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Abstract: In this paper, we study the existence and uniqueness of solutions for a coupled implicit
system involving i-Riemann-Liouville fractional derivative with nonlocal conditions. We first
transformed the coupled implicit problem into an integral system and then analyzed the uniqueness
and existence of this integral system by means of Banach fixed-point theorem and Krasnoselskiis
fixed-point theorem. Some known results in the literature are extended. Finally, an example is given
to illustrate our theoretical result.
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MSC: 34A08; 26A33; 34A12

1. Introduction

The fractional calculus is an important branch of mathematics and its wide appli-
cations to many fields, such engineering, economics, physics, chemistry, finance, control
of dynamical systems, and so on—see [1-7], and the references cited therein. One of the
proposed generalizations of the fractional calculus operators is the y-fractional operator—
see [8-10] and references therein for its wide applications. Some properties of this operator
could be found in [11-13].

As we all know, the coupled system of fractional differential equations is becoming
a more popular research field due to its vast applications in real-time problems, namely
anomalous diffusion, chaotic systems, disease models, and ecological models [14-16].
Recently, the coupled system of fractional differential equations has been considered ex-
tensively in the literature. Alsaedi et al. [17] researched the uniqueness and existence
of solutions for a nonlinear system of Riemann-Liouville fractional differential equa-
tions equipped with nonseparated semi-coupled integro-multipoint boundary conditions.
Baleanu et al. [18] studied the uniqueness existence and Ulam stability for a coupled sys-
tem involving generalized Sturm-Liouville problems and Langevin fractional differential
equations described by Atangana—-Baleanu—Caputo derivatives by virtue of the notable
Mittag—Leffler kernel. Muthaiah et al. [19] presented the existence, uniqueness, and Hyers—
Ulam stability of the coupled system of Caputo-Hadamard-type fractional differential
equations with multipoint and nonlocal integral boundary conditions. Based on the fea-
tures of the Hadamard fractional derivative, the implementation of fixed-point theorems,
the employment of Urs’s stability approach, and the existence, uniqueness, and stability of
the coupled system of nonlinear Langevin equations involving Caputo-Hadamard frac-
tional derivative—subject to nonperiodic boundary conditions—are established by Matar
et al. [20]. In [21], by using the coincidence degree theory, Zhang et al. established the exis-
tence and uniqueness theorems for the coupled systems of implicit fractional differential
equations with periodic boundary conditions.
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In recent years, the study of basic theories of initial and boundary value problems
for implicit fractional differential equations and integral equations with Caputo fractional
derivative and Riemann-Liouville fractional derivative has been paid to much attention.
In [22], Benchohra and Souid obtained integrable solutions for initial value problem of
implicit fractional differential equations. Nieto et al. [23] studied initial value problem for
an implicit fractional differential equation using a fixed-point theory and approximation
method. Furthermore, in [24] Benchohra and Bouriah established existence and various
stability results for a class of boundary value problem for implicit fractional differential
equation with Caputo fractional derivative. Implicit fractional differential equations play a
key role in different problems, the readers are referred to see [25-28].

In [29], Benchohra et al. discussed the existence and Ulam stability analysis of the
following nonlinear implicit fractional differential equation with initial value condition:

Dg. x(t) = f(t,x(t),Dg.x(t)),  t€(0,T], 1
A0 (£) 1o = %o, % €R, M

where Dfj, is the standard Riemann-Liouville fractional derivative, f : (0;T] x R x R — R
is a continuous function, and 0 < a < 1.

Very recently, in [30], Lachouri et al. studied the existence and uniqueness of solutions
for the following nonlinear implicit Riemann-Liouville fractional differential equation with
nonlocal condition:

{ Dgix(t) = f(t,x(t), Dy, x(t)), £ (0,T], o)
1% (1) 4=0 = x0 — (%), x0 € R,

where D§, and f are asin (1.1), g : C((0, T],R) — R is a continuous nonlinear function.
Motivated by the above works, we consider the following coupled implicit ip-Riemann-—
Liouville fractional differential equations with nonlocal conditions:

Dy x(t) = f(t,y(t), Do x(t)), te (0],
x f),DS‘i”y(t)), te(0,T], 3)

Bl=0=y0—7(y), YR,

Ty(t)]imo =x0 —h(x), x€R,

where Dgip (t) is the Riemann-Liouville fractional derivative of a function x with respect
to another function ¢, which is increasing, and ¢/(t) # 0 forall t € [0,T], f,g : (0, T] x
R x R — R are two continuous functions, and 0 < « < 1, i, 7 : C((0, T],R) — R are two
continuous nonlinear functions.

To the best of our knowledge, there are no papers on coupled implicit fractional
differential equations including fractional derivative of a function with respect to another
function. We cover this gap in this paper.

In this paper, our aim is to present the sufficient conditions for the existence and
uniqueness of solutions for coupled implicit system (3). First of all, we transform (3) into an
integral system and then we study the existence and uniqueness of solutions by the Banach
and Krasnoselskii fixed-point theorems. Finally, an example is given to illustrate our main
results. Our results extend the main results of [30].

This paper will be organized as follows. In Section 2, we will briefly recall some
notations, definitions and preliminaries. Section 3 is devoted to proving the existence and
uniqueness of the solution for system (3). In Section 4, an example is given to illustrate our
theoretical result. Finally, we present some conclusions in Section 5.

2. Preliminaries

In this section, we provided some basic definitions and lemmas which are used in
the sequel.
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(1) = 9(0)*(yo — r(v)) + 53
((£) = $(0))* " (x0 — (%)) + 53

Definition 1 ([13]). Let & > 0, f be an integrable function defined on [a, b] and ¢ € C*([a, b]) be
an increasing function with '(t) # 0 for all t € [a, b]. The left Y-Riemann—Liouville fractional
integral operator of order « of a function f is defined by:

o e

Definition 2 ([13]). Let n —1 < « < n, f € C"([a,b]) and € C"([a,b]) be an increasing
function with ¢'(t) # 0 for all t € [a,b]. The left Y-Riemann—Liouville fractional derivative of
order o of a function f is defined by:

0= (10

—(s))""" f(s)ds

o) s

:mf-a)(@Z)"Atw'<s><w<t>—w<s>>nw@ds,

where n = [a] + 1.

Lemma 1 ([13]). Let « > 0and B > 0, then

O L)~ 9P 0) = g (90— @),
@ DY pls) = 900 = s (i) =yl

In the following, we will give the combinations of the fractional integral and the fractional
derivatives of a function with respect to another function.

Lemma 2 ([11]). Let f € C*([a,b]) and n —1 < « < n. Then we have

W DPEf) = £
no k=1, +

@ 1EDr = - Y T

F(k _ oc) t) - 1P(ﬂ))k_“/

k=1

k
( 1 i) f(t) on [a,b]. In particular, given a € (0,1), one has

f(#) = c(t—a)*,

where fI¥ (1) .=

1D f(t) =

where c is a constant.

Lemma 3. (x,y) solves (3) if—and only if—it is a solution of integral system.

—(s))* L (s, y(s), Dg;/’x(s))lp (s)ds,

—(5))* g5, x(5), DXy (5))/(5)ds. @

Proof. If (x,y) satisfies the problem (3), then applying Igj:#
and second equation of (3), respectively, we have

to both sides of the first equation

1Dy x(t) = 1Y £ty (1), Dy (1)),

and
1Dy y(t) = DYy (1)).

By Lemma 2, we obtain

I g(t,x (1),

©)
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where t € (0, T]. In view of the following conditions:

() = p(0)' *x(D)li=o =yo — (W), (P(t) = (0))'*y(t)]i=0 = x0 — h(x),
we obtain
c1=yo—r(y), c2=2x0—h(x). (6)
Substituting (6) into (5) we obtain the integral system (4). O

Theorem 1 ((Krasnoselskll’s fixed point theorem) [31]). Let Q) be a non-empty closed bounded
convex subset of a Banach space E. Suppose that Fy and F, map Q) into E, such that

(i) Fx+FkhyeQforallx,y e )
(ii)  Fy is continuous and compact;
(iii) F is a contraction with constant k < 1.

Then, thereisa z € Q, with Fiz + F,z = z.

3. Main Results

Lety > 0, T > 0and ] = [0, T], we denote the weighted space of the following
continuous functions:

Coy(L,R) = {x: (0, T] = R|(yp(t) — 9(0))"x € C(J,R)},
with the norm
xllc,, = sup [(¥(t) = $(0))7x(£)].
te]
In fact, we have (i) [|x[|c,, > 0, (i) [lkx|c,, = [k|[|x[|c,,, and
(iii) [x+ylc,, = sup [((#) = 9(0))7(x(£) + y(t))]
< sup [(¥(t) = 9(0))"x(£)] + sup [((#) = 9(0)7y(B)] = llxllc,, + ylic,,-

Thus, Cy,y(J,R) is a Banach space.
Define the operators A : C1_4(J,R) X C1_4p(J,R) = C1a,yp(J,R) x C1_44(J,R) by

Alx,y)(t) = (Ar(x, ) (1), A2(x,y)(1),  t€(0,T], @)

where

and

Aol )(0) = (9(6) = 9O (30 = b)) + s [0 = p(s)* oo (9,

here, p,q : (0, T] — R are two functions satisfying the functional equations

p(t) = f(Ly(6),p(t),  qt) = g(t x(t),q(t)). ®)

The operator A is well-defined, i.e., for every (x,y) € C1_44(J,R) x C1_4 y(J,R) and
t > 0, the following integrals

e 00 =9 e,

and
a7 00 = 9D (o)
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belong to Ci_g4 (], R).
For convenience, we allow the following hypothesis.

Hypothesis 1 (H1). There exist constants L1,1y > 0and Ly, 1, € (0,1) such that
|f(t,ur,v1) — f(t,u2,02)| < Li|ug — up| + La|vg — 02,

|g(t,u1,v1) — g(t, uz,v2)| < lilug — uz| + lp|v1 — 03,

fort € (0,T], uy, uz, 01,02 € Rand £(-,0,0),8(-,0,0) € Cy_oy(],R).
Hypothesis 2 (H2). There exist two constant by, by € (0,1), such that

[h(x) = h(y)| < brllx —ylle, 1) = (W) < ballx —ylle,,
forx,y € Ci_op(J,R).

Hypothesis 3 (H3). There exist my,n; € Ci_gy(J,RT), ma,ny,m3,n3 € C(J,R") with
my = sup,c;m3(t) < Land ny = sup,;n3(t) <1, such that

(& u,0)| < may(t) + ma(t)|ul +m3(E) o],

gt u,0)| < na(£) + na(8)[u] + n3(t)|vl,
fort € (0, T) and each u,vs. € R.

Theorem 2. Assume that (H1)—(H2) hold. If the following is true:

Llr(‘x> llf(tx)

k= max{bz + m(‘P(D —9(0))%, b1 + m(‘l’(ﬂ - 1/1(0))’X} <1 )

then there exists a unique solution for the BVP (3) in the space C1_q,(], R) X C1_44 (], R).

Proof. In the following, we will prove that the operator A has unique fixed point. From
(8), one has by condition (H1) that

PO < |f(Ly(t), p(t) = f(£,0,0)[ + [£(£,0,0)] < Laly(t)| + La|p(t)| + |£(£,0,0)],

which implies that

Ly

POl < T Ol +aw® —p0)*", te O.T], (10)
su - T-a
where ¢; = 2Pte] ‘(¢(t)£(Li)) ACLOI +o0. Similarly, we have
l a
lq(t)] < 5 jlz\x(f)l +ea((t) = 9(0))*1, te(0,T], (11)

sup;e; [((H)—9(0)'*g(£,0,0)|

where ¢ = =" < +o0. For each x,y € C;_44(J,R), by Lemma 1,

we obtain
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GO [ () = ()1 (5)p(s)ds|

< WO (1) — p(s))* 1/ (5) p(s) ds

< WO Pip(t) — ()™ /() (255 ly(s) |+ ea ((s) — 9(0))* ) ds
WO () — p(5)) ! (5) ((s) — 9(0))*

Ly L(@) ()= (0)"

< (=R lvle ., +€1) T(2a)

(245 I9llcy oy +e1) () = 9O I¥ (1) — (0)* 1)

< (5 1Wllc, oy +e1) o (#(T) = 9(0)*

Similarly, we have

o 1-a
IO o) =yl ()a(e)as

< (T2 I3l oy + e2) oo (#(T) = (O

Thus, the integrals exist and belong to C1 (], R). Let (x,y), (4,0) € C1_4y(J,R) X
Cl_a,w(],R). Then, for each t € (0, T], we obtain

|A1(x,y) (1) — A1 (1,0)) ()] < (9(1) — 9(0))*r(y) — r(0)|
+ a7 Jo (B(8) = 9())* 19/ (5) py (s) — po(s)|ds,

and

| A2, y) (t) = Aa(u,0) (£)] < (p() — 9(0))*H|1(x) — h(u)]
1y Jo () = () 19/ (5) |92 (s) — qu(s) ds,
where py, pv, Gx, qu € Cl—tx,lp(]rR)/ such that

In view of (H1), one has

py(6) = po(D)] = [f(£y(£), py(1)) = f(t,0(8), po())]
< Lily(t) = o(5)] + La|py(t) = po(£)],

and

|7x(8) = qu ()| = [g(t, x(2), 4x(£)) — g(t,u(t), qu(t))]
< hfx(t) —u(t)| + Llqx(t) = qu(t)],
which implies that

Pu() = o)) < T2 () (0], g8(0) = (0] < 130 — (o)
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1A y) -

< max{bz + P

Hence, for every t € (0, T]

[ A1(x,y) (1) = A1, 0) ()] < ((t) — 9(0)* Hr(y) — r(0)]
17 Jo (@) = ()19 ()| py (s) — pols)lds
< ba(9 () = (0)* My —olle, oy + iy Jo (¥ () (s)ly(s) —v(s) ds
< ba(p(t) = 9(0)* My — vll,
(P(6) = ()" (W(s) = (0)* M ((s) = $(0)'*(y(s) — v(s))[y'(s)ds

LI (1) — $(0) Dy — o, .,
< by(p(t) — $(0)* ly — ollc,.,,
+ e () = $(0) >y —vllc, -
So, we obtain the following:
() — $(0)' = A (x, y) () — A1 (w,0)(8)]
< (b2 + i (@) = 9O)%) ly = ol o,
That is, as follows:

I4159) = Ax e, oy < (02 praent g (T = 0D )y = elc,

Similarly, we can obtain the following;:

42(0,0) = As(u0)lcy oy < (0 + g s (D)~ 9O ) =l

Thus, we have

A, 0)llc,_yyxCrey = A1(xy) — A1(u, )|, + [[A2(x,y) — A2 (,0)]|c,_,,
%W(T) —(0))%, b1 + #P”(IP(T) - ¢(o>)a}

(lx=ulle,yy + lly —olle, )

=kl (xy) -

(1/[, v) || Cl*ﬂt,w ><C1,M/, .

where k = max{bz + %(lp(ﬂ —1(0))%, by + %(IP(T) - lp(O))“}. From
(7), we know that A is a contraction operator. By using of Banach’s fixed-point theorem, we
obtain that A has a unique fixed point which is a unique solution of the problem (3). [

Theorem 3. Suppose that (H1)-(H3) hold. If

m3L(e)((T) — 9(0)*  m3l(@)(W(T) — 9(0))*
1 —m;)T(2e) (1—n3)T(20)

H= maX{bz + } <1, (12

where my = sup;.;my(t) and ny = sup,c;na(t). Then, the BVP (3) has at least one solution
in QL.
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Proof. Let
R - m,

— myl(a)(p(T)—9(0))* | niT(a)(y(T)—¢(0))"
A= |x0| + |y0‘ +Q1+ Q2+ (1—m})T(2) + - (1—n3)[(2a) ’

where m} = sup, {(¥(t) = $(0))'"*m1 (1)}, n§ = sup {(p(t) — 9(0))'*m(H)}, Q1 =
[1(0)] and Qz = |r(0).
Set the non-empty closed bounded convex subset as follows:

O ={(xy) € Clay(LR) x Ci_ay(LR) : [(%9)llcy_yyxcy oy < MY,
where M > RA is fixed. Define two operators Fj, F; on () as follows:
F(xy)(5) = () = 9(0)* (yo = r(y)), (¥() = 9(0))**(x0 — h(x))),
B(xy)(8) = (5 Jo () = () a9 (5)ds, s Jo (9(1) = 9(5))* gy (5)9/(s)ds ),
where py, gy : (0, T] — R are two functions satisfying the following functional equations:
px(t) = F(Ly(t), px(1),  ay(t) = (t,x(t), 4y (). (13)

In the following, we will prove that the operator F; + F, in () has at least one fixed
point by using Krasnoselskii’s fixed-point theorem. The proof will be given in four steps.

Step 1. We prove that F (x,y) + F(u,v) € Qforall (x,y), (u,v) € Q.

For any (x,y), (u,v) € Qand t € (0, T], one has

Fy(x,y)(8) + F2(u,0)(t) = (Hi(x,y,u,0), Ha(x, y,u,0)),
where
Hi(x,y,,0) = (9(t) = 9(0)* " (yo — 7)) + iy Jo (# (1) = 9()* puls)y/ (s)ds,
Hy(x,y,1,0) = ((t) = 9(0)* " (x0 = h(x)) + 7 Jo (W) = 9(5))* 4o ()9’ (5)ds.
Here, py, 4o : (0, T| — R are two functions satisfying the the functional equations:
pu(t) = f(£,0(), pu(t),  qo(t) = g(t, u(t), 4u(t)).
From (H3), for any t € (0, T], we obtain
(@) = (0))'*pu(t)] = [((t) — p(0))'*f(t,0(t), pu(t))|
< (@(t) = (0)'*my (1) +ma ()| ((t) — (0))' v (t)] + ma(t) | (¥ (t) — p(0))'~*pu(t)]
< mi+mjl[vlle,,, +m3l((t) — p0)'*pu(t)],
which implies that

my +ms|olc,_,,

(1)~ pl0) *pule)] < S (14)
Similarly, we can obtain
() — p(0) o) < T2 C s (15)

*
1—n3

For any (x,y), (u,v) € Qand t € (0, T], by (14), we obtain the following:
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|Hy(x, y,u U)I < (9(t) = 9(0)*fyol + (¢ () — (0))*~Hr(y) — r(0)] + (¥ () — $(0))* [ (0)]
1

+1i5 Jo ()" ((s) = 9(0)* (W (s) — 9(0))'*pu(s) |y’ (s)ds
< (¢(t) —9(0 ))”‘ 1Iyol + (1) —(0)* b2yl ., + (W) —$(0))* Q2

my+m, v, _ 1y 16
I s 4 p(0) — () ((5) — 90 () 19

= (p(t) = (0)* Hyol + (w(t) = (0))*'b2llyllc, , , + (¥(t) — $(0)* ' Q2

m<1>+m§\|v\|cl,w T(a)

Tonf () (p(t) —(0))> L.
Thus,

(p(t) —(0) = |Hy (x,y,u,0)|

l"a 0))* AT T)—y(0))*
< lyol + Q2 + LIS L by, ,, + A [l e

Similarly, we have

(¥(t) — $(0))'*|Ha(x,y,u,0)|

1“1x T 0))* AT T)—(0))*
< [xol + Qu + TP 4 by xllc, ,, + R ullc, -

Hence,

1P (x,y) + Ba(w,0)llc,,, = [H1(xy, w,0llcp,, + 1 H2(x y w,0llc,

myL(@) (p(T)—9(0))* | niT(a)((T)—¢(0))*
< |X0‘ + |y0| +Q1+Qx+ (1—m3)T (24) + - (1-n3)T(2a)
(

5T (a) (p(T)—(0)* n3T(a) (p(T)—9(0)"
+(max{b2+ ISy e U e e 1 7y } M

=A+pM < H+ (1-F)M=M.

Thus, F(x,y) + F2(u,v) € Qforall x,y € Q.
Step 2. We show that Fj is a contraction mapping.
For any (x,y), (1,v) € Q x ), we obtain the following by (H2):

Fi(x,y)(t) — Fi(u,0)(t) = (F11, F12),

Wherg Fir = ((t) = (0))* ' (r(v) — r(y)) and Fip = (p(t) — 9(0))* " (h(u) — h(x)).

[l < (9() = 90 ally —vlle, ,, 1Fial < (9(5) = p(0))* Mballx — ulle, , -
IF () — E(1,0) ey ey ag

= sup | ((t) — $(0))'~*Fu| +sup [((t) — $(0))'*Frz|

te] te]
<billx—ulle, ,, +bally —vllc, .,
< max{by, ba} (Il — ulle, ., + Iy~ olle, )

= max{by, b2} (1 (x,9) — (0,0, ypnc oy

Hence, the operator Fj is a contraction.
Step 3. We show that F, is continuous.
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Let {(xn, yn) } be a sequence such that (x,, yn) — (x,¥) in C1_s 4 (], R) X C1_s 4 (J, R),

then, for each t € (0, T], we have

E(xn,yn)(t) — B2(x,y)(t) = (Fo1, F22),

where
1

B = iy 0~ 9O (9) -~ ) 01,

1

27w /ot<¢<t> = ()" @y, (5) = qy(5))¢' (s)ds.

where px,,, Px, qy,, 9y € Cl,,x,lp(],]R) be such that

~—
=
=
I
—~
—
~—
~—
=
=
—~
~
~—
~
—~
~
~
<
—~
~~
~—
S
=
—~
~—
~—

Pxn (t) = f(t/yn(t ’
q]/n(t) =g(t, xn(t)/qyn(t))/ Qy(t) = g(t,x(t),qy(t)).
By (H1), one has

[P (8) = p(B)] = [£ (£, yu(8), P, (£) = F (£, y(8), px(8))]

< Lalyn(t) —y(t)[ + La|px, (t) — px(t)],
9y, () = 4y ()] = 18 (t, X (£), Gy, (1)) — & (£, x(£), 4y (1))
< hilxa(t) = x(8)] + Lalqy, () — gy (t)]-
Then,
P, () = px(H)] < 7—F 1 L, 1Yt —y(®)l,
and

00 (1) = 98] < T2 3(0) = 2(0).

By replacing (19) in Equation (17), we obtam the following:

|lel<ﬁfé (1) = ()" px, (5) — px(s)]9/ (s)ds
< Lz 5 Jo () = 9()* Hyu(s) — y(s) ¢/ (s)ds
= @ Jo () — ()"
= %zk,lp((w(t) —$(0)* ) lyn —vllc,
= o () = $(0)* yn —ylcy, -
Similarly, we can obtain

llf(a)

|| < m(lp(ﬂ = p(0)* Hlxw — ¢, -

From (21), and (22), one has

H((s) = 9(0)* (w(s) — 9(0))'*(ya(s) — y(s))[y'(s)ds

(17)

(18)

(19)

(20)

(21)

(22)
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1FaConym) = B ) ey = C(E) = 9(0)) ' *Entllc,_, , + [ (9(8) — (0)' “Exallc, .,
< s (00 = 90 v — Ylley
+ i () = $(0) %0 — llc, .,

< max{ 1, 11 F A (B(T) = 90)%(1xa — xlley .y + Iy = ¥lley )

1 r
= max{ 12, 12 R (9 (T) — 9(0)* | (1) — )y
which implies that
|1 F2(xn,yn) — B2(x,¥)llc,,,, =0 asn— oo
That is, F, is continuous.
Step 4. We prove that F, is compact.
For each (x,y) € Q x Qand t € (0, T], one has

By () = (oo [ () — () pe(s) (5)ds, —— [ (p(t) — 9(s))* gy (s)¢/ (s)ds ),
@) Jo (@) Jo

where py, g, are as in (13). Similar to the proof of (16), we obtain

w7 Jo (W0 = ()" p (59 (5)ds|
< s [y @) — () (g (s) — 9(0)*((s) — (0)) 1 px(s) ¢’ (s)ds

and
F7 Jo (9 (0) = () 1qy () (s)ds|
< (M) F (o) — o).
Hence,

(p(T) — 9(0))*.

m§ +myM n + n}*M} T'(x)

<
IR e, < max{ M0 SIS0

Thus, F,(Q) x Q) is uniformly bounded.
Finally, we show that F,(Q) x Q) is equicontinuous, let 0 < t; < t; < T and

(x,y) € Q x Q. Then,
(P(t2) — p(0)) *Fa(x,y) (f2) — ((t1) — p(0))' *Fa(x,y)(f1) = (Ka1, Kp2),

where



Axioms 2022,11,103 12 of 14

Then, by (14), we obtain the following:

[Kar| < w5 Jo' [(@(82) = 9(0)) = (9(t2) — ()" ((s) — (0))* !

—(9(t2) = PO (1) — ()" 1 ((5) — (01 I (s) — $(0))!~px(s)lds

iy L2 ((t2) = $(0) (9 (t2) — ()" (9(s) = $(0)* 1| (9(s) — $(0))1 " px(s)ds
< R ot () = $(0) (k) — p(s))* !

—(p(t1) = 9(0))~*(w(tr) — (s))*(w(s) — p(0))*~'ds

+ ey S (9(t2) = $(0)) 1 (k) — ()" (9(s) — 9(0))*~1ds — 0,

as tp — t;. Similarly, we obtain that Ky — 0 as tp — t;. Which yields that F,(Q x Q) is
equicontinuous, Then, by the Ascoli-Arzela theorem, the operator F, is compact.

All the assume of the Theorem 1 are satisfied. Therefore, there exists a fixed point,
(x,y) € QxQ, such that (x,y) = Fi(x,y) + F2(x,y), which is a solution of the prob-
lem (3). O

4. Example
Consider the following coupled implicit ¢-Riemann-Liouville fractional differential
equations with nonlocal conditions

D" Vx(t) = £ty (1), D" V() te(01],
4 n 4 n
D"y () = gt (6, D" y(n)), te (0],

In? (14 £)x(£)|o = & — é n? (14 y(t,), (23)

n
In? (14 )y (H)i—o = 1 — ¥ d;In? (1 + t)x(t;),
i=1

n n
where0 < f; < --- < t; < 1,¢;and d; are positive constants with ) ¢; < %and Yd < %.Let
i=1 i=1

_ 1 2sint
ftw,9) = Grmaqarmny * o (1) t € (0,1], u,vs. € R,

tu,v) = =————arctan(1 + 3|u| + |[v|) + =t € (0,1], u,vs. € R.
g( ) Jexp(2—1) ( ul +[o|) ln%(lth) (0,1]

Thus, we have

Crap([0,1LR) = Cg 4 ) (0,1, R) = {12 (0,1] = R :In? (1 + £} € C([0, 1], R)},

where = 3. Obviously, the functions f and g are continuous, f(-,0,0),g(+,0,0) €
Cs lrl(Ht)([O, 1],R). For any uy,up,v1,v; € Rand t € (0,1], one has

1 _ 1
2+[ur[+lor] 2+ [ug[+[os]

|f(t/ uy,v1) — f(t/ U, v2)| = (2+1t)2

11—z |+ |01 —vs|
2-++£)2(2+ug [+-[o1]) (2+|uz|+[va )

(
1
1

IN

IN

(lug — uz| + o1 — v2|),

g(t,uy,v1) — g(tup,v2)| = mbrctan(l +3|uq| + |v1]|) — arctan(1 + 3|uz| + |v2])]

< L (3Jug — up| + |1 — v2).
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Moreover, set the following:
n 3 1 3
r(y) =Y aln? (1 +Hy(k), h(x) =) din7(1+8)x(t),
i=1 i=1

For each x1, x2, 1,2 € R, we have

) = h(e2)| < ditn? (1+ )l (8) — ()|

a+n’

n
< . _
= El dilx1 — x2 HC%,ln(Ht)

< 3ln -y,
and

) = r(v2)] < & eiln? (14 Dl (k) — ol

n
< ) _ <1 _
< El cillya yZHC;,ln(m) < 3lln }/2||C%/1n(m).

So, conditions (H1) and (H2) are satisfied with L; = %,L2 = %,ll = %,lz = i, b = %
and b, = 3. Moreover, the following condition:

max{ bz + iy ($(T) = $(0)% b1 + syt ((T) — (0))"

= max{% +0.4504, % + 0.5666} =0.9666 < 1,

——

is satisfied with T = 1. By Theorem 2, we have that the problem (23) has a unique coupled

solution in the space C%,ln(1+t) ([0,1],R) x C%Jn(lﬁ)([o, 1],R).

5. Conclusions

In this paper, we investigated a coupled implicit system that has ip-Riemann-Liouville
fractional derivative and nonlocal conditions. The interesting point is that two fractional
implicit equations are coupled. By Banach fixed-point theorem and Krasnoselskii’s fixed-
point theorem, the uniqueness and the existence results are proved. Our results obtained in
this paper is new and complements the existing literature on this topic. We will study the
corresponding problem in future research, and we hope to be able to make some progress.
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