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1. Introduction

For s, t > 0 with s 6= t, the Neuman–Sándor mean M(s, t), the first Seiffert mean
P(s, t), and the second Seiffert mean T(s, t) are, respectively, defined in [1–3] by

M(s, t) =
s− t

2 arcsinh s−t
s+t

, P(s, t) =
s− t

4 arctan
√

s
t − π

, T(s, t) =
s− t

2 arctan s−t
s+t

,

where arcsinh x = ln
(
x +
√

x2 + 1
)

denotes the inverse hyperbolic sine function. The first
Seiffert mean P(s, t) can be rewritten ([1], Equation (2.4)) as

P(s, t) =
s− t

2 arcsin s−t
s+t

.

Recently, these bivariate mean values have been the subject of intensive research.
In particular, many remarkable inequalities and properties for the means M(s, t), P(s, t),
and T(s, t) can be found in the literature [4–20].

Let A(s, t) = s+t
2 , H(s, t) = 2st

s+t , and C(s, t) = s2+t2

s+t be the arithmetic, harmonic,
and contra-harmonic mean of two positive numbers s and t. The inequalities

H(s, t) < P(s, t) < A(s, t) < T(s, t) < C(s, t) (1)

hold for all s, t > 0 with s 6= t.
In [1,21], it was established that

P(s, t) < M(s, t) < T2(s, t), A(s, t) < M(s, t) < T(s, t), (2)

A(s, t)T(s, t) < M2(s, t) <
A2(s, t) + T2(s, t)

2
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for s, t > 0 with s 6= t.
For z ∈ C, the functions

sinc z =


sin z

z
, z 6= 0

1, z = 0
and sinhc z =


sinh z

z
, z 6= 0

1, z = 0

are called the sinc function and hyperbolic sinc function, respectively. The function sinc z is
also called the sine cardinal or sampling function, and the function sinhc z is also called
the hyperbolic sine cardinal; see [22]. The sinc function sinc z arises frequently in signal
processing, the theory of Fourier transforms, and other areas in mathematics, physics,
and engineering. It is easy to see that these two functions sinc z and sinhc z are analytic on
C, that is, they are entire functions.

In [23], the authors obtained double inequalities of the Neuman–Sándor meansin terms
of the arithmetic and contra-harmonic means, and they deduced that the inequalities

1− β1

(
1− 1

cosh2 θ

)
<

1
sinhc θ

< 1− α1

(
1− 1

cosh2 θ

)
,

1− β2

(
1− 1

cosh4 θ

)
<

1
sinhc2 θ

< 1− α2

(
1− 1

cosh4 θ

)
,

1 + α3
(
cosh4 θ − 1

)
< sinhc2 θ < 1 + β3

(
cosh4 θ − 1

)
(3)

hold for θ ∈ (0, ln(1 +
√

2 )) if and only if

α1 ≤
1
6

and β1 ≥ 2
[
1− ln

(
1 +
√

2
)]

= 0.237253 . . . ,

α2 ≤
1
6

and β2 ≥
4
3
[
1− ln2(1 +√2

)]
= 0.297574 . . . ,

α3 ≤
1− ln2(1 +√2

)
3 ln2(1 +√2

) = 0.095767 . . . and β3 ≥
1
6

respectively.
In this paper, motivated by those double inequalities in (3), we will obtain necessary

and sufficient conditions on α and β such that double inequalities

1− α + α cosh2r x < sinhcr x < 1− β + β cosh2r x (4)

and
1− α + α cos2r x < sincr x < 1− β + β cos2r x (5)

are valid on (−∞, ∞) for some ranges of r ∈ R. Hereafter, substituting the double inequali-
ties (4) and (5) into the Neuman–Sándor mean M(s, t) and the first Seiffert means P(s, t),
we will derive generalizations of some inequalities for the Neuman–Sándor mean M(s, t)
and the first Seiffert means P(s, t).

2. Lemmas

To achieve our main purposes, we need the following lemmas.

Lemma 1 ([24], Theorem 1.25). For −∞ < s < t < ∞, let f , g be continuous on [s, t],
differentiable on (s, t), and g′(x) 6= 0 on (s, t). If the ratio f ′(x)

g′(x) is increasing on (s, t), so

are the functions f (x)− f (s)
g(x)−g(s) and f (x)− f (t)

g(x)−g(t) .



Axioms 2022, 11, 304 3 of 12

Lemma 2 ([25], Lemma 1.1). Suppose that the power series f (x) = ∑∞
n=0 anxn and

g(x) = ∑∞
n=0 bnxn have the radius r > 0 of convergence and bn > 0 for all n ∈ N0 = {0, 1, 2, . . . }.

Let h(x) = f (x)
g(x) . Then the following statements are true.

1. If the sequence { an
bn
}∞

n=0 is increasing, so is the function h(x) on (0, r).
2. If the sequence { an

bn
} is increasing for 0 < n ≤ n0 and decreasing for n > n0, then there exists

x0 ∈ (0, r) such that h(x) is increasing on (0, x0) and decreasing on (x0, r).

The classical Bernoulli numbers Bn for n ≥ 0 are generated in ([26], p. 3) by

z
ez−1

=
∞

∑
n=0

Bn
zn

n!
= 1− z

2
+

∞

∑
n=1

B2n
z2n

(2n)!
, |z| < 2π.

In the recent papers [27–29], some novel results for the even-indexed Bernoulli num-
bers B2n were discovered.

Lemma 3 ([30]). Let B2n be the even-indexed Bernoulli numbers. Then

x
sin x

= 1 +
∞

∑
n=1

22n − 2
(2n)!

|B2n|x2n, 0 < |x| < π. (6)

Lemma 4 ([30–32]). Let B2n be the even-indexed Bernoulli numbers. Then

cot x =
1
x
−

∞

∑
n=1

22n

(2n)!
|B2n|x2n−1

and
1

sin2 x
= csc2 x =

1
x2 +

∞

∑
n=1

22n(2n− 1)
(2n)!

|B2n|x2n−2 (7)

for 0 < |x| < π.

Lemma 5. The function

h1(x) =
2 sinh2 x cosh x− x sinh x− x2 cosh3 x(

x− sinh x cosh x− x sinh2 x
)
(x cosh x− sinh x)

is increasing on (0, ∞) and has the limits

lim
x→0+

h1(x) =
17
25

and lim
x→∞

h1(x) = 1. (8)

Proof. Let
A(x) = 2 sinh2 x cosh x− x sinh x− x2 cosh3 x

and
B(x) =

(
x− sinh x cosh x− x sinh2 x

)
(x cosh x− sinh x).

Straightforward computation gives

A(x) = 2 cosh3 x− 2 cosh x− x sinh x− x2 cosh3 x

=
cosh 3x

2
− cosh x

2
− x2 cosh 3x

4
− 3x2 cosh x

4
− x sinh x

=
1
2

∞

∑
n=0

(3x)2n

(2n)!
− 1

2

∞

∑
n=0

x2n

(2n)!
− x2

4

∞

∑
n=0

(3x)2n

(2n)!
− 3x2

4

∞

∑
n=0

x2n

(2n)!
− x

∞

∑
n=0

x2n+1

(2n + 1)!
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=
1
2

∞

∑
n=0

(3x)2n+2

(2n + 2)!
− 1

2

∞

∑
n=0

x2n+2

(2n + 2)!
− 1

4

∞

∑
n=0

32nx2n+2

(2n)!

− 3
4

∞

∑
n=0

x2n+2

(2n)!
−

∞

∑
n=0

x2n+2

(2n + 1)!

=
1
2

∞

∑
n=2

32n(−2n2 − 3n + 8)− 6n2 − 13n− 8
(2n + 2)!

x2n+2

and

B(x) = x2 cosh x− 2x sinh x− x2 sinh2 x cosh x + sinh2 x cosh x

= x2 cosh x− 2x sinh x− x2 cosh 3x
4

+
x2 cosh x

4
+

cosh 3x
4

− cosh x
4

=
5
4

∞

∑
n=0

x2n+2

(2n)!
− 2

∞

∑
n=0

x2n+2

(2n + 1)!
− 1

4

∞

∑
n=0

32nx2n+2

(2n)!
+

1
4

∞

∑
n=0

(3x)2n

(2n)!
− 1

4

∞

∑
n=0

x2n

(2n)!

=
1
4

∞

∑
n=2

32n(−4n2 − 6n + 7) + 20n2 + 14n− 7
(2n + 2)!

x2n+2.

Let

an =
32n(−2n2 − 3n + 8)− 6n2 − 13n− 8

2(2n + 2)!

and

bn =
32n(−4n2 − 6n + 7) + 20n2 + 14n− 7

4(2n + 2)!
.

Simple computation leads to

an =
32n(−2n2 − 3n + 8)− 6n2 − 13n− 8

2(2n + 2)!
≤ 34(−2n2 − 3n + 8)− 6n2 − 13n− 8

2(2n + 2)!

=
−168n2 − 256n + 640

2(2n + 2)!
≤ − 272

(2n + 2)!
< 0

for all n ∈ N and n ≥ 2, whereas, for all n ∈ N and n ≥ 2,

bn =
32n(−4n2 − 6n + 7) + 20n2 + 14n− 7

4(2n + 2)!
≤ 34(−4n2 − 6n + 7) + 20n2 + 14n− 7

4(2n + 2)!

=
−304n2 − 472n + 560

4(2n + 2)!
≤ − 400

(2n + 2)!
< 0.

(9)

Consequently, we obtain

cn =
−an

−bn
= 2× 32n(2n2 + 3n− 8) + 6n2 + 13n + 8

32n(4n2 + 6n− 7)− 20n2 − 14n + 7

=
9n(4n2 + 6n− 16) + 12n2 + 26n + 16

9n(4n2 + 6n− 7)− 20n2 − 14n + 7

= 1 +
−9n+1 + 32n2 + 40n + 9

9n(4n2 + 6n− 7)− 20n2 − 14n + 7

, 1 + k(n)

(10)

for n ∈ N and n ≥ 2. Let

k(x) =
−9x+1 + 32x2 + 40x + 9

9x(4x2 + 6x− 7)− 20x2 − 14x + 7
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for x ∈ [2, ∞). Then

k′(x) =
`(x)

[9x(4x2 + 6x− 7)− 20x2 − 14x + 7]2
,

where

`(x) =
(
−9x+1 ln 9 + 64x + 40

)[
9x(4x2 + 6x− 7

)
− 20x2 − 14x + 7

]
−
(
−9x+1 + 32x2 + 40x + 9

)[
9x(4x2 + 6x− 7

)
ln 9 + 9x(8x + 6)− 40x− 14

]
= 92x+1(8x + 6) + 9x[9(20x2 + 14x− 7

)
−
(
4x2 + 6x− 7

)(
32x2 + 40x + 9

)]
ln 9

+ 9x[(64x + 40)
(
4x2 + 6x− 7

)
− 9(40x + 14)− (8x + 6)

(
32x2 + 40x + 9

)]
− (64x + 40)

(
20x2 + 14x− 7

)
+ (40x + 14)

(
32x2 + 40x + 9

)
= 92x+1(8x + 6) + 9x(352x + 128x2 − 352x3 − 128x4) ln 9

+ 9x × 4
(
−115− 220x + 8x2)+ 406 + 808x + 352x2

= 2× 9x[9x+1(3 + 4x) +
(
176x + 64x2 − 176x3 − 64x4) ln 9− 230− 440x + 16x2]

+ 406 + 808x + 352x2.

Let

m(x) = 9x+1(3 + 4x) +
(
176x + 64x2 − 176x3 − 64x4) ln 9− 230− 440x + 16x2.

Then

m′(x) = 9x+1 ln 9(3 + 4x) + 4× 9x+1 +
(
176 + 128x− 528x2 − 256x3) ln 9− 440 + 32x,

m′(2) = 4219 ln 9 + 2412

> 0,

m′′(x) = ln2 9× 9x+1(3 + 4x) + 8 ln 9× 9x+1 +
(
128− 1056x− 768x2) ln 9 + 32,

m′′(2) = 8019 ln2 9 + 776 ln 9 + 32

> 0,

m(3)(x) = ln3 9× 9x+1(3 + 4x) + 12 ln2 9× 9x+1 +
(
−1056− 1536x

)
ln 9,

m(3)(2) = 8019 ln3 9 + 8748 ln2 9− 2112 ln 9

> 0,

m(4)(x) = ln4 9× 9x+1(3 + 4x) + 16 ln3 9× 9x+1 − 1536 ln 9

> ln4 9× 9x+1(3 + 4x) + 11664 ln3 9− 1536 ln 9

> 0

on [2, ∞). Therefore, the function m(x) is increasing on [2, ∞) and

m(2) = 6973− 1824 ln 9 > 1501 > 0.

Hence, it follows that `(x) > 0 and the function k(x) is increasing on [2, ∞).
According to (10), we can observe that cn is increasing for n ∈ N and n ≥ 2. Thus,

based on Lemma 2, the function h1(x) = A(x)
B(x) is increasing on (0, ∞).

The limits in (8) are straightforward. The proof of Lemma 5 is complete.

3. Necessary and Sufficient Conditions

Now we are in a position to state and prove our main results.

Theorem 1. Let x, r ∈ R.
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1. When r ≥ 8
25 , the double inequality (4) holds if and only if α ≤ 0 and β ≥ 1

6 .
2. When r < 0, the right-hand side of the inequality (4) holds if and only if β ≤ 1

6 .

Proof. Let

F(x) =
sinhcr x− 1
cosh2r x− 1

,
f1(x)
f2(x)

,

where f1(x) = sinhcr x− 1 and f2(x) = cosh2r x− 1. Then

f ′1(x)
f ′2(x)

=
sinhr−2 x(x cosh x− sinh x)

2xr+1 cosh2r−1 x

and[
f ′1(x)
f ′2(x)

]′
=

r− 1
2

(
sinh x

x cosh2 x

)r−2 x− sinh x cosh x− x sinh2 x
x2 cosh3 x

x cosh x− sinh x
x2 sinh x cosh x

+
1
2

(
sinh x

x cosh2 x

)r−1 2 sinh2 x cosh x− x2 cosh3 x− x sinh x
x3 sinh2 x cosh2 x

=
1
2

(
sinh x

x cosh2 x

)r−2 1
x4 sinh x cosh4 x

[
(r− 1)

(
x− sinh x cosh x− x sinh2 x

)
× (x cosh x− sinh x) +

(
2 sinh2 x cosh x− x sinh x− x2 cosh3 x

)]
=

1
2

(
sinh x

x cosh2 x

)r−2 (x− sinh x cosh x− x sinh2 x
)
(x cosh x− sinh x)

x4 sinh x cosh4 x

×
[

r− 1 +
2 sinh2 x cosh x− x sinh x− x2 cosh3 x(

x− sinh x cosh x− x sinh2 x
)
(x cosh x− sinh x)

]

=
1
2

(
sinh x

x cosh2 x

)r−2 B(x)
x4 sinh x cosh4 x

[r− 1 + h1(x)].

Based on the result (9) in the proof of Lemma 5, we can observe that the function
B(x) < 0.

When r ≥ 8
25 and x ∈ (0, ∞), we have r− 1 + h1(x) > 0, and then f ′1(x)

f ′2(x) is decreasing

on (0, ∞). Accordingly, by Lemma 1, the function F(x) = f1(x)
f2(x) =

f1(x)− f1(0+)
f2(x)− f2(0+)

is decreasing
on (0, ∞).

When r < 0 and x ∈ (0, ∞), we have r− 1 + h1(x) < 0, and then f ′1(x)
f ′2(x) is increasing

on (0, ∞). Accordingly, based on Lemma 1, the function F(x) = f1(x)
f2(x) = f1(x)− f1(0+)

f2(x)− f2(0+)
is

increasing on (0, ∞).
It is straightforward that limx→0+ F(x) = 1

6 . The proof of Theorem 1 is thus complete.

Corollary 1. Let r > 0 and x ∈ R. Then the inequality

1
sinhcr x

< 1− α + α

(
1

cosh x

)2r

holds if and only if α ≤ 1
6 .

Corollary 2. Let x ∈ R. Then

1
cosh2 x

<
1

sinhc x
<

5
6
+

1
6 cosh2 x

< 1 < sinhc x <
5
6
+

cosh2 x
6

< cosh2 x.
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Corollary 3. Let t 6= 0. Then

1
1 + t2 <

arcsinh t
t

<
5
6
+

1
6(1 + t2)

< 1 <
t

arcsinh t
<

5
6
+

1 + t2

6
< 1 + t2.

Theorem 2. Let r ∈ R. For x ∈
(
0, π

2
)
,

1. when r ≥ 1
2 , the double inequality (5) holds if and only if α ≥ 1−

( 2
π

)r and β ≤ 1
6 ;

2. when 0 < r ≤ 8
25 , the double inequality (5) holds if and only if α ≥ 1

6 and β ≤ 1−
( 2

π

)r;
3. when r < 0, then the right-hand side inequality in (5) holds if and only if β ≥ 1

6 .

Proof. Let

G(x) =
sincr x− 1
cos2r x− 1

,
g1(x)
g2(x)

,

where g1(x) = sincr x− 1 and g2(x) = cos2r x− 1. Then

g′1(x)
g′2(x)

= −1
2

(
sin x

x cos2 x

)r−1 x cos x− sin x
x2 sin x cos x

and[
g′1(x)
g′2(x)

]′
=

r− 1
2

(
sin x

x cos2 x

)r−2 x− sin x cos x + x sin2 x
x2 cos3 x

sin x− x cos x
x2 sin x cos x

+
1
2

(
sin x

x cos2 x

)r−1 x2 cos3 x + x sin x− 2 sin2 x cos x
x3 sin2 x cos2 x

=
1
2

(
sin x

x cos2 x

)r−2 1
x4 sin x cos4 x

[
(r− 1)

(
x− sin x cos x + x sin2 x

)
× (sin x− x cos x) +

(
x2 cos3 x + x sin x− 2 sin2 x cos x

)]
=

1
2

(
sin x

x cos2 x

)r−2 2x sin x− sin2 x cos x− x2 cos x− x2 sin2 x cos x
x4 sin x cos4 x

×
(

r +
2x2 cos x− x sin x− sin2 x cos x

2x sin x− sin2 x cos x− x2 cos x− x2 sin2 x cos x

)
=

1
2

(
sin x

x cos2 x

)r−2 2x sin x− sin2 x cos x− x2 cos x− x2 sin2 x cos x
x4 sin x cos4 x

[r + u(x)],

where

u(x) =
2x2 cos x− x sin x− sin2 x cos x

2x sin x− sin2 x cos x− x2 cos x− x2 sin2 x cos x

=

2x2

sin2 x
− 2x

sin 2x − 1
4x

sin 2x − 1− x2

sin2 x
− x2

,
D(x)
E(x)

with

D(x) =
2x2

sin2 x
− 2x

sin 2x
− 1 and E(x) =

4x
sin 2x

− 1− x2

sin2 x
− x2.

By virtue of (6) and (7), we have

D(x) = 2x2
[

1
x2 +

∞

∑
n=1

22n(2n− 1)
(2n)!

|B2n|x2n−2
]
−
[

1 +
∞

∑
n=1

22n − 2
(2n)!

|B2n|(2x)2n
]
− 1

=
∞

∑
n=1

22n+1(2n− 1)
(2n)!

|B2n|x2n −
∞

∑
n=1

22n − 2
(2n)!

|B2n|(2x)2n
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=
∞

∑
n=2

22n(4n− 22n)
(2n)!

|B2n|x2n ,
∞

∑
n=2

dnx2n

and

E(x) = 2
[

1 +
∞

∑
n=1

22n − 2
(2n)!

|B2n|(2x)2n
]
− x2

[
1
x2 +

∞

∑
n=1

22n(2n− 1)
(2n)!

|B2n|x2n−2
]
− x2 − 1

=
∞

∑
n=1

(
22n+1 − 2n− 3

)
22n

(2n)!
|B2n|x2n − x2

=
∞

∑
n=2

(
22n+1 − 2n− 3

)
22n

(2n)!
|B2n|x2n ,

∞

∑
n=2

enx2n,

where

dn =
22n(4n− 22n)

(2n)!
|B2n| and en =

(
22n+1 − 2n− 3

)
22n

(2n)!
|B2n| > 0.

Since the sequence cn = dn
en

= 4n−22n

22n+1−2n−3 for n = 2, 3, . . . is decreasing, according

to Lemma 2, the function u(x) = D(x)
E(x) is decreasing from

(
0, π

2
)

onto
(
− 1

2 ,− 8
25
)
. When

r ≥ 1
2 , the function g′1(x)

g′2(x) is increasing on
(
0, π

2
)
, and based on Lemma 1, the function

G(x) = g1(x)
g2(x) = g1(x)−g1(0+)

g2(x)−g2(0+)
is increasing on

(
0, π

2
)
. When r ≤ 8

25 , the function g′1(x)
g′2(x) is

decreasing on
(
0, π

2
)
, and according to Lemma 1, the function G(x) = g1(x)

g2(x) =
g1(x)−g1(0+)
g2(x)−g2(0+)

is decreasing on
(
0, π

2
)
.

It is straightforward that limx→0+ G(x) = 1
6 . The proof of Theorem 2 is thus complete.

Corollary 4. Let r > 0 and |x| < π/2. Then the inequality

1
sincr x

< 1− α + α

(
1

cos x

)2r

holds if and only if α ≥ 1
6 .

Corollary 5. Let |x| ≤ π
2 . Then

cos2 x < cos x < sinc x <
5
6
+

cos2 x
6

< 1 <
1

sinc x
<

5
6
+

1
6 cos2 x

<
1

cos2 x
.

Corollary 6. Let t ∈ (0, 1). Then

1− t2 <
t

arcsin t
<

5
6
+

1− t2

6
< 1 <

arcsin t
t

<
5
6
+

1
6(1− t2)

<
1

1− t2 .

4. Applications of Necessary and Sufficient Conditions

In this section, using Theorems 1 and 2 , we can obtain the following inequalities.

Theorem 3. Let s, t > 0 with s 6= t. When r ≥ 8
25 , the double inequality

αCr(s, t) + (1− α)Ar(s, t) < Mr(s, t) < βCr(s, t) + (1− β)Ar(s, t) (11)

holds if and only if α ≤ 1
2r−1

1−lnr(1+
√

2 )
lnr(1+

√
2 )

and β ≥ 1
6 ; when r < 0, the inequality (11) holds if and

only if α ≥ 1
2r−1

1−lnr(1+
√

2 )
lnr(1+

√
2 )

and β ≤ 1
6 .
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Proof. Without loss of generality, we assume that s > t > 0. Let u = s−t
s+t . Then u ∈ (0, 1) and

Mr(s, t)− Ar(s, t)
Cr(s, t)− Ar(s, t)

=
ur

arcsinhr u − 1
(1 + u2)r − 1

.

Let t = sinh θ. Then θ ∈
(
0, ln

(
1 +
√

2
))

and

Mr(s, t)− Ar(s, t)
Cr(s, t)− Ar(s, t)

=
sinhr θ

θr − 1

cosh2r θ − 1
, F(θ).

Using Theorem 1, we can observe that, when r ≥ 8
25 , the function F(θ) is decreasing

on the interval
(
0, ln

(
1 +
√

2
))

, whereas F(θ) is increasing on
(
0, ln

(
1 +
√

2
))

for r < 0.
According to L’Hospital’s rule, we have

lim
θ→0+

F(θ) =
1
6

and lim
θ→ln(1+

√
2 )−

F(θ) =
1

2r − 1
1− lnr(1 +

√
2 )

lnr(1 +
√

2 )
.

The proof of Theorem 3 is thus complete.

Theorem 4. Let s, t > 0 with s 6= t. Then the double inequality

αHr(s, t) + (1− α)Ar(s, t) < Pr(s, t) < βHr(s, t) + (1− β)Ar(s, t)

holds if and only if 

for r ≥ 1
2

, α ≥ 1−
(

2
π

)r

and β ≤ 1
6

;

for 0 < r ≤ 8
25

, α ≥ 1
6

and β ≤ 1−
(

2
π

)r

;

for r < 0, α ≤ 0 and β ≥ 1
6

.

Proof. Without the loss of generality, we assume that s > t > 0. Let v = s−t
s+t . Then v ∈ (0, 1)

and
Pr(s, t)− Ar(s, t)
Hr(s, t)− Ar(s, t)

=
vr

arcsinr v − 1
(1− v2)r − 1

.

Let v = sin θ. Then θ ∈
(
0, π

2
)

and

Pr(s, t)− Ar(s, t)
Hr(s, t)− Ar(s, t)

=
sinr θ

θr − 1
cos2r θ − 1

, G(θ).

By virtue of Theorem 2, we can observe that, when r ∈ (−∞, 0) ∪
(
0, 8

25
]
, the function

G(θ) is decreasing on
(
0, π

2
)
, whereas G(θ) is increasing on

(
0, π

2
)

for r ≥ 1
2 .

Using L’Hospital’s rule, we obtain the limits limθ→0+ G(θ) = 1
6 and

lim
θ→(π/2)−

G(θ) =

1−
(

2
π

)r

, r > 0;

0, r < 0.

The proof of Theorem 4 is thus complete.

Corollary 7. For all s, t > 0 with s 6= t,
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1. The double inequality

α1

H(s, t)
+

1− α1

A(s, t)
<

1
P(s, t)

<
β1

H(s, t)
+

1− β1

A(s, t)

holds if and only if

α1 ≤ 2
[
1− ln

(
1 +
√

2
)]

= 0.237253 . . . and β1 ≥
1
6

;

2. The double inequality

α2

H2(s, t)
+

1− α2

A2(s, t)
<

1
P2(s, t)

<
β2

H2(s, t)
+

1− β2

A2(s, t)

holds if and only if α2 ≤ 0 and β2 ≥ 1
6 ;

3. The double inequality

α3H(s, t) + (1− α3)A(s, t) < P(s, t) < β3H(s, t) + (1− β3)A(s, t)

holds if and only if

α3 ≥ 1− 2
π

= 0.36338 . . . , and β3 ≤
1
6

;

4. The double inequality

α4H2(s, t) + (1− α4)A2(s, t) < P2(s, t) < β4H2(s, t) + (1− β4)A2(s, t)

holds if and only if

α4 ≥ 1−
(

2
π

)2

= 0.594715 . . . and β4 ≤
1
6

.

Corollary 8. For all s, t > 0 with s 6= t, then

H(s, t) <
(

1− 2
π

)
H(s, t) +

2
π

A(s, t) < P(s, t) <
1
6

H(s, t) +
5
6

A(s, t)

< A(s, t) <
1− ln

(
1 +
√

2
)

ln
(
1 +
√

2
) C(s, t) +

2 ln
(
1 +
√

2
)
− 1

ln
(
1 +
√

2
) A(s, t)

< M(s, t) <
1
6

C(s, t) +
5
6

A(s, t) < C(s, t).

(12)

5. Remarks

Remark 1. When taking r = −2,−1, 1, 2 in Theorem 1, we can obtain the results reported
in [13,23].

Remark 2. The inequality chain (12) improves the left-hand sides of inequalities (1) and (2).

Remark 3. From sinh(z i) = i sin z, it follows that sinhc(z i) = sinc z. This relation is possibly
available to simplify proofs of the main results in this paper.

Remark 4. In [33–36], series expansions of the functions(
arcsin t

t

)r

,
(

arcsinh t
t

)r

,
[
(arccos x)2

2(1− x)

]r

,
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[
(arccosh x)2

2(1− x)

]r

, (arccos t)r, (arccosh t)r

for r ∈ R were established. These series expansions are possibly available to prove the main results
presented in this paper.

6. Conclusions

In this paper, we have established some inequalities for the trigonometric functions
and hyperbolic functions. These results can trigger further investigations on inequalities
involving trigonometric and hyperbolic functions. The techniques used in this paper
are suitable for proving and establishing many other inequalities involving the Neuman–
Sándor mean, the Seiffert mean, the Toader mean, and so on.
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25. Simić, S.; Vuorinen, M.Landen inequalities for zero-balanced hypergeometric function. Abstr. Appl. Anal. 2012, 2012, 11.

[CrossRef]
26. Temme, N.M. Special Functions: An Introduction to Classical Functions of Mathematical Physics; A Wiley-Interscience Publication;

John Wiley & Sons, Inc.: New York, NY, USA, 1996. [CrossRef]
27. Qi, F. A double inequality for the ratio of two non-zero neighbouring Bernoulli numbers. J. Comput. Appl. Math. 2019, 351, 1–5.

[CrossRef]
28. Qi, F. On signs of certain Toeplitz–Hessenberg determinants whose elements involve Bernoulli numbers. Contrib. Discrete Math.

2022, 17, 2. Available online: https://www.researchgate.net/publication/356579520 (accessed on 22 June 2022).
29. Shuang, Y.; Guo, B.-N.; Qi, F. Logarithmic convexity and increasing property of the Bernoulli numbers and their ratios. Rev. R.

Acad. Cienc. Exactas Fís. Nat. Ser. A Mat. 2021, 115, 12. [CrossRef]
30. Qi, F.; Taylor, P. Several series expansions for real powers and several formulas for partial Bell polynomials of sinc and sinhc

functions in terms of central factorial and Stirling numbers of second kind. arXiv 2022, arXiv:2204.05612.
31. Abramowitz, M.; Stegun, I.A. (Eds.) Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables; National

Bureau of Standards, Applied Mathematics Series 55, 10th Printing; Dover Publications: New York, NY, USA; Washington, DC,
USA, 1972.

32. Jeffrey, A. Handbook of Mathematical Formulas and Integrals, 3rd ed.; Elsevier Academic Press: San Diego, CA, USA, 2004.
33. Guo, B.-N.; Lim, D.; Qi, F. Maclaurin’s series expansions for positive integer powers of inverse (hyperbolic) sine and tangent

functions, closed-form formula of specific partial Bell polynomials, and series representation of generalized logsine function.
Appl. Anal. Discrete Math. 2022, 16, 2. [CrossRef]

34. Guo, B.-N.; Lim, D.; Qi, F. Series expansions of powers of arcsine, closed forms for special values of Bell polynomials, and series
representations of generalized logsine functions. AIMS Math. 2021, 6, 7494–7517. [CrossRef]

35. Qi, F. Explicit Formulas for Partial Bell Polynomials, Maclaurin’s Series Expansions of Real Powers of Inverse (Hyperbolic) Cosine and Sine,
and Series Representations of Powers of Pi; Research Square: Durham, NC, USA, 2021. [CrossRef]

36. Qi, F. Taylor’s series expansions for real powers of functions containing squares of inverse (hyperbolic) cosine functions,
explicit formulas for special partial Bell polynomials, and series representations for powers of circular constant. arXiv 2021,
arXiv:2110.02749.

http://dx.doi.org/10.1155/2012/302635
http://dx.doi.org/10.4169/college.math.j.43.4.285
http://dx.doi.org/10.3390/axioms11050236
http://dx.doi.org/10.1155/2012/932061
http://dx.doi.org/10.1002/9781118032572
http://dx.doi.org/10.1016/j.cam.2018.10.049
https://www.researchgate.net/publication/356579520
http://dx.doi.org/10.1007/s13398-021-01071-x
http://dx.doi.org/10.2298/AADM210401017G
http://dx.doi.org/10.3934/math.2021438
http://dx.doi.org/10.21203/rs.3.rs-959177/v3

	Introduction
	Lemmas
	Necessary and Sufficient Conditions
	Applications of Necessary and Sufficient Conditions
	Remarks
	Conclusions
	References

