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Abstract: The existence and uniqueness of a local solution is proved for the incomplete Cauchy type
problem to multi-term quasilinear fractional differential equations in Banach spaces with Riemann-
Liouville derivatives and bounded operators at them. Nonlinearity in the equation is assumed to be
Lipschitz continuous and dependent on lower order fractional derivatives, which orders have the
same fractional part as the order of the highest fractional derivative. The obtained abstract result
is applied to study a class of initial-boundary value problems to time-fractional order equations
with polynomials of an elliptic self-adjoint differential operator with respect to spatial variables as
linear operators at the time-fractional derivatives. The nonlinear operator in the considered partial
differential equations is assumed to be smooth with respect to phase variables.

Keywords: multi-term fractional differential equation; quasilinear equation; Riemann-Liouville frac-
tional derivative; defect of Cauchy type problem; fixed point theorem; initial-boundary value problem

1. Introduction

In recent decades, problems with fractional derivatives have been studied by many
authors [1-5]. Now fractional integro-differential calculus is an important tool in modeling
various phenomena that arise in physics, chemistry, mathematical biology, engineering, etc.
(see e.g., [6,7]).

The purpose of this paper is to study the local unique solvability of initial value
problems for multi-term equations in Banach spaces with fractional Riemann-Liouville

derivatives Df z, B > 0, fractional Riemann-Liouville integrals ]f z, B > 0, and with
nonlinearity, which depends on fractional derivatives of lower orders

m—1 . n r
b2(t) = Y AD; " z(t) + Y BiDz(t) + Y CsJfz(t)
j:l 1=1 s=1
+ F(t, DY "z(t), DX " 2(t),..., D& z(t)). 1)

Operators Aj,j =12,....m—-1,B,1=1,2,...,n,Cs,s=1,2,...,r are supposed to
be bounded on a Banach space Z, a nonlinear map F € C(Z; Z), where Z is an open set in
R x Z™

Note that unique solvability issues for the Cauchy problem to multi-term linear
equation of form (1) with Gerasimov—Caputo derivatives and bounded operators at
them were studied in [8], various classes of nonlinear equations with Gerasimov—Caputo
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derivatives [9-11], or with a unique Riemann-Liouville derivative in a linear part of an
equation [12,13] have been studied before.

Linear equations of form (1) with Riemann-Liouville derivatives were studied in the
work [14] in the case of bounded operators in the equation, and in [15] in the case of closed
operators. In [14] it was shown, that the Cauchy type problem for an equation with several
Riemann-Liouville derivatives has the so-called defect m*, when several initial data must
be zero in the lower order initial conditions for the solvability of the problem. So, a natural
initial value problem for a multi-term equation of such type is, generally speaking, the
incomplete Cauchy problem

DIy () = 2, k= m*,m* 41, m— 1. @)

Section 2 of this work contains the unique solvability theorem for linear (F = f(t))
problem (1), (2) from the work [14].
In Section 3, firstly problem (1), (2) is reduced to the integro-differential equation

m—1 t
z(t) =Y, Zp(t—to)zp + /Zm,l(t —§)F(s, DY ™z(s),...,D* 1z(s))ds, 3)
p=m* to
where {Z,(t) € L(Z) : t > 0}, p = m*,m* +1,...,m — 1 are the p-resolving families of
operators for linear Equation (1). Next, under the condition of Lipschitzian continuity of
the nonlinear operator F, using the theorem of contraction mapping for Equation (3), we
prove the unique solvability of problem (1), (2) on a small enough interval.

Finally, in the last section a theorem of a local in time unique solution existence is
obtained for initial-boundary value problems to a class of quasilinear equations with time-
fractional derivatives, where linear operators are polynomials of an elliptic self-adjoint
operator, which is differential with respect to spatial variables.

2. Preliminary Results

Let us consider the fractional integral and fractional derivative of Riemann-Liouville
with the initial point at {y € R:

t _3 a—1
10 ::/“W))h(s)ds, DEh(t) = DI'J"%h(t), t> to,

fo

wherem —1 < a <méeN,ie,m:=[ua].
By £[h] denote the Laplace transform of a function & : R; — Z. For the fractional
integral and the fractional derivative of Riemann-Liouville we have the equalities [2]

m—1

SJFR(A) = A~*Lh)(A), L[DFRI(A) = A*L[R](A) — Y- A" TEDETER(0),
k=0

Hereafter D*~"+511(0) := tl_i}r&_ DMk ().

Let Z be a Banach space, £( Z) be the Banach space of bounded linear operators on Z,
T > tg. Consider the inhomogeneous equation

m—1 . n r

b2(t) = Y AD; " z(t) + Y BiDz(t) + Y Gl z(t) + (1), L€ (to, T).  (4)
j=1 1=1 s=1

Here 0 < a7 < ap < -+ < ay < a, my := [ag], m := [a], oy —m; # a—m,

1=1,2,...,0,1>P2> > B > 0,operatorsAj,j: 1,2,....m—1,B,1=1,2,...,n,
Cs,s=1,2,...,r, are linear and bounded in Z. Let
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=

=max{a;:1 € {1,2,...,n}, 0 —my <a—m}, m=la],

=max{a;: 1 € {1,2,...,n}, 0 —m; >a—m}, m=[al.

2|

Denote by m* := max{m — 1,m} the defect of the Cauchy type problem for Equa-
tion (4) [14].
A solution of the incomplete Cauchy type problem

Df‘f’”*kz(to) =z, k=m"m*+1,...,m—1, ®)

for (4) is a function z : (to, T] — Z such that /" *z € C"((to, T); Z) N C" ([to, T]; Z),
JNz € C((t, TS 2), 1 = 1,20, [Pz € C((t0, T Z), s = 1,2,.... 7, while equal-
ity (4) for t € (to, T] and (5) hold.

PutT =T, UT_UTy Ty ={A e C:|A] =rpargr € (—r,m)}, T+ ={AeC:
arg A = £71,|A| € [ro, )},

-1
m=1 n r

Ruom (1L B - farve)
j =1 s=1

j=1

1 . m—=1
Zp(t) = > / AT*R) - (/\'”‘1"”1 Y /\J—l—PAj>eMdA, p=0,1,...,m—1, t > 0.
T j=p+1

Substitute in ([14], Theorem 2) t — t; instead of ¢ and obtain the next result.

Theorem 1 ([14]). Let m—1 <a < m e N0 < a1 <ap < -+ < ap <am-—1<
oy <m €N w—m #Fau—ml=12,...,nB >p>>p >0, Aj € L(Z),
j=12....m—1,B € L(Z),]l1=12,....n0,C € L(Z),s=1,2,...,r,zx € Z, k =
m*,m*+1,....m—1, f € C((ty, T); Z) N L1(to, T; Z). Then there exists an unique solution to
(4), (5). It has the form

m—1

2(t)= Y. z,,(t—to)zp+/zm,l(t—s)f(s)ds.
p=m* to

3. Quasilinear Equation

Let Z be an opensetin R x Z™, F: Z — Z, consider the quasilinear equation

m—1 . n r
Diz(t) = Y. A;D{ " z(t) + Y BiDYz(t) + Y CoJf (1)
j=1 I=1 s=1

+ F(t, DY Mz(t), D" Hz(t), ..., DY z(t). ©)

A solution of the incomplete Cauchy type problem
D‘t"_m+kz(to) =zi, k=m*m"+1,..., m—1, (7)

for Equation (6) on (to, 1] will be called such function z € C((t,t1]; Z), that J;" *z €
C"((to,1]; Z) N C" ([to, t1]; 2), J;" Mz € C™((to,]; 2), 1 = 1,2,...,n,and J;°z €
C((to,t1]; Z), s = 1,2,...,r, the inclusion (t, D*~™z(t), D¥ " +1z(t),..., D¢ 1z(t)) € Z
and equality (6) are valid for all t € (tg, 1], conditions (7) are fulfilled.

Let us introduce the notations X := (xg,x1,...,X,_1) € 2™, Ss(x) = {y € 2" 1 :
||]/k—xk||g S 5, k= 0,1,...,m—l}.
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[t —J,t+ J] x S5(X) the inequality

m—1
IE(s,7) = F(s,0)llz < 1), llyk — oz
k=0

is satisfied.

Lemma 1. Let 0 < a7 < ap < -+ < ay < &, m = [a], my = [ag], oy —my; # a—m,
1 =1,2,...,n, ,31 > ﬁz > e > ‘Br >0, A] < L:(Z),] =12,....m—1, B € E(Z),
1=12,...,n,C € L(Z),s=12,...,1,2z € Z, k =m*,m*+1,...,m—1, Z be an
open set in R x 2™, (t9,0,0,...,0,Zm, Zm*+1, -+, 2m—1) € Z, F € C(Z; Z). Then a function
z: (to, t1] — Z is asolution of problem (6), (7) on (to, 1], if and only if J"~*z € C"™~Y([to, h]; Z)
and for all t € (o, t1]

- t
z(t) = Zl Zy(t— to)zp+/Zm_1(t—s)F(s, D "z(s),..., D% 1z(s))ds. 8)

p— *
p=m o

Proof. If z is a solution of problem (6), (7), then the mapping
t — F(t, D} "z(t), DY " z(t),..., D¢ 1z(t))

acts continuously from [t, t1] into Z due to the definition of the solution at small enough
t1 — tg. By Theorem 2 (see [14]) a solution satisfies Equation (8).

Let z satisfy Equation (8), then one can verify that z is a solution to problem (6), (7)
due to Theorem 1 [14] and by repeating word to word the proof of Lemma 3 in [14]. O

Theorem 2. [etm—1<a<meN,O<a <a < ---<a,<am-—1<a; <meN,
gp—mFa—ml=12...,np >P>>p>0A€ L(Z),j=12...,m—1,
B el(Z),1=12....nCeL(Z),s=12,...,t,zx € Z k=m*"m*+1,....m—1,2
be an open set in R x Z™, (t9,0,0,...,0,Zm*, Zy*41,---,2Zm—1) € Z, a mapping F € C(Z; Z)
is locally Lipschitzian in X. Then there exists such t; > to, that problem (6), (7) has an unique
solution on (tg, t1].

Proof. Takey :=J" "z € C"1([tg, t1], Z), then y(k) = Df‘_m”‘z, k=1,2,...,m—1. Then
the mapping t — F(t,y(t),yM(t),...,y" =V (t)) acts continuously from [to, 1] into Z. By
Lemma 1 it suffices to show that the equation

p=m*

m—1 t
VO = L 2= )2+ [ Zua(t=9)E(s,y(6), D (6), -y (s)ds 9)
to

has an unique solution y € C"~1([to, 1], Z) for some t; > t.
It was proved in Theorem 1 [14] that Df‘*er”Zm,l (0)=0,n=0,1,...,m— 2. Since
forallp =0,1,...,m—1

- -1
AR ym=1-pp mz NP A
u—~A 4 ]
j=p+1

C
S A

£(2)

w—m+2>1,s0, £[Df " Zy 4] (n) = p" "Ry, att € [to, ], n=0,1,...,m—2,



Axioms 2022, 11,96 50f8

o)

D" " Zy 1 ()|l (2 /||)\n_mRA||c(3)|€M|dS < Cz/f"_merrCs < Cq. (10)
r

0

Atn = m — 1 we have

_ 1 R
Di 1 Z () = 5 / Aoty

A
r
1 1 m—=1 n r P Iy
_ — —m N — —Bs—n
f1+ﬁ/)\ Y NTA + Y AT 4 Y ARG [ Ry,
T j=1 =1 s=1
forA el
1 m—1 n r p Cs
- —m a—a —Bs—a
AT L VA Y AT B+ ) ARG Ry < s
where 6 = min{1,a —a;: 1 =1,2,...,n}. Consequently, at t € [to, t1]
ID{ ' Zin—1(H) | g(2) < Ce (11)

Let T > 0 and 6 > 0 be such that [tg, ty + 7] X S5(Z) C Z, wherez = (0,0, ..., 0,
Zm*, Zm*+1, - - - »Zm—1) 1S constructed using initial data (7). Denote by S the set of functions
y € C" I([to, to + 7]; Z) such that [y @ (t)|| < 6,9 =0,1,...,m* =1, |[y0(t) — z|| <,
k=m*,m*+1,...,m—1forty <t < ty+ 7. We define a metricon S

m—1
d(y,0):= Y, sup [ly® () -oP )z,

k=0 te[to,to+T]

then S is a complete metric space.
Note that

[ Zua (= 9)F(s,y(),y D () y () ds

t
= [ I 2 (t = B (s,y(8), 5D ),y (9)) s

This equality can be proved by changing the order of integration in its left part.
Define fory € S

G(y)(t) Z Ji" " Zy(t = to) ZP+/]t T Za(t=$)F(s,y(8),yM (), ..,y (s)) ds

m*
p= to

for t € [to,to + T]. Let us prove that G maps the metric space S into itself and it is a
contraction operator, if T > 0 is sufficiently small. Indeed, forn =0,1,...,m—1

m—1
(G (1) = Y DF " "Zy(t —to)zp

p=m*

—i—/D’tX*er”Zm,l(t—s)F(s,y(s),y(l)(s),...,y(’”*l)(s))ds,

fo
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since Df‘*"””Zm,l(O) =0,n =0,1,...,m—2. By Theorem 2 [14] we have G(y) €
cm lto, to + 1 2), [GW)]D(to) = 0,9 = 0,1,...,m" =1, [G]D(t0) = 2z, k =
m*, m*+1,...,m—1. Therefore, fort € [ty, to+ T] ||[G(y)](‘7)(t)||g <4,q=0,1,...,m"—1,
NGO () —zlz < 6, k = m*,m* +1,...,m — 1, for a small enough T > 0. So,

G:S—S.

Denote F(t,Dy(t)) := F(t,y(t),yV(t),...,y"=D(t)) for brevity. We have at n =

0,1,...,m—1,t € [ty to + 7] due to (10), (11)

t

IGW)™M(t) = [G()]™M ()] z =

fo

m—1
<t oswp D20 T sup () - o ()] 2ds
tE[tg,to—‘rT] k=0 tE[to,t0+T]

d(y, v)
< Cyd(y,v) < Tom

/Df‘*er”Zm,l(t —5)(F(s,Dy(s)) — F(s, Dv(s)))ds

for small enough . Therefore, d(G(y), G(v)) < 1d(y,v), the operator G has a unique fixed
point yo € S, it is an unique local solution of integro-differential Equation (9). Thus, there
exists a unique solution to problem (6), (7) on the segment [fo, ty + 7], it is uniquely defined

by the equality z = D{" “yg. O

4. A Class of Initial-Boundary Value Problems
Assume given the polynomials

v . v . 1% 1%
PiA) = Y apAP, PY(A) = Y BLAP, Ph(A) = Y chAP, Py(A) = Y d5AP,
p=0 p=0

p=0 p=0

ap, b, chd, € Cp=01,...veNj=12..,m-11=12..n5s=12..

a, #0,Q C R? is a bounded domain with a smooth boundary 0(,

al7lu(g)

(A@) = B @)z e

lq]<2p

a, € C(Q0),

9l7u(g) o
B = b —————7, b C®000),1=1,2,...,p,
(Biu)(2) MEM w8 sgagr . s o € CTOO) P

,7’,

q=1(91,92,---,94) € Ng, l9| = g1 + - - - + g4, and the operator pencil A, By, By, .. ., By is

regularly elliptic [16]. Define the operator A; € CI(L(Q2)) with the domain

D4, = Hig (Q) i= {o € H¥(Q) : Bo(§) =0,1=1,2,...,p, & € 30}

by the rule Aju := Au. Suppose that A; is a selfadjoint operator; then its spectrum o (A7)
is real and discrete [16]. Moreover, assume that the spectrum (A7) is bounded from
the right and does not contain zero, {¢; : k € N} is an orthonormal in L,(Q)) system
of eigenfunctions of A; in L(Q)) which is enumerated in nonincreasing order of the

corresponding eigenvalues {Ay : k € N} with their multiplicities counted.

Takem —1 <a<meNOI<a <a< - <a,<am-—1<a <meN,
w—my#Ea—ml=12,...,nB1>pB> >p >0,H:R"! — R. Denote by m* the
defect of the Cauchy type problem, which is defined by the set of numbers a1, a5, ..., a,, &

(see the second section), and consider the initial-boundary value problem

DY MRY(E0) = (&), k=m*,m* +1,...,.m—1, FeQ,

(12)
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BiAu(E,t) =0, k=0,1,...,v—1, 1=1,2,...,p0, (&1t) €3O x (to, 1], (13)

P (A)DSu(E ) = ¥ PY(A)DE " u(,t)

=1
+ 2 P5(A)D{'u(g, 1) + 2 Pi(A)u(@ )
+H(g, D" (8, t) DEmHE ), DY 1(@ 1), (&1) € Qx (to,t].
Put pg > 0, X := {v € H¥* Q) : BA(E) =0,k =0,1,...,v—1,1 =
1,2,...,p, ¢ € 00}, Y := HP(Q) is a Sobolev space WPO( ) for pg > 0, or the Lebesgue
space LF0(Q)),if pg = 0; L := Py (A) € L(X;Y), M := P](.A) eL(X;Y),j=12,...,m—
1, N :=Pi(A) € L(X;Y),1=1,2,...,1n,Ss := PS(A) €LX;Y),s=1,2,...,7
If Py(Ay) # Oforall k € N, then there exists the inverse operator L=! € £L();X)
and (12)-(14) is representable in form (6), (7), where Z = X, A; = L’le € L(Z),
i=12,....m—1,B=L"'Nye L(Z),l=1,2,...,n,Cs =L71S, € L(Z),s=1,2,...,1,
Zj = le('), k= m*,m* + 1,. o, m = 1, F(Xo,xl,. . .,xm,l) = L_lH(-,xO,xl,. . .,mel).

(14)

Theorem 3. et m—1 <a<meN,O<u <a < ---<a,<am-—1<a <meN,

—myFa—m1=12,...,n,B1> P> > By >0, the spectrum o(Ay) do not contain
the origin and zeros of the polynomial Py, 4pv +2pg > d, up € X, k=m*,m*+1,..., m—1,
H € C®(Q x R";R). Then at some t1 > tq there exists an unique solution of problem (12)—(14).

Proof. In this problem the domain of nonlinear operator is Z = R x X™ and due to the
inequality 4pv + 2p¢ > d by Proposition 1 ([17], Appendix B) we have

H(,x0(-),x1(:), - 21 () € CO(X™; H¥VH0(QY)),

hence, F(xo(+), x1(+), ..., Xm—1(-)) := L7YH(-, x0(+), x1(*), . . ., Xpu—1(+)) € C®°(X™; X). Then
by Theorem 2 we obtain the statement of this theorem. [J

Example 1. Takeax =5/2,m =3, n=1r=1,a01 =2/3, 1 =1/2,v=2,P(A) = A2,
PI(A) = by + biA + bpA%, P2(A) = 0, PY(A) = ¢+ c1A + A%, PH(A) = dp + diA + daA?,
d=10=0,n),p=1 Au = agﬂBl = I. Then & := max® := 0, m := [0] = 0,
w:=max{2/3} =2/3,m:= [2/3] =1, m* =1, problem (12)—(14) has the form

D2 (En) = (b by + o a§4>D“2 @

t)
2 4
+<C0+61;§2+62%>D2/3 ((: t)—l—(do—l—dl Cz+d28r§4 1/2
+F(& T} *u(E 1), D Pu(g ), DY Pu(E 1), (&) € (0,7) X to,tﬂ

%u o%u

u(0,8) = u(m 1) = 527 (0,6) = G5 (.1

=0, te(tyt],

DY2u(Z,0) = u1(€), D¥*u(Z,0) =ux(¢) &€ (0,m).

5. Conclusions

The local solvability is shown for the incomplete Cauchy type problem to a solved with
respect to a highest derivative multi-term fractional differential equation with bounded
operators at Riemann-Liouville derivatives in a Banach space with locally Lipschitzian non-
linear part. The results of the work [14] on inhomogeneous linear multi-term equation are
used here for the research of the quasilinear equation, depending on lower order fractional
derivatives with orders, which fractional part is equal to the fractional part of the highest
fractional derivative. The abstract result was applied to the investigation of initial-boundary
value problems to partial differential equations containing polynomials with respect to
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self-adjoint elliptic differential in spatial variables operator at time-fractional derivatives.
Here the highest time-fractional partial derivative acts on the highest spatial derivative.

Our next step is to abandon this condition by allowing unlimited operators in an
abstract equation. The linear case of this type has been investigated in [15], the nonlinear
one has not yet been studied. Another significant step planned by the authors in the coming
papers will be the rejection of conditions for the fractional part of the orders of derivatives
on which the nonlinear operator depends (see above).
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