, 12n—1) — d (1120, )|
sd(N2ns1,M2n-1) +8d(12n—1,120) — 0 (1 — 0),

INIA

which follows that

lim sup d(172,,11,8C) = limsup d (1724, §7)-

n—oo n—oo

Consequently, (24) is a contradiction with s® > 1 unless lim sup d(#2,,+1,§¢) = 0. That
n—oo

is to say, lim sup d(#2,+1,8C) = 0. Now, by
n—oo

%d(gé, 0) <d(g¢, mans1) +d(n2n11,0),

we claim that
1 . .
-d(g¢,¢) < limsupd(gl, an+1) + limsup d(2441,¢) =0,
S n—00 n— 00

which follows that d(g¢, ) = 0. Thus, ¢ = {.

To sum up, f{ = g{ = SC = T{ = (. In other words, { is a common fixed point of f, g,
S and T. The proof is similar when f is b-continuous.

Similarly, the result follows when (ii) holds. Now, suppose that the set of common
fixed points of f, g, S and T is well ordered; we will show that the common fixed point of
f,8,5 and T is unique. Indeed, assume, on the contrary, that fg = g9 = Sq = Tq = g and
fr=gr=Sr=Tr =rbutd(q,r) > 0. By the given assumption, we replace ¢ with g and 7
with 7 in (3). Then,

p(s*d(g,7)) = p(s°d(fq,87))

< B(M(q,7)) x p(max{d(Sq, Tr),d(Sq, fq),d(Tr,gr)})
+ Lp(N(g,7))

< y(d(q,7))-

Consequently, we claim that s°d(q,7) < d(q,r), a contradiction. As a result, g = r
(because s* > 1). Inreverse, if f,g,S and T are single, then it is well ordered. O

Remark 1. Theorem 1 greatly generalizes Theorem 12 of [14] from several sides. On the one
hand, Theorem 1 refers to the conclusion in the setting of b-metric spaces, whereas Theorem 12
of [14] considered the result in usual metric space. It is well-known that b-metric space is a sharp
generalization of usual metric space since the given b-metric usually is not necessarily continuous,
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but the usual metric must be a continuous function. Therefore, Theorem 1 is more important than
Theorem 12 of [14]. On the other hand, as compared with Theorem 12 of [14], function P from
Theorem 1 satisfies the simpler condition. In addition, the proof of Theorem 1 is more straightforward
than the one of Theorem 12 of [14].

Remark 2. We use Lemma 2 to prove that the constructed sequence is a b-Cauchy sequence instead
of using Lemma 11 from [14] or Lemma 1 from [16]. This is a straightforward improvement because
Lemma 2 is easily understood for most of our readers. Otherwise, by Lemma 2, we also can prove
that the sequence is a b-Cauchy sequence but, due to the complicated process, we omit it in this
paper. In addition, in order to overcome the discontinuity of b-metric, we use a new method to prove
our theorem. This is a great innovation.

Example 5. Let X = {1,2,3,4} be a partially ordered set defined as § < n if and only if § > 5
and d(&,n) = |& —n|? forall &,y € X. Then, (X, d) is a b-complete b-metric space with s = 2.
Define ordered self-mappings f,g,S, and T on X using

3 4

1 2)

(12 3 4 /1
f={1122)8=\1

1 2 3 4 1 2 3 4
S_(l 3 4 4)’ T_(l 4 3 4)'
1t is easy to verify that the mappings f and g are dominating and S and T are dominated. Take
P(&)=In(+1)and p = YE) - then, the mappings f,g,S and T satisfy all the conditions given

¢
in Theorem 1 with e = }1. Moreover, one is the unique common fixed point of f,g,S, and T.

~ N

Theorem 2. Let f,g,S and T be self-mappings on a partially ordered b-complete b-metric space
(X,=,d) withs > 1. Let f(X) C T(X) and g(X) C S(X). Suppose that the mappings f, g, S
and T are b-continuous, the pairs (f,S) and (g, T) are compatible, and the pairs (f,g) and (g, f)
are partially weakly increasing with respect to T and S, respectively. Assume that (f,g) is a
(1, B, L)-ordered contractive pair with respect to S and T for each &, 1 € X, for which S¢ and Ty
are comparable. Then, the pairs (f,S) and (g, T) have a coincidence point { € X. Moreover, { is a
coincidence point of the mappings f, g, S and T provided that S{ and T{ are comparable.

Proof. Choose ¢y € X. Define a sequence {7, } in X that satisfies 172, = f&2, = TC2,+1 and
Non+1 = §Con+1 = SConyo for all n € N. By the hypothesis, it is easy to see that 7, =< 1,11
for all n > 1. We start the proof with two steps.

Step 1. We prove that

A(Mnv1,Mn+2) < AA(n, Tns1), (25)

for each n € N, where A € [0,1) is a constant.
Firstly, we assume #,, # 1,41 for each n € N. Since S¢, = 12,1 = §Con—1 and
TCon+1 = Yon = fCoy are comparable, then, via (3), it has

W(s°d (1720, M2n41))
(s°d(fSan, §Con+1))
< B(M(G2n, Gan+1)) X Y(max{d(5¢n, TG2n+1), d(SG2n, fG2n), A(TC2u+1,8G62n+1) })
+ Lp(min{d(SSon, TGon+1), d(SG2n, 862n+1), A(TC2n+1, fG2n), A(§G2n+1, TS2n+1), d(S2n, §G2n11) })
< p(max{d(12n—1,72n), d(1120-1,M2n), A (21, N2n+1) })
+ L (min{d (7211, 21), 41201, M20+1), (M2, 1200 ), (W21, M20), A (G20, 20 41) }))
= p(max{d (12101, 1M2n), (120, N2n+1) }),
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which follows from the monotonicity of function ¢ that

s°d(112m, Noanv1) < max{d(2n—1,M2n), A(N2n, 2n+1) }- (26)

If d(2n—-1,12n) < d(H2n, 2n+1), then by (26) it means that

sd(an, ont1) < d(2n, Mans1),

which leads to a contradiction (because s° > 1). Then,

s°d(N2n, ont1) < d(2n—1,12n)- (27)

Again, since 5¢2,4+2 = §ont1 = §Con+1 and T¢o 11 = 12y = fCop are comparable, then,
by (3), it implies that

P(s*d(2n11, Mon+2)) = P(s°d(fCan+2, §82n+1))
< B(M(82n+2,Gonv1)) X Y(max{d(SCan+2, TGon+1),4(SC2n+2, fGon+2), d(TCon11,§G2n+1) })

+ Lp(min{d(SCon-+2, TCan+1), d(SG2n+2,§G2n+1), d(TCan+1, fCan+2),

d(862n+1, TGon+1),d(Gon+2,8Con+1)})

< p(max{d(n2ns1,M20), d(N2n 11, N2n+2), d(2n, 2 41) })

+ Ly(min{d (72011, M2n), d (112041, M2n41), 4120, M2n+2), (2011, M2n), (G2 2, 20 41) }))
= Y(max{d(n2u11,2n+2),d(M2n, N2n+1) }),

which follows from the monotonicity of function ¢ that

s°d (1211, M2nv2) < max{d(Man+1, M2n+2), d(Mon, Non+1) }- (28)

If d(n2n, M2n+1) < d(M2n+1, M2n+2), then, by means of (28), it establishes

s°d(Nan+1, Nont2) < d(N2nt1, N2n+2),

which leads to a contradiction (because s¢ > 1). Thus,

s*d(N2n+1,M2n+2) < A(12n, N2ns1)- (29)

Now, by using (27) and (29), we obtain (25), where A = S% €[0,1).

We now assume 77, = 1],,,41 for some ng € N. If ng = 2k — 1, then 17y _; = 7o implies
ok = Nok+1- As a matter of fact, if 4o # o1, 1., d(Hok, ok+1) > 0, then, by the fact
that np, = fCox = TCory1 and 1o 1 = gCox_1 = SCok are comparable, then, via (26), we
speculate that

s°d (ks Noxg1) < max{d(nax—1,12k), d(Moks N2ks1) b = A2k, 2kg1)-

This is a contradiction (because s* > 1). Hence, d(#o, 2x11) = 0, i.e., ox = Hopi1-
If ng = 2k, then 1o, = 15¢11 leads to no 1 = 1opip. Actually, if 7511 7# okro, then,

ie., d(1oky1,Mokr2) > 0. Since npr1 = §Goxr1 = SGoxi2 and 1o = flo = Tlpkyq are
comparable, then, by (28), we claim that

s°d(N2x41, Nakg2) < max{d(ax, Nok+1), d(Mok41, Mok+2) b = A(N2kg1, Noks2)-

This is a contradiction (because s° > 1). Thus, d(k11, oks2) = 0, ie., ki1 =
aks2- Therefore, the sequence {1, } in both cases is equal to a constant for n > ng and
so (25) holds.

Step 2. We prove that f, g, S and T have a coincidence point. Taking advantage of (25)
and Lemma 1, we say that {1, } is a b-Cauchy sequence. Since (X, d) is b-complete, then
there is a { € X satisfying that nlgrolo #1n = ¢. We obtain
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nlgrolod(562nr€) = r}i_rgod(fgzmé) = r}ggod(sgznﬂ, 0) = nli_l;rolod(TCZrl+1r€) = V}l_{fgo d(8Gon+1,¢) = 0.

Since the pairs (f,S) and (g, T) are compatible, then
Jim. d(SfCan, fSCon) = Jlim d(TgCon+1,8T¢ont1) = 0.
On the other hand, owing to the b-continuity of f, g, S and T, we obtain
Tim d(SfGan, 57) = lim d(fSn, 0) =0,

Tim d(Tgau+1,TC) = lim d(gTCu+1,82) = 0.

We now acquire that

SA(SE, fT) < d(ST,SfEan) + A(SfEan, £O)
< d(SE, SZ) + Sl (S FEan, £5Eu) +d(fSan, FO)], 0)

and

Y4(TE,§0) < A(TE, Telansn) +A(TgEan, 80)
< d(Tg, TgGon+1) +8[d(TgC2n+1,8TCon+1) +d(8TG2n11,80)]. (31

On taking the limit as # — oo from both sides of (30) and (31), we obtain %d (S¢,f0) <0

and 1d(TZ, g0) <0, thatis, f{ = SC,¢¢ = T¢.
Since S and T are comparable, we prove f{ = gC. Suppose the contrary, then, by (3),
it is valid that

Y(s*d(fE, 80)
< BM(E,0)) x p(max{d(Sg, TT),d(SE, f£),d(T,80)}) + Lp(N(Z, Q)
< (d(SC,TT)) = y(d(fE, 80)),

that is to say,
s*d(fC,86) < d(fE,80)-
This is a contradiction (because s* > 1). Accordingly, f{ =gl =S¢ =T¢. O
Remark 3. According to the main results of [14,15], Theorem 2 makes a general generalization.

That is to say, it generalizes Theorem 15 in [14] and Theorem 2.1 in [15]. Similar superiority is
discussed in Remarks 1 and 2.

The following result is a straightforward outcome of Theorem 2.

Corollary 1. Let f and T be self-mappings on a partially ordered b-complete b-metric space
(X, =,d) withs > 1. Assume that f(X) C T(X) and the pair (f, T) is compatible, f and T are
b-continuous, and f is partially weakly increasing with respect to T. Assume that f satisfies the
following inequality

Y(s*d(f2, fi)) < B(M(S, )y (max {d(T¢, Tn),d(T¢, f&),d(Tn, fn)}) + Lp(N(E, 7)),

forevery ¢, € X, for which T¢ and Ty are comparable, where

M(¢, ) = 1P<max {d(Tg, Tn),d(TE, £€),d(Ty, fn), d<T€,ff7)zJ;d(T17,f€) })
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N(& ) = min {d(T¢g, Tn),d(TE, fn),d(Tn, f&),d(fn, Tn),d(& fn)},

and € > 0 is a constant. Then, the pair (f,T) has a coincidence point { € X. Moreover, { is a
coincidence point of f and T.
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