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Abstract: When we consider a non-definite pseudo-Riemannian manifold, we obtain lightlike tangent
vectors that constitute the null tangent bundle, whose fibers are lightlike cones in the corresponding
tangent spaces. In this paper, we define and study a class of “g-natural” metrics on the tangent
bundle of a pseudo-Riemannian manifold and we investigate the geometry of the null tangent bundle
as a lightlike hypersurface equipped with an induced g-natural metric.
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1. Introduction

In both special and general relativity, the main tool to study the causal structure of
spacetime is the lightlike cone, since it encodes all the information about the behavior of
lightlike geodesics. It is also well-known that the null tangent bundle, i.e., the set of all
lightlike tangent vectors on a Lorentzian manifold determines its metric up to a conformal
transformation ([1]) and, as a result, the null tangent bundle over the underlying manifold
specifies its conformal geometry, which constitutes the framework of Conformal Cyclic
Cosmology ([2]). To the best of our knowledge, although the study of the geometry of null
tangent bundles seems natural for a better understanding of Conformal Cyclic Cosmology,
surprisingly, we cannot find works on the subject in the literature. One of the reasons
is probably a lack of research works on the geometry of tangent bundles of non-definite
pseudo-Riemannian manifolds.

Actually, when the base manifold is Riemannian, the study of relationships between
the geometric properties of the Riemannian base manifold (M, g) and those of its tangent
bundle TM, have been widely studied in the literature and led to several interesting results.
Several well-known metrics on TM fall within the wide family of g-natural metrics, which
are built in some “natural” way from the Riemannian metric ¢ over M ([3,4]). Some
examples of investigation of the geometry of such metrics and their interplay with the
properties of the base manifold may be found in [5-9] and references therein.

As it is well known, if (M, g) is a pseudo-Riemannian manifold, then it admits some
tangent vectors which do not have a Riemannian counterpart, namely, null (or lightlike)
vectors. It is then natural to consider the null tangent bundle TyM of (M, g), i.e., the set of
all its null tangent vectors. To investigate the geometry of Ty M, it is interesting to equip
TM with pseudo-Riemannian metrics and to consider TyM as a lightlike hypersurface.
Generally speaking, lightlike hypersurfaces play a very important role in mathematical
physics, with particular regard to their relevance and many applications in relativity.
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For this reason, in the last thirty years, the study of lightlike hypersurfaces has attracted the
attention of a growing number of researchers, and the literature on the topic is very large.
We may refer to the works [10,11] and references therein for some excellent introductions
to the topic and its applications.

Like in the case of Riemannian base manifolds, we shall define in this paper a family
of metrics on the tangent bundles of pseudo-Riemannian manifolds that we call also g-natural
metrics and, equipping the null tangent bundles with the induced metrics, we start address-
ing the issue of the relationship between the geometry of a pseudo-Riemannian manifold
and the one of its null tangent bundle.

The results of this paper will allow further research in this direction, starting from
the case where the tangent bundle is spacetime. The first steps we accomplish here are
a thorough investigation of g-natural metrics G on the tangent bundle TM of a pseudo-
Riemannian manifold (M, g), and an accurate description of the geometric features (con-
nection and curvature) of ToM equipped with the metrics induced on this hypersurface of
(TM, G). From this starting point, the research of geometric features of the null tangent
bundle can be developed in several different directions, like for example, harmonic maps
defined on lightlike submanifolds [12-14], and CR-lightlike submanifolds [15-17].

This paper is organized in the following way. In Section 2, we report some basic
information concerning the geometry of lightlike hypersurfaces and the tangent bundles.
We then give, in Section 3, the general description of pseudo-Riemannian g-natural metrics
on the tangent bundle TM of a pseudo-Riemannian manifold (M, g) and their possible
signatures. In Section 4, we focus on the geometry of null tangent bundle TyM. We
first investigate the differentiable structure of ToM. Then, equipping it with a g-natural
metric, we construct a corresponding screen distribution, calculate its associated induced
connection, and discuss some geometric properties related to the curvature, Ricci type
tensor, and extrinsic curvature of ToM. In particular, among other results, we completely
characterize the case where the Ricci type tensor is symmetric for a base manifold of constant
sectional curvature. To make the core of the paper compact and readable, we stated the
details of calculations of the signatures of pseudo-Riemannian g-natural metrics on the
tangent bundles, the very long expressions of their curvatures on the null tangent bundles,
and the corresponding calculations at the end of this paper in Appendices A and B.

2. Preliminaries
2.1. Lightlike Hypersurfaces

Let (M, g) denote a non-definite pseudo-Riemannian manifold of dimension m and
(M, ) a lightlike hypersurface of (M, g), where g is the induced degenerate metric on
M. The intersection of tangent bundle TM and normal bundle TM* is a one-dimensional
subbundle, called the radical distribution of M and denoted by RadT M. Furthermore, there
exists a complementary non-degenerate vector bundle of RadTM in TM, called a screen
distribution S(TM) of M, such that

TM = RadTM @y, S(TM),

where @®,,;;, denotes the orthogonal direct sum. Following [10], there exists a unique vector
bundle Tr(TM) of rank 1 over M, called the lightlike transversal bundle, such that for any
non-zero section ¢ of Rad(TM) on a coordinate neighborhood U in TM, there exists a
unique section N of Tr(TM) satisfying

2(E,N) =1, 3(N,N)=g(N,X) =0, forall X € I(S(TM)).
Thus TM splits into

TM = S(TM) @y, (Rad(TM) & Tr(TM)) = TM & Tr(TM).
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Let ¢ € TM be a null section, N the corresponding transverse vector field, and P the
projection morphism of TM into S(TM). The Gauss and Weingarten formulas in M are

then given by B
VxY = VxY + B(X,Y)N, (1)
VxN = —AnNX + T(X)N, ()
VyPY = VxPY + C(X, PY)E, 3)
Vil = ~AsX —T(X)§ @

forany X,Y € T(TM) and N € T'(tr(TM)), where V denotes the Levi-Civita connection
on (M,3), V is the induced connection from V on M through the projection along the

transverse vector field N and % is the induced connection from V on the screen distribution
S(TM) through the projection along the null vector field ¢.

In the above equations, B is a symmetric bilinear form on TM independent of the
choice of the screen distribution and called the local second fundamental form of M, while C is
a bilinear form called the local second fundamental form of the screen distribution. We say that
M is a totally geodesic hypersurface of M if any geodesic of M with respect to the induced
connection on M is a geodesic of M (see [11]).

It is known that V is symmetric, but in general, it is not a metric connection, since

(Vxg)(Y,Z) = B(X,Y)g(Z,N) + B(X, Z)g(Y, N),

*
while V is a metric connection on S(TM), which is not necessarly symmetric.
If we denote by R and R the Riemannian curvatures with respect to V and V, we have

S(R(X,Y)Z,PW) =¢(R(X,Y)Z, PW) + g(h(X, Z), h*(Y, PW))
—g(h(Y,Z),h* (X, PW)),
ZR(X,Y)Z,U) =g((Vxh)(Y,Z),U) - g((Vyh)(X,2),U),
3(R(X,Y)Z, V) =g(R(X,Y)Z, V),

®)

forany X,Y,Z,W € T(TM), U € T(Rad(TM)), V € T'(tr(TM)).

The non-definite pseudo-Riemannian manifold M admits a quasi-orthonormal local frame
field, i.e., alocal frame {ey,...,er, f1,... fs, f{,. . f&} of M such that g(e,, f;) = glei, fi) =0,
Slea ep) = €aduy, 3(fir fj) = g(fl*,f]*) =0, g(fl,f]*) = 0y, for every a,b € {1,...,r}
and i,j € {1,...,s}, where m = r+2s and ¢, = +1. A quasi-orthonormal frame
{er,....er, f1,. . fo, ff,... f&} on M is said a quasi-orthonormal local frame field along an
n-dimensional lightlike submanifold M’ if one of the two following conditions is satisfied:

e n=s+t,1<t<rand{ey,..., e f1,...fs} induces a local frame field on M’;
e n<sand{f,...fn} induces alocal frame field on M'.

It follows that, in the case of a lightlike hypersurface M, a quasi-orthonormal local
frame field along M is of the form {ey, ..., e,—2, f, f*}, where {e1,...,en—_2, f} induces a
local frame field on M.

Let S(TM) be a screen distribution locally spanned by {ey, ..., e,—2},sothat {ey, ..., en—_2,
¢, N} is a quasi-orthonormal local frame field on M and {ey, . .., e;;,—2, ¢ } is the induced local
frame field on M. The induced Ricci type tensor R(®2) of M is defined for any X, Y € I'(TM)
by

m—2
ROD(X,Y) = Y ejg(R(X,)Y,¢)) + TR, EY,N),
j=1
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where ¢; = g(ej, ¢j). The tensor R(2) has a geometrical meaning if R(*?) is symmetric and
its value is independent of the screen distribution, its transversal vector bundle and the
null section ¢. It is easy to see that it does not depend on the choice of the null section ¢,
while for the other conditions we have the following results:

e R(2) js symmetric if and only if each 1-form T induced by S(TM) is closed, i.e., dT = 0
onany U C M [10].

e R(2) js symmetric on a lightlike hypersurface whose screen distribution is inte-
grable [18].

e R(% s related to the Ricci tensor of (M, g) by

RO2)(X,Y) =Ric(X,Y) + B(X, Y)tr(Ay)
— 8(ANX, AgY) —Z(R(E, V)X, N).
When the induced Ricci type is not symmetric, C. Atindogbe [19] introduced the
symmetrized induced Ricci tensor RicY™, defined, for all X, Y € X(M), by

Ric¥™(X,Y) = =[R2 (X,Y) + RO (v, X)]. (6)

NI —

Definition 1 ([19]). Let (M, g) be a pseudo-Riemannian manifold and (M, g, S(TM)) a lightlike
hypersurface of M. The quantity
R = ginic?]ym,

where gV is the pseudo-inverse of g (see [20]), is called the extrinsic scalar curvature of (M, g, S(TM)).

2.2. Geometry of Tangent Bundles

Let (M, g) be an n-dimensional Riemannian manifold and V the Levi-Civita connec-
tion of g. The tangent space of TM at any point (x, 1) € TM splits into the horizontal and
vertical subspaces with respect to V:

(TM)(x,u) = H(xru) S V(xru)' )

Given (x,u) € TM, for any vector X € TyM there exists a unique vector X" € H(x, u)
such that p* X" = X, where p : TM — M is the natural projection. We call X" the horizontal
lift of X to the point (x,u) € TM. The vertical lift of a vector X € TyM to (x,u) € TM is
defined as the vector X” € V/(x, u) satisfying X?(df) = X(f), for all functions f on M. Here,
1-forms df on M are interpreted as functions on TM (i.e., (df)(x,u) = u(f)). Note that the
map X — X" is an isomorphism between the vector spaces TyM and H(x, u). Similarly,
the map X — XY is an isomorphism between the vector spaces TxM and V (x, u).

Each tangent vector Z € (TM),, ) can be written in the form

z=x"+Y?, ®)

where X, Y € TyM are uniquely determined vectors. Horizontal and vertical lifts of vector
fields on M are defined correspondingly.

Each system of local coordinates (U; xi=1,.. n) in M induces on TM a system of lo-
cal coordinates (p’l(ll);xi,ui,i =1,..,n).Givenx € Uand X € TyM, let X = ZXi(%)x
be the local expression of X in (U; xi=1,.., n). Then, with respect to the induced coordi-
nates, the horizontal lift X" and the vertical lift X? of X to (x,u) € TM are, respectively,

expressed by

i, 9 i J
X" = ZX (@)(x,u) - erkujxk(w)(x,u)f )

v i d
X = ZX (ﬁ)(x,u)/ (10)
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where (I“;.k) denote the Christoffel’s symbols of g.
The canonical vertical vector field on TM is defined, in terms of local coordinates,
byU =) u' a =2, but it does not depend on the choice of local coordinates and is globally de-

fined on TM. For a vector u = u (a -))x € TxM, we see that the vertical lift of u to (x, u) is

exactly the value of the canonical vertical vector field at (x, u), i.e., u” = Y u (ax, )0 =Uu),
while the horizontal lift of u to (x, u) is no other than the value at (x, ) of the geodesic
vector field { on TM, ie., u" = ¥ u <8x‘) = C(xu)-

It is worth mentioning that the geodesic (resp. canonical vertical) vector field on TM
is not a horizontal (resp. vertical) lift of any vector field on M. To express it as a horizontal
(resp. vertical) lift, we need to introduce lifts of quantities more general than vector fields
on M. For this, we consider the vector bundle p*TM induced by the tangent bundle TM
and by the natural projection p : TM — M. Any section s of p*TM is a C*-mapping
s: TM — TM such that p os = p. The mappings X o p, where X € X(M), are examples of
sections of p*TM.

Sections of p*TM give rise to special horizontal and vertical vector fields on TM: if
s € T(p*TM), then we define the horizontal (resp. vertical) lift s" (resp. s°) as the vector field
on TM given by s"(u) = (s(u))" (resp. s”(u) = (s(u))?), for any u € TM, where the lifts
are taken at u. Whens = X o p, X € X(M), we find the classical definition of horizontal and
vertical lifts of vector fields. When s is the identity section, the horizontal (resp. vertical)
lift of s is no other than the geodesic vector field J (resp. the canonical vertical vector field
U)on TM.

Lie brackets of vector fields on TM are described as follows:

Lemma 1. For all vector fields X, Y on M:

@ [X"Y" =[X,Y)" = [R(Xop,Y op)o]?, where o is the identity section of p*TM;
b)) [X"Y?] = {VxY}’ = {VyX}*+[X,Y]%

(c) [X%,Y’]=0.

To investigate the geometry of tangent bundles of Riemannian manifolds, many
(pseudo-)Riemannian metrics have been considered in the literature. The more general
class of metrics had been constructed by O. Kowalski and M. Sakizawa [3] using the concept
of natural transformations (see [4] for the concept of naturality and associated notions).
According to the terminology of [4], we shall call g-natural any metric G on TM, which
comes from g by a first order natural operator S3T* — (S2T*)T. Explicitly, g-natural
metrics are described as follows (see [5]):

For any g-natural metric G on TM, there exist six functions «;, §; : R = R,i =1;2;3,
such that for every u, X, Y € T, M:

Gy (XMYM) = (g +a3) (r )gx(X Y)
+(B1+ B3) (1) gx (X, u)gx (Y, 1),
Glau) (X1, Y?) = ap(r)gx(X,Y) + Ba(rP)gx (X, )82 (Y, 1), (11)
Gl (X2YM) = an(r?)gx(X, Y) + B2 (1) gx (X, 1) g2 (Y, 1),
Gau) (X%, Y?) = a1 (r?)gx(X,Y) + B1(1?)gx (X, u)gx (Y, ),

where r> = ||u||> = gx(u,u). For dim(M) = 1, the formulas above hold with Bi =0,
i=1,23.
To investigate the properties of g-natural metrics, we need the following notations:

o ¢i(t) = ai(t) +tBi(t),

o a(t) = () (e +a3)(t) — aj(),

© 9 =0 +93)() —93(1),

for all t € R. Using the notations above, a g-natural metric G on the tangent bundle of a
Riemannian manifold (M, g) is:
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1. non-degenerate if and only if a(t) # 0 and ¢(t) # O forall t € R;

2. Riemannian if and only if a1 () > 0, a(t) > 0, ¢1(t) > 0and ¢(t) > 0, forall t € R.
We observe explicitly that condition 1 = 0 is not compatible with the Riemannian case.

Several well-known (pseudo-)Riemannian metrics on the tangent bundle of a Riemannian

manifold are g-natural. In particular, in the notations above:

(a) The Sasaki metric [21] is the g-natural metric givenby a1 = landay = a3 = 1 = B2 =
p3=0;

(b) The Cheeger-Gromoll metric [22] is obtained for a1 (t) = B1(t) = 13 forall t € Ry,
ap=pp =001 +az=1,p1+p3=0;

() The Kaluza—Klein metrics [23] correspond to conditions ap = B2 = B1 + B3 = 0.

3. g-Natural Metrics on the Tangent Bundle of a Pseudo-Riemannian Manifold

g-natural metrics on the tangent bundle of a pseudo-Riemannian manifold (M, g) can
be defined similarly to the Riemannian case:

Definition 2. Let (M, ) be a pseudo-Riemannian manifold. A metric G on TM is g-natural if
there exist six functions a;, B; : R — R,i = 1;2;3, called the generating functions of G, such
that for every u, X,Y € TyM

G(x,u)(X " YM) = (1 + a3) (8 (1, 1)) (X, Y) + (Br + B3) (x (1, 1)) gx (X, 1) gx (Y, ),
Gy (X Y7) = (8 (1, 1)) (X, Y) + Bo (g (14, 1)) 8 (X, 1) g (Y, 1),
Gy (X2 V") = (82 (1, 1)) 8x(X, Y) + Bo (g (1, 1)) 8 (X, 1) g (Y, 1),
G(xu)(Xv/ Y?) = a1 (g (1, )82 (X, Y) + B (g (14, 1)) 8 (X, 1) g (Y, ).

Notations. As in the Riemannian case, we use the following notations:
Lo ¢i(t) = () + 1Bi(t),
2. a(t) = (e +az)(t) —a3(t),
3. () = pr(1+¢3)(t) — p3(1),
fort € R.

Remark 1. Hereafter and unless otherwise stated, when some terms of an expression are evaluated
at (x,u) € TM, we make the following conventions:

o All the lifts of vectors on M involved in that expression are taken at (x,u) € TM;
e All the functions ;, B;, ¢;, « and ¢ involved in that expression are taken at g (1, u).

3.1. Non-Degenerate g-Natural Metrics on the Tangent Bundle of a Pseudo-Riemannian Manifold
Proposition 1. Let (M, g) be a pseudo-Riemannian manifold of dimension m > 2. A g-natural
metric G on TM is non-degenerate if and only if its generating functions satisfy a(t) - ¢(t) # 0,
forevery t € R.

Proof. Denote by k the index of g. Let x € M and u € TyM. Then, we have the three
following cases according to the causal character of u:
1. If u is timelike, then k > 1. Let {¢;}!" ; be an orthonormal basis of (TyM, gx), such

thate; = %u,g(@i,ei) =—1,for1 <i<kandg(e,e) =1 fork+1<j<m.

Then, the matrix of G(x,u) with respect to the basis {e’f,eg,- . ,e’fn,efl’,e;’,- -+ ,eo} of
T(xu)TM is given by Py, (g(u,u)), where

— (1 +¢3)(t) 0 0 —(t) 0 0
0 —(041 +0€3)(t)1k,1 0 0 —Déz(t)lk,l 0

Pul(t) = 0 0 (a1 +a3) (g O 0 w2 (t) L
" —¢a(t) 0 0 —¢1(t) 0 0
0 —ap () Ik 0 0 =1 (£) k-1 0

0 0 Oéz(t)lm,k 0 0 al(t)lm,k
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It is easy to see that det(Py,(t)) = ¢(t)a™1(t), so that G(x,u) is non-degenerate on the
timelike cone if and only if ¢(#) # 0 and a(t) # 0 for all t €] — o0, 0[.

2. Ifuisspacelike, thenm —k > 1. Let {¢; }" ; be an orthonormal basis of (TyM, gx), such
thate; = —— u,g(ej,e;) =1,forl1 <i<m-—kand g(e]-,e]-) = -1, form—k+1<

\/ g (u,u) ;

j < m. Then, the matrix of G, ,, with respect to the basis {eil, eél, el et ey, et}
of T(X,u) TM is given by Py, (g(u, 1)), where

(¢1+¢3)(t) 0 0 10) 0 0
0 (061 +D(3)(t)lm,k,1 0 0 az(t)]m k—1 0

P (t) - 0 0 *(061 + Dé3)(f)1k 0 0 70(2(15)[}(
e $2(t) 0 0 $1(t) 0 0
0 2 (t) k-1 0 0 o1 (£) L—k—1 0

0 0 *Déz(t)]k 0 0 7“l(t)lk

We have det(Py,(t)) = ¢(t)a™1(t), so that G(x,) is non-degenerate on the spacelike
cone if and only if ¢(t) # 0 and a(t) # 0 for all t €]0, co].

3. Ifuislightlike, theneitherk > 1orm —k > 1. Letv € TyM suchthat¢(v,v) = g(u,u) =0
and g(u,v) = 1and let {¢;}}"; be a basis of TxM, such thate; = u, e; = v, g(e;, ¢j) =0,
for3 <i#j<mand

o gleje) =1for3<i<m,ifk=1;

e g(e,e)=-1for3<i<mifm—k=1;
e gleje) =—1,for3<i<k+1,g(eje) =1,fork+2<i<m,ifk>2and
m—k > 2.
As g(u,u) = 0, with respect to the basis {ef, el,--- el e¥,e5,- - €%} of Ty TM,
the matrix Py, (0) = Pu(g(u, u)) of G(y ) is given by
0 (a1 + a3)(0) 0 0 0 a(0) 0 0
a3)(0) (1 +p3)(0) 0 0 a2(0)  p2(0) 0 0
0 0 (a1 + a3) (0) I, 0 0 0 —a(0)f, 0
0 0 0 (v +a3)(0), 0 0 0 a2(0)1,
0 w2(0) 0 0 0 a(0) 0 o |
(0) p2(0) 0 0 a1(0)  p1(0) 0 0
0 0 —a(0) 1, 0 0 0 —m(0) 0
0 0 0 0 (0)1, 0 0 0 a (0)1,

withg =k —1and p =m —k — 1. We have det(P,(0)) = a™(0) and therefore G, )
is non-degenerate if and only if a(0) # 0.
Since ¢(0) = a(0), G(4,,,) is non-degenerate on TM if and only if «(0) - ¢(0) # 0.

It follows from the three cases above that G, ) is non-degenerate on TM if and only if
a(t)-¢(t) #0foreveryt € R. [

3.2. Pseudo-Riemannian g-Natural Metrics on the Tangent Bundle of a
Pseudo-Riemannian Manifold

To determine the signature of an arbitrary non-degenerate g-natural metric on the
tangent bundle of a pseudo-Riemannian manifold, we should give at first the signature of
its induced metric on the tangent space of the tangent bundle on an arbitrary point (x, u).
This leads us to consider three cases corresponding to (x, 1) being timelike, spacelike, and
lightlike. In Appendix A, we treat in detail the three cases in Appendices A.1, A.2 and A.3,
respectively.

Using the discussion in Appendix A, we obtain the following result, which lists all
possibilities for the signature of a non-degenerate g-natural metric on the tangent bundle
of a pseudo-Riemannian manifold (M, g).

Theorem 1. Let (M, g) be a non-definite pseudo-Riemannian manifold of signature (m — k, k)
and G be a non-degenerate g-natural metric on its tangent bundle. Then, one of the three following
non-overlapping situations occurs:

1. ¢(t) >0,a(t) >0, (p1+¢3)(t) > 0and (a1 + az)(t) > 0 forall t € R. In this case,
the signature of G is (2m — 2k, 2k),
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2. ¢(t) >0,a(t) >0, (p1 +¢3)(t) < 0and (aq +a3)(t) < 0forall t € R. In this case,
the signature of G is (2k,2m — 2k),
3. ¢(t) <0,a(t) <0, forall t € R. In this case, the signature of G is (m,m).

Proof. Since g is non-definite, there exist timelike, spacelike, and lightlike tangent vectors.
Using the fact that the index of a pseudo-Riemannian metric is constant, we deduce from
Propositions A1-A3 that the possible signatures of G are either (2m — 2k, 2k) or (2k, 2m — 2k)
or (m, m). The same Propositions specify the conditions on the defining function leading to
these possible signatures. [

Remark 2. In cases (1) and (2) of Theorem 1, we can replace a1 + a3 > 0 (resp. < 0) by aq > 0
(resp. < 0) and ¢p1 + ¢p3 > 0 (resp. < 0) by ¢1 > 0 (resp. < 0).

Example 1.

(i) The Sasaki metric on the tangent bundle of a pseudo-Riemannian manifold of signature
(m — k, k) is a pseudo-Riemannian metric of signature (2m — 2k, 2k).

(ii) A Kaluza—Klein metric on the tangent bundle of a pseudo-Riemannian manifold of signature

(m — k, k) is non-degenerate if and only if the function ¢ - « is positive. Moreovet, in this
case its signature is

e (m,m), if x and ¢ are negative everywhere,
o (2m —2k,2k),if (a1 +a3)(t) > 0forallt € R,
e (2k,2m —2k),if (& +a3)(t) < Oforallt € R.

We now discuss the possible sign of the defining functions starting from a definite metric.

Proposition 2. Let (M, g) be a differentiable manifold with a definite metric.

1. If g is positive definite, then the signature of a g-natural metric on TM is determined by the
following Table 1.

Table 1. The signature of a non-degenerate g-natural metric on the tangent bundle of a
Riemannian manifold.

The Signature of G(y,.) (¢1+ ¢3)(g(w, 1)) (a1 4a3)(g(w,u))  p(g(wu))  a(g(u,u))

(m—1,m+1) <0 any >0 <0
(m+1,m-—1) >0 any >0 <0
(m,m) any any <0 <0
(2m,0) >0 >0 >0 >0
(2m—-1,1) any >0 <0 >0
(2m —2,2) <0 >0 >0 >0
(1,2m —1) any <0 <0 >0
(2,2m —2) >0 <0 >0 >0
(0,2m) <0 <0 >0 >0

2. If g is negative definite, then the signature of a g-natural metric on TM is given by Table 2.
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Table 2. The signature of a non-degenerate g-natural metric on the tangent bundle of a negative-
definite manifold.

The Signature of G(,,) (¢1+ ¢3)(g(u,u))  (r1+a3)(g(w,u))  ¢(g(wu))  a(g(u,u))

(m—1,m+1) >0 any >0 <0
(m+1,m-—1) <0 any >0 <0
(m,m) any any <0 <0
(0,2m) >0 >0 >0 >0
(1,2m —1) any >0 <0 >0
(2,2m —2) <0 >0 >0 >0
(2m—2,2) >0 <0 >0 >0
(2m—1,1) any <0 <0 >0
(2m,0) <0 <0 >0 >0

Proof. This follows from the fact that on a Riemannian (resp. negative-definite) manifold,
there are only spacelike (resp. timelike) vectors. O

We now list all possible Lorentzian cases.

Corollary 1. Let (M, g) be a pseudo-Riemannian manifold of dimension m > 1. Then, (TM, G)
is a Lorentzian manifold if and only if one of the following conditions holds:

1. (M,g) is a Riemannian manifold and
o citherm=2,¢>0,a <0and¢p; +¢3 >0, 0r
e wa+a3>0¢<0anda > 0.

2. (M,g) is a negative definite manifold and

e citherm=2,¢>0,a<0,o0r
e a+a3<0,¢<0anda>0.

3.3. The Levi-Civita Connection of a pseudo-Riemannian g-Natural Metric

We have the following description of the Levi-Civita connection of a pseudo-Riemannian
g-natural metric, which can be deduced by the same argument used in [9] for the Rieman-
nian case.

Proposition 3. Let (M, g) be a pseudo-Riemannian manifold and G be a pseudo-Riemannian
g-natural metric on its tangent bundle TM. The Levi-Civita connection V of (TM, G) is charac-
terized by the following identities,

(Vi Y!) = [(VxY) + AX,Y)]" + [B(X, V)]°,
( xh )
( )

= [CX V)" +[(VxY) + D(X, V)],
VxeY") = [C(Y, X)]" + [D(Y, X)]%,
(VxoY?) = [E(X,V)]" + [F(X, V)",

forall X,Y € X(M), where A(X,Y), B(X,Y),C(X,Y), D(X,Y), E(X,Y) and F(X,Y) are the
sections of p*TM defined, for all (x,u) € TM, by

AX,Y)(x,u) = “52‘2 [R(Xy,u)Y + R(Yy, 1) X,

n "‘2(5127:53)&(1/,(, U)X + g(Xy, u)Y}

+ #{az[al (91(B1 + B3) — 92B2)

+ a2 (Braa — o) g(R(Xe, u) Y, u)

+ paa(ar +a3)'g(Xx, Yx)

+ a2 (B1 + B3)" + (B1 + Ba)[w2(¢2B2 — p1(B1 + B3))
+ (1 + az) (12 — a2f1)]1g (X, u)g(Ya, u) b1,
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2
B(X,Y)(x,u) :%R(Xx,u)Yx — w

(a1 +a3)(B1+ Ba) [
20

R(Xy, Yy)u

(Yo, u) Xy + 8(Xx, u) Yy]

+ 061(15{062[“2(4&52 —¢1(B1+ B3))

+ (a1 + a3) (B2ov1 — Pra2) g (R (X, 1) Y, 1)

—a(P1 + ¢3) (v +a3)'g(Xy, Ya)

+ [—a(pr + ¢3) (B1 + B3)’

+ (B1+ B3) (w1 +a3)[~p2B2 + (1 + ¢3)B1]

+ az[ax(B1 + B3) — (a1 + a3) B2]]1§ (X, 1) g (Yo, u) bu,

C(X,Y)(x,u) = — ;iR(Yx,u)Xx + M 9(X, 1) Yy

+ i[al (a1 +a3) — ap(ah — &)}g(Yx,u)X,{

+ in{‘);[ﬂéz(“z& —a1f2)
+ (4’1 (B1+ B3) — $2B2)]8(R(Xx, u)Yx, u)
+alP B+ B3) + galah — E)lgx 1)
[“4’1(,31 + B3) + [z (@12 — a21) + a1 (22
— B+ B0 + ) + P
+ [a2(B1(P1 + ¢3) — Pag2) — a1 (Ba(a1 + a3)

~ (B -+ Ba)l(ah — E2)]g (X w)g (v ) b,

1 LaTA%)

DOGY) (o) =1 (02 R (v )X, — 2PLEB ) gy,

(e +0) (g — B2) — ma(en + 13) g (Ve )Xo}

0;){0‘21[(041 + a3)(a1B2 — a2p1)
+ 0‘2(4’252 —¢1(B1+ B3))|g(R(Xx, u) Y, u)

~alZ(B1 4 B5) + (01 + 03) (a5~ 2)lg(Xe ve)

+ [ “4’2(/31 +B3)' + [(a1 + az)(a2B1 — a182)
Faagr(Br +Bs) — papo)l (e +aa) + P
+ [(a1 +a3) (Bagp2 — B1(P1 + ¢3))
Faa(Balar +as) — aa(r + o)) (e — E2)]g(Xe ) (v )},
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BOXY) (50) =l a5+ £2) = aaad g (Ko, 1)Ys + ()X,

+ ;(p{awz — pa(Br — a))]g(Xe, Vo)

+ [ (29185 — oY) + 2a7 (a1 (a2 (B1 + B3) — a1 + a3))
+a2(B1(P1 + ¢3) — Bagpa)] + (205 + Ba)[a1 (P22 — P1(B1 + B3))
+ az(a1f2 — azP1)]]g (X, u)g(Ye, u) bu,

FOX ) 0) = o a1+ a5) — a2 0 + £2))[g (X 1) Vi + gV )]

+ D}(P{awl +93)(Br — &) — gaBalg(Xe, Vo)

+ [a (B (¢1 + ¢3) — 2Boa) + 207 [z (B2 (@1 + a3) — az(B1 + B3))
+ (@1 4 a3) (Bapa — B1(d1 + ¢3))] + (245 + B2) [a2(P1(B1 + B3)
— ¢2B2) + (a1 + az) (w2B1 — a1B2)]]g (X, 1) g (Y, 1) Jut.

4. The Null Tangent Bundle

Let (M, g) be a non-definite pseudo-Riemannian manifold. We call the null tangent
bundle of (M, g) the subset of TM given by

ToM = {(x,u) € TM : gx(u,u) = 0and u # 0}.

4.1. Differentiable Structure on the Null Tangent Bundle

Proposition 4. ToM is an imbedded submanifold of TM of dimension 2m — 1. Furthermore,
if we denote by py the restriction to ToM of the projection p : TM — M, then (ToM, po, M) is a
subbundle over M with fiber p, L(x) at x € M diffeomorphic to the null cone Ay at x.

Proof. We consider the function
g: TM~{0y,xe M} — R
(x,u) —  gx(u,u).

Then, g is a smooth function and TyM = g '(0). Suppose that there exists a point
(x,u) € ¢71(0) such that d(xu)9 = 0 and let §x be the restriction of g to the fiber TxM \ {0x}
and i : TyM < TM the canonical inclusion. We then have

d(xuyq i = dufx = 28x(u,.) = 0.

Since g is non-degenerate, we conclude that u = 0, which is a contradiction. Therefore,
we deduce that 0 is a regular value of 4 and hence TyM is an imbedded submanifold of
T™. O

Proposition 5. For any (x,u) € ToM, the tangent space of TyM at (x,u) is given by

Ty u)ToM = {Xh +Y": X, Y € M, g(Y,u) = 0}~

x,u
Moreover, Ty M is an orientable submanifold of T M.

Proof. We know that, for each (x,u) € TM, we have the decomposition T(,,\TM =
HyyTM & V(,,)TM. Since ToM is a subbundle of TM, its tangent bundle at a point
(x,u) € ToM can be decomposed as T, ,) ToM = Hy ,y TM & T(, ,,)Ax. Using the notations
of the proof of Proposition 4, we have

T(x,u)Ax = kel‘d(xlu)ffx = {XU S V(W)TM,g(X,u) = 0}.
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Here we used the isomorphism between V/, ,y and T(, ,,) TxM. This proves the first part of
the Proposition. On the other hand, TM is an orientable manifold, and the geodesic vector
field ¢ defined by {(, ,) = u" induces a nowhere vanishing vector field on TyM. So, TyM is
an orientable submanifold. O

4.2. Induced g-Natural Metrics on the Null Tangent Bundle

Taking into account Proposition 5, the induced metric G on ToM of a g-natural metric
G on TM is completely determined by

o) (X YT) = (a+0)g2(X,Y) + dgx (X, u)gx(Y, u),
(x,u)(th Y?) = ng(Xr Y), (12)
(x,u) (XUI Yv) = agx(X/ Y)/

[N Ql/_g)l

where a = #1(0), c = a3(0), d = B3(0) and b = a(0).

Remark 3. Hereafter and without loss of generality, we shall consider, in the study of the geometry
of null tangent bundle, only g-natural metrics on TM given by (12). Note that, by virtue of
Theorem 1,a # 0, a + ¢ # 0and a(a + c) — b? # 0. Furthermore, if g is of signature (m — k, k),
then we have:

e a>0,a+c>0anda(a+c)—b>>0ifG is of signature (2m — 2k, 2k);

e a<0a+c<0anda(a+c)—0b*>>0ifG is of signature (2k,2m — 2k);

e a(a+c)—b?<0ifG is of signature (m,m).

Proposition 6. Let (M, g) be a pseudo-Riemannian manifold and G a pseudo-Riemannian g-
natural metric on TM. ToM is a lightlike hypersurface of (TM, G) and the radical of T(, ., ToM at
a point (x,u) € ToM is given by

Rad(T, ) (ToM)) = Span{—bu" + (a+ c)u’}.

Thus, Rad(TyM) is spanned by the vector field induced on ToM by the vector field { = —b{ + (a +
c)U on TM, where { and U are, respectively, the geodesic vector field and the canonical vertical
vector field on TM.

Proof. Let (x,u) € TM such that g(u,u) = 0 and v € T, M such that g(v,v) = g(u,u) =0
and g(u,v) = 1. Consider a basis {¢;}"; of TyM such that e; = u, e; = v, g(u,e;) =
<(v,e) = g(ei,ej) =0,for3<i#j<mand

e gleje)=1for3<i<m,ifk=1;

e gleje)=—-1for3<i<mifm—k=1;

e gleje)=—1for3<i<k+1,g(e;e;) =1fork+2<i<m,ifk>2andm—k > 2.

The matrix of G(x,u) with respect to the basis {eél,eg, S, eﬁwei’, es, - ,e5} of T(x,u)TOM is

given by

0 a+c 0 0 0 0 0
a+c d 0 0 b 0 0
0 0 —(a+0o) 0 0 —bl_4 0
G = | 0 0 0 (@a+c)ly_r_1 O 0 bl,_v_1 |,
0 b 0 0 0 0 0
0 0 —bl_4 0 0 —al_ 0
0 0 0 bIm,k,1 0 0 ﬂlm,k,1

whose determinant is 0. Therefore, the induced metric G on TyM is degenerate.
Since ToM is a degenerate hypersurface of TM, Rad(T|,,(ToM)) is one-dimensional,

and we can easily see that —bu" + (a + c)u® € Rad(Ty ) (ToM)). O
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4.3. A Screen Distribution on the Null Tangent Bundle

Let (x,u) € TyM. If we consider the basis {¢;}" ; of TxM constructed in the proof of
Proposition 6, it is easy to check that a complementary vector subspace of Rad(T|, ) ToM)
on T, ,)ToM is given by

S(T(xu)ToM) = Span{au" — bu?, o, eé‘, e ,eﬁyeg, ceeen (13)
and that
S(T(x,u)TOM)L = Span{—bu" + (a + c)u’,v°} and tr(T(x ) ToM) = Span{v”}.

Our aim is to construct a (local) screen distribution S(T(TyM)) so that its fiber at
(x,u) € ToM is expressed as S(T ) ToM) and, consequently, its corresponding lightlike
transversal vector bundle is vertical.

As mentioned in Proposition 6, ¢ is a non-zero section of Rad(T(TopM)). Then, there is
locally a unique section N of tr(T(TyM)) such that G(N,&) =1, G(N,N) = G(N,W) =0,
for any local section W of S(T(ToM)) (cf. [11]). Since tr(T|,,, ) ToM) is a vertical vector of
Ty M, then N is vertical at any point where it is defined.

To construct explicitly N, we consider the pull-back vector bundle pjTM induced by
the tangent bundle TM and the restriction pg : ToM — M to ToM of the natural projection
p: TM — M. The induced metric on pyTM by g is none other than the metric induced
from the bundle metric § on p*TM; hence, we shall denote it by the same symbol §. It is
then defined by

g(x,u) (X, Y) = 8x (X(x,u)/ Y(x,u) )/

forany X, Y € I'(pgTM) and (x,u) € ToM. Furthermore, g, ,,) has the same signature as gx.

The restriction to ToM of the identity section ¢ of p*TM can be considered as a section
of the vector bundle pjTM, which we also denote by ¢. Then, around any vector of ToM
there is an open neighborhood U in TyM and a local section V' of pjTM defined on U, such
that §(c|y, V) = 1 and ¢(V,V) = 0. From now on, we shall denote ¢|; by ¢. Taking a
smallest U if necessary, we can find m — 2 sections e;, i = 3,...,m, of T'((p; TM)|y) such that
g(o,e)) = g(V,ei) = g(ej,ej) =0,for3 <i# j<mand

e Gleje)=1for3<i<m,ifk=1;
o Gleje)=—-1for3<i<mifm—k=1;
o g(eje)=—1for3<i<k+1,8(e;e;) =1fork+2<i<m,ifk>2andm—k > 2.
It is easy to check that the transverse vector field N of the screen distribution S(T(TyM))
on U is given by
1

Niyu) = &(V(u))v, forall (x,u)e U,

where the vertical lift is taken at (x, u).
On the other hand, if we define on U the vector fields W, E;, E;;,4;, i = 3,...,m, by

Wiy = (V)" Ei(x,u):= (ei(x,u)" and  Epsi(x,u) := (ei(x,1))°,

where the lifts are taken at (x, u), then the screen distribution S(T(TyM)) is locally gen-
erated (on U) by al —bU,W,E;, E,1;, i = 3,...,m and the lightlike transversal vector
bundle tr(T(ToM)) with respect to S(T(TyM)) is locally generated (on U) by N.

Now, by virtue of Proposition 5, the restriction to TyM of any horizontal lift of a vector
field on M is a vector field on ToM, but this is not the case for vertical lifts. So to go further
in our study, we need to construct a new lift that gives rise to (local) vector fields on Ty M.
We define then the tangential lift X' of a vector field X on M, with respect to the screen
distribution S(T(TyM)), as the vector field defined by

X! )= X —¢(X,u)(V(u))?, forall (xu)el,

(xc,u
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where the lifts are taken at (x, u). By Proposition 5, Xfx ) € Ty ToM, s0 that X! € X(U).
Furthermore, we can check easily the following result.

Lemma 2. Forany (x,u) € U, we have

t t
Uipu) = uz()x’u) and (V(u))(x,u) =0.

As for the case of sections of p*TM, we can define horizontal and tangential lifts of
sections of pyTM, to obtain horizontal and tangential vector fields on ToM. For any section
s € T(p;TM), the horizontal (resp. tangential) lift of s is the horizontal vector field on Ty M
(resp. on U) defined by s"(u) = (s(u))" (resp. s*(u) = (s(u))?), for all u € ToyM (resp.
ue U).

For example, the vector fields ¢, N, W, E; and E;,y;, i = 3, ...,m on U can be expressed
by means of lifts of sections as follows:

&= —bo" + (a+4c)o®, N=V7, W=v" E; = e

i’

Enyi = e?' (14)

The tangential lift of a section s € I'(p;TM|y) can be seen as the vertical lift of an
auxiliary section § € I'(p;TM|;) defined, for all u € U, by

S(u) = s(u) — g(u,s(u)V(u),

ie.,

S=sojly—§(o,s)V.

It is easy to check that this operation satisfies the following properties:

Lemma 3. Foranys,s' € T(p;TM|y) and X € X(M), we have

1. o=o;

2. V=0

3. X::m:Xopo—g(X,(f)V,

4. $(5,0)=0;

5. 85 V) =8, V);

6. 8(55") =8(s,5) —&(s,0)8(s", V) = 8(s, V)3(s', 0);
7. & =5"—g(c,5)W;

8. § =5 =5\

9. X'=Xv=X'

Finally, we note that the tangent space at (x,u) € U of TyM is expressed in terms of
horizontal and tangential lifts as follows:

T ToM = {X" + Y, X,Y € T.M},
where the lifts are taken at (x, u). We deduce from (12) the following characterization.

Lemma 4. The induced metric G on TyM of a g-natural metric G on TM given by (12) is
completely determined on U by

Gy (X1 Y1) = (0 + ) (X, ¥) + dge (X, u)ge(Y, ),
Gy (X1, Y1) = bl (X, Y) — gx(Y, u)gs(X, V(u))),
Gl (X1, Y1) = alge(X,Y) — gx(X,0)ge (Y, V(1) — gu(Y, 10)gx(X, V()]

forall (x,u) € Uand X,Y € T:M
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4.4. The Induced Connection on the Null Tangent Bundle Associated to the Screen Distribution

As for the case of the tangent bundle, to make calculations on covariant derivatives
on the null tangent bundle, we need to introduce the induced connection on the vector
bundle pyTM induced by the tangent bundle TM and the projection py : ToM — M.
Remarking that the vector bundle pjTM is also the vector bundle induced from p*TM
and the inclusion map j : ToM — TM (since p o j = pp), we deduce that the covariant
derivative associated to induced connection on pyTM is the restriction of V and hence
we denote it in the same way. More precisely, let (eq,...,en,) be a moving frame on an
open set U of M. Then, (e; © py, ..., em © po) is a moving frame on (I'(pgTM))|,1(7) and,

m . . _
for every section s € I'(p{TM), we have s|p,1(a) = Y sle; 0 pp, where s’ € C=(p, (1)),
0 i=1

i=1,...,m.
For Z € X(TyM), Vzs is given on p; ! (U) by the expression

m . .
VZS|P61(U) = Z [Z(sz)ei opo+ SZ(V(I,O)*ZE,') o PO} .
i=1
In particular, for any Z € X(TpM) and Y € X(M), we have
Vz(Yop) = (V(p0).2Y) © po.

If Z is either a horizontal or a tangential lift of a vector field X € X(M), then we have

m . .
Vsl = L {Xh(sl)ei o po+s'(Vxei) o Po} , (15)
i=1
~ m . .
Vyt5|uﬂp61(U) = Z {Y”(sl) —8(Yo po,O’)VU(SZ)}ei o po. (16)
i=1

We can define in the same way Vzs pointwise, i.e., when Z € TTyM.
It is obvious that the connection V on pj;TM is compatible with the induced metric §.
Consequently, we have the following.

Lemma 5. Forany X,Y € X(M), we have
Vi (Y o po) = (VxY) o po;
Vxi(Yopg) =0;

thU =0

Vo = Xopy—¢(Xopy,o)V.
§(VyV,0) =0,

§(VxiV,0) = —§(Xopo, V),

where o denotes the identity section on pjTM.

S Ok b=

Proof. The four first identities are obvious consequences of (15) and (16). For the fifth
identity, using the fact that §(V, ) = 1, the compatibility of V with ¢ and the first identity,
we have

§(VxV,0) = X"(g(V,0)) = §(V a0, V) = 0.

The last identity can be proved in a similar way. [

Using Lemma 5 and the compatibility of V with ¢, we obtain the following.

Lemma 6. Foralls € T(p{TM), X,Y,Z € X(M), we have
Lo X'8(s,0)) = &(Vyas,0);
In particular, X" ($(Y o po, 7))

= 8((VxY)opo,0)
2. X"g(Yopo,Zopy))=X(g(Y,Z

) © po;
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3 XM(f(8(0,0))) = 27/ (§(0,0)3(X o po,0).
4 XM V)l = 8T8, V) + 465, V), A
In particular, X" ($(Y o po, V))|u = §((VxY) o po, V) + ¢(Y o po, VnV);
5. XY (Yopy,Zopy)) =0;
6. X'(8(s,V))=8(s,V:V);
In particular, X! (gN(Y opo,V)) = §(Yopo, VyiV);
7. X8(s,0)) = g(X,s) +¢(o,, Vxis);
In particular,

X'(§(Y o po,)) = (X, Y 0 po) = &(Y, X) © po = §(X 0 po,7)3(Y © po, V);
8. X'(f(g(e,0)) = 0.
Lemma 7. The Lie bracket on ToM satisfies the following identities on U:
1L XM YM =X, Y]" = [R(X o po,Yopy)olt,
2. (XM YY) = [VxY —§(Yopo,a)VuV],
3. [XLY! = [¢(Xo0po,a)VyV = §(Yopy,o)VxV]'
forall X,Y € X(M).

Proof. To prove the first identity, it suffices to use the first identity of Lemma 1 and the fact
that

[R(X 0 po, Y o po)o]" = [R(X o pg, Y opg)o]” —§(R(X o po,Y opy)o,o)VP = [R(X o py,Y o p)al®.

To prove the second identity, we use the second identity of Lemmas 1 and 6, to obtain

X", Y]

(X", Y7 = X"(8(Y 0 po, 7))V = §(Y o po, ) [X", V7]
(VxY)? = &((VxY) o po, o)V’ — &(Y o po, o) [X", V7]
(VxY)' = g(Yopo, o) X", V).

On the other hand, using the local expression of V and the definition of V, we can check
that ,
X", v = [VxiV] "= [V V],

since §(V 1V, o) = 0 by the fifth identity of Lemma 5. This completes the proof of the
second identity of the Lemma. The third identity of the Lemma is proved in a similar way
by using the third identity of Lemma 1, the last identity of Lemmas 5 and 6. O

The following result will be used in the calculations:

Lemma 8. Forall s € T(p*TM), we have
1. G(s",¢) =0and G(s°,&) = ag(s,0);
2. G("N)= gg(s, V) and G(s°,N) = 24(s, V) on U.

According to Remark 3, to study the geometry of TyM equipped with the induced
metric of a g-natural metric G on TM, we can assume that G is given by (12). In this case,
using Proposition 3, the Levi-Civita connection of (TM, G) reduces to the form given in
the following.
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Proposition 7. Let (M, g) be a pseudo-Riemannian manifold and G be a pseudo-Riemannian
g-natural metric given by (12) on its tangent bundle TM. The Levi-Civita connection V of
(TM, G) is characterized by the following identities:

(Vi Y") = [(VxY) + AX V)" + [BX, V)],
(Vi Y?) = [C(X )"+ [(VxY) + D(X, V)P,
(VoY) = [C(Y, X)]" + [D(Y, X)],
(VxeY?) = [E(X,V)]" + [F(X, Y)",

forall X,Y € X(M), where A(X,Y), B(X,Y),C(X,Y), D(X,Y), E(X,Y) and F(X,Y) are the
sections of p* T M defined by

AX,Y)(x, 1) = — ;Z[R(Xx, )Yx+R(yx,u)xx]+%"l[ag(R(xx,u)yx,u)

bd
—dg (X, u)g(Yy, u)]u + ﬂ[g(yx/ u) Xy + (X, u)Ys],

d(a+c) a(a+c)
20 20

B(X,Y)(x,u) =— (Yo, u) Xy + (X, u) Yy — R(Xy, Yy)u

b? b’d
+ ;R(Xx,u)Yx + ?[dg(Xx,u)g(Yx,u) —ag(R(Xy, u)Yx, u)lu,
ad a?
C(X,Y)(x,u)= P —[e(Xy, Yo )u + g( Xy, u)Yy] — ER(Yx,u)Xx

— 55 A8 (Xx, u)g (Yo, u) — ag(R(Yy, u) Xy, u)lu,

D(X,Y)(x,u) = — %[g(xx,yx)u + 2(Xe 1) Ya] + L R(Ye 1) X,

20
abd
+ 2 [dg (X, u)g (Y, u) — ag(R(Ya, u) Xy, u)]u,

E(X,Y)(x,u) =F(X,Y)(x,u) =0,
forall X,Y € X(M) and (x,u) € TM.

Before giving the induced connection on Ty M associated with the screen distribution
S, we shall give the local second fundamental form.

Proposition 8. Let (M, g) be a non-definite pseudo-Riemannian manifold and G a pseudo-
Riemannain g-natural metric on its tangent bundle. The local second fundamental form By of
ToM associated with the screen distribution S(T(TyM)), given by Equation (13), is characterized
on U by

Bo(X (x, u)/Y(h )) = —d(a+ C)g(Xx/”)g(Yxf”) + bzg(R(Xx/”)Yx/”)/

Bo (X Vo) =3 I8 (ROKe, )Y ) = (Y, ) ROV (), 1) X5, 0]
=2 S (R (X, )V ),
Bo(X{ 0 o) =5 8RO )Y ) = (X, g (R(V (), 0) Yo )]
= (R (K1) Ve, ),
Bo (X Vo) =018 (X0 Ya) 8K )8 (Y, Vi) + (Vo 1) (X, Vi)

= — ng(Xu, Yu)/
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forall (x,u) € Uand X,Y € TyM.
Proof. For (x,u) € U, we have by Proposition 7 and Lemma 8

Bo(X",Y") =G (Vi Y", &) = G([(VxY) + AX, V)" + [B(X, V)", &)

(17)
=ag(B(X,Y),0).

Using the expression of B(X,Y), a routine calculation yields the first identity of the
Proposition. A similar calculation gives

Bo(X!,Y") =G(VyuY", &) = G(Vg Y ¢,

~ ) 3 (18)
=G([C(Y, X)]" + [D(Y, X)]*, &) = ag(D(Y, X),0).

From the expression of D(X,Y), we obtain the third identity of the Proposition. The second
identity follows from the symmetry of By.

Now, let us establish the last identity of the Proposition. Using Lemmas Al and A2, it is
easy to check that

(VYD) =V Y? — XH(§(Y 0 po, @) V¥ — (Y 0 po, )V 5t V7
=V Y = 2(X,Y o po) V¥ = g(Y 0 po, ) Vy: V°
=—8(X,Yopg)V? = (Y o py, o)V V7,

since, from Proposition 7, we have V1 Y? = V,Y? = 0. On the other hand, by the fourth
identity of Lemma A3, we have

VV? = Ve VP = [V V7 = [V V]
X X X X

and hence, X
(VY = = [§(Y 0 po, ) ViV + §(X, Y o po) V]°. (19)

Using again Lemmas 5 and 8, we obtain
Bo(X",Y") = —ag(§(Y 0 po,0) ViV + §(X,Y 0 po)V,00)
== a{g(Y o po,0)(VxV,0) + §(X, Y 0 po)3(V,0)}
7)§(Xopo, V) +§(X, Y opo)}
o po, )X, V) +8(X, Y o po)}

O

Corollary 2. Let (M, g) be a non-definite pseudo-Riemannian manifold and G a pseudo-Riemannian
g-natural metric on TM. Then, (ToM, G, S(T(ToM))) is not umbilical at any point of U. Conse-
quently, it is never totally umbilical.

Proof. Suppose that (ToM, G, S(T(TyM))) is umbilical at (x,u) € U. Then there is u € R
such that By(Z, W) = uG(Z, W), forany Z, W € T(xu)(ToM). In particular, we have

BO(XEX,H)’ Yéx,u)) = Vé(x,u) (Xt, Yt),

for any X, Y € Ty M. Using the fourth identity of Proposition 8 and Lemma 4, we find that
a#0and u = —%. As a consequence, we obtain

8 ~
Bo(X! Y(hx,u)) — 7G(x,u)(xh, Y.

(xu)r
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In particular, if we take X = u and Y = V(u), we obtain, using the first identity of
Proposition 8 and Lemma 4, a + ¢ = 0. Then, b # 0 and

d
S(R(Xy, u)Yy,u) = _jﬁg(xm u)g(Yy, u).

Substituting from the last equation into the second identity of Proposition 8, we obtain
Bo(X{ iy Y{xu)) = 0- We deduce that —§ G, . (X", Y") = 0, for all X,Y € TxM, which
contradicts the fact thata # 0. O

As a corollary of Proposition 8, we obtain the following result.

Theorem 2. Let (M, g) be a non-definite pseudo-Riemannian manifold and G a pseudo-Riemannian
g-natural metric on its tangent bundle. The induced connection V on TyM corresponding to the
screen distribution S(T(ToM)) is determined on U by

VY =[V Y + AX,Y)]" + [B(X, V)]
VY =[C(X, V)] + [Vl + DX 7))
VY =[C(Y, X)])" + [D(Y, )]

=[

forall X,Y € X(ToM).
Proof. Using Proposition 7 and (17) and the fact that N = %VU, we have

VY =V Y — Bo(X", Y')N

[(VxY) +AX, V)"
[(VxY) + A(X,Y)
(VY + A Y] +]

+ [B(X,Y)]” = ¢(B(X,Y),0)V?
+[B ( Y) - §(B(X,Y),0)V]°
+[B(X, V).

In the same way, using Proposition 7 and (18) and the fact that N = 1V?, we have

]
&

VY =V Y" — Bo(X!, YN = V. Y" — Bo(X!, Y')N

—[c(v, %)]" + [D(Y, X)]° — ¢(D(X, YY, X),0) V*
=[c(v,%)]" + [D(Y,X) - ¢(D(Y, X),0)V]"
=[c(v,%)]" + [D(Y, %)]".

The second identity of the Theorem follows from the third one and from Lemma 7, using
the vanishing of the torsion of V. The last identity follows from (19) and the last identity of
Proposition 8. [

As a consequence of Theorem 2, we have the following result, which will play a
fundamental role in the calculation of the Riemannian curvature of (ToM, G). The proof
uses the same arguments as those in the proof of Lemma A3.
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Lemma9. Let V be induced connection on Ty M corresponding to the screen distribution S(T(TyM)).
Forall X € X(M) and s € T(p*(TM)), we have

If we denote by P the projection morphism of I'(T(TyM)) on I'(S(T(TyM))) with
respect to the decomposition

T(ToM) = RadT(ToM) S orn S(T(ToM)),

then, for any X € X(M), we have

px" = x" - gg(xo po, V)& and PX'=X'-— gg(xo po, V)E.

Proposition 9. The local screen second fundamental form C of the screen distribution S(T(TyM))
is characterized at any (x,u) € U by

a b ~
c(x", PYh)(x,u) = _ ﬂg(R(Xx, Yo )u, V(u)) — &g(Yx, vX?w) V)
d
~ 5 8V )8 (X, V(1)) + g (X, )8 (Y, V(1))
bZ
b g (X ) — ag (R(Xe, ), V(1)) ]g (e, VW),
C(X", PY") () = — gg(Yx, va’m) V)
_ab
202

b A
COX, PY") ) = = [8(Ye Vg V) +8(Y, V()3 (X, V()]

(a8 (R(Xy, u)u, V(u)) — dg(Xy, u)|g(Ya, V (1)),

a ~
COXK, PY ) == S 18(¥e Vi V) + (¥, V(1)g (X, V()]

Proof. Recall that the transverse vector field N of the screen distribution S(T(TyM)) is
1 -

given on U by N(, ) = E(V(u))”. From C(X", PY") = G(VPY", N), we deduce from

Lemma 6 that

COX", PY") =G(V 0", N) — L[3((VxY) o po, V)
) . b _
+8(Yopo, Vi V)] = —&(Y 0 po, V)G(V G, N).
Taking into account Theorem 2, calculations yield

G(Vy Y, N) :Z

&(VXY), V) = 2-&(R(X, Y)0, V)

d . A A 5
— 5, 8(Y 0 po,0)8(X 0 po, V) + §(X 0 po, 7)§(Y o po, V)],
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and
~ ab bd
G(Vxig, N) = ﬂg(R(X o po,0)o, V) — ﬂg(x ° po,0),

which gives the first identity of the Proposition. To prove the three other identities of
the Proposition, we use the same arguments as before and the following consequences of

Theorem 2 4
G(VxY',N) = —2((VxY) o po, V),
G(VxY",N) = G(VxY!,N) =0,
and )
G(Vxi¢, N) = g(Xopo, V).
O

Corollary 3. Let G be a Kaluza—Klein metric on TM. The screen distribution S(T(TyM)) has a
symmetric second fundamental form (and hence is integrable) if and only if

1. R(V,o)=0,

2. VaV =0forall X € X(M) and

3. ¢(VpxtV,Yopy) =¢(VpyV,Xopg) forall X,Y € X(M).

Proof. Since G is a Kaluza—Klein metric, we have b = d = 0. Using Proposition 9, it is then

easy to check that
c(px", py") = - —g( (X opo,Yopo)o,V),
c(px", pyt) = 25 8(Y e po, VV),
c(pxt, py") =0,
C(Px!,PY') = - fg(Y o po, VpxtV),

for all X,Y € X(M). The screen second fundamental form is symmetric if and only if C
restricted to T'(S(T(TyM))) x T(S(T(ToyM))) is symmetric, which completes the proof. [J

It is worthwhile to note that, while umbilical screen distributions on the null tangent
bundle do not exist, screen distributions can be integrable, as the example below shows.

Example 2. Let M = R? and g the metric given by ¢ = dx1 ® dxp + dxp @ dx;. Let TM ~ R*
be endowed with any pseudo-Riemannian Kaluza—Klein g-natural metric. We shall construct a
vector field V on ToR?, which satisfies the three conditions of Corollary 3, which shows that the
screen distribution S(T(TyM)) has a symmetric second fundamental form (and hence is integrable).
We denote by (e, e3) the canonical frame field on R? given by e1(x) = (1,0) € TyM =~ R2, where
x = (x1,x2) and ex(x) = (0,1). It is easy to see that g(e1,e1) = g(ez,e2) = 0and g(eq,e2) =1,
so that (x,eq1), (x,e3) € ToM. Furthermore, for any u € TyM such that (x,u) € ToM, there
are A,y € R, (A, u) # (0,0) such that u = Aey(x) + pep(x) and g(u,u) =0, i.e.,, 2Au = 0,
and hence either A = 0 or y = 0. Then, we deduce that

ToM = {(x, Aei(x)),A € R*,i = 1,2 and x € R?}.
Forany u = Aej(x) € TyM, we set V(u) = #ej(x) € ToM. Since we must have ¢(u, V(u)) =1,

2
Z (1 — 51])(3]

weobtaini # jand p = +. We deduce that V (Ae;(x)) = %e]-(x),j #iie,V(le) = %
j=1

For e =1 or 0, if we denote e, := eeq + (1 — €)ey, then

ToM = {(x, Aec(x)),A € R*,e =1 or 0 and x € R?},



Axioms 2023, 12,903

22 of 55

and V(Aeg) = Teq_e.

The manifold (R?,g) bezng flat, V satisfies automatically the first condition of Corollary 3. We
also have VX? vV = X( (Vi)e; for any X € X(R?). Let U} = R? x R* x {0} and
U, = R? x {0} x R*,sothat TOM Uy U Uy. Forany (x1,x2,u1,0) € Uy, (x1,x2,0,u2) € Uy,
we have

1 1
V(xl/x2/ulro) - (0/7)/ V(x1/x2/0/u2) = (710)
Uy uz

Thus,

WE?V = ef’(Vj)ej =0,
which gives the second condition of Corollary 3. In order to check whether the third condi-
tion is satisfied, we calculate §(Vp,V,ejopo) fori = 1,2 and j # i. On Uy, we have
V(x1,x2,0,up) = (uiz,O). Hence, g(X},el o po) = 0and

Vpegv = WetV = WeuV —g(@l o po,(f)vvvv

—upg(er,e2) VoV
- uzvVvV
(Vie; — uy ZV]e (Viei]

[ef (

VeV
GV
L
7

— u2V1 °(Vie]

I
o

On Uy, we have V (xq, x2,u1,0) = (0, ul—l) then §(e1 o po, V) = ul—lg(el,ez) = %and S0,
A A 1 A
Vpeiv = Veiv - alﬂveiv =0.

Using similar arguments, we show that V Pel V=0

Lemma 10. The one-form T corresponding by G to the null vector field ¢ is characterized by

T(X") (o) = = 25148 (X, 1) = ag(R(X, ) V() 1)), T(X) () = —8(X, V (1)),

for every X € T(TyM) and (x,u) € TyM.
Proof. Calculations, using Proposition 7 and Lemma 5, yield on U
T(X") =G(V,uN, §) = 1 G(V,uV",0)
=— -[dg(X o po, o) —ag(R(X o po,0)V,0)]
and
T(X) = G(VxiN, &) = 26V V) = (¥ eV, ) = —§(X o po, V).

O

The following two Lemmas are obtained by calculations and arguments similar to the
ones above.
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Lemma 11. The shape operator Ay of (ToM, G, S(T(TyM))) is characterized by

2

ad . a
AN(Xh) :{—M[g(Xo po, V)o+¢(Xopy,o)V]+ % 2R(V o)X o po

a’d . h
+ 58X po,0) ~ag(R(V, )X, 0l |

bd ab
{ ~VxaV 4 5 38(Xopo, V)e = —5R(V,0)X o po

a8 o po.0) ~ag(R(V, X, D)o |,

An(xh :—&{thv}t.

Lemma 12. The following formulas characterize the shape operator Ag of the screen distribution
S(T(ToM)) of (ToM, G):

h
b 5
As(XM) _{L;R(X o po,0)o+dg(Xopo, )0+ —g( (X o po, (T)V,O')U'}
— 2 t
+ {b(‘xz“b)R(X o po,0)0 — Mg(R(X o po,0)V, 0')0'} ,

Ag(Xt) =— b{X —8(Xopo,0)V+g¢(XopyV)o

112 h
52 [R(Xo po,0)o = §(X 0 o IR(V, 00|

+ {(a +0)[X+¢(Xopg, V)]
abz R !
o [R(C o, 0)o = g(X 0 po, IR(Y, 0}l |

Theorem 3. Let (M, g) be a non-definite pseudo-Riemannian manifold and G a g-natural metric on
TM. Then, (ToM, G, S(T(ToM))) is never a screen conformal lightlike submanifold of (TM, G).

Proof. Suppose that (ToM, G,S(T(TyM))) is screen conformal. Then, there is a non-
vanishing smooth function ¢ on ToM such that

AN(X") = @Az(X"), and An(X') = pAs(X").
Using Lemmas 11 and 12, the second equation becomes

0=—bp{X —g(Xopy,a)V+g(XopoV)o

a2 R (20)
=52 [R(X o 0,0 = §(X 0 po, OR(V, )]}
and
XV =p(a )X+ §(Xopo, V)o]
(21)

ab?

~ 2 [R(X 0 po,0)0 — §(Xo,0)R(V, 0)].
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We deduce from (20) that either b = 0 or

2
a R N N
ﬂ [R<X © POIU)‘T - g<X o pOIU)R(V/U)U] =X- g(X © po, U)V + g(X © po, V)U/
for any X € X(M).
If we assume that b = 0, Equation (21) becomes

1.
—&VXtV =¢(a+c)[X+8¢(Xopy,V)o]

hence,
0= g(@xtV, V)= —2a(a+ c)zq)(x,u)g(Xo po, V),

forany X € Ty M.
In particular, for X = u, we find ¢(x, u) = 0, which cannot occur. So b # 0 and
2

2 R(X 0 po, @)o = §(X 0 po,)R(V,0)c] = X = §(X 0 po,0)V +§(X 0 po, V)or

If a = 0, Equation (20) is equivalent to
—bp[X —§(Xopo,o)V+g(Xopy V)o] =0.

If we take X = u in the third equation, we obtain —2b¢(x, u)u = 0, which is a contradiction.
Hence, a # 0 and

1 X .
[X —8(Xopo,0)V+g(Xopy, V)l

5 [R(X 0 po,0)7 = §(X 0 po, O)R(V,0)e] =

20
Using Equation (21), we find that

2

b 1~
(X = §(Xo po,@)V + §(X o po, V)] = = ViV, (22

(a+c)g[X +§(Xopo, V)o] - —

that is,
1 2 A 2 A 1.
—{(@la+c)p—bA)[X+ (X0 po, V)o) + BP§(X 0 po,0)V | = =TV,
which yields

. 1,
(@ +c)p§(Xopo,c) = _§(Xopo V).
If we take X = V in the last equation, we find that a + ¢ = 0. Then, by (22),

207
—Tg(XO Po, V) =0,

for every X € X(M), yielding a contradiction. [

4.5. Some Geometric Properties of the Null Tangent Bundle Related to the Curvature
As a first consequence of Proposition A4, we have the following:

Theorem 4. (ToM, G, S(T(ToM))) is never flat.

Proof. Suppose that R(Xfxlu),Y(tx,u))ZEx,u) = 0, for any (x,u) € Uand X,Y,Z € T,M.

Then, from the corresponding identity in Proposition A4, we have

§(Y (), Z(w) ¥y, V —g(X(w), Zu) ¥y, V =0,
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N

whence it follows that g(Y (1), Z(u))g(V x

(x,u)

V,u) —g(X(u), Z(u))g(Vy:  V,u) =0, that

(xu)

§(Y(u), Z(u)g(X, V(u)) — g(X(u), Z(u))g(Y, V(1)) = 0.

In particular, if we take X = u and Y # 0 orthogonal to both u and V(u), we find that
g(Y,Z) =0, for every Z € TyM, which contradicts the fact that g is a non-degenerate
metricon M. O

is,

Concerning the symmetry of the Ricci type tensor, we have the following corollary of
Proposition A5, in the case of Kaluza—Klein type metrics on the null tangent bundle:

Proposition 10. Let G denote a pseudo-Riemannian metric on TM, either of Kaluza—Klein type
(b = 0) or such that a = 0. Then, the Ricci type tensor of (ToM, G, S(T(ToM))) is symmetric if
and only if

1. R(o,V)=0,and

2. VyuV =0, forall X € X(M).

Proof. From the first identity of Proposition A5, we have R\*? (X", Yh) = R(02) (Y", X" if
y P (x,u) (x,u)

and only if

0 =g(R(X,Y)u,V(u))+ %[g((vuR)(X,V(u))Y,u) — 2(VuR)(Y, V(u))X, u)]
+ %[g(R(Y,u)u,@X?xm) V) — g(R(X,u)ulﬁy(hx/u)V)]l

while, using the second and third identities of Proposition A5, we deduce that Rggi)) (Xh, Yt =
Rr(02)

(x,u) (Y!, X" is equivalent to

=2 LS (R(V (), X)u, V(u)) — (RO, ) (), V(u))

= 8, V)R (R(V(w), 0)X,0)] + 8(T V,Y).

0

Assume now that either b = 0 or a = 0. Then, the Ricci type tensor of (ToM, G, S(T(TyM)))
is symmetric if and only if g(R(X, Y)u, V(1)) = 0 and g(@x? >V, Y) =0, forany (x,u) €

Uand X,Y € TM. O

Remark 4. Example 2 gives a situation where the Ricci type tensor of (ToM, G, S(T(ToM))) is
symmetric.

Corollary 4. If M is a non-definite pseudo-Riemannian metric of constant curvature k and G is a
g-natural metric on TM, then the Ricci type tensor of (ToM, G, S(T(ToM))) is symmetric if and
only if

1. k=0,and

A

2. VX? )V =0, forany (x,u) € Uand X € TyM.

Proof. From the first identity of Proposition A5, we have REO’Z) (X", Yh) = R(%2) (Y, XM if
x,u) (x,u)
and only if ¢(R(X,Y)u,V(u)) = 0, that is

Klg(X, V/(1)g(Y, 1) — g(X,)g(Y, V (u))] = 0.
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If we take X = V(u) and Y = u, we find that k = 0.

The second condition follows directly from REO’2) (X", Yt = R%? (Y, X") in
x,u) (x,u)

Proposition A5. [J

Now, as a consequence of Proposition A6, we have a simpler expression of the extrinsic
scalar curvature in the case when the base manifold is of constant sectional curvature, as the
following result shows:

Proposition 11. If M is a non-definite pseudo-Riemannian metric of constant sectional curvature
k and G is a g-natural metric on TM, then the extrinsic scalar curvature of (ToM, G, S(T(ToM)))
is given by

R __ mak n (3m — 52)ab2k n (m —21)d
« 20 o

b & -
[+ (m —1)b%] — " Zsig(VE?V,ei)
i=3

forall (x,u) € U.
The following corollary deals with a special case when the Ricci type tensor is symmetric.

Corollary 5. Let (M, g) be a non-definite semi-Riemannian manifold such that R(o, V) = 0. Sup-
pose that NV yxV = 0 for all X € X(M) and let G be a Kaluza—Klein pseudo-Riemannian g-natural
metric on TM (b = d = 0). Then, the extrinsic scalar curvature of (ToM, G, S(T(ToM))) is
given by

a UL a3
Rixu) =2 Rx+ ;Si{ﬁ [Bg(R(u, e;)u, R(V (u), e;)u) — g(R(u,e;)V (u), R(u, e;)u)]

a3
t Xégj[3g(R(ejrei)“/R(ej/ ei)u) —28(R(e;, u)ej, R(ej, u)ej)]},
]:
forall (x,u) € U. Moreover, if (M, g) has a constant sectional curvature, then the extrinsic scalar
curvature of (ToM, G, S(T(ToM))) is a constant, given by

mk
a+c

R——
For the sign of the extrinsic scalar curvature, we have
Corollary 6. Let (M, g) be a non-definite semi-Riemannian manifold such that R(o, V) = 0.

Suppose that V iV = 0 for all X € X(M). Assume that G is a pseudo-Riemannian g-natural
metric on TM such that a = 0. Then, (ToM, G, S(T(ToM))) has

(7) A positive extrinsic scalar curvature if and only if Ric(u,u) > (m —1)(m — 2) %,for
all (x,u) € TyM.

(if) A vanishing extrinsic scalar curvature if and only if Ric(u,u) = (m —1)(m — 2) %,for
all (x,u) € ToM.

(iii) A negative extrinsic scalar curvature if and only if Ric(u,u) < (m —1)(m —2) %,for

all (x,u) € ToM.

Proof. Suppose that 2 = 0. We deduce from the Proposition A6 that the extrinsic scalar
curvature of (TyM, G, S(T(TyM))) is equal to

R () = 2b°Ric(u,u) — (m —1)(m — 2)d. (23)
The result is then a direct consequence of Equation (23). O
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Appendix A. The Signature of Non-Degenerate g-Natural Metrics on the Tangent
Bundle of a Pseudo-Riemannian Manifold

Appendix A.1. On the Timelike Cone

In this case, we have k < 1. Let x € M and u € T,M such that g,(u,u) < 0. Put
61 := ————uandlete; € TyM, i = 2,...,m such that g(ej,e) = —1for1 <i<kand

T st
g(ej,e) =1fork+1<i<m.

1. If (¢ + ¢3)(g(w,u)) # 0and (g + a3)(g(u,u)) # 0, we set

Ev =~ ¢2(g(u,u))ef + (¢1 + ¢3)(g(w,1))ef,  Ensr =ef,
Ei =~ aa(g(u,u))ef + (a1 +a3)(g(u,u))ef, Ensi=e],

i=2,...,m. The matrix of G(, ) in the basis {E;}?™ is given by

—¢(¢1 +¢3) 0 0 0 0 0
0 —alay +a3) 0 0 0 0
0 0 w1+ a3) s 0 0 0
0 0 0 —(¢1 + ¢3) 0 0
0 0 0 0 — (o1 4+ a3) Ty 0
0 0 0 0 0 (01 + a3) Lo_x

where the functions in the matrix are evaluated at g(u, u). We deduce that the signa-
ture G, ;) is determined by the following Table A1.

Table Al. (p1 + ¢3)(g(u,u)) # 0and (aq + a3)(g(u, u)) # 0 (timelike case)

The signature of G(y,.) (¢1+ ¢3)(g(u,u)) (a1 +a3)(g(wu))  P(gu,w)  a(g(uu))

(m—1,m+1) >0 #0 >0 <0
(m+1,m—1) <0 #0 >0 <0
(m, m) #£0 #0 <0 <0

(2m — 2k, 2k) >0 >0 >0 >0
(2m—2k+1,2k—1) #0 >0 <0 >0
(2m — 2k +2,2k —2) <0 >0 >0 >0
(2k —2,2m — 2k + 2) >0 <0 >0 >0
(2k —1,2m — 2k + 1) #0 <0 <0 >0
(2k,2m — 2k) <0 <0 >0 >0

2. I (¢ +¢3)(g(u,u)) = 0and (a1 + a3)(g(u,u)) # 0, then Pp(g(u, u)) = —¢3(g(u,u)).
Being G non-degenerate, we deduce that ¢ (g(u,u)) # 0. We have two situations:

(i) ¢1(g(u, u)) = 0: in this case, we set

1 1
Eq :\ﬁ(ei‘ +e1), Emq1= \ﬁ(e? —e1),

E,=— chz(g(u,u))efo1 + (g +az)(g(u,u))e), Epyi= ef’, i=2,...,m.
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The matrix of G, ,,) in the basis { E;}2" is given by

—¢n 0 0 0 0 0
0 —a(oq +az) 1 0 0 0 0
0 0 a(ey +a3)ly, O 0 0
0 0 0 o5 0 0
0 0 0 0 —(wv+a3)lq 0
0 0 0 0 0 (1 +a3) Ly

where the functions in the matrix are evaluated at g(u, 1). Then, the signature
of G(y,) is given by the following Table A2.

Table A2. (¢ + ¢3)(g(u, u)) = ¢1(8(u,u)) = 0and (a1 + a3)(g(u, u)) # O (timelike case).

The signature of Gy, a(g(u,u)) (21 + «3)(g(u,u))
(m, m) <0 #0
(2m — 2k +1,2k — 1) >0 >0
(2k —1,2m — 2k +1) >0 <0

(i) ¢i(g(u,u)) # 0: we put

Ev =¢1(g(u,u)ef — (g (u,u))ef,  Ensr = ¢,
Ei = —aa(g(u,u))e} + (a1 +a3)(g(u,u))ef,  Enii= ¢,

i=2,...,m. The matrix of G(, ,,) in the basis {Ei}%fl is

193 0 0 0 0 0
0 —a(oq +az)I_q 0 0 0 0
0 0 a(uq + 0(3)1,,1,]( 0 0 0
0 0 0 —¢1 0 0 ’
0 0 0 0 —(a+as)l 0
0 0 0 0 0 (a7 +a3) Ly

where the functions in the matrix are evaluated at g(u, u). Hence, the signa-
ture of G(, ;) is the same as in Table A2.

3. If (pr +¢3)(g(u,u)) = 0and (a7 + a3)(g(u,u)) = 0, then ¢o(g(u,u)) # 0 and
ap(g(u,u)) # 0. One of the following cases occurs:
(1) $1(g(u,u)) = 0and a1(g(u, u)) = 0. In this case, we set

1
El — E(E? +e§;), Eerl — ﬁ

The matrix of G with respect to the basis {E; }2" is

(ef?—ef), i=1,...,m.

—¢ 0 0 0 0 0
0 —al 0 0 0 0
0 0 wl, x 0 0 0
0 0 0 ¢ 0 0 ’
0 0 0 0 axli g 0
0 0 0 0 0 —DézIm_k

where the functions in the matrix are evaluated at g(u, ). We deduce that
Gix,u) is of signature (m,m).

(if) $1(g(u,u)) #0and ag(g(u,u)) # 0. We set

Ey =¢1(g(u,u))e} — ¢a(g(w,u))el,  Epy1 =ef,
Ei =a1(g(u,u))ef —ao(g(u,u))ef, Enii=e
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Then, the matrix of G(, ) in the basis {E;}2m is

—p1¢ 0 0 0 0 0
0 —aqaly 4 0 0 0 0

c_| o 0 wal, 0 0 0
0 0 0 —¢ 0 0o |
0 0 0 0 _allk—l 0
0 0 0 0 0 oqlm,k

where the functions in the matrix are evaluated at g(u, u). The signature of
Gix,u) is then (m,m).

(iii) If ¢1(g(u,u)) = 0and aq(g(u,u)) # 0, then ¢p(g(u, u)) # 0. We put

1 1
Eq I\ﬁ(elf +e7), Emi1= \E(e’f —e1),

Ei =a1(g(u,u))ef —az(g(uu))ef, Epii=ef, 2<i<m.

The matrix of Gy, in the basis {E;}#™ is
¢y 0 0 0 0 0
0 —0610&1](_1 0 0 0 0
0 0 wal, ; 0 0 0
0 0 0 ¢ 0 0o |
0 0 0 0 —wml,; O
0 0 0 0 0 D‘llmfk

where the functions in the matrix are evaluated at ¢(u, u). Since a(g(u, u)) =

—aZ(g(u,u)) < 0, the signature of Gxu) 18 (m,m).

(iv) If ¢1(g(u,u)) # 0and a1 (g(u, u)) =0, we put
Ex =¢1(g(u,u))ef — ga(g(u,u))el,  Epyr =ef,

1 1 )
Ei=——=(el +¢?), Enpi= (eh —e¥), 2<i<n.

\ﬁ ﬁ i i

Then, the matrix of G, ) in the basis {E; 2m is

— 1o 0 0 0 0 0
0 -—mly O 0 0 0
0 0 wl, O 0 0
0 0 0 —¢ 0 0 ’
0 0 0 0 ol q 0
0 0 0 0 0 —aly g

where the functions in the matrix are evaluated at g(u, ). We deduce that
the signature of Gy ,,) is (m,m).

4. If(ap+a3)(g(u,u)) =0and (¢ + ¢3)(g(u, u)) # 0, then in particular ap (g(u, u)) # 0.
We have one of the following cases:

(i) a1(g(u,u)) = 0. In this case, we put
Ey = —¢a(g(u,u))el + (g1 + ¢3) (g(u,u))el, Eny1 = e,

1
Ei=—=(e +¢¥), Epyi=

V2
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So, the matrix of G, ,,y with respect to the basis {E; 2m is given by

—p(pr+¢3) O 0 0 0 0
0 —al, ;0 0 0 0
0 0 % 0 0 0
0 0 0 —(f1+¢s) O 0
0 0 0 0 ol q 0
0 0 0 0 0 *{lem,k

where the functions in the matrix are evaluated at g(u,u). Therefore the
signature of G, ;) is determined as in Table A3.

Table A3. (a1 + a3)(g(u,u)) = a1(g(u,u)) =0, (1 + ¢3)(g(u, u)) # 0 (timelike case).

The signature of G(xu) (¢p1+ ¢3)(g(u,u)) ¢(g(u,u))
(m+1,m—1) <0 >0
(m—1,m+1) >0 >0

(m,m) #0 <0

() ai(g(u,u)) #0, we put

Ev = — ¢a(g(w,1))e} + (¢1 + ¢3)(g(u,u))el,  Emir =ef,
Ei =ay(g(u,u))el —ar(g(u,u))ed, Epyi=e?, 2<i<m.

On this basis, the matrix of G(x,u) takes the form

~p(p1+¢3) 0 0 0 0 0
0 —aqaly 4 0 0 0 0
0 0 ocloclm,k 0 0 0
0 0 0 —(¢1+ ¢3) 0 U
0 0 0 0 —aq g 0
0 0 0 0 0 ‘Xllmfk

where the functions in the matrix are evaluated at g(u, u). Then, the signature
is determined by Table A4.

Table A4. (a1 + a3)(g(u,u)) =0, a1 (g(u,u)) #0, (p1+ ¢3)(g(u,u)) # 0 (timelike case).

The Signature of G, ) (¢p1+ ¢3)(g(u,u)) ¢(g(u,u))
(m—1,m+1) >0 >0
(m+1,m—1) <0 >0

(m,m) #0 <0

Summarizing the above discussion, we proved the following result.

Proposition Al. Let (M, g) be a pseudo-Riemannian manifold and G be a non-degenerate g-natural
metric on its tangent bundle. Then, for any timelike vector (x,u) € TM, the signature of Gy, is
given in Table A5.



Axioms 2023, 12,903 31 of 55

Table A5. Signature at timelike vectors.

The Signature of Gy ,) (¢1+ ¢3)(g(u,u)) (x4 a3)(g(wu))  ¢(g(wu))  a(g(u,u))

(m—1,m+1) >0 any >0 <0
(m+1,m—1) <0 any >0 <0
(m, m) any any <0 <0

(2m — 2k, 2k) >0 >0 >0 >0
(2m—2k+1,2k—1) any >0 <0 >0
(2m — 2k + 2,2k — 2) <0 >0 >0 >0
(2k —2,2m — 2k +2) >0 <0 >0 >0
(2k —1,2m — 2k +1) any <0 <0 >0
(2k,2m — 2k) <0 <0 >0 >0

Appendix A.2. On the Spacelike Cone

In this case, we have m —k < 1. Let x € M and u € TxM such that g(u, u) > 0. Put

el := gg )u and lete; € TyM, i =2,...,msuch that g(e;,e;) = 1for1 <i<m—kand
u,u
gleie) = —lform—k+1<i<m.

1. If(¢1 +¢3)(g(w,u)) # 0and (a1 + a3)(g(u,u)) # 0, we set

Er=—¢a(g(ww)ef + (91 +¢3)(g(w w))el,  Emsr =],
Ei = —aa(g(u,u))el + (ar +a3)(g(w,u))ef, Epyi=cel, i=2,...,m.

The matrix of Gy ) in the basis {E;}?™ is given by

(o1 +¢3) 0 0 0 0 0
0 a(oq +az)ly g1 0 0 0 0
0 0 —a(ay + a3) I 0 0 0
0 0 0 (91 + ¢3) 0 0
0 0 0 0 (061 +0(3)Im,k,1 0
0 0 0 0 0 — (a1 + a3) Iy

where the functions in the matrix are evaluated at g(u, u). So, the signature of Gy )
is determined by Table A6.

Table A6. (p1 + ¢3)(g(u,u)) # 0and (a1 + a3)(g(u, u)) # 0 (spacelike case).

The Signature of G,y (911 93)(8(w ) (a1 +a3)(3(wu))  p(s(uw)  a(guu))

(m—1,m+1) <0 #0 >0 <0
(m+1,m—1) >0 #0 >0 <0
(m, m) #0 £0 <0 <0

(2m — 2k, 2k) >0 >0 >0 >0
(2m —2k — 1,2k + 1) #0 >0 <0 >0
(2m — 2k — 2,2k + 2) <0 >0 >0 >0
(2k+1,2m —2k —1) #0 <0 <0 >0
(2k 4 2,2m — 2k — 2) >0 <0 >0 >0
(2k,2m — 2k) <0 <0 >0 >0

2. If(¢1 +¢3)(g(u,u)) =0and (a1 +a3)(g(u,u)) # 0, we consider separately two cases:
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(i) $1(g(u,u)) = 0: we put

1 h 1 h
Ei=——=(ef +¢€Y), E = —(ef —¢€Y),
1 \/i(l 1) m+1 \/E(l 1)

Ei =~ m(g(u,u))ef + (a1 +a3)(g(u,u))ef,  Enii=ef,

i=2,...,m. The matrix of G(y ,,) in the basis {E,}%fl is

XU
™ 0 0 0 0 0

0 (X(D{l + “3)1m7k71 0 0 0 0

0 0 —alar +az)l 0 0 0

0 0 0 —¢ 0 0 !
0 0 0 0 (a1 +a3)lyt_1 0

0 0 0 0 0 — (o1 + a3) I

where the functions in the matrix are evaluated at g(u, ). We deduce that
the signature of G(, ,) is given by Table A7.

Table A7. (p1 + ¢3)(g(u,u)) = ¢1(g(u,u)) = 0and (a1 + a3)(g(n, u)) # 0 (spacelike case).

The signature of Gy, (01 4+ a3)(g(u,u)) a(g(u,u))
(2m —2k —1,2k+1) >0 >0
(2k+1,2m — 2k — 1) <0 >0

(m, m) #0 <0

(ii) $1(g(u,u)) # 0: let

Ey =¢1(g(u,u))el — pa(g(u,u))el, Epiq =,
Ei=—ao(g(u,u))el + (a1 +a3)(g(u,u))e?, Enyyi=el,

i=2,...,m. The matrix of G(, ,,) in the basis {E;}?™ is given by

— 13 0 0 0 0 0
0 lX(le + 063)17,,,;(,1 0 0 0 0
0 0 —a(eg +az)ly 0 0 0
0 0 0 P 0 0 !
0 0 0 0 (ay+az)ly_r1 0
0 0 0 0 0 — (a1 + a3) Iy

where the functions in the matrix are evaluated at g(u, u). As a consequence,
the signature of G(, ;) is described in Table A8.

Table A8. (p1 + ¢3)(g(u,u)) =0, p1(g(u,u)) # 0and (a1 + a3)(g(u,u)) # 0 (spacelike case).

The signature of G, (01 4+ a3)(g(u,u)) a(g(u,u))
(2m —2k —1,2k+1) >0 >0
(2 +1,2m — 2k — 1) <0 >0

(m,m) #0 <0

3. If (¢1+ ¢3)(g(w,u)) = 0 and (a1 + a3)(g(u,u)) = 0, then we have in particular
a(g(u,u)) # 0and ¢p(g(u,u)) # 0. We have one of the four following cases:

(i) $1(g(u,u)) = 0and a1 (g(u, u)) = 0. We put

1, 1 ., .
El - 72(61 +€§]), Em+z - ﬁ(@l _3?), 1= l,...,m.
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(ii)

(iii)

(iv)

The matrix of Gy ,,) in the basis {E;}2" is

¢ 0 0 0 0 0
0 aly, rq O 0 0 0

0 0 wl, 0 0 0

0 0 0 —¢ 0 0 |
0 0 0 0 —aply rq1 O

0 0 0 0 0 Dézlk

where the functions in the matrix are evaluated at g(u, u). So, the signature
of Gy ) is (m,m).
1 (301, 1)) = 0 and a (g(1,4)) 0, we put
By = (et el), Eyyr = —=(eh —eb)
\[ 1T€) m+ NG 1—€1)s
a1(g

(u,0))el —aa(g(u,u))el, Eyii=cf, 2<i<m.

The matrix of G, ,,) with respect to the basis {E; }2m is given by

¢ 0 0 0 0 0
0 ‘Xlalm—k—l 0 0 0 0

0 0 —aqaly 0 0 0

0 0 0 —¢ 0 0o |
0 0 0 0 wmly, 1 O

0 0 0 0 0 —Oéllk

where the functions in the matrix are evaluated at g(u, u). Thus the signature
of G(x,u) is (m, m)
$1(g(u,u)) # 0and aq(g(u, u)) =0, we put

E1 =¢1(8(u,u))e} — da(g(,u))e},  Emy1 =},
Lo 1, ,
E; :ﬁ(ei +e), Emyi= \ﬁ(ei —e)), 2<i<m.

The matrix of Gy , in the basis {E; }2m s

o1 0 0 0 0 0
0 I,xq1 O 0 0 0
0 0 wl 0 0 0
0 0 0 ¢ 0 0|
0 0 0 0 —ayl, ,q1 O
0 0 0 0 0 Dézlk

where the functions in the matrix are evaluated at g(u, u), and the signature
of Gy ) is (m,m).
$1(g(u,u)) #0and a1(g(u,u)) # 0, we put

Ey =¢1(g(u,u))el — o
E; =a1(g(u, u))el — ap(g(u, u))e

oQ
—
RS
=
SN—
S~—
m
—a
™
]
+
—_
Il
o
—Q

|
3
I
|
o
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The matrix of G(, ) is then

o1 0 0 0 0 0
0 wal, ;4 0 0 0 0
0 0 —aaly 0 0 0
0 0 0 ¢ 0 0o |
0 0 0 0 allm,k,l 0
0 0 0 0 0 *Dcllk

where the functions in the matrix are evaluated at g(u, 1), so the signature of
Gy is (m,m).

4. If (aq +a3)(g(u,u)) = 0 and (¢1 + ¢3)(g(u,u)) # 0, we have one of the follow-
ing cases

(i) a1(g(u,u)) = 0. In this case, we consider the basis {E;}?",, where
8 i=1

E1 = — a(g(u,u))ef + (g1 +¢3)(g(u,u))el,  Enir=eél,

1
E; :\ﬁ(ef‘ +e), Epti= NG

and we find that the matrix of G(, ,,) with respect to this basis is

(e —e¥), 2<i<m,

pin+s) O 0 0 0 0
0 Oézlm_k_l 0 0 0 0
0 0 —a Iy 0 0 0
0 0 0 (¢1+¢3) 0 U
0 0 0 0 —aply 1 O
0 0 0 0 0 ap Iy

where the functions in the matrix are evaluated at g(u, ). Thus, the signature
of G(y ) is determined by Table A9.

Table A9. (a1 + a3)(g(u,u)) = a1(g(u, u)) = 0and (¢1 + ¢3)(g(u, u)) # 0 (spacelike case).

The Signature of G, ) (¢p1+ ¢3)(g(u,u)) ¢(g(u,u))
(m+1,m-1) >0 >0
(m—1,m+1) <0 >0

(m,m) #0 <0

(ii) a1(g(u,u)) # 0, we put

Er = — ¢a(g(u,u))e} + (@1 + ¢3)(g(u,u))e}, Epi1 =ef,
Ei =aq(g(u,u))el —an(g(u,u))ed, Eppi=e?, 2<i<m.

The matrix of Gy, ,,) with respect to the basis {E;}7", is

P(¢1+ ¢3) 0 0 0 0 0
0 Oélﬂélm,k,1 0 0 0 0
0 0 —leﬂdk 0 0 0
0 0 0 (¢1+ ¢3) 0 U
0 0 0 0 Ly g 0
0 0 0 0 0 —aq 1,

where the functions in the matrix are evaluated at g(u, u), and the signature
is determined by Table A10.
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Table A10. (a1 + a3)(g(1,u)) =0, a1(g(u,u)) # 0and (P71 + ¢3)(g(u, u)) # 0 (spacelike case).

The Signature of G, ) (p1+ ¢3)(g(u,u)) ¢(g(u,u))
(m+1,m-—1) >0 >0
(m—1,m+1) <0 >0

(m,m) #0 <0

In summary, in the previous discussion we proved the following.
Proposition A2. Let (M, g) be a pseudo-Riemannian manifold and G be a non-degenerate g-natural
metric on its tangent bundle. Then, for any spacelike vector (x,u) € TM, the signature of Gy ,,) is

given as in Table A11.

Table All. Signature at spacelike vectors.

The Signature of G(y,) (¢1+ ¢3)(g(u, 1)) (v +a3)(g(w,u))  ¢(g(wu))  a(g(u,u))

(m—1,m+1) <0 any >0 <0
(m+1,m-—1) >0 any >0 <0
(m,m) any any <0 <0

(2m — 2k, 2k) >0 >0 >0 >0
(2m —2k — 1,2k +1) any >0 <0 >0
(2m — 2k — 2,2k + 2) <0 >0 >0 >0
(2k+1,2m —2k —1) any <0 <0 >0
(2k 4 2,2m — 2k — 2) >0 <0 >0 >0
(2k,2m — 2k) <0 <0 >0 >0

Appendix A.3. On the Lightlike Cone
In this case, we have k < 1and m — k > 1. Let (x,u) € TM such that g(u, u) = 0 and
v € TyM such that g(v,v) = g(u,u) = 0 and g(u,v) = 1. Consider a basis {¢;}" ; of TxM
such thate; = u, ep = v, g(u,¢;) = g(v,e;) = g(ei,e]-) =0,for3<i#j<mand
e gleje)=1for3<i<m,ifk=1;
e gleje)=—-1for3<i<mifm—k=1;
e gleje)=—1for3<i<k+1,g(eje;) =1fork+2<i<m,ifk>2andm—k > 2.
Wesetq=k—landp=m—k—1.

1. If (aqg +a3)(0) #0, (B1 + B3)(0) # 0, we treat separately two cases.

@) v = (20282 (a1 + a3) — B1 (1 + a3)* — a3(B1 + B3)) (0) # 0: we take

X1+ a3 h h
E:uh—iov,E:v,
1 131+,33(> 2
ax(B1+Bs) — Pr(ar +a3) g k%) T
E = 0 ——(0 ,
m+2 (a1 T 1a)2 (0)u vc1+oc3( Jo' +o
® oo+«
Em+l:uv_0(1+2063(0 uh+(1,)/3)(0)Em+2/

E; = —a(0)el + (a1 + a3)(0)e?, Enyi=cel, 3<i<m.
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The matrix of Gy, ) with respect to the basis {E;}7", is

_ (yq+ag)?
ot 0 0 0 0 0 0 0
0 B1+ B3 0 0 0 0 0 0
0 0 —a(a +a3)l; 0 0 0 0 0
0 0 0 a(my +a3)l, 0 0 0 0
0 0 0 0 o 0 0 0
-
0 0 0 0 0 e 0 0
0 0 0 0 0 0 —(ay +a3)1 0
0 0 0 0 0 0 0 (a1 + a3)1,

where the functions in the matrix are evaluated at 0. We deduce that the
signature of G, ;) is determined by Table A12.

x,u)

Table A12. (11 +a3)(0) # 0, (B1 + B3)(0) # 0 and 7 # 0 (lightlike case)

The Signature of G, ) (w1 + a3)(0) «(0)
(2m — 2k, 2K) >0 >0
(m, m) #0 <0
(2k,2m — 2k) <0 >0
(ii) v = 0: we set
1 +DC3 n h
E; =u" - v, Ey,=7v",
1 ,Bl 4 ‘83( ) 2
1 ) n 02(B1+B3) — Palar +a3) h:|
E = —|u’4+ov" — ——(0)0" + 0)u"|,
"2 [ ay + a3 (w1 +az)? ©)
1 L) n %2(B1+B3) — Bl +a3) h}
E = —|u’—-0v'+ ———(0)0" — 0)u"|,
m—+2 \ﬁ[ 061+IX3< ) (061+0£3)2 ( )

Ei = —az(0)el + (a1 + a3)(0)e?, Enqi=cel, i=3,...,m
The matrix of Gy ;) in the basis {E;}?™ is given by

2
— tey) 0 0 0 0 0 0 0
0 B1+Bs 0 0 0 0 0 0
0 0 —aln +as)l 0 0 0 0 0
0 0 0 a(ar +a3)lp 0 0 0 0
0 0 0 0 e 0 0 0 '
0 0 0 0 0 0 0
0 0 0 0 0 0 —(m+am) 0
0 0 0 0 0 0 0 (a1 +a3)I,

where the functions in the matrix are evaluated at 0. This yields that the
signature of G, ;) is determined by Table A13.

Table A13. (a; +a3)(0) # 0, (B1 + B3)(0) # 0 and v = 0 (lightlike case).

The Signature of G, (a1 + a3)(0) «(0)
(m,m) #0 <0

(2m — 2k, 2k) >0 >0

(2k, 2m — 2K) >0 <0

2. If (a1 +a3)(0) = 0, (hence, (B1 + B3)(0) = ) and (B1 + B3)(0) # 0, then we have
one of the following cases:

@) x1(0) =0,
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e if B1(0) # 0, we put

El = Llh — &(O)UU + ﬁZ (O)MU, E2 = 'Uh,

1 B1

X2 h v .BZ v
E =u’— 00", E =0’ —=(0)u’,
m+1 = U B ,83( )v m+2 =0 “2( Ju

1
Ei=—=(cf' +¢f), Emgi=

V2

The matrix of G ,,) with respect to the basis {I:"i}iz’:"l1 is

8 0 0 0o 0 0 0
0 Bi+Bs 0 0 O 0 0 0
0 0 —ml, O o 0 0 0
0 0 0 al, 0 0 0 0
0 0 0 0 5% 0 0 o [
0 0 0 0 0 B 0 0
0 0 0 0 0 0 wml 0
0 0 0 0 0 0 0 -l

where the functions in the matrix are evaluated at 0. So, the signature of
Gy is (m,m).
e if 51(0) =0, we set

Ei = \1@ uh—v”—ki;(O)u”], E, =",
&2 h 1 |: h v B2 v
E =u’ — 0)v", E = — |u"4+9"—=(0)u’|,
m+1 ,31 +‘B3( ) m+2 \@ IXZ( )
1 1 ,
Ei:\ﬁ(ef’—i—e;’), Em+i:\ﬁ(z}'l_ef)/ 3<i<m.
The matrix of G, ,,) with respect to the basis {Ei}?fl is
—ap 0 0 0 0 0 0 0
0 Bi1+83 0 0 0 0 0 0
0 0  —al 0 0 0 0 0
0 0 0  awl,;q 0 0 0 0
3 ,
0 0 0 0 BiiFs 0 0 0
0 0 0 0 0 Xy 0 0
0 0 0 0 0 0 aplp 4 0
0 0 0 0 0 0 0 —aply j1

where the functions in the matrix are evaluated at 0. Then the signature
of G(x,u) is (m, m)

(ii) a1(0) #0,
o if A= By(0) + DL (0) — 2b2 0) £ 0, we put

L)

ﬁ(o)vh + X1 (ﬁl + ﬁ;) - 1320(2 (0) v

h
Ey; =7", Epp=0"— u®,
1% IXZ

X
B1+ B3

v

14
Ey=u"— f(o)z—:mﬂ, Epi1=u’ — (0)o",
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Ei = a1(0)e! — ap(0)e?, Enpi=¢?, 3<i<m.

The matrix of G, , in the basis {E;}?" is

& 0 0 0 0 0 0 0

0 Pr+ps O 0 0 0 0 0

0 0 —aal, 0 0 0 0 0

0 0 0 aal, 0 0 0 0

0 0 0 0 %5 0 0 0 |
0 0 0 0 0 A 0 0

0 0 0 0 0 0 —al O

0 0 0 0 0 0 0 wl

where the functions in the matrix are evaluated at 0. We deduce that the
signature of G is (m, m).
e if A=0,weput

- %(O)Uh L albt 'B;) ~ a2 (O)u”] ,
2 az

1%} h

Er =v", Epi1=u’——2—(0)7",

Eniz = J5 luh —o 4 Moot — BBl = ot (ow},
2

Ei = a1(0)e! — ap(0)eY, Epoi=¢?, 3<i<m.

The matrix of G(, ,,) with respect to the basis {Ei}izfl is

ap 0 0 0 0 0 0 0

0 B1+PB3 0 0 0 0 0 0

0 0 —aaly 0 0 0 0 0

0 0 0 ayaly 0 0 0 0

0 0 0 0 ﬁliﬁ3 0 0 0 |
0 0 0 0 0 —ap 0 0

0 0 0 0 0 0 -al; O

0 0 0 0 0 0 0 arly,

where the functions in the matrix are evaluated at 0. In this case, the sig-
nature of G, ,,) is (m, m).

If (a1 +a3)(0) = 0and (B1 + B3)(0) =0
(1) a1(0) =0,
e if B1(0) # 0, we put

o B2 Lo
Ey=u" — Z2(0)0° + 22(0)u?, Ep = —(v" +u?),
1= = 200+ B0, Ba= @)
1
Em+] ﬁ( h_ MU), Em+2 =0’ — i; (O)MU,
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The matrix of G(, ,,) with respect to the basis {Ei}izfl is

2
(NI}

o

R

N

&'\4
o O o O
oo o oo o

0
0
0
0
0
0

wzlq 0
0 —OCQIP

coococoo
coococof o o
=
cooolR oo o
=
|
coos
N
coPoocooo o

where the functions in the matrix are evaluated at 0. Then, the signature
of Gy ) is (m,m).
e if B1(0) = 0 weset

L1 B2 } Lo
Ei = —|u"—9o"+=(0)u’|, E,=-—2(v"+u"),
1 ﬁ “2( ) 2 ﬁ( )
1o L] B2
E = ——((0"—-u"), E = — |u"+0" - =(0)u?],
wit = (0 =), Enia= 5| % 0)
1, 1, ,
E;, = E(Ei +¢€), Epyi= %(ei —e), 3<i<m.
The matrix of G(, ,,) with respect to the basis {Ei}izfl is
-y 0 0 0 0 0 0 0
0 a 0 0 0 0 0 0
0 0 —axly 0 0 0 0 0
0 0 0 aly 0 0 0 0
0 0 0 0 —ap O 0 0 !
0 0 0 0 0 0 0
0 0 0 0 0 0 axly 0
0 0 0 0 0 0 0 —aly

where the functions in the matrix are evaluated at 0, and the signature
of Gy ) is (m,m).
) @(0) £0,
o if (Brag — 2Bon1)(0) # 0 we put

T on on a1, P2
Ep=— , Epia = 0" — “2(0)0" — E2(0)u?,
2= S5 4, Ena =" = 20"~ B0

2
o 1
Ev=u'"— —"2  (0)Eniz, Epi1=—="—u?),
1 u ,31062 — 2,320‘1 ( ) m+2 m+1 \/i(v u )
Ei = a1(0)e! —ap(0)eY, Eppi=¢?, 3<i<m.

The matrix of G(, ) in the basis {Ei}izfl is given by
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_"‘7%0 0 0

T 0 0 0 0
0 0 0 0 0 0 0 0
0 0 —wmal, O 0 0 0 0
0 0 0  wal, 0 0 0 0
0 0 0 0 —a 0 0 o |
0 0 0 0 o BmZmooo
0 0 0 0 0 0 —ayl; 0
0 0 0 0 0 0 0 aly

where the functions in the matrix are evaluated at 0. This implies that
the signature of G, ,, is (m,m).
e if (Byag —2Bra1)(0) =0, we set

1= 1{ "ot = 2L(0)0" 52<o>uv],

V2 a ap
E :L(vh—f—uv) E :L(vh—u”)
2 \/§ ’, m+1 \ﬁ ’
_ L h_ v ﬁ h & v
Euva = 5|1 = (o = 200" - o) |,

Ei = a1(0)e! —ay(0)eY, Eppi=¢?, 3<i<m.

The matrix of G(, ,,) with respect to the basis {Ei}ffl is

xy 0 0 0 0 0 0 0

0 ap 0 0 0 0 0 0

0 0 -—maly 0 0 0 0 0

0 0 0 ael, 0 0 0 0

0 O 0 0 —ay 0 0 0o |
0 0 0 0 0 —ap 0 0

0 0 0 0 0 0 —ml; O

0 0 0 0 0 0 0 arly,

where the functions in the matrix are evaluated at 0. Then, the signature
of Gy ) is (m,m).
4. If(a;+a3)(0) # 0and (‘31 + ﬁg)(O) =0, theny = (a7 +a3)(0) [20(2,32 - B (a1 + 0(3)] (0).
(a) If v # 0, we set

T oow o T ow o
E = —(u" +v 7 E == u —v),
Ay n B2 h
E =0’ — 0)v" — ———(0)u",
m+2 0£1+063() a1+a3()
) o + a3
Em+1:uv_uc1+o<3 (0)uh+ (1,)/ )(O)Em+2/

Ei= —a(0)el + (w; +a3)(0)e?, Epqi=cel, i=3,...,m

The matrix of G, ,,) with respect to the basis {E; 2 is given by
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w1 + a3 0

co oo ooco
|
—
=

co oo oo
+
=
w
Nt

oo o=xfiooc oo

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0
o 0 0

0 — (v +a3)ly 0

0 0 (a1 +a3)y

where the functions in the matrix are evaluated at 0. Therefore, the signature is

determined by Table A14.

Table A14. (11 +a3)(0) # 0, (B1 + B3)(0) = 0 and v # 0 (lightlike case).

The Signature of G, ) (a1 4+ a3)(0) «(0)
(m,m) #0 <0
(2m — 2k, 2k) >0 >0
(2k,2m — 2k) >0 <0
(b) If y =0, we set
Loon, on Low_ o
Ei=—W +79"), Ey=—Ww —7"),
1= ), B (o)
1 o o a2+ P2 h}
E = —|u’+o"— 0)o" — —=———=(0)u"|,
m+1 ﬁ [ ®1 + a3 a1+ a3

[ v

1
Em+2:ﬁ u —o

Ei = —a(0)el + (a1 + a3)(0)e?,

2 ()0 4 P22 g

K1 + &3 a1+ a3

h .
Enyi=¢;, 1i=3,..

The matrix of Gy ,,), in the basis {E;}2", is given by

a1 + a3 0 0 0 0
0 —(0(1 +063) 0 0 0
0 0 —a(ar +a3)ly 0 0
0 0 0 a(wy +a3)lp 0
0 0 0 0 .
0 0 0 0 0
0 0 0 0 0
0 0 0 0

0

o o oo

—
ay+agz
0
0 0

O O OO o oo

0
0
0
0
0
0
®1 + a3

)
(a1 + a3)l,

., m.

where the functions in the matrix are evaluated at 0. Thus the signature of

G(x,u) is given by Table A15.

Table A15. (a1 +a3)(0) # 0, (81 + B3)(0) = 0 and y = 0 (lightlike case).

The Signature of G, (21 + a3)(0) «(0)
(m, m) #0 <0

(2m — 2k, 2k) >0 >0

(2K, 2m — 2K) >0 <0

Thus, we obtained the following:

Proposition A3. Let (x,u) € TM such that u is a lightlike vector with respect to g.
(r,8) of the g-natural metric in (x,u) is determined as follows:

e If(a1+a3)(0) # Oand
(7) a(0) <0, then (r,s) = (m,m),

The signature
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(i) «(0) > 0and (a1 + a3)(0) > 0, then (r,s) = (2m — 2k, 2k),
(iif) «(0) > 0and (a1 + a3)(0) <O, then (r,s) = (2k,2m — 2k).
e If(xq +a3)(0) =0 then (r,s) = (m,m).

Appendix B. Curvatures on ToyM Associated to the Screen Distribution

We shall now proceed to calculate the Riemannian curvature of (TM, G). For this, we
need to know the covariant derivative of horizontal (resp. vertical) lifts of sections that are
involved in the identities of Proposition 3. We will start by recalling some facts about some
needed induced connections.

It is well known that the Levi-Civita connection V on (M, g) induces a connection V
on the vector bundle p*TM induced from the tangent bundle TM and its projection map
p: TM — M. Remark that for any X € X(M), we have X o p € T(p*TM), but sections in
T(p*TM) are not necessarily of this form. To define V, we proceed in two steps:

1. Forany Z € ¥(TM) and Y € X(M),
Vz(Yop):=(V,zY)op.

2. To define Vyzs, for any s € T'(p*TM), we proceed locally: Let (ej,--- ,en) be a

moving frame on an open set U of M. Then, (e; o p, -+ , ey o p) is a moving frame on
(T'(p*TM))|,1 (- In particular, s|, 1) is expressed as s, 1 () = i§15iei o p, when
ste C®(p~1(0)), i ,m. We define Vzs on p~1(U) as:
m
vZS|p71(a) = Z [Z(si)ei op+ s’ﬁz (Ei o p)]

I
—_

1

o

Il
—_

[Z(si)ei op+ Si(Vp*Zei) o p]

1

In particular, if Z is either a horizontal or a vertical lift of X € ¥(M), then we have

m ) ) ~ m )
Vs =Y [Xh(sl)ei op+s'(Vxe)o p}, Vxos = Y X7(s')e;. (A1)

i=1 i=1

We can define in the same manner Vs pointwise, i.e., when z € TTM. It is easy to
check, using (A1), that the following result holds.

Lemma Al. Forany X,Y € ¥(M), we have
1L Va(Yop)=(VxY)op

2. Vxe(Yop)=0;

3. vX;,O' =0

4. va(f =Xop,

where o denotes the identity section of p*TM.

The metric g on M induces naturally a bundle metric ¢ on p*TM, defined by

g(x,u) (X,Y) = gx(X(x,u)’ Y(x,u) ),

forany X,Y € I'(p*TM) and (x,u) € ToM. Furthermore, it is easy to check that ¢, ,) has

the same signature as g, and that the induced connection V is compatible with it. Using
this compatibility and Lemma A1, we obtain the identities stated in the following result.
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Lemma A2. Forall X,Y,Z € X(M), we have

1. X"g(Yop,o))=38((VxY)op,0);
2. Xh(g(YOP,ZOP)) X(g(Y,Z))op;
3. X(¢(Yop,0) =8, X)op;

4 X°(§(Yop,Zop))=0.

Next, we state the following useful Lemma, giving the covariant derivative of the
horizontal and vertical lifts of sections of p*TM.

Lemma A3. Denote by V and V the Levi-Civita connection of (TM, G) and the induced connec-
tion on p*TM, respectively. For any X € X(M) and s € T(p*TM), we have

() Vs = [Vas+AX,s)]" + [BX,s)]"

(ii) Vyis? = [C(X,s)]" + [vxhsﬂa(x s)];
(iii) Vxosh = [? 0s + C(s, X)} + [D(s, X)]%;
(ZU) va [V ]

Proof. We shall prove the first identity, the proof of the others being similar. Expressing s
m. .

locally as S|p_1(a) = ) s'ej o p and using the first identity of Proposition 3 and the linearity
i=1

of A(X,Y) and B(X,Y) with respect to X and Y, we have on U

IngE

{Xh (e; 0 p ivxh (e; 0 p)h}

Il
MR

tﬂqs

{ )(ejop) + st (VX;,ezh) o p]

l
—

. h .
{ Xh Nejop+5'(Vxe))op+sA(X,e) op] + [SZB(X,Ei) Opr}

3 ok

x5 + A(X, s)] + [B(X,s)]°.
O

Appendix B.1. The Induced Curvature Tensor on ToM Associated to the Screen Distribution

Proposition A4. Let (M, g) be a non-definite pseudo-Riemannian manifold. Denote by R and
R the curvature tensor fields of ¥V and N, respectively. Then, the curvature tensor R on TyM
associated with \V is characterized, for all vector fields X,Y,Z € X(M) and (x,u) € U, by the
following identities:
Ry Y Zlsa) =
b
- {R(Xx, Yi)Zy + ;—“[(VuR)(Xx,Yx)Zx — (Vx.R)(Zy, u)Yy

2bd
+ (Vi R)(Ze, ) Xs] = 572 ((VuR) (X, Y) Za, )
d (w4207
402
ad(a — b%)

- T[g(xx/”)R(Ym”)Zx — g(Yx, u) R(Xx, u) Zx

[§( X, 1) Yy — §(Ya, 1) X (Zx, 1)

2b2
= 8(Zx, u)R(Xx, Y )u] + vl [R(Xy, u)R(Yx,u)Zx

— R(Yy, ) R(Xy,u)Zy + R(Xy, u)R(Zy, )Yy — R(Yy, u)R(Zy, u) Xy]
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a?b?d?
+ 203 [8(Ya, u) R(Xx, u)u — g (X, ) R(Y, u)ut)g(Zy, u)
_ ”Z’;d [9(R(Ye, ) Zsy 1) R (X, 1)1t — g(R (X, ) Zu, ) R(Ya, )]
+ g[R(R(Yx,Zx)u,u)XJC — R(R(Xyx, Zy)u, u) Yy — 2R(R(Xy, Yy )1, ) Zy]
2
(RO, 1)Z8 W)V (1), Xo)t — g (R(Xe 1) Zs g (V 1), Yo i)
2
= M g (0 )3 (Ko, 20) — (X ) Zo)l
a*d(a+c
_3 d;ﬂj ) o(R(Xe, Ye)Z, 1)1
ad?(a+ )
+ 18 (Ya 1)g(Xe, V(1)) — g (Ya, V(1)) 8 (X, )8 (Zs, )
a’b?d
+ 10 [g(R(Xx, u)u, R(Zy, u)Yx + R(Yx, u)Zy)
— g(R(Yx, u)ut, R(Zy, ) Xy + R(Xy, u) Zy)u
+ fTi[g(R(Xx,u)u,R(Yx,Zx)u) — g(R(Yy, u)u, R(Xx, Zx)u)
—28(R(Xyx, Yx)u, R(Zy, u)u)]u
ab?d
- 243 [g(R(YXI u)Zx' u)g(R(XXr u)V(u)r u)

— 8(R(Xy, 1) Zye, ) (R(Yoe, ) V (1), 1) Ju

352
+ a d4(::3+ c) [g(R(YX'”)Z(”),M)g(Xx,u)u

= §(R(Xe, u)Z(u), u)g (Yo, u)u]

32
% [¢(Yy, u)g(R(V (1), u) Xy, u)

= 8(Xa, u)g(R(V (u), u) Yo, )8 (Zx, ) u

”2d§iz+ ) [g( Xy, ) R(V (1), u) Yy — §(Yoe, ) R(V (1), ) X |g(Zy, 1)
- Zjﬁ [¢(Xa, 1) (R(Ya, 1) Zs, 1) — g(Yao, 1) g(R( X, 1) Z, )] V(1)
+%[g(R(Yx,u)zx,u)R(v(u),u)Xx - g(R(Xx,u)Zx,u)R(V(u),u)Yx]}h
+ {a(uz: 2 ((Vz,R)(Xy, Yx)u) + all;#g(((vuR)(Xx,Yx)Zx),u)u
(PR (0 1) 22) - 3T (R (e Yo, Zo)u

”bdéij ‘) [g(R(Ye, u)Zx, ) Xy — §(R(Xx, ) Zy, 1) Yy]

bdz({;j 9 [g(Xx, u)Yy — g(Ye, 1) Xy]g(Zy, 1)

bdzf&j D g(Ye, 1) (Xx, Zs) — (X, 0)g(Ye, Zo 1

bdzg;; ) [g(Xx, 1)g(Ya, V(1)) — g(Yoe, ) (X, V(1)) g(Z, )1t
- Zlf; [§(Xy, u)g(R(Zy, u) Yy, u) — (Y, u)g(R(Zy, u) Xy, u)]u

a 3
- %[g(R(Yx,u)Zx,u)R(V(u),u)Xx — (R(Xa, u) Z, u)R(V (1), 1) Yy]
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3bd  b3d
+ [@ — m:| [g(Xx, M)R(Yx, M)Zx

— (Yo, ) R(Xy, u)Zy — §(Zx, u)R(Xx, Yx ) 1]

4 PV = 0) RO 1) Za, )R (Ko ) — (R (K, ), )R (Ve )]

243
3
b 2 Lo R(Ye, 1) 221009 (X, V(1)) — (R 0) s, ) VeV 0
2(1H2 _
- W[g(Yx,u)R(Xx,u)u — 8( X, u)R(Yx, u)u]g(Zx, u)

ab
I [R(R(Yy, Zy)u,u) Xy — R(R(Xx, Z)u, u) Yy

— 2R(R(X, Y)u,u)Z — R(X,R(Y,u)Z)u — R(X,R(Z,u)Y)
+ R(Y,R(X,u)Z)u + R(Y,R(Z,u)X)u]

ab3

+ % [R(X,u)(R(Y,u)Z + R(Z,u)Y) = R(Y,u)(R(X,u)Z + R(Z,u)X)]
{12 2 a c

; %[g(R(V(”)/“)Xx,M)g(Yx,u)

= 8(R(V (u),u) Yo, u)g(Xc, ) g (Z, )1

d(a+ N o
O Lo 1) (§30V) ) — (Ko ) (V) )3 (Ze )

«
b? - N
= [8(R(Yx, ) Za, 1) (Vi V) () = §(R(Xs ) Ze, ) (Vi V) ()]

a2b3d
— S5 8ROV 1) Ze, w)g(R(Xe, 1), V ()

— 8(R(X, ) Zye, w) g (R(Yee, uu, V (u))Ju

O ) (i )RV () )X — X DR (Y (), 1) Ve 2 1)
a’bd?(a + c) - .
+ PO o g (R(Z(0), ) X, ) — (X, ) (R(Z(10) ) Ve )
_ ”izzd [(R(Y, 1) Zy + R(Zy, 1) Ye, R(Xy, t)11)
— 8(R(Xx,u)Zx + R(Zy, u) Xy, R(Yy, u)u)]
{12
O (R (X ), R (Y, ZeJt) — $(R(Ye, )t R(Xs, Ze )

—2g(R(Xx, Yy )ut, R(Zy, u)ut)]u},

RO Y o) Z o) =
a%bd

= { = 1805, 2R (X ) = (X, Z(0) R (¥ )

+8(Yoe, 1) R(X, Z () Ju = § (X, ) R(Yrr, Z (1) Ju]

ll3 ~
(VR (Ze ) Yo ) — 820, 0)[3(T (R(V,0)Yi),0)

~§(R(Vy V,u)¥,u) = g(R(V(u),0)Vx,Y,u) Ju

3
eV, R) (Za 1) Xe, ) — 8(Ze, ) 3(Tys (R(V,0)X0),m)
~ 8(R(Tys V,u)Xe,u) = g(R(V (), 1)V, X, u)]Ju
113 ~ ~
& D IR(R(Z ), )Y, w)R(V (1) 1) X — (R(Z(0), )Xo, ) ROV (), )]
a*bd

Z@%ﬂmme%R@W%wnﬂ—ﬂRWLW%R@W%WXHW
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~ 3 8(R(Z (), 1) Yo, )R (X, )1t — g(R(Z(14), 1) X, u)R (Y, )]
+ %[g(R(Zx,u)Yx,u)g(R(xx,u)u, V) — g(R(Z, u) Xy, ) g(R(Yy, 1)1, V))u
- %[g(R(Z(u),um,u)Xx — g(R(Z(u), u) Xy, u)Yy]
(0% )3 Ye, (1)) — g Yo, 1) (X, Z(0)
+ Z%[R(Xx w)R(Z(u),u)Y. (Yo, )R(Z (1), 1) Xx]
gKva)(z, w)Y = g(Z,u)[Vxi(R(V,u)Y) = R(VuV,u)Y = R(V,u) VY]]
2

IL —[(VYR)(Z,u)X = g(Z,u)[Vyi (R(V,4)X) = R(VyiV,u)X = R(V,u) Vy X]]

2bd
——5 [§(R(Z(u), u)Y,u)[g(X, u)V + g(X, V)u]

—g( (Z(u), w)X,u)[g(Y,u)V + g(Y, V)u]]

h
+%[g(R(Xx Z(u))Yx,u) — g(R(Yx,Z(u))Xx,u)]u]}

4o
ad (b* — w)
4n2

+ {R(Xx/ Ye)Z(u) + [8(Z (1), Yx) R(Xx, u)ut — g(Z(1t), X )R (Y, u)u]

ad(b* — )

1z 8V ) R(Xa, ) Z () — g (X, u) R (Y, ) Z ()]

2
+ %[ (R(Yx,u) X, Z(u)) — g(R(Xx, 1) Yx, Z(11))]u
a%d(a+c)
e

2
— T80, Z())g (X, ) — (X, 2(0)) (Ve )1

[§(R(Z(u), u)Yx, )Xy — §(R(Z(u), 1) Xy, 1) Ys]

az - -
— [R(Xx, R(Z(u),u)Yy)u — R(Yy, R(Z(u), 1) Xx)u]

2 2
4dz (X, u)g(R(Z (1), 1) Ye,u) — g(Y, u)g(R(Z (1), u) Xx, u)u
add(b* — o) - -
35 IR (2 (), 1) Ve, )R (X ) = S(R(Z(00), )Xo, 1) R (Yo, )1
3 2
- 4Z3d[g(R( (), 1) Y, ) g (R( X, u)t, V) — (R(Z (1), ) X, u)g(R(Yxe, u)ut, V)] u
31,2
(R (X ), R(Z(), 1)) — §(R (Ve w0t R(Z(u) 1) Xe)
2 2
252 [R(Xy, u)R(Z(u),u)Yy — R(Yy, u)R(Z(u), u)Xx]

ﬂ [(VXXR)(ZM”)YX - g(Zx,u)[VXflm (R(V,0)Y)
~R(Vys V,u)Ye = R(V(u),u)Vy,Y]]

_ % (V2 R)(Zay 1) Xx = §(Z2 )Ty (R(V,)X)
- R(ﬁyg;_lu) V,u)Xx — R(V(u),u)Vy,X]]

a2bd .
- W[g((vx R)(Zx,u)Yy,u) — Zx,u)[g(VX@u)(R(V,U)Y),u)

—8(R(Vy V)Y u) = g(R(V (1), 1)V x, Y, )]

2
+ 8V, R) (Za 1) Xe, ) = S(Z0)g(Fys (R(V,)X),0)
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~§(R(Fy, V)X, 1) = g(R(V (1), )V, X, ) Ju

a2b?

_ m[8(R(Z(u),u)Yx,u)R(V(u),u)XX — g(R(Z(u), u) Xz, u)R(V (1), u) Yy
a 2 ~ 5
%[ﬂR(Z(u»uwx,u)g(Xx, V(1)) — g(R(Z(u), )X, 1)g (Y, V(1)) u

b _ . _ . t
,%[g(zz(zx,um,u)vxz,mV = 8(R(Z(u), )Xo, ) Vs V]} ,

5 h t
R(X () () Z(

x,u)

az ~ ~ ~
:{‘%[gww),zxm(xx,u)u +8(Ze, )R (X, Y () = g(X, ) R(Y (), ) Z4]

2

+ % [9(Zoe, ) g (Y (1), X )t + §( X, 1) (Y (1), Zoo )t 4 (X, ) §(Zo, 1) ¥ (11)]
a%bd

 4a2
{12 A

_ %[(VXXR)(YX,L!)ZX - g(y"'”)[vX@,u> (R(V,0)Z)

[(R(Y (1), 1) Z, u) X + 28 (R(Xx, u) Zye, u) Y ()]

— R(?XF )V,u)Zx — R(V(u),u)Vx,Z]]

242
a’b . g
+ @[R(Xx,u)R(Y(u), u)Zy — R(Y(u), u)R(Xy, u)Zy
— R(Y(u), u)R(Zy, u) Xy + g(R(Y(u), ) Zy, u) R(V (u), 1) Xx]
a*bd
403
4
+ o g (RO )0,V (10)g (R(Y (1) 1) 2 )
a’bd
42
403
3
+ 8T R (Yo )22, 0) — g (Ve (Vs (R(V,)2),0)

~8(R(Vxy | V,)Zx ) = g(R(V(), )V, Z,0)

[8(R(Zx, Y (u)) X )t + 28 (R(X, ¥ (1)) Zy, )]

[g(R(Xy, u)u, R(Y(u), u)Zy) — g(R(Y(u), u)u, R(Xx, u)Zx + R(Zy, u)Xy)]u

§(R(Y (1), 1) Zx, u)[g(Xe, u) V(1) + §(Xx, V (u) Ju]

[g(R(Y (), u)Zy, u) R(Xy, )t — 2¢(R(Xx, 1) Zoe, ) R(Y (1), 1) ud]

a3bd? y
- ZZ[: §( X, )§(Zy, u)R(Y (1), u)u

h

+%[R(XX,Y(u))Zx + R(Zy, Vi) Xs] — %[g(ZX/Y(M))Xx +g(Xx,Y(u))Zx]}

ad(b? — o >

+ { d(’jmz %) (¥ (), Zu)R (X, 1)1t — § (X, ) R(V (1), 1) s
212 :

+ §(Za R (X, Y ())u] + L [ (ROF(w) )i, R (Ze, )X

+ R(Xy, u)Zx) — §(R(Xx, ), R(Y (1), 1) Zy )

a3b2d .
- Wg(R(Y(u)/ u)ZX/ u)g(R(XX/ u)u, V(u))u

a2d? .
- mg(xxfu)g(R(Y(u),u)Zx,u)u

_ % [R(Xx, ) R(Y (1), u)Z — R(Y (u), ) R(Xx, ) Zy — R(Y (1), u)R(Zy, u) Xy]
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a3b2d - a2b2d2
53 S(R(Xe,u) Ze, W) R(Y (), w)u + = 3¢

(Z, u)g (X, ) R(Y (), u)u

+ % [(VXXR)(Yx/ M)Zx - g(Yx, M)[ﬁx?m) (R(V, O’)Z) — R(@X?X'”) V, M)Zx
= R(V(u),u)Vx,Z] - g(R(Y(u),u)z,u)(vx?m)v)]

{12 ~
- RV, R) (Y1) Za 1) — (Yo, 1) 8V (R(V,0)2),0)

~§(R(Vyy V,u)Ze, ) = g(R(V (), 1)V, Z, )
- 78(R(Yxr”)Zx/”)R(V(”)/”)Xx

1 g RO )20 +

§(Ze,)g(Xe,u)|Vys V

2

+ 4 R(X R(V(w), ) ZoJu + di‘;j J

d? (a4 2b%)
B 4n2
ab%d
442
ab%d - .
+ W[g(R(Zx, 1) Xoe, )Yy + §(R(X, 1) Zy, Y (1) )1t + 28 (R(Zx, 1) Xy, Y (1) ) 1]

3 2 20

_ d(;"a3 D) o (R(V (), 1) Ze, )R (X, 0)1t — %g(xx,f/(u))g(zx,u)u
d(a+c)
2w

ala+c) . b2 . '
Tl R(Xx,Zx)Y(u)—;R(XX,Y(LL))ZX},

R(X?x,u)’y(tx,u))zéx,u) =
={aM(u; Xy, Yy, Zx) M — {bM(1; Xy, Y, Zo) — g(Z(u),Y(u)WX%v

+9(Z R YV — 20 g(R(Z(u), )Xo, 1) Ty VY

g(R(Y(u)/ U)Zy, u) Xy

[§(Y (1), Z)u + §(Zy, ) Y| (X, 1)

+ 2 §R(Y (1), 1) Zx, u)g(V (1), Xx)u

+

[8(Xx, Y(“))Zx + 8(Zx, Y(”))Xx]

R(X{, Y )Zé’

xu)’ " (x,u) xu)

=a{N(u; X, Yx, Zx)}" — b{N(u; Xx, Yz, Zx)
a % [@(R(Y (u),u)Zx, ”)ﬁxgm) V — g(R(X(u),u)Zy, u)ﬁygw) 1405

_ - _ ~ - . A t
ROy V) Ziay = {8(0), 200) Vs V = g(X(w), Z(u) ¥y, V',

M(u;Xx, Yy, Zx) =
d -

= — 5 8(Xe, Z() Y (u) + §(Xa, Y (1)) Z(u)]

+ %[g(xv/ V(u))u+ g(Xe, u)V (u)]g(Z(u), Y (1))

%[R(Z(”)/Y(”))Xx —8(Z(u), Y (u))R(V (u), u) Xx]
a2d

2
_ %g(Z(M)IY(u))g(Xx,u)u + 12 [g(Xx,Z(u))R(Y(u), u)u
+ (X, ) R(Y (1), ) Z(u) + g(Y (), Z(14)) g (R(V (1), ) X, )]

at . . . .
+ %[g(R(Z(u), 1) X, ) R(Y (1), u)u — g(R(Y (u), u)ur, R(Z(u), ) X ) ut]

_|_
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3d2 LZS

a3 S(R(Z(), )V (), w)g (X, w)u = 11y

— Wg R(Y(u), u)R(Z(u),u) Xy

[12 N R
gz )3Ty (R(V,0)X),0) — $(R(Ty, V1))
ﬂz ~ ~
— g(R(V (u), Y (u)) X, u)]u — ﬁ[g(R( (u),u) Xy, Y (u))u
+ g(R(Z(u), 1) Xy, u)Y (1) + 28 (R(Z (u), ¥ (1)) X, u)ue],
N(u; Xy, Yy, Zy) =
a I~ ~ a2 ~ ~
= QR(X(”)/Y(u))Zx - ﬁ[g(Y(u),Zx)R(X(u),u)u
— 8(X(u), Zx)R(Y (u), u)u + §(Zg, u)R(X(u), ¥ () )u]
4
_ %[ (R(Y(u),u)Zy, ) R(X (1), u)u — g(R(X(u), u) Zy, u) R(Y (u), u)u
3
+ 4%[1{(5(@) W)R(Y (1), 1u)Zyx — R(Y (1), u)R(X (u), u) Zs]
a4 ~ -
+%[$(R(X(u),u)u,R(Y( ), 1) Zy) — g(R(Y (u), u)u, R(X (), u) Zy)|u

2

- TEewlg(Vx (ROV,)Z)0) ~ g(R(Vxe V,u)Ze,w)
112 A

— §(R(V(u), X(u)) Zx, u)]u + %g(x,u)[g(vyém) (R(V,0)Z), )

a2 ~ &
~ g(R(Ty,_ Vo) Ze,0) — 8ROV (1), V(1)) Zo, )]+ 3 [8(ROV (), 1) Ze, K(w)

— 8(R(X(u),u)Zy, Y (1)) — 4g(R(X(u), Y () Zs, u)]u
ad

22 8ROV (1), 1) Zo, 1) X (1) = g (R(X (u), ) Z, u) Y (1))

Proof. We shall prove the last identity, the others are calculated in the same way using
Theorem 2 and Lemmas 5, 7 and 9. By definition, we have

R(Xt, Yt)Zt = vxtvytzt - @Ytﬁxtzt - W[Xt,yt]zt.
But

vXtvytZt :vxt{—g(z o po,U’)vytV}t
=—X"(8(Z o po,0))VyiV —§(Z o po, )Vt (Vy: V)
=—[8(X,Z2) = §(X o po,0)§(Z o po, V)| Vy:V

=—8(X, Zopo)VyiV —8(Zopy,c){VxiVy:V+g(Yonpy, V)@Xtv}*
and
(XY = {¢(X 0 po, o) ViV — §(Y 0 po,0) Vi VI
Then,

A

R(XLYNZ! = {=8(X, 2)VyV + §(Y, )V 5V — §(Z 0 po, 0)R(X!, YV}
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But R(X!, YY)V = R(p. X!, p.Y")V = 0, thus

O

R(XLYNZ = {—8(X, 2)VyV + §(Y, 2)V V).

Appendix B.2. The Ricci Type Tensor on TyM Associated to the Screen Distribution

By contraction of the curvature tensor described in Proposition A4 and the definition
of the Ricci type tensor, we obtain the following:

Proposition A5. Let (M, g) be a non-definite pseudo-Riemannian manifold and G be a pseudo-
Riemannian g-natural metric on TM. The Ricci type tensor of (ToM, G, S(T(ToM))) is character-

ized by

RO (X", ¥") =

o — b2
T«b[2Ric(X,Y) — g(R(X, V(u))Y, u)]

2 o a2
o Ry, V() TR (VuR) (X, )y, )

T [§U(VuR) (X, u)Y, V(1)) + g(Vy () R)(Y, u) X, u)

2w
ad(b* — «)
203

+

+2¢((VuR)(X, V(u))Y,u)] + S(R(X, u)u, R(Y, u)u)

612
+ 20 (g (ROY, ), RS, V) + g(ROY, V), R(X, )]

112 2
O S ROX ), ROV () )Y + ROY, 1)V ()

—g(R(V(u), u)u, R(X, u)Y + R(Y,u)X)
+ ¢(R(X,u)V+R(V(u),u)X,R(Y,u)u)
(m +1)ab?d

—g(R(Y,u)V(u),u)g(R(X, u)V(u),u)] + o g(R(X,u)Y,u)
2
- %[g(xfu)g(R(Y,u)V(u),u) +g(Y, u)g(R(X,u)V(u),u)]
2 _ 2
- A= DR X ) )
d(a+c)

+ o 28(XY) =g (X u)g(Y, V(u)) — g (Y, u)g(X, V(u))]

ab a mo _ab
+ﬂg(R(Y/u)u/th V) + 281{*[g((ve,-R)(X,u)Y,ei)
(xm) = 20

a2p?

+8U(VaR) (Y, 0)X, )]~ G 7

(R(X,u)e;, R(Y,u)e;)

+ 5[38(R(X,e,')u,R(Y, e;)u) — g(R(u,e;)Y,R(u,e;)X)]}
ab -

. a3b
=— —Ric(Y(u),X) — @[g((VuR)(Y,u)X,u)

2u
— (Y, u)[g(V,u (R(V,0)X), 1) — g(R(V,siV, u) X, u)
22

— $(R(V (), 0) Vi %, V()] + 5

[g((vV(u)R) (Y/ M)X, M)

=
E
=)
::‘
=
S
Q
e
S
|
%
2
<%
=§"
=
=
s
=
=
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202
—8(R(V(u), )X, u)]g(Y,u) — 432 [§(R(Y (u), u)u, R(X,u)V (u)
+R(V (1), u)X) + g(R(X, u)u, R(Y(u),u)V (u))

— S(R(V(u), e ROV (1), )X)] + S (RO, w0, R(Y (0, 1))

m . -+ 3)a2
+ 0o (x, V() 4 BE DT
+%[g(R(Y< ), )X,V (u ))fg(Y V(u)g(R(V (1), u)X,u)]

[§(Vut (R(V,0)X),u) = g(R(V eV, u) X, 1)

§(R(X,u)Y (u), u)

+g(VX; V Y(u)) + Ze { R)(Y,u)X,e;)
(S RV, 0D)6) — RV, 1)%,6)
—&(R(V(u),u)Ve,X, )] + %g(Y,u)[g(?ef(R(V, 0)X), )
—8(R(VaV,u)X,e;) = g(R(V(1),;)X, ;)]

a3b -
— T38(R(X, w)e, R(V(), w)er)),

22 8((VuR) (X, u)Y, u)

—8(X,u)[g(V (R(V, U)Y) 1) = g(R(V,p V,u)Y, u)
2

— §(RV(0), )9, V()] + = [g((Ty 0y R, )Y, 1)
—g(x,ung(mu)( (V,00), 1) ~ 8(R(T V0¥,
— SRV, 0)Vy oy V)] + §((VuR)(X, )Y, V(w))

g (X0 g(T (R(V, m V)~ RS, V)
— SRV (), VT, V)] + L9, (R(V, D), V()
SRV, V(09) — ROV () )Y, V(g%
(S (R(V,0)9), 1) — g(R(T,V, )Y, )

a3b
= 8(R(V(u),u)Y,u)|g(X,u) = ;-5

+R(V(u),u)Y) + g(R(X(u), u)V(u), R(Y, u)u)

— S(R(V(u), ), R(X (), 10)Y)] + SRR () s, R(Y, w)u)

(2m + 3)abd
+ 402 8

—8(R(VyV,u)Y,e;) = g(R(V(u), €)Y, ¢;)]

[§(R(X(u), u)u, R(Y,u)V (u)



Axioms 2023, 12,903

52 of 55

forall (x,u) € Uand X,Y € TyM, where {¢;,i = 3,...,m} is an orthonormal family of TxM such that
gle;,u) =g(e;, V(u)) =0,and X, Y € X(M) are any arbitrary extensions of X, Y, respectively.

Appendix B.3. The Extrinsic Scalar Curvature on ToM Associated to the Screen Distribution

Finally, by contraction of symmetrized induced Ricci tensor from the Ricci type tensor
described in Proposition A5 and the definition of the extrinsic scalar curvature, we obtain
the following:

Proposition A6. Let (M, g) be a non-definite semi-Riemannian manifold. The extrinsic scalar

curvature of (TyM, G, S(T(ToM))), where G is the metric on ToM induced from a g-natural metric
G on TM, is given by

Rig) ZERx + 202 — ;if((m +2)b? +2a)|Ric(u, 1)
— O R, V() + 28 (R(V (), )V (1), 1)

%g(R(V(V)/M)u,R(V(u),u)u)

2 [( (V(u), )uﬁuhV)—38((VuR)(V(u)/u)V(u),u)]

2 114
# D = 2]+ 1 — SR Ry )
3
B (R e, R(V (), 1) — g(R(u, )V (1), R(u )0
2

a“b

N b
+ 5 8x(Rlei, u)u, (Va V) =38 (Ve R)(V(u), u)u,ei)] = g(VaV, ei)
a3 m
+ 2 Zéngg(R(ej/ei)”/R(ej/ei)“) —2g(R(e;, u)ej, R(e;, u)e;)]},
]:
forall (x,u) € U, where R is the scalar curvature of M.

Finally, if we restrict ourselves to the Sasaki metric on TM in Propositions 9 and A4-A6,
we obtain the following:

Example Al. Let (M, g) be a non-definite pseudo-Riemannian manifold and let T M be equipped
with the Sasaki metric. Then

1. The local screen second fundamental form C of the screen distribution S(T(TyM)) is charac-
terized at any (x,u) € U by

C(Xtr pY! (xu) = — [g(Ya, vxfx V) +8(Ya, V(1)) (Xx, V(1))].
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2. The curvature tensor R on ToM associated to V is characterized, for all vector fields X,Y,Z €
X(M) and (x,u) € U, by the following identities:
(xc,u)” = (x,u) x,u)

R(X, ) Y )2 :{R(XX,Yx)Zx—s—%[R(R(Yx,zx)u,u)Xx

— R(R(Xx, Za)ut, u)Yy — 2R(R(Xy, Yy )11, 1) Zy] }h

+ Hwarxorl,

R(X{

i Yo 2l ={ = 5UTXRIZ )Y = g(20) [T ROV, V)
h
~R(VyV,u)Y — R(V,u)VXY]]} + {R(Xx, Yy)Z(u)
t
+}L[R(XX,R(Z(u),u)yx)u - R(Yx,R(Z(u),u)Xx)u]} ,

- 1 o
R(X (e Yo Z oy = = 5 { (V. R) (Yo 1) 22 = g(Yoe, ) [V (R(V,0)Z)

7R(?xh

(x,u

h
)V, u)Zy — R(V(u), u)VXXZ]}

3. The Ricci type tensor of (ToM, G, S(T(ToM))) is characterized by
RO (X", y") :%[ZRic(X,Y) — g(R(X, V())Y, u) + g(R(X,u)Y, V(u))]
+ 19ROV, ) R(X, V)u) + g(R(Y, V)i, RO, w)u)]

+ i %[38(R(X, ei)u, R(Y, e;)u) — g(R(u,e;)Y, R(u, e;) X)]
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forall (x,u) € Uand X,Y € TyM, where {e;,i = 3,...,m} is an orthonormal family of T M such that
g(e;,u) =g(e;, V(u)) =0,and X, Y € X(M) are any arbitrary extensions of X, Y, respectively.
The extrinsic scalar curvature of (TyM, G, S(T(ToM))) is given by

R(x,u) =Ry + 2Ric(u,u) — gg(R(V(u),u)u,R(V(u),u)u)

+ i ei{ [3g(R(u, ei)u, R(V (u), e;)u) — (R(u, ei)V(u), R(u,e;)u)]

i=3

1
+ = 25] 3g(R(ej, e;)u, R(ej e;)u) —2g(R(e;, u)ej, R(e;, u)e;j)]},
],

forall (x,u) € U, where R is the scalar curvature of M.
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