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Abstract: In the present paper, due to beta negative binomial distribution series and Laguerre poly-
nomials, we investigate a new family Fx (8,7, A, 6; h) of normalized holomorphic and bi-univalent
functions associated with Ozaki close-to-convex functions. We provide estimates on the initial
Taylor-Maclaurin coefficients and discuss Fekete-Szeg6 type inequality for functions in this family.
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1. Introduction

Consider the set A of functions f which are holomorphic in the unit disk D = {|z| < 1}
in the complex plane C, of the form:

flz)=z+ i a,z", z € D. 1)
n=2

Let S be the subset of .4 which contains univalent functions in D having the form (1).
As we can see in [1], due to the Koebe one-quarter theorem, every function f € S has an
inverse f 1 such that f1(f(z)) =z, (z € D) and f(fY(w)) = w, (Jw| < ro(f),r0(f) > ).
With f on the form (1), we have

Y w) = w— ayw?* + (2»1% —ag)w3 - (Sa% 75a2a3+a4)w4+ e, w] < ro(f). (@)

We called a function f € A as bi-univalent in D, if both f and f~! are univalent in D.
The set of bi-univalent functions in D is denoted by .

In recent years, Srivastava et al. [2] reconsidered the study of holomorphic and bi-
univalent functions. In this sense, we pursued a kind of surveys represented by those of
Ali et al. [3], Bulut et al. [4], Srivastava et al. [5] and others (see, for example, [6—18]).

The polynomial solution ¢(7) of the differential equation (see [19])

" +(1+y—1)9 +np=0,

consists on the generalized Laguerre polynomial L} (7), where 4 > —1 and n is non-
negative integers.
We defined by

Hy(0,2) = ) Li(0:" = OB_Z)W 3
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the generating function of generalized Laguerre polynomial L;) (7), where T € R and z € D.
Similarly, the generalized Laguerre polynomials is given by the following recurrence relations:

2n4+149— n—+y
¥ ¥ v >
LnJrl() n+1 L() n+1Ln 1() (7’1_1),
with the initial conditions
2
Li(t)=1, LI(t)=1+7 -1 ami1guy=%~wy+mr+ﬁﬁi%giﬁl(@

Obviously, if ¥ = 0 the generalized Laguerre polynomial implies the simple Laguerre
polynomial, i.e., LY (7) = L, (7).

Consider two functions f and g holomorphic in D. We say that the function f is
subordinate to g, if there exists a function w, holomorphic in D with w(0) = 0, and |w(z)| <
1, (z € D) such that f(z) = g(w(z)). We denote this relation by f < gor f(z) < g(z) (z €
D). In addition, if the function g is univalent in D, then we get the following equivalence
(see [20]), £(2) < g(z) <= £(0) = g(0) and (D) C g(D).

From a theoretical standpoint, the Poisson, Pascal, logarithmic, binomial and Borel
distributions have all been examined in some depth in geometric function theory (see for
example [21-26]).

For a discrete random variable x, we say that it has a beta negative binomial distribu-
tion if it takes the values 0,1, 2,3, - - - with the probabilities

B(j+6,A) Bln+6,A+1) 1
B(y,A) ’ B(y,A) " 2

respectively, where 7,8 and A are the parameters.

0+t —1\B(n+0,A+1
Prob(x = 1) = ( . )wB(iy,/\))
CTO+1) T(n+0O)T(A+T)I(n+A)
TIT(0) T(n+0+A+1)I(n)T(A)
L e®): -
(n+A)g(0+7n+A)T!”

B(n+60,A+2
9(9+1)(UB(;7A))’”"

where (), is the Pochhammer symbol defined by

() :F(oc+n): 1 (n=0),
" T(«) a(@+1)...(a+n—1) (neN).

Wanas and Al-Ziadi [27] developed the following power series whose coefficients are
beta negative binomial distribution probabilities:

e @
f{g,)\(z) = Z+n;2 (;7 +A)g (99+;7 -|-1)L)n 1271 1H!

z" (zeD; y,A,0>0).

By the well-known ratio test, we deduce that the radius of convergence of the above
power series is infinity.
We recall the linear operator ‘Bz )+ A— A, as can be found in (see [27])

_ I N (NG PN
iBgr/\f(z)—%gl/\(Z) - Z (7+A)g 9+17+1)\)n 12” 1!

apz" zeD,

where () represents the Hadamard product (or convolution) of two series.
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2. Main Results
We open the main section by introducing the family Fx.(6,1, A, 6; ) as follows:

Definition 1. Suppose that % <6 <1,14,A,0 > 0and his analytic in D, h(0) = 1. We say that
the function f € X is in the family Fx.(5,1, A, 0; h) if the following subordinations hold:

26 —1 2 . Z(%f],)\f(z))//

h(z
26+1  2w+1 (‘»Bf,,Af(Z))/ <h(z)
and "
e e o I
(B)0f ()

where f~1 is given by (2).

For 6 = % in Definition 1, the family Fx (6,1, A, 6; h) reduces to the family Sx.(1, A, 6; 1)
of bi-starlike functions such that the following subordinations hold:

Z(‘Bz,/\f(z)):/ L)
(%z,/\f (Z))

and

w(B),f @)
(B @)

< h(w).

Theorem 1. Suppose that 3 < § < 1and 7,A,0 > 0. If f € T of the form (1) is in the family
Fs(6,1,A,6;h), with h(z) = 1+ e;z + epz* + - - -, then

Q6+1)T(+0+A+1)T(7)C(A)]er| e

< = Al
192] < oG T T A T DTy + A) Y ©)
and ) )
. e1| |e2  VYeg e1] |ea (2@ —Y)es
< b I e L I e S S g §
las] < mm{max{‘q) 1o 7 Y20 }’max{‘cb o Y20 o
where
Y = 40T (n4+0)T (A+1)T(n+A)
2o+ )T (1 +0-+A+ DL ()T (1) ”
o - SOO+II(+OTr(A+2)T(5+)) 7
= DI H0+AF2)T ()T (A) @)
v — 86212 (n+0)T2(A+1)T2(+A)

(26+1)I2(n+0-+A+1)T2(y)2(A)

Proof. Assume that f € Fx(d,1,A,0;h). Then, there exist two holomorphic functions
¢, : D — D given by

0(z) =rz+n 4+ (zeD) (8)

and
P(w) = sjw +spw* +s3w0° + -+ (weD), 9)
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with ¢(0) = ¢(0) =0, |¢(2)| < 1, |(w)| <1,z w € D such that

2 Z<£B3,Af(z)>/,

1+ ~=1+e19(z) +eap?(z) + - - - (10)
and Y
w (B F1(w)
455 Gt ), =1+ ep(w) + e (w) + - (1)
(7 w)
Using (8)—(11), one obtains
539 14
1+ 2(5%1— 7 Z( W'Af(2)>, =14er1z+ {817’2 + ezrﬂ 24 (12)
<%2,Af(z))
and "
%9 -1
1+ 253_ 1 w( Wlf <W)>, =1+e57w+ {elsz +ezsﬂ w4 (13)
(071 w)
Since |p(z)| < 1and |Pp(w)| < 1,z,w € D, we deduce
ri| <1 and |5 <1(j € N). (14)
In view of (12) and (13), after simplifying, we obtain
4T(n +0)T(A+1)T(n+ A) B
@+ DI+ 0+ A+ DI 2~ (15)
60(0 + 1)T' (7 +60)T(A+2)T(n+A) o 80°T2(n + O)T2(A + 1)I2(n + A) 2 (1)
26+ )I(p+0+A+2)I()T(A) ° (26 + )I2(5+ 60+ A+ 1)I2(5)T2(A) 2
= eyry + ear?,
40T ( +0)T(A+1)I(n + A) B
T @I+ 0+ A+ DI(T(A) 2~ A% 17)
and
60(6 +1)I'(n +0)T(A+2)T(n+A) (2 ) ) 8PP ( + )P (A+ DT ( + A) 2 a8)
26+ DT+ 0+ A+2)L()TA) \72 ) 7 20+ DI2(n+ 0+ A+ 1)T2(5)T2(A) 2

= €15y + ezsf

From (15) and (17), we derive inequality (5). Applying (7), then (15) and (16) become

Yay = eyr, ®az —Yai = erry + epr? (19)
which yields
P er  Yer\
— p— _— — 2
€1a3 rp + (61 + NG )7’1/ (20)

and on using the known sharp result ([28], p. 10):

|rp — pri| < max{1, |p|} (21)
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for all u € C, we obtain

() ‘I’el
L4 =
€1

b
e Y2

las| < max{l,

}. (22)

—Yay = e15q, d>(2a% —az) — ‘I’a% =e15) + ezs%. (23)

Similarly, (17) and (18) become

These equalities provide

P o2 20—V)ep\ »
— aﬂg = 52 + (81 - T Sl. (24)
Applying (21), we deduce
P e (20— ¥)e
Zllag| < 2= A
’61 las| < max{l, 7 (25)

Inequality (6) follows from (22) and (25). O

Furthermore, we use the generating function (3) of the generalized Laguerre poly-
nomials L, () as h(z). As a consequence, from (4), we obtain e; = 1+ — T and

ey = %2 —(y+2)t+ (7+1)2¢+2), and then, Theorem 1 is reduced to the following corollary.
Corollary 1. If f € X of the form (1) is in the class Fx.(,1,A,0; Hy(T,2)), then

26+1)T(n+0+A+1)T(n)T(A)|1+ v — T _ 149 — 1]

<
ja2] = 4T(y + OC(A+ )T (5 + A) Y

and

1 _
las| < min{max{‘ troT

P
1+y—71
max{ ‘ o

T (y+2)r+ NI (g g )2
o Y20

7

|
/)

forall 5,1, A, 0 such that % <6< 1landn,A0 >0 whereY, DY are defined by (7) and Hy(7,z)
is given by (3).

T (y+2)r+ IR (0g _w)(1 4 — 1)

o Y2P

7

In the following theorem, we develop “the Fekete-Szeg6 Problem” for the family
Fx(6,1m,A,6;h).

Theorem 2. If f € X of the form (1) is in the class Fx.(5,1,A,0; h), then

o B e

oralld,n,A,0suchthat 5 <6 < landn,A,0 >0, whereY, D, Y are define 7).
115,1,A,0 such that 1 < & dn, A0 here Y defined by (7)

lea ]

Y+ nd
‘a3 —W%‘ < cI1min{max{1, &2 (Y +y®)er

€1 Y2

e (20-Y 5Pl
€1 Y2

Proof. According to the notations from the proof of Theorem 1 and from (19) and (20),
we obtain (¥ ®)
2 e e +ndPle \ »
az —na; = q)(err (€1+Y2>r1> (27)

Applying the well-known sharp result |r, — ur?| < max{1, |u|}, one obtains
e (Y+nP)eg } (28)

lex ]
laz — na3] < o max 1, o + Yz
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Similarly, from (23) and (24), we derive

e e 20 — Y —npde
e (e (2 Y0l .

and in view of [s — us?| < max{1, ||}, we get

2 e e (20-Y—nP)e
lag — na;| < cI)max{l, . NG

}. (30)

Corollary 2. If f € X of the form (1) is in the class Fx.(,1,A,0; Hy(T,2)), then

Inequality (26) follows from (28) and (30). O

2
‘ﬂs—U%’

2 1 2
N ks B B 1 %*(7+2)T+(7+)2¢+(‘Y+17©)(1+7—T)
- ® ! 1+y—71 Y2

b
mox{ H

orall 0,n,A,0 such that 5 < o0 < 1landn,A,0 >0, where Y, D, Y are given 7) an, T,z
I1é,1,A,0 such th % 6 <landwn,A,0 >0 whereY,®,¥ gi by (7) and H,,
is given by (3).

T (y+2)r+ O 0w @)1+ — 1)

1+y—-1 Y2

3. Conclusions

In the present survey, we considered a certain class of bi-univalent functions, denoted
by Fx(d,1, A, 0; h), representable in the form of a Hadamard product of two power series.
The coefficients of the first one, developed by Wanas and Al-Ziadi in [27], are beta negative
binomial distribution probabilities. Furthermore, the Fekete-5zeg6 Problem was developed,
by making use of the newly introduced family. Consequently, inequalities of Fekete-Szeg6
type were obtained in the special case of generalized Laguerre polynomials.
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