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Citation: Kovač, S. A Note on

Hermite–Hadamard–Fejer Type

Inequalities for Functions Whose n-th

Derivatives Are m-Convex or

(α, m)-Convex Functions. Axioms

2022, 11, 16. https://doi.org/

10.3390/axioms11010016

Academic Editor: Christophe

Chesneau

Received: 10 November 2021

Accepted: 29 December 2021

Published: 31 December 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article
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Abstract: In this paper, we develop some Hermite–Hadamard–Fejér type inequalities for n-times
differentiable functions whose absolute values of n-th derivatives are (α, m)-convex function. The
results obtained in this paper are extensions and generalizations of the existing ones. As a special
case, the generalization of the remainder term of the midpoint and trapezoidal quadrature formulas
are obtained.
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1. Introduction

The main objects of our interest are integral inequalities involving weight functions of
Hermite–Hadamard–Fejér type for various classes of convex functions.

Let us start by bringing out the well-known definition of convex functions:

Definition 1. A function f : [0, b]→ R is said to be convex on [0, b] if

f (tx + (1− t)x) ≤ t f (x) + (1− t) f (y) (1)

holds for all x, y ∈ [0, b] and t ∈ [0, 1].

In [1], Toader established the class of m-convex functions as the following:

Definition 2. A function f : [0, b]→ R is said to be an m-convex function (for m ∈ (0, 1]) if

f (λx + m(1− λ)y) ≤ λ f (x) + m(1− λ) f (y) (2)

is valid for all x, y ∈ [0, b] and λ ∈ [0, 1].

V.G. Mihesan ([2]) has introduced the generalization of the m-convexity in the
following definition:

Definition 3. A function f : [0, b] → R is said to be an (α, m)-convex function (for α,
m ∈ (0, 1]) if

f (λx + m(1− λ)y) ≤ λα f (x) + m(1− λα) f (y) (3)

is valid for all x, y ∈ [0, b] and λ ∈ [0, 1].

Remark 1. It is easy to show that (1, m)-convex function is m-convex function for every m ∈ (0, 1],
and 1-convex function is convex. Thus (1, 1)-convex function is actually a convex function. It is
interesting to mention that there are continuous and differentiable functions which are m-convex,
but which are not convex in the classical sense (see [3]).
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Fejér [4] has obtained the weighted version of famous Hermite–Hadamard inequality:

Theorem 1. If f : [a, b]→ R is convex, and w : [a, b]→ [0,+∞) integrable and symmetric about
a+b

2 then

f
(

a + b
2

) ∫ b

a
w(x)dx ≤

∫ b

a
f (x)w(x)dx ≤ f (a) + f (b)

2

∫ b

a
w(x)dx. (4)

Many researchers have been interested in improving and refining Hermite–Hadamard
inequalities for various types of convex functions (see for instance [5–9]). In [10], authors
established a new integral inequalitites of Hermite–Hadamard type for (α, m)-function.

Theorem 2. Let f : [0, ∞) → R be an n-time differentiable function for n ∈ N and let 0 ≤
a < b < ∞ and α, m ∈ (0, 1]. If f (n) ∈ L

[
a, b

m

]
and

∣∣∣ f (n)∣∣∣q for q ≤ 1 is (α, m)-convex on[
0, b

m

]
, then ∣∣∣∣∣ 1

b− a

∫ b

a
f (x)dx− 1

b− a

n−1

∑
k=0

(b− t)k+1 + (−1)k(t− a)k+1

(k + 1)!
f (k)(t)

∣∣∣∣∣
≤ 1

(b− a)(n + 1)!

{
(t− a)n+1

[
αB(n + 2, α)

∣∣∣ f (n)(a)
∣∣∣q

+ m(1− αB(n + 2, α))

∣∣∣∣ f (n)( t
m

)∣∣∣∣q]1/q

+ (b− t)n+1
[

1
n + α + 1

(
(n + 1)

∣∣∣ f (n)(t)∣∣∣q + αm
∣∣∣∣ f (n)( b

m
)

∣∣∣∣q)]1/q
}

,

where t ∈ [a, b] and B(α, β) is the Beta function

B(α, β) =
∫ 1

0
tα−1(1− t)β−1dt, α, β > 0.

Let us recall the weighted one-point integral formula of Matić, Pečarić and Ujević [11]
which is introduced from the general m-point integral identity in [12] and states:

∫ b

a
w(t) f (t)dt =

n

∑
j=1

Aw,j(x) f (j−1)(x) + (−1)n
∫ b

a
Wn,w(t, x) f (n)(t)dt, (5)

where f : [a, b]→ R is such that f (n−1) is absolutely continuous function, w : [a, b]→ [0, ∞)
is weight function, x ∈ [a, b]

Aw,j(x) =
(−1)j−1

(j− 1)!

∫ b

a
(x− s)j−1w(s)ds, for j = 1, . . . , n (6)

and

Wn,w(t, x) =

{
w1n(t) = 1

(n−1)!

∫ t
a (t− s)n−1w(s)ds for t ∈ [a, x],

w2n(t) = 1
(n−1)!

∫ t
b (t− s)n−1w(s)ds for t ∈ (x, b].

(7)

In [12] is also given the following Lp-inequality:
If f (n) ∈ Lp for some 1 ≤ p ≤ ∞, then we have

∣∣∣ ∫ b

a
w(t) f (t)dt−

n

∑
j=1

Aj,w(x) f (j−1)(x)
∣∣∣ ≤ C1(n, p, x, w) · ‖ f (n)‖p,
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for 1
p + 1

q = 1, where

C1(n, p, x, w) =
1

(n− 1)!

[∫ x

a

∣∣∣∣∫ t

a
(t− s)n−1w(s)ds

∣∣∣∣qdt +
∫ b

x

∣∣∣∣∫ t

b
(t− s)n−1w(s)ds

∣∣∣∣qdt
] 1

q

, (8)

for 1 < p ≤ ∞, and

C1(n, 1, x, w) =
1

(n− 1)!
max{ sup

t∈[a,x]

∣∣∣∣∫ t

a
(t− s)n−1w(s)ds

∣∣∣∣, sup
t∈[x,b]

∣∣∣∣∫ t

b
(t− s)n−1w(s)ds

∣∣∣∣}. (9)

The inequality is the best possible for p = 1 and sharp for 1 < p ≤ ∞.
In this paper we establish weighted version of Theorem 2, i.e., Hermite–Hadamard–

Fejér type inequalities for n-times differentiable functions which are m-convex and (α, m)-
convex. In addition, some special cases for different choices of weight functions are given.

2. Main Results

We shall start by technical lemma which will be useful in proving the main theorems.

Lemma 1. For 0 ≤ a < x < b < +∞ and α, m ∈ 〈0, 1] we have

(a) ∫ x

a
w1n(t) ·

(
x− t
x− a

)α

dt =
B(α + 1, n)

∫ x
a (x− s)n+αw(s)ds

(n− 1)!(x− a)α

(b) ∫ b

x
w2n(t) ·

(
t− x
b− x

)α

dt =
(−1)nB(α + 1, n)

∫ x
b (s− x)n+αw(s)ds

(n− 1)!(b− x)α
.

Proof. (a) Apply the definition of the function w1n to obtain

∫ x

a
w1n(t)

(
x− t
x− a

)α

dt =
1

(n− 1)!
·
∫ x

a

(∫ t

a
(t− s)n−1w(s)ds

)(
x− t
x− a

)α

dt

=
1

(x− a)α(n− 1)!
·
∫ x

a

(∫ x

s
(x− t)α(t− s)n−1dt

)
w(s)ds =

=

{
substitution: u =

t− s
x− s

, du =
dt

x− s

}
=

1
(x− a)α(n− 1)!

·
∫ x

a

(∫ 1

0
(1− u)αun−1du

)
(x− s)α+nw(s)ds

=
B(α + 1, n)

∫ x
a (x− s)n+αw(s)ds

(n− 1)!(x− a)α
.

(b) Apply the definition of the function w2n to obtain

∫ b

x
w2n(t)

(
t− x
b− x

)α

dt =
−1

(n− 1)!
·
∫ b

x

(∫ b

t
(t− s)n−1w(s)ds

)(
t− x
b− x

)α

dt

=
(−1)n

(b− xα(n− 1)!
·
∫ b

x

(∫ s

x
(t− x)α(s− t)n−1dt

)
w(s)ds =

=

{
substitution: u =

s− t
s− x

, du =
−dt
s− x

}
=

(−1)n

(b− x)α(n− 1)!
·
∫ b

x

(∫ 1

0
(1− u)αun−1du

)
(s− x)α+nw(s)ds

=
(−1)nB(α + 1, n)

∫ b
x (s− x)n+αw(s)ds

(n− 1)!(b− x)α
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which finishes the proof.

Now, we can introduce and prove the following new Hermite–Hadamard–Fejér type
inequality for the class of (α, m)-convex functions.

Theorem 3. Let f : [0, ∞)→ R be an n-times differentiable function for n ∈ N and 0 ≤ a ≤ x ≤
b < +∞, α, m ∈ 〈0, 1]. If f (n) ∈ L1

[
a, b

m

]
and

∣∣∣ f (n)∣∣∣q for q ≥ 1 is (α, m)-convex on
[
0, b

m

]
, then∣∣∣ ∫ b

a w(t) f (t)dt−∑n
j=1 Aj,w(x) f (j−1)(x)

∣∣∣
≤ w1,n+1(x)1−1/q ·

[
Kw(x, a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣q + m · (1− Kw(x, a, α, n)) ·

∣∣∣ f (n)( x
m )
∣∣∣q]1/q

+ w2,n+1(x)1−1/q ·
[

Mw(b, x, α, n) ·
∣∣∣ f (n)(x)

∣∣∣q + m · (1−Mw(b, x, α, n)) ·
∣∣∣ f (n)( b

m )
∣∣∣q]1/q

,

(10)

where

Kw(a, x, α, n) :=
B(α + 1, n)

∫ x
a (x− s)n+αw(s)ds

(n− 1)!(x− a)αw1,n+1(x)
, x > a, Kw(a, a, α, n) := 0

and

Mw(b, x, α, n) :=
(−1)nB(α + 1, n)

∫ x
b (s− x)n+αw(s)ds

(n− 1)!(b− x)αw2,n+1(x)
, x < b, Mw(b, b, α, n) := 0.

Proof. For a < x < b we apply triangle inequality and Hölder’s inequality to identity

∫ b

a
w(t) f (t)dt−

n

∑
j=1

Aw,j(x) f (j−1)(x) = (−1)n
∫ b

a
Wn,w(t, x) f (n)(t)dt.

Therefore, for p ≥ 1 such that 1
p + 1

q = 1 we obtain∣∣∣∣∣
∫ b

a
w(t) f (t)dt−

n

∑
j=1

Aw,j(x) f (j−1)(x)

∣∣∣∣∣ =
∣∣∣∣(−1)n

∫ b

a
Wn,w(t, x) f (n)(t)dt

∣∣∣∣
≤

∫ x

a
w1n(t) ·

∣∣∣ f (n)(t)∣∣∣dt +
∫ b

x
w2n(t) ·

∣∣∣ f (n)(t)∣∣∣dt

≤
(∫ x

a
w1n(t)dt

)1/p
·
[∫ x

a
w1n(t) ·

∣∣∣ f (n)(t)∣∣∣qdt
]1/q

+

(∫ b

x
w2n(t)dt

)1/p

·
[∫ b

x
w2n(t) ·

∣∣∣ f (n)(t)∣∣∣qdt
]1/q

= w1,n+1(x)1/p ·
[∫ x

a
w1n(t) ·

∣∣∣∣ f (n)( x− t
x− a

· a + m ·
(

1− x− t
x− a

)
· x

m
)

∣∣∣∣qdt
]1/q

+ w2,n+1(x)1/p ·
[∫ b

x
w2n(t) ·

∣∣∣∣ f (n)( t− x
b− x

· x + m ·
(

1− t− x
b− x

)
· b

m
)

∣∣∣∣qdt
]1/q

Then, by using (α, m)−convexity and Lemma 1 we have
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≤ w1,n+1(x)1/p
[∫ x

a

(
w1n(t)

(
x− t
x− a

)α∣∣∣ f (n)(a)
∣∣∣q + m

(
1−

(
x− t
x− a

)α)∣∣∣ f (n)( x
m

)∣∣∣q)dt
]1/q

+ w2,n+1(x)1/p
[∫ b

x

(
w2n(t)

(
t− x
b− x

)α∣∣∣ f (n)(x)
∣∣∣q + m

(
1−

(
t− x
b− x

)α)∣∣∣∣ f (n)( b
m

)∣∣∣∣q)dt
]1/q

= w1,n+1(x)1/p ·
[
Kw(x, a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣q + m · (1− Kw(x, a, α, n)) ·

∣∣∣ f (n)( x
m
)
∣∣∣q]1/q

+ w2,n+1(x)1/p ·
[

Mw(b, x, α, n) ·
∣∣∣ f (n)(x)

∣∣∣q + m · (1−Mw(b, x, α, n)) ·
∣∣∣∣ f (n)( b

m
)

∣∣∣∣q]1/q

.

For x = a, we have by definition w1,n+1(a) = 0 and Kw(a, a, α, n) = 0, so the in-
equality follows easily. Similarly, for x = b, we have by definition w2,n+1(b) = 0 and
Mw(b, b, α, n) = 0, so the inequality also follows easily.

In the following corollary, we include the endpoints of the interval [a, b] to the inequal-
ity (10) in order to get the related inequality for weight trapezoidal quadrature formula.

Corollary 1. Under the conditions of Theorem 3
(i) for x = a we have

∣∣∣ ∫ b

a
w(t) f (t)dt−

n

∑
j=1

Aj,w(a) f (j−1)(a)
∣∣∣ (11)

≤ w2,n+1(a)1−1/q ·
[

Mw(b, a, α, n) ·
∣∣∣ f (n)(a)

∣∣∣q + m · (1−Mw(b, a, α, n)) ·
∣∣∣∣ f (n)( b

m
)

∣∣∣∣q]1/q

,

(ii) for x = b we have

∣∣∣ ∫ b

a
w(t) f (t)dt−

n

∑
j=1

An
j=1 f (j−1)(b)

∣∣∣ (12)

≤ w1,n+1(b)1−1/q ·
[

Kw(b, a, α, n) ·
∣∣∣ f (n)(a)

∣∣∣q + m · (1− Kw(b, a, α, n)) ·
∣∣∣∣ f (n)( b

m
)

∣∣∣∣q]1/q

Remark 2. If we combine inequalities (11) and (12), then we get the weight generalization of the
trapezoid formula

∣∣∣ ∫ b

a
w(t) f (t)dt− 1

2

(
n

∑
j=1

Aj,w(a) f (j−1)(a) +
n

∑
j=1

Aj,w(b) f (j−1)(b)

)∣∣∣
≤ 1

2
w1,n+1(b)1−1/q ·

[
Kw(b, a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣q + m · (1− Kw(b, a, α, n)) ·

∣∣∣∣ f (n)( b
m
)

∣∣∣∣q]1/q

+
1
2

w2,n+1(a)1−1/q ·
[

Mw(b, a, α, n) ·
∣∣∣ f (n)(a)

∣∣∣q + m · (1−Mw(b, a, α, n)) ·
∣∣∣∣ f (n)( b

m
)

∣∣∣∣q]1/q

.

Specially, for w(t) = 1
b−a and α = m = n = 1 we get the result obtained in [13].

The following special case is a generalization of the weight midpoint formula.

Corollary 2. Under the conditions of the Theorem 3 and for x = a+b
2 we have

∣∣∣ ∫ b

a
w(t) f (t)dt−

n

∑
oddj=1

Aj,w(
a + b

2
) f (j−1)(

a + b
2

)
∣∣∣ (13)
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≤ w1,n+1(
a+b

2 )1−1/q ·
[
Kw(

a+b
2 , a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣q

+ m ·
(

1− Kw(
a+b

2 , a, α, n)
)
·
∣∣∣ f (n)( a+b

2m )
∣∣∣q]1/q

+ w2,n+1(
a+b

2 )1−1/q ·
[

Mw(b, a+b
2 , α, n) ·

∣∣∣ f (n)( a+b
2 )
∣∣∣q

+ m ·
(

1−Mw(b, a+b
2 , α, n)

)
·
∣∣∣ f (n)( b

m )
∣∣∣q]1/q

,

(14)

Remark 3. Specially, for uniform weight function w(t) = 1
b−a we get the result obtained in [14],

while for m = n = α = 1 and uniform weight we get result from [15].

Now, we shall give special inequalities of the weighted type for q = 1, α = 1 (m-convex
functions), m = 1 and finally q = α = m = 1.

Corollary 3. Under the conditions of Theorem 3

(i) for q = 1 we have∣∣∣ ∫ b
a w(t) f (t)dt−∑n

j=1 Aj,w(x) f (j−1)(x)
∣∣∣

≤ w1,n+1(x) ·
[
Kw(x, a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣+ m · (1− Kw(x, a, α, n)) ·

∣∣∣ f (n)( x
m )
∣∣∣]

+ w2,n+1(x) ·
[

Mw(b, x, α, n) ·
∣∣∣ f (n)(x)

∣∣∣+ m · (1−Mw(b, x, α, n)) ·
∣∣∣ f (n)( b

m )
∣∣∣],

(15)

(ii) for α = 1, we have∣∣∣ ∫ b
a w(t) f (t)dt−∑n

j=1 Aj,w(x) f (j−1)(x)
∣∣∣

≤ w1,n+1(x)1−1/q ·
[
Kw(x, a, 1, n) ·

∣∣∣ f (n)(a)
∣∣∣q + m · (1− Kw(x, a, 1, n)) ·

∣∣∣ f (n)( x
m )
∣∣∣q]1/q

+ w2,n+1(x)1−1/q ·
[

Mw(b, x, 1, n) ·
∣∣∣ f (n)(x)

∣∣∣q + m · (1−Mw(b, x, 1, n)) ·
∣∣∣ f (n)( b

m )
∣∣∣q]1/q

,

(16)

(iii) for m = 1, i.e.,
∣∣∣ f (n)∣∣∣q is α-convex on [0, b], we have∣∣∣ ∫ b

a w(t) f (t)dt−∑n
j=1 Aj,w(x) f (j−1)(x)

∣∣∣
≤ w1,n+1(x)1−1/q ·

[
Kw(x, a, α, n) ·

∣∣∣ f (n)(a)
∣∣∣q + (1− Kw(x, a, α, n)) ·

∣∣∣ f (n)(x)
∣∣∣q]1/q

+ w2,n+1(x)1−1/q ·
[

Mw(b, x, α, n) ·
∣∣∣ f (n)(x)

∣∣∣q + (1−Mw(b, x, α, n)) ·
∣∣∣ f (n)(b)∣∣∣q]1/q

,

(17)

(iv) for m = α = q = 1, i.e.,
∣∣∣ f (n)∣∣∣ is convex on [0, b], we have∣∣∣ ∫ b

a w(t) f (t)dt−∑n
j=1 Aj,w(x) f (j−1)(x)

∣∣∣
≤ w1,n+1(x) ·

[
Kw(x, a, 1, n) ·

∣∣∣ f (n)(a)
∣∣∣+ (1− Kw(x, a, 1, n)) ·

∣∣∣ f (n)(x)
∣∣∣]

+ w2,n+1(x) ·
[

Mw(b, x, 1, n) ·
∣∣∣ f (n)(x)

∣∣∣+ (1−Mw(b, x, 1, n)) ·
∣∣∣ f (n)(b)∣∣∣].

(18)

The following special case of Theorem 3 is the result obtained in [10].

Corollary 4. Under the conditions of Theorem 3 for w(t) = 1
b−a we have∣∣∣ 1

b−a

∫ b
a f (t)dt− 1

b−a ∑n
j=1

(b−x)j−(a−x)j

j! f (j−1)(x)
∣∣∣

≤ (x−a)n+1

(b−a)(n+1)! ·
[
α · B(n + 2, α) ·

∣∣∣ f (n)(a)
∣∣∣q + m · (1− α · B(n + 2, α)) ·

∣∣∣ f (n)( x
m )
∣∣∣q]1/q

+ (x−b)n+1

(b−a)(n+1)! ·
[
α · B(n + 2, α) ·

∣∣∣ f (n)(x)
∣∣∣q + m · (1− α · B(n + 2, α)) ·

∣∣∣ f (n)( b
m )
∣∣∣q]1/q

.

(19)
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Proof. We apply Theorem 2 with w(t) = 1
b−a . It is easy to compute that

w1n(t) =
(t− a)n

(b− a)n!
and w2n(t) =

(t− b)n

(b− a)n!
.

After some computation we have

Kw(a, x, α, n) = Mw(b, x, α, n) = α · B(n + 2, α)

for a < x < b and
Kw(a, b, α, n) = Mw(b, b, α, n) = 0.

3. Applications to Special Means

Let us consider the means for arbitrary real numbers:

(i) A(a, b) = a+b
2 , a, b ∈ R arithmetic mean

(ii) L(a, b) = b−a
ln b−ln a , a 6= b, a, b > 0 logarithmic mean

(iii) Ln(a, b) = bn+1−an+1

(n+1)(b−a) , n ∈ Z \ {−1, 0}, a, b ∈ R, a 6= b generalized logarithmic men

(iv) H(a, b) = 2ab
a+b , a, b > 0 harmonic mean

(v) I(a, b) =

 a if a = b

1
e

(
bb

aa

) 1
b−a if t ∈ a 6= b

, a, b > 0 identric mean

(vi) G(a, b) +
√

ab, a, b > 0 geometric mean

Now, using the results of Section 2, we give some applications to uniform weight
function w(t) = 1

b−a :

Proposition 1. Let 0 ≤ a < b < ∞, α, m ∈ 〈0, 1] and n ∈ Z \ {−1, 0}. Then for all q ≥ 1
we have: ∣∣∣Lk

k(a, b)− A(ak, bk)
∣∣∣ (20)

≤
(

b− a
2

)1− 1
q
· k ·

[
2 · a(k−1)q

(α + 1)(α + 2)
+ m · α · (α + 3) · b(k−1)q

(α + 1)(α + 2)

] 1
q

(21)

If we choose α = 1, we obtain

∣∣∣Lk
k(a, b)− A(ak, bk)

∣∣∣ ≤ ( b− a
2

)1− 1
q
· k ·

[
a(k−1)q

3
+ m · 2 · b(k−1)q

3

] 1
q

(22)

Proof. The assertion follows from Theorem 3 and Remark 2 applied to the (α, m)-convex
mapping f (x) = xk, k ∈ Z \ {−1, 0} and n = 1.

Proposition 2. If 0 ≤ a < b < ∞, then for all q ≥ 1 we have:

∣∣∣L−1(a, b)− H−1(a, b)
∣∣∣ ≤ ( b− a

2

)1− 1
q
·
[

a−2q

3
+

2 · b−2q

3

] 1
q

. (23)

Proof. The assertion follows from Theorem 3 and Remark 2 applied to the mapping
f (x) = 1

x and m = α = n = 1.
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Proposition 3. If 0 ≤ a < b < ∞, then for all q ≥ 1 we have:

|ln I(a, b)− ln G(a, b)| ≤
(

b− a
2

)1− 1
q
·
[

1
3aq +

2
3bq

] 1
q
. (24)

Proof. The assertion follows from Theorem 3 and Remark 2 applied to the mapping
f (x) = − ln x and m = α = n = 1.

4. Conclusions

In this work, we establish a generalization of the Hermite–Hadamard–Fejér type
inequalities for different classes of convex functions. As a special case, the famous midpoint
and trapezoidal error bounds were derived.
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