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1. Introduction

Special functions and polynomials appear in the search for the explicit solutions of the
most important problems in mathematical physics, electrodynamics, classical and modern
physics, classical and quantum mechanics, and even in statistics and biological sciences.
Among them, an important role is played by the hypergeometric functions which constitute
an important class that unifies, through the introduction of appropriate parameters, most
(if not all) parts of special functions, including elliptic integrals, Beta functions, incomplete
Gamma functions, Bessel functions, Legendre functions, classical orthogonal polynomials,
Kummer confluent functions, etc. (see, for example [1–3]).

The extension of the Pochhammer symbol allowed the introduction of many multi-
variate generalizations of hypergeometric functions (see [4–8]). Connections with several
extensions of the celebrated Zeta function and the relevant applications to number theory
and statistics have recently been highlighted in [9].

Recently, Srivastava et al. [10] introduced and studied a new kind of parametric
generalization of each of the Apostol–Bernoulli polynomials of order α, the Apostol–
Euler polynomials of order α and the Apostol–Genocchi polynomials of order α (see, for
details [11–14] and the references therein). In fact, as an interesting application, they used
such generalized parametric polynomials to explicitly give a computation of new Taylor-
type series containing the corresponding Apostol–Bernoulli, Euler and Genocchi numbers
of order α.

Special polynomials have a close connection with number theory, and one of the most
important sets of special numbers is the class of Stirling numbers (of the first and second
kind), introduced in 1730 by the Scottish mathematician James Stirling (1692, 1770).

Stirling numbers of the second kind are generally denoted by the symbol
{

n
k

}
or

S(n, k) and are frequently used in combinatorial mathematical problems. We will use the
symbol S(n, k), which is typographically more simple.
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Stirling numbers of the second kind S(n, k) denote the number of ways in which n-labelled
objects can be subdivided among k disjoint and non-empty subsets.

Their generating function writes:

(ex − 1)k = k!
∞

∑
n=k

S(n, k)
xn

n!
.

They satisfy the recursion:

S(n, k) = k S(n− 1, k) + S(n− 1, k− 1) ,

with the initial conditions S(n, k) = 0 if k = 0 or n < k and S(n, k) = 1 if n = k.
Several extensions of the Stirling numbers have been proposed in the literature. One of

them is given by the r-associated Stirling numbers of the second kind, reported in [15–17].
They will be denoted by S(n, k; r) and have the following combinatorial meaning:

r-associated Stirling numbers of the second kind S(n, k; r) denotes the number of partitions
of the set {1, 2, . . . , n} into k non-empty disjoint subsets, such that the numbers 1, 2, . . . , r are in
distinct subsets.

Their generating function writes:(
ex −

r−1

∑
`=0

xn

n!

)k

= k!
∞

∑
n=kr

S(n, k; r)
xn

n!
.

They satisfy the recursion:

S(n, k; r) = k S(n− 1, k; r) +
(

n− 1
r− 1

)
S(n− r, k− 1; r) ,

with the initial conditions S(n, k; r) = 0 if k = 0 or n < kr and S(n, k; r) = 1 if n = kr.
When r = 1, the usual Stirling numbers are recovered.
The Bernoulli numbers are a sequence of rational numbers which have deep connec-

tions with number theory.
They enter in the expression of the sum of mth powers of the first n positive integer

numbers; in the Taylor expansion of the tangent and hyperbolic tangent functions; in
the Euler–Maclaurin quadrature rule; in representing certain values of the Riemann zeta
function, and also have connections with Fermat’s last theorem.

The Bernoulli polynomials were first generalized by L. Carlitz [18], H.M. Srivastava
et al. [11,19,20]. More recently, several extensions have been made, as can be seen in,
e.g., [21–26]. See also [11,22].

The values of the Bernoulli polynomials at the origin give the Bernoulli numbers,
i.e., Bn := Bn(0). The Stirling numbers of the second kind are related to them through
the equation:

Bn =
n

∑
k=0

(−1)k k!
k + 1

S(n, k) .

It seems that the basis of the generalizations of Bernoulli polynomials (and numbers)
stands in the Mittag–Leffler function:

E1,r+1(x) =
xr

ex −
r−1

∑
`=0

x`

`!

,

considered by R.P. Agarwal in [27].
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Actually, all extensions start from the generating function of the type:

tαrext(
ex −

r−1

∑
`=0

x`

`!

)α =
∞

∑
n=0

B(α)
n (t)

xn

n!
,

where α is a positive real number, introduced by L. Carlitz in [18]. The generalizations
include the Apostol parameter λ, in order to make the result more flexible so that many
polynomial families are recovered [11,24,28].

Dealing with generalized Bernoulli numbers, it is suitable to put α = k, a positive
integer.

In this article, we start from the generating function of a generalization of Bernoulli
polynomials, introduced in [26] and further extended by B. Kurt [23,24], in the form:

G[r−1,k](x, t) =
xkr ext(

ex −
r−1

∑
`=0

x`

`!

)k =
xkr ext

k!
∞

∑
n=kr

S(n, k; r)
xn

n!

=
∞

∑
n=0

B[r−1,k]
n (t)

xn

n!
,

which involves the r-associated Stirling numbers of the second kind. This allows to repre-
sent the coefficients of such polynomials in function of the aforementioned r-associated
numbers. To obtain this result, a general formula for the construction of the reciprocal of a
power series is introduced which makes use of the Blissard problem and Bell’s polynomials.

It is worth noting that Bell polynomials are related to partitions of an integer, which
have well-known symmetry properties. For example, Richard P. Stanley proved [29] that the
total number of units appearing in partitions of an assigned number n is equal to the total
number of distinct parts that are present in the partitions. In 1984, Paul Elder generalised
this result to the total number of occurrences of an integer k among the partitions of n.

Finally, we want to stress that all the aforementioned extensions enter as particular
cases of the class of Appell polynomials, whose generating function is of the type:

GA(x, t) := A(x) etx =
∞

∑
n=0

an(t)
xn

n!
.

Therefore, all the theoretical techniques exploited by G. Dattoli [30], Dattoli et al. [30–33]
and Y. Ben Cheikh [34] could be used in order to derive many properties (such as recursions,
shift operators, differential equations) of the resulting polynomials. However, the greater
complexity of the function A(x) renders its construction almost useless.

Since belonging to the Appell class makes it possible in a natural way to extend these
polynomials to the multidimensional case, in the final part of the article, this extension
is made, limited to the bivariate case. Of course, multidimensional extensions are also
possible, however, the resulting formulas are increasingly cumbersome.

2. Basic Definitions

The falling factorial is given by

〈x〉n =

{
x(x− 1) · · · (x− n + 1) , n ≥ 1 ,
1 , n = 0 .

(1)

The Stirling numbers of the second kind are defined by

S(n, k) =
1
k!

k

∑
m=0

(−1)k−m
(

k
m

)
mn (2)
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The r-associate Stirling numbers of the second kind S(n, k; r) are defined by(
∞

∑
`=r

x`

`!

)k

=

(
ex −

r−1

∑
`=0

x`

`!

)k

= k!
∞

∑
n=rk

S(n, k; r)
xn

n!
. (3)

Of course, S(n, k; 1) = S(n, k).
In the particular case when r = 2, it results: S(0, 0; 2) = 1, S(n, 0; 2) = 0, for n ≥ 1, and:

S(n, k; 2) =


1
k!

k

∑
j=0

(−1)j
(

k
j

) j

∑
m=0

(
j

m

)
〈n〉m(k− j)n−m , n ≥ 2k ≥ 2 ,

0 , 0 ≤ n < 2k .

(4)

3. The Case When k = 1

Considering the case when k = 1, we have:

∞

∑
`=r

x`

`!
= ex −

r−1

∑
`=0

x`

`!
=

∞

∑
n=r

S(n, 1; r)
xn

n!
, (5)

so that: (
∞

∑
`=r

x`

`!

)2

= x2r
∞

∑
n=0

n

∑
j=0

n!
(n− j + r)! (j + r)!

×

× S(n− j + r, 1; r)S(j + r, 1; r)
xn

n!
,

(6)

and in general:

(
∞

∑
`=r

x`

`!

)k

= xkr
∞

∑
n=0

n

∑
j1+j2+···+jk=0

n!
(j1 + r)! (j2 + r)! · · · (jk + r)!)

×

× S(j1 + r, 1; r)S(j2 + r, 1; r) · · · S(jk + r, 1; r)
xn

n!
.

(7)

Writing Equation (3) in the form(
∞

∑
`=r

x`

`!

)k

= k!
∞

∑
n=0

S(n + kr, k; r)
xn+kr

(n + kr)!
=

= k! xkr
∞

∑
n=0

n!
(n + kr)!

S(n + kr, k; r)
xn

n!
,

(8)

and comparing this equation with (7), we find the result:

Theorem 1. For any fixed integers k and r, the r-associate Stirling numbers of the second kind
S(n + kr, k; r) are connected with that relative to lower element numbers and k = 1, by means of
the equation:

k!
(n + kr)!

S(n + kr, k; r) =

=
n

∑
j1+j2+···+jk=0

1
(j1 + r)! (j2 + r)! · · · (jk + r)!

×

× S(j1 + r, 1; r)S(j2 + r, 1; r) · · · S(jk + r, 1; r) ,

(9)
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4. The Blissard Problem

According to the Blissard problem [17], the reciprocal of a Taylor series can be
expressed in terms of Bell polynomials. In fact, consider the sequences a := {ak} =
(1, a1, a2, a3, . . . ), and b := {bk} = (b0, b1, b2, b3, . . . ), and the function:

1

1 + a1t + a2
t2

2! + a3
t3

3! + . . .
(t ≥ 0) . (10)

Using the umbral formalism (that is, letting ak ≡ ak and bk ≡ bk), the solution of the
equation:

1
∞

∑
n=0

antn

n!

=
∞

∑
n=0

bntn

n!
, i.e. exp[a t] exp[b t] = 1 ,

(11)

is given by
b0 := 1,

bn = Yn(−1!, a1; 2!, a2;−3!, a3; . . . ; (−1)nn!, an), (∀ n > 0),
(12)

where Yn is the nth Bell polynomial [17].
The Bell polynomials satisfy the equation

Yn( f1, β g1; f2, β2g2; . . . ; fn, βngn) = βn Yn( f1, g1; f2, g2; . . . ; fn, gn) . (13)

Furthermore, they are usually written in the form:

Yn( f1, g1; f2, g2; . . . ; fn, gn) =
n

∑
h=1

Bn,h(g1, g2, . . . , gn−h+1) fh , (14)

where Bn,h are called Bell polynomials of the second kind and satisfy the recursion [35]:

Bn,h(g1, g2, . . . , gn−h+1) =
n−h

∑
`=0

(
n− 1
`

)
Bn−`−1,h−1(g1, g2, . . . , gn−`−h+1) g`+1 . (15)

For any h = 1, 2, . . . , n, the Bn,h polynomials satisfy the equation:

Bn,h(αβ g1, αβ2g2, . . . , αβn−h+1gn−h+1) = αhβnBn,h(g1, g2, . . . , gn−h+1) . (16)

This means that they are polynomials of the g1, g2, . . . , gn variables, homogeneous
of degree h and isobaric of weight n (i.e., they are linear combinations of monomials
gh1

1 gh2
2 · · · g

hn
n whose weight is constantly given by h1 + 2h2 + . . . + nhn = n).

By using Equation (14), the Function (10) writes:

1
∞

∑
n=0

antn

n!

= 1 +
∞

∑
n=1

n

∑
h=1

(−1)hh! Bn,h(a1, a2, . . . , an−h+1)
tn

n!
.

(17)

It is convenient to introduce the definition:

Cn(a) :=
n

∑
h=1

(−1)hh! Bn,h(a1, a2, . . . , an−h+1) , C0(a) := 1 , (18)
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so that Equation (17) becomes:

1
∞

∑
n=0

antn

n!

=
∞

∑
n=0

Cn(a)
tn

n!
.

(19)

A Simple Application

The Blissard problem can be used in solving the following.

Problem 1. Given the power series A(t) := ∑∞
n=0 an tn/n! and B(t) := ∑∞

n=0 bn tn/n!, where
a0 = b0 = 1, find the coefficients zn of the series representing the ratio:

A(t)
B(t)

=
∞

∑
n=0

zn
tn

n!
. (20)

According to Equation (19), introducing the umbral symbol b = (1, b1, b2. . . . ), we can
write:

A(t)
B(t)

=
∞

∑
n=0

an
tn

n!

∞

∑
n=0

Cn(b)
tn

n!
=

∞

∑
n=0

n

∑
h=0

(
n
h

)
an−h Ch(b)

tn

n!
=

∞

∑
n=0

zn
tn

n!
, (21)

and therefore, we conclude that:

zn =
n

∑
h=0

(
n
h

)
an−h Ch(b) . (22)

Remark 1. Note that the link between the coefficients of the above power series could even be
derived from the equation:

∞

∑
n=0

an
tn

n!
=

∞

∑
n=0

bn
tn

n!

∞

∑
n=0

zn
tn

n!
=

∞

∑
n=0

n

∑
h=0

(
n
h

)
bn−h zh

tn

n!
, (23)

so that:

an =
n

∑
h=0

(
n
h

)
bn−h zh , (24)

but this method needs to find the zn solving a system.
For example, we find:

a0 = z0 b0 = 1,
a1 = b1 z0 + b0 z1
a2 = b2 z0 + 2 b1 z1 + b0 z2
. . .
an = (b + z)n , with bh ≡ bh , zh ≡ zh ,

(25)

so that:

z0 = a0 = 1,
z1 = a1 − b1
z2 = a2 − b2 − 2 b1(a1 − b1)
z3 = a3 − b3 − 3 b2(a1 − b1)− 3 b1 [a2 − b2 − 2 b1(a1 − b1)]
. . .

(26)

Although the system lends itself to a recurring calculation, it provides the coefficients zn by
means of a system of Chinese boxes and does not provide an explicit formula such as that obtained
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using Bell’s polynomials. Of course, recursion remains hidden in Bell’s polynomial computation,
which nevertheless seems to be simpler than that required for the solution of the system (25).

In the Appendix A at the end of this article, the first few values of the solution zn
(n = 1, 2, . . . , 7) were computed by the third author by using Mathematica©. The results can
be extended to higher values of n, but the polynomial expression in terms of the coefficients
a and b become more and more cumbersome.

It is worth noting that the sum of indexes of the a and b coefficients in the representation of zn
is given by n, ∀n ≥ 1.

Remark 2. Note that in the above considered problem, we assumed a normalization of the considered
series assuming a0 = b0 = 1. If this condition is not satisfied, but we still have the condition
a0 6= 0, b0 6= 0, we can use the same method, putting α := {αn} = (1, a1/a0, a2/a0, . . . ),
β := {βn} = (1, b1/b0, b2/b0, . . . ), and considering the problem in the form:

a0

b0


∞

∑
n=0

αn
tn

n!
∞

∑
n=0

βn
tn

n!

 =
∞

∑
n=0

zn
tn

n!
. (27)

Denoting by ζn the coefficients of the series representing the ratio in brackets in Equation (27),
the solution of the problem (27) will be given by zn =

a0

b0
ζn.

5. Generalized Bernoulli Polynomials

In [26], a generalization of the Bernoulli polynomials and numbers was introduced,
by means of the generating function:

G[r−1](x, t) =
xrext

ex −
r−1

∑
`=0

x`

`!

=
∞

∑
n=0

B[r−1]
n (t)

xn

n!
.

(28)

Obviously, this results in B[0]
n (t) ≡ Bn(t), the classical Bernoulli polynomials.

According to Equation (5), it results that:

xrext

∞

∑
n=r

S(n, 1; r)
xn

n!

=
∞

∑
n=0

B[r−1]
n (t)

xn

n!
, (29)

or, in equivalent form:

∞

∑
n=0

tn xn

n!
∞

∑
n=0

n!
(n + r)!

S(n + r, 1; r)
xn

n!

=
∞

∑
n=0

B[r−1]
n (t)

xn

n!
, (30)

Of course, from Equation (28), we have:

S(n, 1; r) = 1 , ∀n ≥ r . (31)

A Larger Class of Bernoulli Polynomials

A natural extension of this class of polynomials was obtained by B. Kurt [23,24],
considering, for any fixed integer k, the generating function:
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G[r−1,k](x, t) =
xkr ext(

ex −
r−1

∑
`=0

x`

`!

)k =
xkr ext

k!
∞

∑
n=kr

S(n, k; r)
xn

n!

=
∞

∑
n=0

B[r−1,k]
n (t)

xn

n!
,

(32)

so that B[0,1]
n (t) ≡ Bn(t). By noting that:

∞

∑
n=kr

S(n, k; r)
xn

n!
= xkr

∞

∑
n=0

n!
(n + kr)!

S(n + kr, k; r)
xn

n!
,

the above-generating function writes:

G[r−1,k](x, t) =

∞

∑
n=0

tn xn

n!

k!
∞

∑
n=0

n!
(n + kr)!

S(n + kr, k; r)
xn

n!

=
∞

∑
n=0

B[r−1,k]
n (t)

xn

n!
, (33)

6. Representation Formulas

A direct application of the problem in Section 4 gives representation formulas for the
generalized Bernoulli polynomials in Equations (30) and (33) in terms of r-associate Stirling
numbers of the second kind, expressed by the following theorems.

Theorem 2. The generalized Bernoulli polynomials, defined in Equation (33), can be represented
in terms of the r-associate Stirling numbers of the second kind (of the type S(n, k; r)), by means of
the equation:

B[r−1,k]
n (t) =

n

∑
h=0

(
n
h

)
Ch(β) tn−h , (34)

where β = (1, β1, β2, . . . ), with βn =
k! n!

(n + kr)!
S(n + kr, k; r), and the symbol Ch(·) is defined

in Equation (18) .

Proof. It is sufficient to apply Equation (27), assuming:

αn = tn

βn =
n! (kr)!
(n + kr)!

S(n + kr, k; r)
S(kr, k; r)

zn = B[r−1,k]
n (t) .

7. The Generalized Bernoulli Numbers

As a by-product of the preceding results, we find the relations relevant to the general-
ized Bernoulli numbers B[r−1,k]

n := B[r−1,k]
n (0).

The generating function of the generalized Bernoulli numbers is given by

G[r−1,k](x) =
xkr(

ex −
r−1

∑
`=0

x`

`!

)k =
∞

∑
n=0

B[r−1,k]
n

xn

n!
,

(35)
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or, in equivalent form, involving the S(n + kr, k; r) numbers:

G[r−1,k](x) =
1

k!
∞

∑
n=0

n!
(n + kr)!

S(n + kr, k; r)
xn

n!

=
∞

∑
n=0

B[r−1,k]
n

xn

n!
,

(36)

By exploiting one of the techniques for finding the reciprocal of a Taylor series
described in Section 4, from the knowledge of the generalized Bernoulli numbers, the
r-associate Stirling numbers of the second kind can be derived, so that a useful check with
the known tables of the r-associate Stirling numbers of the second kind can be obtained.

In Figures 1–4, these numbers are reported for the values k = 1, 2, 3, 4, r = 2, 3, 4, 5
and n = 1, 2, . . . , 10.

Further results can be obtained by using the computer algebra program Mathematica©.

Figure 1. Numbers B[1,k]
n ; k = 1, 2, 3, 4; n = 0, 1, . . . , 10.

Figure 2. Numbers B[2,k]
n ; k = 1, 2, 3, 4; n = 0, 1, . . . , 10.
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Figure 3. Numbers B[3,k]
n ; k = 1, 2, 3, 4; n = 0, 1, . . . , 10.

Figure 4. Numbers B[4,k]
n ; k = 1, 2, 3, 4; n = 0, 1, . . . , 10.

8. 2D Extensions of the Bernoulli and Appell Polynomials

In a preceding article [33], the Hermite-Kampé de Fériet [36] (or Gould–Hopper)
polynomials [37,38], were used in order to extend the multivariate case to several polyno-
mial sets.

By changing the notation, in order to preserve that used in the considered literature,
these polynomials are defined by the generating function:

etx+τxj
=

∞

∑
n=0

H(j)
n (t, τ)

xn

n!

or by the explicit form:

H(j)
n (t, τ) = n!

[ n
j ]

∑
s=0

tn−js τs

(n− js)! s!
,

where j ≥ 2 is a positive integer.
When j = 2 bivariate extensions of the Bernoulli and Euler polynomials were intro-

duced [39], the case of higher dimensions was also considered in [32].
As recalled in Section 5, generalized Bernoulli polynomials are a special case of Appell

polynomials, and the 2D extension of Appell polynomials introduced in [21] can be used
for introducing the 2D generalized Bernoulli polynomials.
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2D Appell Polynomials

We recall that, for any j ≥ 2, the bivariate Appell polynomials R(j)
n (t, τ) are defined

in [21], by means of the generating function:

G(j)
A (t, τ; x) := A(x) etx+τxj

=
∞

∑
n=0

R(j)
n (t, τ)

xn

n!
(37)

Assuming A[r,k](x) := xkr(
ex−∑r−1

`=0
x`
`!

)k , we have the definition of bivariate generalized

Bernoulli polynomials through the generating function:

G(j)
A[r,k]

(t, τ; x) :=
xkr(

ex −
r−1

∑
`=0

x`

`!

)k etx+τxj
=

∞

∑
n=0

R(j;r,k)
n (t, τ)

xn

n!
(38)

In [21], we have derived explicit forms of the polynomials R(j)
n (t, τ) in terms of the

Hermite–Kampé de Fériet polynomials H(j)
n and vice versa.

Therefore, in the case of the considered R(j;r,k)
n (t, τ) polynomials, we find the result.

Theorem 3. The explicit form of the R(j;r,k)
n (t, τ) polynomials is expressed, in terms of the Hermite–

Kampé de Fériet polynomials, by

R(j;r,k)
n (t, τ) =

n

∑
h=0

(
n
h

)
R[r,k]

n−h H(j)
h (t, τ)n!

n

∑
h=0

R[r,k]
n−h

(n− h)!

[ h
j ]

∑
r=0

xh−jryr

(h− jr)!r!
, (39)

where theR[r,k]
` are the “Appell numbers” appearing in the definition: A[r,k](x) = ∑∞

`=0
R[r,k]

`
`! x`.

Since (A[r,k](0) 6= 0), the above equation can be reversed, obtaining:

H(j)
n (t, τ) =

n

∑
`=0

(
n
`

)
Q[r,k]

n−`R(j;r,k)
` (t, τ) , (40)

where the Q[r,k]
` are the coefficients of the Taylor expansion in a neighbourhood of the origin of the

reciprocal function 1/A[r,k](x), which can be obtained by using the results of Section 4.

Remark 3. Note that the first few values of the “Appell numbers”R[r,k]
` in Equation (39) are just

the generalized Bernoulli numbers, reported in tables appearing in Figures 1–4, for r = 2, 3, 4, 5,
k = 1, 2, 3, 4 and n = 1, 2, . . . , 10, while the coefficients Q[r,k]

` of the function 1/A[r,k](x) in
Equation (40) are given by k!n!

(n+kr)! S(n + kr, k; r) whose first few values S(n + kr, k; r) can be
found in Figures 5–8, for r = 2, 3, 4, 5, k = 1, 2, 3, 4 and n = 1, 2, . . . , 10.

In the following Figures 5–8, we report the numerical values of the r-associate Stir-
ling numbers of the second kind S(n + rk, k; r), which enter the generating function of
Equation (36).
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Figure 5. Numbers S(n + 2k, k; 2), k = 1, 2, 3, 4; n = 1, 2, . . . , 10.

Figure 6. Numbers S(n + 3k, k; 3), k = 1, 2, 3, 4; n = 1, 2, . . . , 10.
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Figure 7. Numbers S(n + 4k, k; 4), k = 1, 2, 3, 4; n = 1, 2, . . . , 10.

Figure 8. Numbers S(n + 5k, k; 5), k = 1, 2, 3, 4; n = 1, 2, . . . , 10.

9. Conclusions

Generalizations of Bernoulli polynomials have also recently received some attention
due to their connections to extensions of second-kind Stirling numbers, which are of
considerable interest in combinatorial mathematics. In this paper, it has been shown that
such connections can be derived using a simple formula, which is useful to construct the
reciprocal function of an assigned power series. This formula is based on the umbral
calculus of Blissard and makes use of Bell polynomials, one of the powerful tools, born
from the differential calculus [40,41], whose applications range from the extension of the
Newton–Girard formulas (and consequently, the reduction formulas for the orthogonal
invariants of a strictly positive compact operator [42]) to combinatorics (see, e.g., [43] and
the references therein).

The fact that all the generalizations considered belong to the class of Appell polyno-
mials (the simplest among the Sheffer polynomials) also makes possible the construction of



Axioms 2021, 10, 219 14 of 16

multidimensional versions of such polynomials, and it would be interesting to see whether
multivariate versions of Stirling numbers could be constructed in an elementary way.
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Appendix A

z0 = 1

z1 = a1 − b1

z2 = a2 − 2a1b1 + 2b2
1 − b2

z3 = a3 − 3a2b1 + 6a1b2
1 − 6b3

1 − 3a1b2 + 6b1b2 − b3

z4 = a4 − 4a3b1 + 12a2b2
1 − 24a1b3

1 + 24b4
1 − 6a2b2 + 24a1b1b2 − 36b2

1b2 + 6b2
2

−4a1b3 + 8b1b3 − b4

z5 = a5 − 5a4b1 + 20a3b2
1 − 60a2b3

1 + 120a1b4
1 − 120b5

1 − 10a3b2 + 60a2b1b2
−180a1b2

1b2 + 240b3
1b2 + 30a1b2

2 − 90b1b2
2 − 10a2b3 + 40a1b1b3 − 60b2

1b3
+20b2b3 − 5a1b4 + 10b1b4 − b5

z6 = a6 − 6a5b1 + 30a4b2
1 − 120a3b3

1 + 360a2b4
1 − 720a1b5

1 + 720b6
1 − 15a4b2

+120a3b1b2 − 540a2b2
1b2 + 1440a1b3

1b2 − 1800b4
1b2 + 90a2b2

2 − 540a1b1b2
2

+1080b2
1b2

2 − 90b3
2 − 20a3b3 + 120a2b1b3 − 360a1b2

1b3 + 480b3
1b3 + 120a1b2b3

−360b1b2b3 + 20b2
3 − 15a2b4 + 60a1b1b4 − 90b2

1b4 + 30b2b4 − 6a1b5 + 12b1b5 − b6

z7 = a7 − 7a6b1 + 42a5b2
1 − 210a4b3

1 + 840a3b4
1 − 2520a2b5

1 + 5040a1b6
1 − 5040b7

1
−21a5b2 + 210a4b1b2 − 1260a3b2

1b2 + 5040a2b3
1b2 − 12600a1b4

1b2 + 15120b5
1b2

+210a3b2
2 − 1890a2b1b2

2 + 7560a1b12b2
2 − 12600b3

1b2
2 − 630a1b3

2 + 2520b1b3
2 − 35a4b3

+280a3b1b3 − 1260a2b2
1b3 + 3360a1b3

1b3 − 4200b4
1b3 + 420a2b2b3 − 2520a1b1b2b3

+5040b2
1b2b3 − 630b2

2b3 + 140a1b2
3 − 420b1b2

3 − 35a3b4 + 210a2b1b4 − 630a1b2
1b4

+840b3
1b4 + 210a1b2b4 − 630b1b2b4 + 70b3b4 − 21a2b5 + 84a1b1b5 − 126b2

1b5
+42b2b5 − 7a1b6 + 14b1b6 − b7
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