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1. Introduction

For s,t > 0 with s # t, the Neuman-Sandor mean M(s, t), the first Seiffert mean
P(s,t), and the second Seiffert mean T'(s, t) are, respectively, defined in [1-3] by

s—t s—t
= m/ P(S/ t) = 5 7
arcsmh o 4arctan (/3 — 7

s—t

M(s, t) T(s,t)

= s—t7’
2 arctan T

where arcsinh x = In(x + v/x2 + 1) denotes the inverse hyperbolic sine function. The first
Seiffert mean P(s, t) can be rewritten ([1], Equation (2.4)) as
s—t
P(s,t) = -

2 arcsin T

Recently, these bivariate mean values have been the subject of intensive research.
In particular, many remarkable inequalities and properties for the means M(s, t), P(s, t),
and T(s, t) can be found in the literature [4-20].

Let A(s,t) = ST“, H(s,t) = Sz—frtt, and C(s,t) = siﬂz be the arithmetic, harmonic,
and contra-harmonic mean of two positive numbers s and t. The inequalities

H(s,t) < P(s,t) < A(s, t) < T(s,t) < C(s, t) 1)

hold for all s, t > 0 with s # ¢.
In [1,21], it was established that
P(s,t) < M(s,t) < T%(s,t), A(s,t) < M(s,t) < T(s,t), (2)

A2(s,t) + T?(s,t)
2

A(s, t)T(s, t) < M%(s,t) <
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fors,t > O withs # t.
For z € C, the functions

sinz sinh z
7 O 7
sincz = { z 27 and sinhcz = { z 270

1, z=20 1, z=0

are called the sinc function and hyperbolic sinc function, respectively. The function sincz is
also called the sine cardinal or sampling function, and the function sinhcz is also called
the hyperbolic sine cardinal; see [22]. The sinc function sinc z arises frequently in signal
processing, the theory of Fourier transforms, and other areas in mathematics, physics,
and engineering. It is easy to see that these two functions sinc z and sinhc z are analytic on
C, that is, they are entire functions.

In [23], the authors obtained double inequalities of the Neuman-Sandor meansin terms
of the arithmetic and contra-harmonic means, and they deduced that the inequalities

1 1 1
1-— 1-— < — <l—ay(1————),
'Bl( COSh29> sinhc 0 1( cosh29>

1 1 1 3)
1-— 1-— < <l—ar(1-— ,
P2 ( cosh* 9) sinhc? 6 2 < cosh* 9)

1+ a3 (Cosh4 6-1) < sinhc?6 < 1+ B3 (cosh4 6—1)

hold for 8 € (0,In(1+ v/2)) if and only if

algé and B; >2[1—In(1+v2)] =0237253...,
azé% and /522%[1—1112(1—1—\6)]:0.297574...,
1-In*(1++v2) 1

< =0.095767... and B3> -
B B0 v2) and f3 = ¢

respectively.
In this paper, motivated by those double inequalities in (3), we will obtain necessary
and sufficient conditions on « and  such that double inequalities

1—a +acosh? x < sinhc”x < 1 — B+ Bcosh® x 4)

and
1—a+acos” x < sinc’x <1— B+ Bcos? x ()

are valid on (—oo, c0) for some ranges of r € R. Hereafter, substituting the double inequali-
ties (4) and (5) into the Neuman-Sédndor mean M(s, t) and the first Seiffert means P(s, t),
we will derive generalizations of some inequalities for the Neuman-Sandor mean M(s, t)
and the first Seiffert means P(s, t).

2. Lemmas

To achieve our main purposes, we need the following lemmas.

Lemma 1 ([24], Theorem 1.25). For —o0 < s < t < oo, let f,g be continuous on [s,t],
differentiable on (s,t), and g'(x) # 0 on (s,t). If the ratio L) g increasing on (s, t), so

g'(x)
FE-6) 1 fO)—F(8)
S50 T s

are the functions
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Lemma 2 ([25], Lemma 1.1). Suppose that the power series f(x) = Yo ganx" and
g(x) = Y5 bux™ have the radius v > 0 of convergence and b, > 0 foralln € Ng = {0,1,2,... }.

Let h(x) = L E g Then the following statements are true.

1. Ifthe sequence { 3"} is increasing, so is the function h(x) on (0,r).
2. Ifthe sequence { {* } is increasing for 0 < n < ng and decreasing for n > ny, then there exists
xo € (0,7) such that h(x) is increasing on (0, xo) and decreasing on (xo, 7).

The classical Bernoulli numbers B, for n > 0 are generated in ([26], p. 3) by

ad z" z z
; = 2+}:B2n(2n)!, z| < 27,

In the recent papers [27-29], some novel results for the even-indexed Bernoulli num-
bers B,,, were discovered.

Lemma 3 ([30]). Let By, be the even-indexed Bernoulli numbers. Then

x © 22 _
=1
L )

n=1

2
|Banlx™, 0 < |x| <7 6)

sin x
Lemma 4 ([30-32]). Let By, be the even-indexed Bernoulli numbers. Then

1 (o]
cotx = = — -1

><

and

i ) |B2n|x2n72 (7)

for0 < |x| < 7.
Lemma 5. The function

2sinh? x cosh x — x sinh x — x2 cosh® x
(x — sinh x cosh x — xsinh? x) (x cosh x — sinh x)

hy(x) =

is increasing on (0, co) and has the limits

17 .
xli)rgl+ I (x) = % and xh_rg;lo hi(x) =1. 8)
Proof. Let
A(x) = 2sinh? x cosh x — x sinh x — x? cosh® x
and

B(x) = (x — sinh x cosh x — x sinh? x) (x cosh x — sinh x).
Straightforward computation gives

A(x) = 2cosh® x — 2 cosh x — x sinh x — x% cosh® x

cosh3x coshx x2cosh3x 3x%coshx .
= — — — — xsinh x

2 2 4 4
1 & 3 1 2n xz o) (3x)2” 3x2 o) o) x2n+l
=z = — - — —X e
2,;) 2 ; 2n)! 4 n;, (2n)! 4 E(Zn) ,;)(Zn+1)!
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1> (3x)2n+2 1 x2n+2 1@ 32nx2n+2
- Eng (2n+2)! 2 = (@n+2)! ZEO (2n)!
3 > x2n+2 (=] x2n+2
B ZEO (2n)! _n;o (2n+1)!
1 i 32"(—2n% —3n +8) — 6n% — 13n — 8 2u+2
2 5 (2n+2)!

and

B(x) = x? cosh x — 2x sinh x — x% sinh? x cosh x 4 sinh® x cosh x

2 . x?cosh3x  x?coshx  cosh3x coshx
= x“coshx — 2xsinh x — + + -

4 4 4 4
x2n+2 0 x2n+2 - 1 o 3211, 2142 N 1 i (3x)2n
= @2n+1)! 4= (2n)! 4 = (2n)!

2 (—4n? — 6n +7) + 20n? + 14n — 7 ant2
(2n +2)! '

i x2n
= (2n)!

=
Il
o

W o~
N
Y
N
| =

I
W= Ol
[7e

3
Il
N

agk

Let
3% (—2n*—3n+8)—6n>—13n—8
B 2(2n +2)!

n

and
b 32" (—4n® — 6n +7) +20n + 14n — 7
" 4(2n+2)! ‘

Simple computation leads to

_ 3"(=2n* —3n+8) —6n® —13n—8 _ 3*(—2n® —3n+8) —6n’> —13n—8
N 2(2n+2)! - 2(2n +2)!
_ —168n? — 256m + 640 272

< __ =
2(2n+2)! SN TE T

an

foralln € Nand n > 2, whereas, foralln € Nand n > 2,

3% (—4n? —6n+7) +20n% 4 14n — 7 - 34(—d4n? —6n +7) +20n% 4+ 14n — 7

b = 4(2n +2)! - 4(2n +2)! o)
—304n2 — 4721 + 560 400
pr— S - < 0.
4(2n +2)! (2n+2)!

Consequently, we obtain

0T, 32"(2n2 +3n — 8) + 6n> + 13n + 8
" by, 321 (4n2 + 6n —7) —20n2 — 14n + 7
_9"(4n? + 6n — 16) + 12n* + 261 + 16
 9"(4n?2+6n—7)—20n2 —14n+7 (10)
—9m+1l 43262 +40n +9
(4n2+6n—7) —20n2 —14n+7

21+ k(n)

:1+9n

forn € Nand n > 2. Let

—9%+1 4 32x2 4+ 40x +9
9% (4x2 + 6x — 7) —20x2 — 14x + 7

k(x) =
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for x € [2,00). Then

t(x)
[9%(4x2 + 6x — 7) — 2022 — 14x + 72’

K (x) =

where

£(x) = (=91 1In9 + 64x + 40) [9* (4x* + 6x — 7) — 20x* — 14x + 7]

— (—9"" +32x% + 40x +9) [9% (4x” + 6x — 7) In9 + 9" (8x + 6) — 40x — 14]

= 921 (8x + 6) + 97[9(20x% + 14x — 7) — (4x* + 6x — 7) (32x* + 40x +9)] In9
+ 9% [(64x +40) (4x* + 6x — 7) — 9(40x + 14) — (8x + 6) (32x* + 40x +9) ]
— (64x +40) (20x* + 14x — 7) + (40x + 14) (32x” + 40x + 9)

= 9%"*1(8x + 6) + 9" (352x + 128x% — 352x> — 128x*) In 9
+ 9% x 4(—115 — 220x + 8x?) + 406 + 808x + 352x>

=2 x 9% [9"T(3 4 4x) + (176x + 64x% — 176x° — 64x*) In9 — 230 — 440x + 16x7]
+ 406 + 808x + 352x°.

Let
m(x) = 9% (3 4 4x) + (176x + 64x* — 176x° — 64x*) In9 — 230 — 440x + 16x°.
Then

m'(x) = 9" In9(3 + 4x) +4 x 9! + (176 + 128x — 528x% — 256x°) In9 — 440 + 32x,
m'(2) = 42191n9 + 2412
>0,
m' (x) = In?9 x 9" (3 + 4x) + 81n9 x 91 + (128 — 1056x — 768x?) In9 + 32,
m"(2) = 8019In?9 4 776 In 9 + 32
>0,
m®) (x) = In®9 x 91 (3 + 4x) +12In%9 x 9*1 4+ (1056 — 1536x) In9,
m®)(2) = 80191n°9 4 87481n?9 — 2112In9
>0,
m® (x) = In*9 x 91 (3 + 4x) + 16In>9 x 9¥*1 —15361n9
> In*9 % 9¥F1(3 4 4x) + 116641n°9 — 1536In9
>0

on [2,00). Therefore, the function m(x) is increasing on (2, c0) and
m(2) = 6973 — 18241n9 > 1501 > 0.

Hence, it follows that ¢(x) > 0 and the function k(x) is increasing on |2, c0).
According to (10), we can observe that ¢, is increasing for n € Nand n > 2. Thus,
A(x)

based on Lemma 2, the function f; (x) = B is increasing on (0, o).

The limits in (8) are straightforward. The proof of Lemma 5 is complete. [

3. Necessary and Sufficient Conditions

Now we are in a position to state and prove our main results.

Theorem 1. Let x,r € R.
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1. Whenr > %, the double inequality (4) holds if and only if & < 0and p > %. )
2. Whenr <0, the right-hand side of the inequality (4) holds if and only if B < .
Proof. Let e
F(x) = sin ; x—1, fl(x),
cosh” x -1 fa(x)
where fi(x) = sinhc” x — 1 and fo(x) = cosh? x — 1. Then
fi(x) _ sinh" 2 x(xcoshx — sinh x)
f3(x) 2x"+1 cosh? ! x
and
)7 _r—1( sinhx "2 x — sinh x cosh x — x sinh? x x cosh x — sinh x
f(x)] 2 \xcosh?x x2 cosh® x x2 sinh x cosh x
1 ( sinh x ) "“12sinh? x cosh x — x2 cosh® x — x sinh x
2\ x cosh? x x3 sinh? x cosh? x
. r—2
_ 1 ( s1nh;c ) ! — [(r — 1) (x — sinh x cosh x — x sinh” x)
x cosh” x x4 sinh x cosh® x

2

x (xcoshx — sinh x) + (2sinh? x cosh x — x sinh x — x* cosh’ x) ]
1 ( sinh x >r—2 (x — sinh x cosh x — xsinh? x) (x cosh x — sinh x)
2

x cosh? x

x4 sinh x cosh® x
2sinh? x cosh x — x sinh x — x2 cosh® x

X [r -1+ 5
(x — sinh x cosh x — x sinh” x) (x cosh x — sinh x)

1/ sinhx \" 2 B(x)
== r—14hi(x)].
2 (xcosh2x> x4 sinhxcosh4x[ 1))

Based on the result (9) in the proof of Lemma 5, we can observe that the function
B(x) < 0.
Whenr > % and x € (0,00), we have r — 1+ hy(x) > 0, and then A 5 decreasing

f ()
on (0,00). Accordingly, by Lemma 1, the function F(x) = ggg = % is decreasing
on (0, c0).
When r < 0 and x € (0,00), we have r — 1+ h1(x) < 0, and then A 5 increasing

£ ()

on (0,00). Accordingly, based on Lemma 1, the function F(x) = ggg = 28:}2%83 is

increasing on (0, o).
It is straightforward that lim,_,o+ F(x) = %. The proof of Theorem 1 is thus complete. [J

Corollary 1. Let r > 0 and x € R. Then the inequality

1 1 2r
sinhc” x <1 _a—'—a(coshx)
holds if and only if & < %.
Corollary 2. Let x € R. Then
1 1 5 1 5  cosh?®x

< cosh® x.

1 < sinhcx < -
cosh?x " sinhcx ~ 6 1 geoshly — o SSmne¥ < gty
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Corollary 3. Let t # 0. Then

1 <arcsinht<§+ 1 1< t <§+1+t2<1+t2
1+ t2 t 6 6(1+1t2) arcsinht ~ 6 6 '

Theorem 2. Letr € R. Forx € (0,75),

1.  whenr > %, the double inequality (5) holds if and only if & > 1 — (%)r and B < L;

2. when0 < r < &, the double inequality (5) holds if and only if a > Land p < 1— (2)";
3. whenr < 0, then the right-hand side inequality in (5) holds if and only ifg > é.

Proof. Let
sin’x —1 5 g1(x)

G(x) = cos?x—1  go(x)’

where g1 (x) = sinc’ x — 1 and g(x) = cos? x — 1. Then

/ . r—1 .
gi(x) 1/ sinx Xcosx —sinx
gh(x) 2 \ xcos? x x2 sin x cos x
and
/ . -2 . . .
g1(x)]"  r—1/ sinx \" “x—sinxcosx + xsin®x sinx — x cos x
gh(x) 2 \xcos?x xZ cos® x x2 sin x cos x
. -1 . .
+1 sinx \" x2cosdx + xsinx — 2sin? x cos x
x cos? x x3 sin? x cos? x
1 sin x 1 . .
= > v —[(r—1)(x — sinxcos x + xsin” x)
2 X COS X*sin x cos* x
X (sinx — xcosx) + (x? cos® x + xsinx — 2sin? x cos x)|
1 sin x 2x sinx — sin? x cos x — x2 cos x — x2 sin? x cos X
~ 2\ xcos?x x4 sin x cos? x
2x2 cos x — x sin x — sin? x cos x
X [r+ > 5 P
2x sin X — Sin” X COS X — X4 COS X — X4 sin” X COS X
1 sin x 2x sinx — sin? x cos x — x2 cos x — x% sin? x cos x
) 2y 4 4y [7” + u(x)]'
2 X COS x%sin x cos
where
2x2 cos x — x sin x — sin? x cos x
u(x) = . . 2 2 2 . 2
2x sin x — sin“ X cos X — X4 COs X — X4 sin“ X cos X
2x2
sin? x B stx —1 Ay D(x)
T 4ax 4 22 2 Elx
sin2x sin? x x ( )
with ) )
2x 2x 4x X
D(x) = —5— — = —1 and E(x) = — -1-— —x2
SIN“ X sin 2x sin2x SIN- X
By virtue of (6) and (7), we have
1, & 2%(2n—-1) 2 2, 22 —2
D(x):2x2 —+27|B2 [x" 5| — 1+Z |B |(2x) -1
2 n 2n
xz = (2n)! = (Zn)
&, 221t (2n — 1) o 22—
= Z (27’1)' |an|x - Z (2 ) |BZn|(2x)
n=1 : n=1
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= (2n)! =
and
S 2 22" ) 2n—2 2
E(x)=2 1—1—[:1 )1 |Bo | (2x) ”]—x [ —1—2 |Bp|x*" 2| —x* —1
n=
o (227l+1 — o — 3) 22n - )
= Z (Zn)' |B2n|x — X
n=1 :
© (221 — 2 — 3)22" i
= Z ( (2n)! ) ‘BZn|x2n £ Z enx>"
n=2 ' n=2
where
2211 (4 22}’1) (22n+1 —2n— 3) 22n
dn = T|B2n| and ey = (21’1)! ‘an| > 0.
Since the sequence ¢, = ’j—s = 722,%:222:73 forn = 2,3,... is decreasing, according

to Lemma 2, the function u(x) = lg((x)) is decreasing from (0, %) onto (— %, —ﬁ). When

r > % the function 81E *) is increasing on (O, 2) and based on Lemma 1, the function

x)
G(x) = g;gx; - glgxg glE g is increasing on (0, 7). When r < £, the function gE ;:s
decreasing on (0, 5 ), and according to Lemma 1, the function G(x) = ;Exg ng ; 2’; Eg+g

is decreasing on (0, 5 ).
Itis straightforward that lim, o+ G(x) = £. The proof of Theorem 2 is thus complete. [J

Corollary 4. Let r > 0 and |x| < 71/2. Then the inequality

<l—a+u«
COS X

sinc” x

holds if and only if a %

Corollary 5. Let [x| < Z. Then

cost<cosx<sincx<f+Coszx ! <§ ! < !
6 6 sincx 6 6cos2x  cos?x
Corollary 6. Lett € (0,1). Then
1-£2 < <§+1_t2<1<arcs’int<§jL t !
arcsint 6 6 t 6 6(1—12) ~1—12

4. Applications of Necessary and Sufficient Conditions

In this section, using Theorems 1 and 2 , we can obtain the following inequalities.

Theorem 3. Let s, t > Qwiths # t. Whenr > 2%, the double inequality

aC'(s,t) + (1 —a)A'(s,t) < M'(s,t) < BC"(s,t) + (1 — B)A" (s, 1) (11)

holds if and only if & < 2,1 T 11:1(1(}:}[) and g > 1 5; When r <0, the inequality (11) holds if and

only if & > 5 11;?1(1%) and p < 1.
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Proof. Without loss of generality, we assume thats >t > 0. Let u = % Then u € (0,1) and

M’ (S, t) — A" (3/ t) _ arcs?nhru —1

Cr(s,t) —Ar(s,t)  (1+u?)" -1

Let t = sinh . Then 6 € (0,In(1+ \ﬁ)) and
M(s,t) — A(s,t) Sl g

£ F(9).
Cr(s,t) — A"(s,t)  cosh? 6 —1 (©)

Using Theorem 1, we can observe that, when r > %, the function F(0) is decreasing
on the interval (0,In(1 + v/2)), whereas F(9) is increasing on (0,In(1++/2)) for r < 0.
According to L'Hospital’s rule, we have
1 1-In"(1++v2)

1
Iim F(6) = - and lim F(9) =
6—0+ (6) 6 f—In(1+/2)" (®) 27—=1 In"(1++2)

The proof of Theorem 3 is thus complete. [

Theorem 4. Let s, t > 0 with s # t. Then the double inequality

aH' (s, t) + (1 —a)A"(s,t) < P'(s,t) < BH'(s,t) + (1 — B) A" (s, t)

holds if and only if
forr>1 a>1— 2 rand,B<1-
_2/ 7'[' _6/
8 1 2\’
< = > - <1-(Z2);
f0r0<r725, zx76andﬁil (n)'
forr <0, aﬁOandﬁzé.

Proof. Without the loss of generality, we assume thats >t > 0. Letv = z—li Thenv € (0,1)

Pr(s/ t) - AT(S, t) _ arcgm — 1

H(s,t) — Ar(s,t) (1—02)" =1

and

Let v = sinf. Then 6 € (0, %) and
Pr(s,t) — A'(s,t) S8 1

A
P— P— 6
H(s, 1) —A(5,0)  co®d—1 O\

~—

By virtue of Theorem 2, we can observe that, when r € (—
G(0) is decreasing on (0, 5 ), whereas G(0) is increasing on (0, 5
Using L'Hospital’s rule, we obtain the limits limg_,+ G(0) =

2 r
) 1-— () , r>0;
lim G(0) = T
0—(r/2)~ 0 r <0

The proof of Theorem 4 is thus complete. O

Corollary 7. Foralls,t > Q withs # t,
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1. The double inequality

o 1—w 1 B 1-p8
H(sl,t) A, tl) SPen S H(sl,t) A, tl)

holds if and only if

m <2[1-In(1+v2)] = 0237253, and fr > 1

2. The double inequality

[L%) 1-— [L%) 1 ,32 1-— ,32
H(s,) " A2(,0) ~ PXst) ~ H2s, ) | A2(s, 1)

holds if and only if ap < 0 and By > %;
3. The double inequality

a3H(s, t) + (1 —a3)A(s, t) < P(s,t) < BsH(s,t) + (1 — B3)A(s, t)

holds if and only if

2 1
a3 > 1—; =0.36338..., and B3 < R

4. The double inequality
wgH? (s, 1) + (1 — ag) A% (s, 1) < P?(s,t) < ByH?(s,t) + (1 — By) A% (s, t)
holds if and only if

2\?2 1
a4>1(n) =0594715... and By < .

Corollary 8. Foralls,t > 0 with s # t, then

Hs,t) < (1 - i)H(S, b+ %A(s,t) < P(s,t) < LH(s, 1) + ZA(S, )

6
1—-In(1 2 2In(1 2)—1
< A(s,t) < n(——F\[)C(s,i‘) + n(1+v2) A(s, t) (12)
In(1+v72) In(1+v72)
1
< M(s,) < £Cls, 1) + gA(s,t) < Cls,b).
5. Remarks
Remark 1. When taking r = —2,—1,1,2 in Theorem 1, we can obtain the results reported
in [13,23].

Remark 2. The inequality chain (12) improves the left-hand sides of inequalities (1) and (2).

Remark 3. From sinh(zi) = isinz, it follows that sinhc(z1i) = sincz. This relation is possibly
available to simplify proofs of the main results in this paper.

Remark 4. In [33-36], series expansions of the functions

arcsint " arcsinh " (arccos x)?1"
t ’ t ! 21—x) |’
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[ (arccosh x)?

r
r r
20 —7) ], (arccost)’, (arccosht)

for r € R were established. These series expansions are possibly available to prove the main results
presented in this paper.

6. Conclusions

In this paper, we have established some inequalities for the trigonometric functions
and hyperbolic functions. These results can trigger further investigations on inequalities
involving trigonometric and hyperbolic functions. The techniques used in this paper
are suitable for proving and establishing many other inequalities involving the Neuman—
Sandor mean, the Seiffert mean, the Toader mean, and so on.
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