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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, we denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of
algebraic closure of Q,. The p-adic norm | - |, is normally defined [p|, = % Let g be an

X
indeterminate in Cp, with |1 — ¢, < p_ﬁ. The g-analogue of x is defined by [x]; = 1112
Note that lim [x]; = x.
g—1

Let f(x) be a uniformly differentiable function on Z,. Then the p-adic g-integral on

Zy is defined by [1-3]

[ F@in(x) =
)

From (1), we have

0 f, et Vi) = [ f@ao) + g =070+ FO, @

where £(0) = 49|
For n € N, let T}, be the p-adic locally constant space defined by

Ty = |JCpr = lim Cpn,

n—»co
n>1

where Cpn = {w|wP" = 1} is the cyclic group of order p".
For w € Tj, let us take f(x) = w*e™. Then, by (1), we get

(9—1)+ fhrt
89 _ x ,xt
—wqet — " w e dpg(x) 3)
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Thus, by (3), we define the twisted g-Bernoulli numbers which are given by the
generating function to be

-1
(q_l)—'—ﬂ)gqt—wB " 4
qwet —1 Z(’) T )
n=

From (4), we note that

g—1, ifn=0
=1 s _

qw(Bgw +1)" = Byguw = 1087 ifn=1,
0 ifn>1,

with the usual convention about replacing Bf ;, by By q,w

From (2) and (4), we have
Z / w*x"dpg(x) / we dyg (x
©)
wget =1 =T

Thus, by (5), we get

/Z w*x"dpg(x) = Bugw, (n>0). (6)
P

For |t|, < p 7~ T , the twisted (A, q)-Daehee polynomials are defined by generating
function to be (cf. [4])

) mo 2(g—1)+ /\10 log(1+t)
3 Daguliin) iy = I LT S gy

@)
When x = 0, Dyy50(A) = Dygw(0|A) are called the twisted (A, q)-Daehee numbers. In
particular,

2(g —1)
Dogw(1) = w1
The twisted Catalan-Daehee numbers are defined by [5]

1 )
5> log(1 —
= d, ot 8
w\/l_i _ 1 n;() n,w ( )
If we take w = 1 in the twisted Catalan-Daehee numbers, d,, = d,, 1, are the Catalan-Daehee
numbers in [6-8].
We note that
o 2m\ (1\" 1
V1i+t= —1)m-1 = £,
= r e (G6) G g
By replacing t by —4t in (9), we get
oo 2m 1 m+1 __ m+1
\/1—4t:1—22 —t 1—22Ct (10)
m=0 m+1 m=0

where C,;, is the Catalan number.
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[7e

2
Il
o

dn,q,w tn =

2(g — 1) + L2 log(1 — 4t)

From (8) and (10), Dolgy et al. showed a relation between the Catalan-Daehee numbers
and the Catalan numbers in [6];

1, ifn=0
dn — 4" n—1 4n7m71
n+1 =, n—m

Cp, ifn>1.

Catalan-Daehee numbers and polynomials were introduced in [7] and considered the
family of linear differential equations arising from the generating function of those numbers
in order to derive some explicit identities involving Catalan-Daehee numbers and Catalan
numbers. In [8], several properties and identities associated with Catalan-Daehee numbers
and polynomials were derived by utilizing umbral calculus techniques. Dolgy et al. gave
some new identities for those numbers and polynomials derived from p-adic Volkenborn
integrals on Zj, in [6]. Recently, Ma et al. introduced and studied g-analogues of the Catalan-
Daehee numbers and polynomials with the help of p-adic g-integral on Zj, in [9]. The aim
of this paper is to introduce g-analogues of the twisted Catalan-Daehee numbers and
polynomials by using p-adic g-integral on Z, and derive some explicit identities for those
twisted numbers and polynomials related to various special numbers and polynomials.

2. The Twisted Q-Analogues of Catalan-Daehee Numbers

_ 1
Fort € C, with [t|, < p 7T and for w € T,, we have

(11)

; —1+ Z1110g(1 - 4t)
/wx(1—4t)7d;4q(x):q logg 2 08
Zy qwv1—4t—1

In the view of (11), we define the twisted g-analogue of Catalan-Daehee numbers which
are given by the generating function to be

-11
g—1+1-1llog(1—4t)
logq 2 _ 2 dn,q,wtn- (12)

qwy1—4t—1 =0
Note that 1irq dn,gw = dnw, (n > 0), which is the twisted Catalan-Daehee numbers in [5].
%
From (7) and (12), we have

logg

A1 - A1) 1 )(qw\/1—4t+1)

—_t)! 0
241Dl,q,w2(1)( Z') ) (1 +qw —2qw ) Cmtm+1)
: m

=0
g & Duge(l), @ (0 (Caprn] : 13
ngé( 4) o t qwngl1 mZ::o (== 1)!Dn_m_1,q,wz(1)cm f (13)
2 ) [eS) n—1 n—m-—1
g-—1 [Z]qw Dn,q,w(l) (_4)
+n;) S ()=t qwn;l mZ=:O (=T 1)!Dn7m,1/qlwz(1)cm ¢
2 1 00 [2} —4)" n—1 —4 n—m-—1
1 + Z <2£Iw( 1’1') Dn,q,wz(l) —qw ZO ((n_)m_l)yDnml,q,wz(l)Cm> t".
—1 : — !

Therefore, by comparing the coefficients on the both sides of (13), we obtain the following
theorem.
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Theorem 1. Forn > 0and w € Ty, we have
2
g-—1 )
wf 1 fn=0,
dnqw - -1 —m—1
4, 1+ w _4 n n _4 n—m -~ _ .
2’7 ( nl) Dn,q,uﬂ(l) —qw Z ((n —)m — 1)'22” " 1D”*m*1,qrw2(1)cm’ ifn21.
! b !
Specially, w = 1 and g — 1, we have
Corollary 1 (Theorem 1, [6]). For n > 0, we have
1, ifn=0,
dy = Du(1) "= (=)l o ,
" (—4)" ';(, = )y ((,1_),,1_1);22” "Dy ()G, ifn > 1.
! for !
Now, from (6) and (12), we observe that
0 q— 1—!—1 210g(1—4t) .
Y dngot" = po qu 1 = /Z w (1 —4t)2dpg(x)
n=0 - - p
> /1\" 1 m m
= % (35) pullostt=40)" [ wtdpy(x)
m:() N ) (14)
=) (2> Bin,g,w 251 nm) ( 4t)"
m=0 n=m
(o] n 5 t}’l
— Z ( Z 2 "‘m(l)"Bm,q,wsl(n,m)> —
n=0 \m=0 n:

where S1(n,m), (n,m > 0) is the Stirling number of the first kind which is defined by [1-20]

(x)n =

™=

Sl(n,l)xl, (n>0).

1=0

Here, (x)o =1, (x)y =x(x—=1)--- (x —n+1), (n > 1).
Therefore, by (14), we obtain the following theorem.

Theorem 2. Forn > 0and w € Ty, we have

1 2
(_1 ngqw — VT 2 2n mBm,q,wS1(n,m).

By binomial expansion, we get

/Z,, w*(1—4t) zdﬂq i /p w* (g)dyq(x)t". (15)

From (12) and (15), we obtain the following corollary.

Corollary 2. Forn > 0and w € Ty, we have

5 _ 1 2 m
/ w* <2>d}4‘1(x) = (—1)712 ann,q,lu = — Z < ) Bm,t],wsl (n,m).
z, \n n

For the case w = 1 and g — 1, we have the following.
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Corollary 3 (Theorem 2, [6]). For n > 0, we have

1 n
(=1)"d, = . Y 22""MB,,S; (n,m).
" m=0

The twisted g-analogue of A-Daehee polynomials are given by the p-adic g-integral on

Zptobe
(q—l)Jr/\1 log(1+t)
wY (1 + )y = 084 1+1)"
J, w0+ 0 ) Gale (1+1) o
(o) t}’l

When x =0, 15,%10 (A) = Dy 4w (0[A) (n 0) are called the twisted g-analogue of A-Daehee
numbers. Note that

~ q— 1
D = .
O,I],W(/\) wq _ 1
From (16), we note that
1
= —— 1\ " q_1+;ﬁ)gqlog(1_4t)
Z(_l) 4 Dn,q,w E E - 1
=0 : quw(l—4t)2 —1 (17)
=Y dugut
n=0

Thus, by (17), we get

Let us take t = 1 (1 — ¢?) in (12). Then we have

k _
& 1 q-1+ s :
Z dk,q,w(4> (1 _ eZt)k — 08‘7 / wxe"tdyq(x)
k=0 JZyp

wet — 1
00‘7 i (18)
= 7;)Bn,q,105~
On the other hand,
o 1Nk . N k
de,q,w(_l)k<4) (e —1)F = Z(—l)kk!dk,qrw<4) F(EZt_D
k=0 =0 I
oY) - 0 g
= Z(_l)kk!dk,q,wz 2k ) Sz(n,k)?.”E (19)
k=0 =k !
[} n g
=) (Z(—l)kk!dk 02" %S, (n, k))
n=0 k=0 1’l

where Sy (1, k) (n,k > 0) is the Stirling number of the second kind which is defined by

X" =

™=

S2(n, D)(x)1, (1 =0).

0

Therefore, by (18) and (19), we obtain the following theorem.
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Theorem 3. For n > 0, we have

n
Bugw = Y (—1)fS2(n, k)2" 2 kidy 1 -
k=0

NOVV, we Observe that

x+y
/ w! (1 —48) 2 dpg(y) = w1 — 41

Zp
We define the twisted Catalan-Daehee polynomials which are given by the generating

(20)

function to be )
g—1+ 1 —-1log(1—4t) .
logq 2 1—4t7:2dw

quy/T—4t —1

When x = 0, dyqw = dn,gw(0) (1 > 0) are the twisted Catalan-Daehee numbers in (12)

Note that
1 [} tm

(1-4H)7 =

Thus, by (12), (20) and (21), we get
14+ = 1Llog(1 —4t .
q-— logq 2 g( ) (1 4t) x

gdn,q,w(x)t” = PO i
<i kqwk,)<2 Zsl (m,1) = ) <;>l>t’" (22)

m=01=
(—4)"

i(gi (m,1)*— dn_m,q,w(’2‘>l>tﬂ.

By comparing the coefficients on the both sides (22), we obtain the following theorem

Theorem 4. For n > 0, we have

m=01=0
2m—1
2 ) !

For the case w = 1 and g — 1, we have the following.

Corollary 4 (Theorem 5, [6]). For n > 0, we have

3. Conclusions
To summarize, we introduced twisted g-analogues of Catalan-Daehee numbers and

polynomials and obtained several explicit expressions and identities related to them. We
expressed the twisted g-analogues of Catalan-Daehee numbers in terms of the twisted



Axioms 2022, 11,9 70f7

(A, q)-Daehee numbers, and of the twisted g-Bernoulli numbers and Stirling numbers of
the first kind in Theorems 1 and 2. We also derived an identity involving the twisted g-
Bernoulli numbers, twisted g-analogues of Catalan-Daehee numbers and Stirling numbers
of the second kind in Theorem 3. In addition, we obtain an explicit expression for the
twisted g-analogues of Catalan-Daehee polynomials which involve the twisted g-analogues
of Catalan-Daehee numbers and Stirling numbers of the first kind in Theorem 4.

In recent years, many special numbers and polynomials have been studied by em-
ploying various methods, including: generating functions, p-adic analysis, combinatorial
methods, umbral calculus, differential equations, probability theory and analytic number
theory. We are now interested in continuing our research into the application of ‘twisted’
and ‘g-analogue’ versions of certain interesting special polynomials and numbers in the
fields of physics, science, and engineering as well as mathematics.
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