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Abstract

:

It is known that the hybrid numbers are generalizations of complex, hyperbolic and dual numbers. Recently, they have attracted the attention of many scientists. At this paper, we provide the Euler’s and De Moivre’s formulas for the   4 × 4   matrices associated with hybrid numbers by using trigonometric identities. Also, we give the roots of the matrices of hybrid numbers. Moreover, we give some illustrative examples to support the main formulas.
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1. Introduction


The complex number systems and their well-known properties have significant roles in algebraic number theory, geometry, dynamic equations, physics, etc. One of the well-known properties is the computation of roots and powers of complex numbers. An alternative way for obtaining roots and powers of complex numbers is to write polar forms for them. Therefore, the theorem, which is called De Moivre’s Theorem, for the conversion of complex numbers to their polar forms was introduced by the French mathematician, Abraham De Moivre.



The complicated concepts for powers of complex number, in polar form, could be basically re-expressed by the following formula which is the expression of De Moivre’s formula:


    ( cos θ + i sin θ )  n  =  ( cos n θ + i sin n θ )  .  











Considering the De Moivre’s formula, Euler’s formula, which was introduced by Leonhard Euler, could be exploitted to reduce any trigonometric identity to much easier exponential identities. Hence, Euler’s formula is given as follows:


  cos θ + i sin θ =  e  i θ   .  











Recently, there has been huge amount of interest to the mentioned formulas whether they could be applied to many special number systems such as quaternion number system, which is the expansion of complex number system. In recent years, many researchers have interested in applications of this formula for quaternions. In [1], these formulas have been generalized for quaternions and also denoted the existence of unaccountably many unit quaternions satisfying    x n  = 1 .   In [2], the authors have studied the Euler’s and De Moivre’s formulas for the matrices associated with quaternions and also obtained any powers of these matrices. That is, for given


  A =      cos θ     −  u 1  sin θ     −  u 2  sin θ     −  u 3  sin θ        u 1  sin θ     cos θ     −  u 3  sin θ      u 2  sin θ        u 2  sin θ     −  u 3  sin θ     cos θ     −  u 1  sin θ        u 3  sin θ     −  u 2  sin θ      u 1  sin θ     cos θ      ,  








where   q = cos θ + u sin θ , u = (  u 1  ,  u 2  ,  u 3  )  , the   n t h   power of this matrix is written as


   A n  =      cos n θ     −  u 1  sin n θ     −  u 2  sin n θ     −  u 3  sin n θ        u 1  sin n θ     cos n θ     −  u 3  sin n θ      u 2  sin n θ        u 2  sin n θ     −  u 3  sin n θ     cos n θ     −  u 1  sin n θ        u 3  sin n θ     −  u 2  sin n θ      u 1  sin n θ     cos n θ      .  











In [3], these formulas for the quaternions with the dual number coefficients are obtained. Furthermore, solutions of the equation    x n  = 1   is discussed whether they have solutions for a general unit dual quaternion. Moreover, these formulas have been studied for split quaternions, which were introduced by J. Cockle. In [4], De Moivre’s formula for split quaternions and roots of a split quaternion using this formula have been expressed. In [5], the authors have studied De Moivre’s formula for real matrices of timelike and spacelike split quaternions, respectively. Additionally, the Euler theorem for real matrices of pure split quaternions have been mentioned in the same study. Also, in [6], these formulas have been examined by using matrix theory over the split quaternions. In [7], the authors consider the unit dual quaternion and obtain the De Moivre’s formula. In [8], the Euler and De Moivre’s formulas for fundamental matrices of commutative quaternions have been obtained. In [9], the author obtained the De Moivre’s formula of the hyperbolic quaternions. In [10], the authors studied two generalizations of dual-hyperbolic balancing numbers: dual-hyperbolic Horadam numbers and dual-hyperbolic k-balancing numbers. They gave Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity for them. Moreover, in [11], the authors introduced a special kind of spacelike hybrid number, namely the F(p,n)-Fibonacci hybrid numbers and they gave some of their properties. Also, in [12], the author studied on a representation of De Moivre’s formula of the Pauli quaternions. Recently, there has been huge amount of papers deal with the geometric and physical applications of complex, hyperbolic and dual numbers which are well-known two dimensional number systems. At this content, Ozdemir, [13], introduced the hybrid numbers as below:


  H = { Z = a + b i + c ε + d h | a , b , c , d ∈ R ,  i 2  = − 1 ,  ε 2  = 0 ,  h 2  = 1 } .  











In [14], the authors studied the concept of similarity for hybrid numbers by using the solutions of some linear equations. In [15], the author gave a new method for finding   n t h   roots of a   2 × 2   real matrix with the help of hybrid numbers. He gave the De Moivre’s formula according to type and character of the   2 × 2   real matrix.




2. Matrix Representations for Any Unit Hybrid Number


In this section, we give some fundamental definitions and properties. Let us denote any hybrid number as   Z = a + b i + c ε + d h ∈ H  . Here, the real number a is called the scalar part, denoted by   S ( Z )   and   b i + c ε + d h   is also called the vector part, denoted by   V ( Z )   in [13].



Definition 1.

The conjugate of a hybrid number Z is


    Z ¯  = S  ( Z )  − V  ( Z )  = a − b i − c ε − d h .   











Moreover, by using hybridian product, we have   Z  Z ¯  =  Z ¯  Z  . Additionally,


   C  ( Z )  = Z  Z ¯  =  Z ¯  Z =  a 2  +   ( b − c )  2  −  c 2  −  d 2    








is called the character of the hybrid number of   Z ,   [13].





Definition 2.

The hybrid number Z is called spacelike, timelike or lightlike if   C ( Z ) < 0 , C ( Z ) > 0   or   C ( Z ) = 0 ,   respectively. The characters of the hybrid number Z are identified by exploiting these conditions. Furthermore,    | C ( Z ) |    represents the norm of the hybrid number   Z ,   denoted by   | | Z | |   [13].





Definition 3.

For the hybrid number   Z = a + b i + c ε + d h  , the vector,    ε Z  =  (  ( b − c )  , c , d )    is called the hybrid vector of the number of Z and it can be written as [13].


    C ε   ( Z )  = −   ( b − c )  2  +  c 2  +  d 2    











Therefore, the hybrid number Z is called elliptic, hyperbolic or parabolic, if    C ε   ( Z )  < 0 ,  C ε   ( Z )  > 0   or    C ε   ( Z )  = 0 ,   respectively. The types of the hybrid number Z are identified by using these conditions. Furthermore,     |   C ε    ( Z )  |     is the norm of the hybrid vector of   Z ,   denoted by   N ( Z )   [13].





The polar representation of a hybrid number depends on the type of the hybrid vector and the casual character. Taking into account these conditions, we summarized the polar representations of the hybrid numbers in the following Table 1 with data from [13]:



Moreover, the unit parabolic hybrid number also can be rewritten as


  Z =  cos g  θ + V  sin g  θ ,  



(1)




if Z is a unit parabolic hybrid number and   c ≠ 0  ,   V =   b i + c ε + d h  c   ,   c o  s g  θ = a  ,   s i  n g  θ = c  ,     V  2  = 0 .   Here   c o  s g  θ   and   s i  n g  θ   denote the cosine and sine Galilean trigonometric functions, respectively. In [14], the left matrix representation of the hybrid number Z is given by


   Z L  =     a    c − b    b   d     b    a − d    0   b     c    − d     a + d     b − c      d   c    − b    a     .  








Similarly, the right representation of the hybrid number Z is given by


   Z R  =     a    c − b    b   d     b    a + d    0    − b      c   d    a − d     c − b      d    − c    b   a     .  












3. De Moivre’s Formula of   4 × 4   Real Matrices of Hybrid Numbers


In this section, we examine both the left and right matrix representations for each conditions. We give all the investigation for


  Z = x + V y = x + (  v 1  ,  v 2  ,  v 3  ) y ∈ H  








as below:



I. If Z is a unit elliptic hybrid number, then


      Z L  =      cos θ     (  v 2  −  v 1  ) sin θ      v 1  sin θ      v 3  sin θ        v 1  sin θ     cos θ −  v 3  sin θ    0     v 1  sin θ        v 2  sin θ     −  v 3  sin θ     cos θ +  v 3  sin θ     (  v 1  −  v 2  ) sin θ        v 3  sin θ      v 2  sin θ     −  v 1  sin θ     cos θ      .     











If Z is a spacelike unit hyperbolic hybrid number,


      Z L  =      sinh θ     (  v 2  −  v 1  ) cosh θ      v 1  cosh θ      v 3  cosh θ        v 1  cosh θ     sinh θ −  v 3  cosh θ    0     v 1  cosh θ        v 2  cosh θ     −  v 3  cosh θ     sinh θ +  v 3  cosh θ     (  v 1  −  v 2  ) cosh θ        v 3  cosh θ      v 2  cosh θ     −  v 1  cosh θ     sinh θ      .     











If Z is a timelike unit hyperbolic hybrid number,


      Z L  = ±      cosh θ     (  v 2  −  v 1  ) sinh θ      v 1  sinh θ      v 3  sinh θ        v 1  sinh θ     cosh θ −  v 3  sinh θ    0     v 1  sinh θ        v 2  sinh θ     −  v 3  sinh θ     c o s h θ +  v 3  sinh θ     (  v 1  −  v 2  ) sinh θ        v 3  sinh θ      v 2  sinh θ     −  v 1  sinh θ     cosh θ      .     











If Z is a unit parabolic hybrid number, then we get


      Z L  =     ϵ    (  v 2  −  v 1  )     v 1     v 3       v 1     ϵ −  v 3     0    v 1       v 2     −  v 3      ϵ +  v 3      (  v 1  −  v 2  )       v 3     v 2     −  v 1     ϵ     .     











Moreover, if Z is a unit parabolic hybrid number and especially   c ≠ 0  , then


      Z L  =      c o  s g  θ      (  v 2  −  v 1  )  s i  n g  θ      v 1  s i  n g  θ      v 3  s i  n g  θ        v 1  s i  n g  θ     c o  s g  θ −  v 3  s i  n g  θ    0     v 1  s i  n g  θ        v 2  θ     −  v 3  θ     c o  s g  θ +  v 3  s i  n g  θ      (  v 1  −  v 2  )  s i  n g  θ        v 3  s i  n g  θ      v 2  s i  n g  θ     −  v 1  s i  n g  θ     c o  s g  θ      .     











If Z is a lightlike hybrid number, then


      Z L  =     a    a (  v 2  −  v 1  )     a  v 1      a  v 3        a  v 1      a − a  v 3     0    v 1       a  v 2      − a  v 3      a + a  v 3      a (  v 1  −  v 2  )       a  v 3      a  v 2      − a  v 1     a     .     











II. If Z is a unit elliptic hybrid number,


      Z R  =      cos θ     (  v 2  −  v 1  ) sin θ      v 1  sin θ      v 3  sin θ        v 1  sin θ     cos θ +  v 3  sin θ    0    −  v 1  sin θ        v 2  sin θ      v 3  sin θ     cos θ −  v 3  sin θ     (  v 2  −  v 1  ) sin θ        v 3  sin θ     −  v 2  sin θ      v 1  sin θ     cos θ      .     











If Z is a spacelike unit hyperbolic hybrid number,


      Z R  =      sinh θ     (  v 2  −  v 1  ) cosh θ      v 1  cosh θ      v 3  cosh θ        v 1  cosh θ     sinh θ +  v 3  cosh θ    0    −  v 1  cosh θ        v 2  cosh θ      v 3  cosh θ     sinh θ −  v 3  cosh θ     (  v 2  −  v 1  ) cosh θ        v 3  cosh θ     −  v 2  cosh θ      v 1  cosh θ     sinh θ      .     











If Z is a timelike unit hyperbolic hybrid number,


      Z R  = ±      cosh θ     (  v 2  −  v 1  ) sinh θ      v 1  sinh θ      v 3  sinh θ        v 1  sinh θ     c o s h θ +  v 3  s i n h θ    0    −  v 1  s i n h θ        v 2  sinh θ      v 3  sinh θ     cosh θ −  v 3  sinh θ     (  v 2  −  v 1  ) sinh θ        v 3  sinh θ     −  v 2  sinh θ      v 1  sinh θ     cosh θ      .     











If Z is a unit parabolic hybrid number,


      Z R  =     ϵ    (  v 2  −  v 1  )     v 1     v 3       v 1     ϵ +  v 3     0    −  v 1        v 2     v 3     ϵ −  v 3      (  v 2  −  v 1  )       v 3     −  v 2      v 1    ϵ     .     











Furthermore, if Z is a unit parabolic hybrid number and especially   c ≠ 0  , then


       Z R  =      c o  s g  θ      (  v 2  −  v 1  )  s i  n g  θ      v 1  s i  n g  θ      v 3  s i  n g  θ        v 1  s i  n g  θ     c o  s g  θ +  v 3  s i  n g  θ    0    −  v 1  s i  n g  θ        v 2  s i  n g  θ      v 3  s i  n g  θ     c o  s g  θ −  v 3  s i  n g  θ      (  v 2  −  v 1  )  s i  n g  θ        v 3  s i  n g  θ     −  v 2  s i  n g  θ      v 1  s i  n g  θ     c o  s g  θ          .  











If Z is a lightlike hybrid number,


      Z R  =     a    a (  v 2  −  v 1  )     a  v 1      a  v 3        a  v 1      a + a  v 3     0    − a  v 1        a  v 2      a  v 3      a −  v 3      a (  v 2  −  v 1  )       a  v 3      − a  v 2      a  v 1     a     .     











Here, we compute the right matrix multiplications for given four conditions at the following four lemmas.



Lemma 1.

Given two matrices


    Z R  =      cos θ     (  v 2  −  v 1  ) sin θ      v 1  sin θ      v 3  sin θ        v 1  sin θ     cos θ +  v 3  sin θ    0    −  v 1  sin θ        v 2  sin θ      v 3  sin θ     cos θ −  v 3  sin θ     (  v 2  −  v 1  ) sin θ        v 3  sin θ     −  v 2  sin θ      v 1  sin θ     cos θ        








and


    W R  =      cos α     (  v 2  −  v 1  ) sin α      v 1  sin α      v 3  sin α        v 1  sin α     cos α +  v 3  sin α    0    −  v 1  sin α        v 2  sin α      v 3  sin α     cos α −  v 3  sin α     (  v 2  −  v 1  ) sin α        v 3  sin α     −  v 2  sin α      v 1  sin α     cos α      .   








Then,


    Z R   W R  =      cos ( θ + α )      (  v 2  −  v 1  )  sin  ( θ + α )       v 1  sin  ( θ + α )       v 3  sin  ( θ + α )         v 1  sin  ( θ + α )      cos  ( θ + α )  +  v 3  sin  ( θ + α )     0    −  v 1  sin  ( θ + α )         v 2  sin  ( θ + α )       v 3  sin  ( θ + α )      cos  ( θ + α )  −  v 3  sin θ      (  v 2  −  v 1  )  sin  ( θ + α )         v 3  sin  ( θ + α )      −  v 2  sin  ( θ + α )       v 1  sin  ( θ + α )      cos ( θ + α )      .   













Proof. 

It can be seen easily by matrix multiplication and using the following trigonometric equalities:


  cos ( θ + α ) = cos θ cos α − sin θ sin θ ,  










  sin ( θ + α ) = sin θ cos α + cos θ sin θ ,  










   v 3 2  −  v 1 2  + 2  v 1   v 2  = − 1 .  











□





Lemma 2.

Let


    Z R  =      sinh θ     (  v 2  −  v 1  ) cosh θ      v 1  cosh θ      v 3  cosh θ        v 1  cosh θ     sinh θ +  v 3  cosh θ    0    −  v 1  cosh θ        v 2  cosh θ      v 3  cosh θ     sinh θ −  v 3  cosh θ     (  v 2  −  v 1  ) cosh θ        v 3  cosh θ     −  v 2  cosh θ      v 1  cosh θ     sinh θ        








and


    W R  =      sinh α     (  v 2  −  v 1  ) cosh α      v 1  cosh α      v 3  cosh α        v 1  cosh α     sinh α +  v 3  cosh α    0    −  v 1  cosh α        v 2  cosh α      v 3  cosh α     sinh α −  v 3  cosh α     (  v 2  −  v 1  ) cosh α        v 3  cosh α     −  v 2  cosh α      v 1  cosh α     sinh α      .   








Then,


    Z R   W R  =      cosh ( θ + α )      (  v 2  −  v 1  )  sinh  ( θ + α )       v 1  sinh  ( θ + α )       v 3  sinh  ( θ + α )         v 1  sinh  ( θ + α )      cosh  ( θ + α )  +  v 3  sinh  ( θ + α )     0    −  v 1  sinh  ( θ + α )         v 2  sinh  ( θ + α )       v 3  sinh  ( θ + α )      cosh  ( θ + α )  −  v 3  sinh θ      (  v 2  −  v 1  )  sinh  ( θ + α )         v 3  sinh  ( θ + α )      −  v 2  sinh  ( θ + α )       v 1  sinh  ( θ + α )      cosh ( θ + α )      .   













Proof. 

It can be seen easily by matrix multiplication and using the following trigonometric equalities:


  cosh ( θ + α ) = cosh θ cosh α + sinh θ sinh θ ,  










  sinh ( θ + α ) = sinh θ cosh α + cosh θ sinh θ ,  










   v 3 2  −  v 1 2  + 2  v 1   v 2  = 1 .  











□





Lemma 3.

Let


    Z R  = ±      cosh θ     (  v 2  −  v 1  ) sinh θ      v 1  sinh θ      v 3  sinh θ        v 1  sinh θ     cosh θ +  v 3  sinh θ    0    −  v 1  sinh θ        v 2  sinh θ      v 3  sinh θ     cosh θ −  v 3  sinh θ     (  v 2  −  v 1  ) sinh θ        v 3  sinh θ     −  v 2  sinh θ      v 1  sinh θ     cosh θ        








and


    W R  = ±      cosh α     (  v 2  −  v 1  ) sinh α      v 1  sinh α      v 3  sinh α        v 1  sinh α     cosh α +  v 3  sinh α    0    −  v 1  sinh α        v 2  sinh α      v 3  sinh α     cosh α −  v 3  sinh α     (  v 2  −  v 1  ) sinh α        v 3  sinh α     −  v 2  sinh α      v 1  sinh α     cosh α      .   








Then,


    Z R   W R  = ±      cosh ( θ + α )      (  v 2  −  v 1  )  sinh  ( θ + α )       v 1  sinh  ( θ + α )       v 3  sinh  ( θ + α )         v 1  sinh  ( θ + α )      cosh  ( θ + α )  +  v 3  sinh  ( θ + α )     0    −  v 1  sinh  ( θ + α )         v 2  sinh  ( θ + α )       v 3  sinh  ( θ + α )      cosh  ( θ + α )  −  v 3  sinh θ      (  v 2  −  v 1  )  sinh  ( θ + α )         v 3  sinh  ( θ + α )      −  v 2  sinh  ( θ + α )       v 1  sinh  ( θ + α )      cosh ( θ + α )      .   













Proof. 

Going on with the similar way at the proofs given above and using the following trigonometric equalities:


  cosh ( θ + α ) = cosh θ cosh α + sinh θ sinh θ ,  










  sinh ( θ + α ) = sinh θ cosh α + cosh θ sinh θ ,  










   v 3 2  −  v 1 2  + 2  v 1   v 2  = 1 .  








The proof can be verified, clearly. □





Lemma 4.

Let


    Z R  =      c o  s g  θ      (  v 2  −  v 1  )  s i  n g  θ      v 1  s i  n g  θ      v 3  s i  n g  θ        v 1  s i  n g  θ     c o  s g  θ +  v 3  s i  n g  θ    0    −  v 1  s i  n g  θ        v 2  s i  n g  θ      v 3  s i  n g  θ     c o  s g  θ −  v 3  s i  n g  θ      (  v 2  −  v 1  )  s i  n g  θ        v 3  s i  n g  θ     −  v 2  s i  n g  θ      v 1  s i  n g  θ     c o  s g  θ        








and


    W R  =      c o  s g  α      (  v 2  −  v 1  )  s i  n g  α      v 1  s i  n g  α      v 3  sin α        v 1  s i  n g  α     cos α +  v 3  s i  n g  α    0    −  v 1  s i  n g  α        v 2  s i  n g  α      v 3  s i  n g  α     c o  s g  α −  v 3  s i  n g  α      (  v 2  −  v 1  )  s i  n g  α        v 3  s i  n g  α     −  v 2  s i  n g  α      v 1  s i  n g  α     c o  s g  α      .   








Then,


    Z R   W R  =      c o  s g   ( θ + α )       (  v 2  −  v 1  )  s i  n g   ( θ + α )       v 1  s i  n g   ( θ + α )       v 3  s i  n g   ( θ + α )         v 1  s i  n g   ( θ + α )      c o  s g   ( θ + α )  +  v 3  s i  n g   ( θ + α )     0    −  v 1  s i  n g   ( θ + α )         v 2  s i  n g   ( θ + α )       v 3  s i  n g   ( θ + α )      c o  s g   ( θ + α )  −  v 3  s i  n g  θ      (  v 2  −  v 1  )  s i  n g   ( θ + α )         v 3  s i  n g   ( θ + α )      −  v 2  s i  n g   ( θ + α )       v 1  s i  n g   ( θ + α )      c o  s g   ( θ + α )       .   













Proof. 

By following similar steps at the proofs given above and using the following trigonometric equalities:


  c o  s g   ( θ + α )  = c o  s g  θ c o  s g  α ,  










  s i  n g   ( θ + α )  = s i  n g  θ c o  s g  α + c o  s g  θ s i  n g  θ ,  










   v 3 2  −  v 1 2  + 2  v 1   v 2  = 0 .  








The proof can be seen easily. □





Theorem 1.

Let


    Z R  =      cos θ     (  v 2  −  v 1  ) sin θ      v 1  sin θ      v 3  sin θ        v 1  sin θ     cos θ +  v 3  sin θ    0    −  v 1  sin θ        v 2  sin θ      v 3  sin θ     cos θ −  v 3  sin θ     (  v 2  −  v 1  ) sin θ        v 3  sin θ     −  v 2  sin θ      v 1  sin θ     cos θ        








be a right matrix representation for a unit elliptic hybrid number. Then the   n th   power of the matrix is given as follows:


    Z R n  =      cos n θ     (  v 2  −  v 1  ) sin n θ      v 1  sin n θ      v 3  sin n θ        v 1  sin n θ     cos n θ +  v 3  sin n θ    0    −  v 1  sin n θ        v 2  sin n θ      v 3  sin n θ     cos n θ −  v 3  sin n θ     (  v 2  −  v 1  ) sin n θ        v 3  sin n θ     −  v 2  sin n θ      v 1  sin n θ     cos n θ      .   













Proof. 

We use the mathematical induction method for all non negative integers n. For   n = 2 ,   by applying matrix multiplication:


   Z R 2  =      cos 2 θ     (  v 2  −  v 1  ) sin 2 θ      v 1  sin 2 θ      v 3  sin 2 θ        v 1  sin 2 θ     cos 2 θ +  v 3  sin 2 θ    0    −  v 1  sin 2 θ        v 2  sin 2 θ      v 3  sin 2 θ     cos n θ −  v 3  sin 2 θ     (  v 2  −  v 1  ) sin 2 θ        v 3  sin 2 θ     −  v 2  sin 2 θ      v 1  sin 2 θ     cos 2 θ      .  











Suppose that the theorem is true for   n = k  , i.e.:


   Z R k  =      cos k θ     (  v 2  −  v 1  ) sin k θ      v 1  sin k θ      v 3  sin k θ        v 1  sin k θ     cos k θ +  v 3  sin k θ    0    −  v 1  sin k θ        v 2  sin k θ      v 3  sin k θ     cos k θ −  v 3  sin k θ     (  v 2  −  v 1  ) sin k θ        v 3  sin k θ     −  v 2  sin k θ      v 1  sin k θ     cos k θ      .  








Then, let us show that the theorem is valid for   n = k + 1  . One can verify that it holds for   n = k + 1   as below:


   Z R  ( k + 1 )   =      cos ( k + 1 ) θ      (  v 2  −  v 1  )  sin  ( k + 1 )  θ      v 1  sin  ( k + 1 )  θ      v 3  sin  ( k + 1 )  θ        v 1  sin  ( k + 1 )  θ     cos  ( k + 1 )  θ +  v 3  sin  ( k + 1 )  θ    0    −  v 1  sin  ( k + 1 )  θ        v 2  sin  ( k + 1 )  θ      v 3  sin  ( k + 1 )  θ     cos  ( k + 1 )  θ −  v 3  sin  ( k + 1 )  θ      (  v 2  −  v 1  )  sin  ( k + 1 )  θ        v 3  sin  ( k + 1 )  θ     −  v 2  sin  ( k + 1 )  θ      v 1  sin  ( k + 1 )  θ     cos ( k + 1 ) θ      .  











Also, we give De Moivre formula for negative powers by following the same way. In other words, for   n = − 1  , we obtain the inverse matrix as following:


     Z R  − 1     =        cos θ     − (  v 2  −  v 1  ) sin θ     −  v 1  sin θ     −  v 3  sin θ       −  v 1  sin θ     cos θ −  v 3  sin θ    0     v 1  sin θ       −  v 2  sin θ     −  v 3  sin θ     cos θ +  v 3  sin θ     − (  v 2  −  v 1  ) sin θ       −  v 3  sin θ      v 2  sin θ     −  v 1  sin θ     cos θ           =         cos ( − θ )      (  v 2  −  v 1  )  sin  ( − θ )       v 1  sin  ( − θ )       v 3  sin  ( − θ )         v 1  sin  ( − θ )      cos  ( − θ )  +  v 3  sin  ( − θ )     0    −  v 1  sin  ( − θ )         v 2  sin  ( − θ )       v 3  sin  ( − θ )      cos  ( − θ )  −  v 3  sin  ( − θ )       (  v 2  −  v 1  )  sin  ( − θ )         v 3  sin  ( − θ )      −  v 2  − sin  ( − θ )       v 1  sin  ( − θ )      cos ( − θ )      .     








Then by using mathematical induction method, we obtain


   Z R  − n   =      cos ( − n θ )      (  v 2  −  v 1  )  sin  ( − n θ )       v 1  sin  ( − n θ )       v 3  sin  ( − n θ )         v 1  sin  ( − n θ )      cos  ( − n θ )  +  v 3  sin  ( − n θ )     0    −  v 1  sin  ( − n θ )         v 2  sin  ( − n θ )       v 3  sin  ( − n θ )      cos  ( − n θ )  −  v 3  sin  ( − n θ )       (  v 2  −  v 1  )  sin  ( − n θ )         v 3  sin  ( − n θ )      −  v 2  sin  ( − n θ )       v 1  sin  ( − n θ )      cos ( − n θ )      .  








Finally, the proof is completed. □





Theorem 2.

Let


    Z R  =      sinh θ     (  v 2  −  v 1  ) cosh θ      v 1  cosh θ      v 3  cosh θ        v 1  cosh θ     sinh θ +  v 3  cosh θ    0    −  v 1  cosh θ        v 2  cosh θ      v 3  cosh θ     sinh θ −  v 3  cosh θ     (  v 2  −  v 1  ) cosh θ        v 3  cosh θ     −  v 2  cosh θ      v 1  cosh θ     sinh θ        








be a right matrix representation for a spacelike hyperbolic hybrid number. Then, the nth power of the matrix is given as follows:



If n is an odd number, then


    Z R n  =      sinh n θ     (  v 2  −  v 1  ) cosh n θ      v 1  cosh n θ      v 3  cosh n θ        v 1  cosh n θ     sinh n θ +  v 3  cosh n θ    0    −  v 1  cosh n θ        v 2  cosh n θ      v 3  cosh n θ     sinh n θ −  v 3  cosh n θ     (  v 2  −  v 1  ) cosh n θ        v 3  cosh n θ     −  v 2  cosh n θ      v 1  cosh n θ     sinh n θ      .   











If n is an even number, then


    Z R n  =      cosh n θ     (  v 2  −  v 1  ) sinh n θ      v 1  sinh n θ      v 3  sin n θ        v 1  sinh n θ     cosh n θ +  v 3  sinh n θ    0    −  v 1  sinh n θ        v 2  sinh n θ      v 3  sinh n θ     cosh n θ −  v 3  sinh n θ     (  v 2  −  v 1  ) sinh n θ        v 3  sinh n θ     −  v 2  sinh n θ      v 1  sinh n θ     cosh n θ      .   













Proof. 

The proof can be calculated by following the same steps at the proof of the Theorem 1 and by using the Lemma 2. □





Theorem 3.

Let


    Z R  = ±      cosh θ     (  v 2  −  v 1  ) sinh θ      v 1  sinh θ      v 3  sinh θ        v 1  sinh θ     cosh θ +  v 3  sinh θ    0    −  v 1  sinh θ        v 2  sinh θ      v 3  sinh θ     cosh θ −  v 3  sin θ     (  v 2  −  v 1  ) sinh θ        v 3  sinh θ     −  v 2  sinh θ      v 1  sinh θ     cosh θ        








be a right matrix representation for a unit timelike hyperbolic hybrid number. Then the   n th   power of the matrix is given as follows:


    Z R n  =   ( ± 1 )  n       cosh n θ     (  v 2  −  v 1  ) sinh n θ      v 1  sinh n θ      v 3  sin n θ        v 1  sinh n θ     cosh n θ +  v 3  sinh n θ    0    −  v 1  sinh n θ        v 2  sinh n θ      v 3  sinh n θ     cosh n θ −  v 3  sinh n θ     (  v 2  −  v 1  ) sinh n θ        v 3  sinh n θ     −  v 2  sinh n θ      v 1  sinh n θ     cosh n θ      .   













Proof. 

The proof can be seen clearly by using the same way of Theorem 1 and Lemma 3. □





Theorem 4.

Let


    Z R  =     ϵ    (  v 2  −  v 1  )     v 1     v 3       v 1     ϵ +  v 3     0    −  v 1        v 2     v 3     ϵ −  v 3      (  v 2  −  v 1  )       v 3     −  v 2      v 1    ϵ       








be a right matrix representation for a parabolic hybrid number. Then the   n th   power of the matrix is given as follows:


    Z R n  =      ϵ n     n  ϵ  n − 1    (  v 2  −  v 1  )      n  ϵ  n − 1    v 1      n  ϵ  n − 1    v 3        n  ϵ  n − 1    v 1       ϵ n  + n  ϵ  n − 1    v 3     0    − n  ϵ  n − 1    v 1        n  ϵ  n − 1    v 2      n  ϵ  n − 1    v 3       ϵ n  − n  ϵ  n − 1    v 3      n  ϵ  n − 1    (  v 2  −  v 1  )        n  ϵ  n − 1    v 3      n  ϵ  n − 1    v 2      n  ϵ  n − 1    v 1      ϵ n      .   













Proof. 

We can write that    Z R  = ϵ  I 4  + A   where   I 4   is a 4 by 4 unit matrix and


  A =     0     v 2  −  v 1      v 1     v 3       v 1     v 3    0    −  v 1        v 2     v 3     −  v 3       v 2  −  v 1        v 3     −  v 2      v 1    0     .  








Since     A  2  = 0  , then we get


   Z R n  =  ϵ n   I 4  + n  ϵ  n − 1   A  








with the induction method over n. □





Moreover, the theorem given above can be written in the following form with cosine and sine Galilean trigonometric functions.



Theorem 5.

Let


    Z R  =      c o  s g  θ      (  v 2  −  v 1  )  s i  n g  θ      v 1  s i  n g  θ      v 3  s i  n g  θ        v 1  s i  n g  θ     c o  s g  θ +  v 3  s i  n g  θ    0    −  v 1  s i  n g  θ        v 2  s i  n g  θ      v 3  s i  n g  θ     c o  s g  θ −  v 3  s i  n g  θ      (  v 2  −  v 1  )  s i  n g  θ        v 3  s i  n g  θ     −  v 2  s i  n g  θ      v 1  s i  n g  θ     c o  s g  θ        








be a right matrix representation for a unit parabolic hybrid number and   c ≠ 0  . Then, the   n th   power of the matrix is given as follows:


    Z R n  =      c o  s g  n θ      (  v 2  −  v 1  )  s i  n g  n θ      v 1  s i  n g  n θ      v 3  s i  n g  n θ        v 1  s i  n g  n θ     c o  s g  n θ +  v 3  s i  n g  n θ    0    −  v 1  s i  n g  n θ        v 2  s i  n g  n θ      v 3  s i  n g  n θ     c o  s g  n θ −  v 3  s i  n g  n θ      (  v 2  −  v 1  )  s i  n g  n θ        v 3  s i  n g  n θ     −  v 2  s i  n g  n θ      v 1  s i  n g  n θ     c o  s g  n θ      .   













Proof. 

The proof is easy through the Theorem 1 and Lemma 4. □





Theorem 6.

Let


    Z R  =     a    a (  v 2  −  v 1  )     a  v 1      a  v 3        a  v 1      a + a  v 3     0    − a  v 1        a  v 2      a  v 3      a − a  v 3      a (  v 2  −  v 1  )       a  v 3      − a  v 2      a  v 1     a       








be a right matrix representation for a lightlike hybrid number. Then the   n th   power of the matrix is given as follows:


    Z R n  =       a n   2  n − 1        a n   2  n − 1    (  v 2  −  v 1  )       a n   2  n − 1    v 1       a n   2  n − 1    v 3         a n   2  n − 1    v 1       a n   2  n − 1   +  a n   2  n − 1    v 3     0    −  a n   2  n − 1    v 1         a n   2  n − 1    v 2       a n   2  n − 1    v 3       a n   2  n − 1   −  a n   2  n − 1    v 3       a n   2  n − 1    (  v 2  −  v 1  )         a n   2  n − 1    v 3      −  a n   2  n − 1    v 2       a n   2  n − 1    v 1       a n   2  n − 1        .   













Proof. 

The proof is easy through the Theorem 1. □






4. Euler Formula for the Matrices of Hybrid Numbers


This section is devoted to compute Euler formulas for matrices of hybrid numbers. For this purpose, let us consider a matrix as below:


  A =     0     v 2  −  v 1      v 1     v 3       v 1     v 3    0    −  v 1        v 2     v 3     −  v 3       v 2  −  v 1        v 3     −  v 2      v 1    0     .  








Then


    A  2  =  (  v 3 2  + 2  v 1   v 2  −  v 1 2  )      1   0   0   0     0   1   0   0     0   0   1   0     0   0   0   1     .  











Theorem 7.

Let Z be a pure hybrid elliptic number. Then,    e  θ  Z R    = cos θ  I 4  + sin θ  Z R  .  





Proof. 

The right matrix representation of the pure unit hybrid number is


   Z R  =     0     v 2  −  v 1      v 1     v 3       v 1     v 3    0    −  v 1        v 2     v 3     −  v 3       v 2  −  v 1        v 3     −  v 2      v 1    0     .  








Since


   e  θ  Z R    =  I 4  + θ  Z R  +    ( θ )  2  2   Z R 2  +    ( θ )  3   3 !    Z R 3  +    ( θ )  4   4 !    Z R 4  + . . .  








and    Z R 2  = −  I 4   , then we write    e  θ  Z R    = cos θ  I 4  + sin θ  Z R  .   □





Theorem 8.

Let Z be a pure hyperbolic hybrid number. Then,


    e  θ  Z R    = cosh θ  I 4  + sinh θ  Z R  .   













Proof. 

The right matrix representation of the pure unit hyperbolic hybrid number is


   Z R  =     0     v 2  −  v 1      v 1     v 3       v 1     v 3    0    −  v 1        v 2     v 3     −  v 3       v 2  −  v 1        v 3     −  v 2      v 1    0     .  



(2)




Since


   e  θ  Z R    =  I 4  + θ  Z R  +    ( θ )  2  2   Z R 2  +    ( θ )  3   3 !    Z R 3  +    ( θ )  4   4 !    Z R 4  + . . .  








and    Z R 2  =  I 4   , we get    e  θ  Z R    = cosh θ  I 4  + sinh θ  Z R  .   □





Theorem 9.

Let Z be a pure hybrid parabolic number. Then,


    e  θ  Z R    =  I 4  + θ  Z R  .   



(3)









Proof. 

The right matrix representation of the pure parabolic hybrid number is


   Z R  =     0     v 2  −  v 1      v 1     v 3       v 1     v 3    0    −  v 1        v 2     v 3     −  v 3       v 2  −  v 1        v 3     −  v 2      v 1    0     .  



(4)




Since


   e  θ  Z R    =  I 4  + θ  Z R  +    ( θ )  2  2   Z R 2  +    ( θ )  3   3 !    Z R 3  +    ( θ )  4   4 !    Z R 4  + . . .  








and    Z R 2  =  0 4   , we find    e  θ  Z R    =  I 4  + θ  Z R  .   □






5. Roots of the Matrices of Hybrid Numbers


In this section, we give the roots of the matrices of hybrid numbers. The right matrix representation in the general form for a unit elliptic hybrid number are given the following matrix:


   Z R  =      cos β     (  v 2  −  v 1  ) sin β      v 1  sin β      v 3  sin β        v 1  sin β     cos β +  v 3  sin β    0    −  v 1  sin β        v 2  sin β      v 3  sin β     cos β −  v 3  β     (  v 2  −  v 1  ) sin β        v 3  sin β     −  v 2  sin β      v 1  sin β     cos β      ,  








where   β = θ + 2 l π   for   l ∈ Z  . Thus, there exist   n t h   roots;


   X s  =      cos  β s       (  v 2  −  v 1  )  sin  β s       v 1  sin  β s       v 3  sin  β s         v 1  sin  β s      cos  β s  +  v 3  sin  β s     0    −  v 1  sin  β s         v 2  sin  β s       v 3  sin  β s      cos  β s  −  v 3   β s       (  v 2  −  v 1  )  sin  β s         v 3  sin  β s      −  v 2  sin  β s       v 1  sin  β s      cos  β s       ,  








where    β s  =   θ + 2 s π  n    and   s = 0 , 1 , . . . , n − 1  , of the equation     X  n  =  Z R   . Especially, if we take   n = 2  , then we get


   X 0  =      cos  θ 2       (  v 2  −  v 1  )  sin  θ 2       v 1  sin  θ 2       v 3  sin  θ 2         v 1  sin  θ 2      cos  θ 2  +  v 3  sin  θ 2     0    −  v 1  sin  θ 2         v 2  sin  θ 2       v 3  sin  θ 2      cos  θ 2  −  v 3   θ 2       (  v 2  −  v 1  )  sin  θ 2         v 3  sin  θ 2      −  v 2  sin  θ 2       v 1  sin  θ 2      cos  θ 2        








and


   X 1  =      − cos  θ 2       (  v 1  −  v 2  )  sin  θ 2      −  v 1  sin  θ 2      −  v 3  sin  θ 2        −  v 1  sin  θ 2      − cos  θ 2  −  v 3  sin  θ 2     0     v 1  sin  θ 2        −  v 2  sin  θ 2      −  v 3  sin  θ 2      − cos  θ 2  +  v 3   θ 2       (  v 1  −  v 2  )  sin  θ 2        −  v 3  sin  θ 2       v 2  sin  θ 2      −  v 1  sin  θ 2      − cos  θ 2        








of the equation     X  2  =  Z R   . Hence    X 0  +  X 1  = 0 .  



Similarly, we have the following roots of the equation     X  n  =  Z R   , where   Z R   is the right matrix representation form of the non lightlike hybrid number.



(A) If n is an even number for a unit hybrid number   Z = c o s h θ + V sinh θ  , then there exist 4 distinct roots:


   X 0  =      sinh β     (  v 2  −  v 1  ) cosh β      v 1  cosh β      v 3  cosh β        v 1  cosh β     sinh β +  v 3  cosh β    0    −  v 1  cosh β        v 2  cosh β      v 3  cosh β     sinh β −  v 3  cosh β     (  v 2  −  v 1  ) cosh β        v 3  cosh β     −  v 2  cosh β      v 1  cosh β     sinh β      ,  










   X 1  = −      sinh β     (  v 2  −  v 1  ) cosh β      v 1  cosh β      v 3  cosh β        v 1  cosh β     sinh β +  v 3  cosh β    0    −  v 1  cosh β        v 2  cosh β      v 3  cosh β     sinh β −  v 3  cosh β     (  v 2  −  v 1  ) cosh β        v 3  cosh β     −  v 2  cosh β      v 1  cosh β     sinh β      ,  










   X 2  =      cosh β     (  v 2  −  v 1  ) sinh β      v 1  sinh β      v 3  sinh β        v 1  sinh β     cosh β +  v 3  sinh β    0    −  v 1  sinh β        v 2  sinh β      v 3  sinh β     cosh β −  v 3  sinh β     (  v 2  −  v 1  ) sinh β        v 3  sinh β     −  v 2  sinh β      v 1  sinh β     cosh β      ,  










   X 3  = −      cosh β     (  v 2  −  v 1  ) sinh β      v 1  sinh β      v 3  sinh β        v 1  sinh β     cosh β +  v 3  sinh β    0    −  v 1  sinh β        v 2  sinh β      v 3  sinh β     cosh β −  v 3  sinh β     (  v 2  −  v 1  ) sinh β        v 3  sinh β     −  v 2  sinh β      v 1  sinh β     cosh β      ,  








where   β =  θ n   .



If n is an odd number for a unit hybrid number   Z = c o s h θ + V sinh θ  , then there exist only one root:


   X 0  =      cosh β     (  v 2  −  v 1  ) sinh β      v 1  sinh β      v 3  sinh β        v 1  sinh β     cosh β +  v 3  sinh β    0    −  v 1  sinh β        v 2  sinh β      v 3  sinh β     cosh β −  v 3  sinh β     (  v 2  −  v 1  ) sinh β        v 3  sinh β     −  v 2  sinh β      v 1  sinh β     cosh β      ,  








where   β =  θ n   .



(B) If n is an even number for a unit hybrid number   Z = s i n h θ + V cosh θ  , there no roots.



If n is odd number for a unit hybrid number   Z = s i n h θ + V cosh θ  ,


   X 0  =      sinh β     (  v 2  −  v 1  ) cosh β      v 1  cosh β      v 3  cosh β        v 1  cosh β     sinh β +  v 3  cosh β    0    −  v 1  cosh β        v 2  cosh β      v 3  cosh β     sinh β −  v 3  cosh β     (  v 2  −  v 1  ) cosh β        v 3  cosh β     −  v 2  cosh β      v 1  cosh β     sinh β      ,  








where   β =  θ n   .



(C) If n is an even number for a unit hybrid number   Z = − ( c o s h θ + V sinh θ )  , there is no roots.



If n is an odd number for a unit hybrid number   Z = − ( c o s h θ + V sinh θ )  , there is only one root


   X 0  = −      cosh β     (  v 2  −  v 1  ) sinh β      v 1  sinh β      v 3  sinh β        v 1  sinh β     cosh β +  v 3  sinh β    0    −  v 1  sinh β        v 2  sinh β      v 3  sinh β     cosh β −  v 3  sinh β     (  v 2  −  v 1  ) sinh β        v 3  sinh β     −  v 2  sinh β      v 1  sinh β     cosh β      ,  








where   β =  θ n   .



(D) If n is an even number for a unit hybrid number   Z = − ( s i n h θ + V cosh θ )  , there no roots.



If n is an odd number for a unit hybrid number   Z = − ( s i n h θ + V cosh θ )  ,


   X 0  = −      sinh β     (  v 2  −  v 1  ) cosh β      v 1  cosh β      v 3  cosh β        v 1  cosh β     sinh β +  v 3  cosh β    0    −  v 1  cosh β        v 2  cosh β      v 3  cosh β     sinh β −  v 3  cosh β     (  v 2  −  v 1  ) cosh β        v 3  cosh β     −  v 2  cosh β      v 1  cosh β     sinh β      ,  








where   β =  θ n   .



Moreover, we have the following roots of the equation     X  n  =  Z R   , where   Z R   is the right matrix representation form of the unit parabolic hybrid number. If n is an odd number, then we have one root as follows:


   X 0  =     ϵ     1 n   (  v 2  −  v 1  )       1 n   v 1       1 n   v 3         1 n   v 1      ϵ +  1 n   v 3     0    −  1 n   v 1         1 n   v 2       1 n   v 3      ϵ −  1 n   v 3       1 n   (  v 2  −  v 1  )         1 n   v 3      −  1 n   v 2       1 n   v 1     ϵ     .  











If n is an even number, then we have two roots as follows:


   X 0  =     ϵ     1 n   (  v 2  −  v 1  )       1 n   v 1       1 n   v 3         1 n   v 1      ϵ +  1 n   v 3     0    −  1 n   v 1         1 n   v 2       1 n   v 3      ϵ −  1 n   v 3       1 n   (  v 2  −  v 1  )         1 n   v 3      −  1 n   v 2       1 n   v 1     ϵ      








and


   X 1  = −     ϵ     1 n   (  v 2  −  v 1  )       1 n   v 1       1 n   v 3         1 n   v 1      ϵ +  1 n   v 3     0    −  1 n   v 1         1 n   v 2       1 n   v 3      ϵ −  1 n   v 3       1 n   (  v 2  −  v 1  )         1 n   v 3      −  1 n   v 2       1 n   v 1     ϵ     ,  








where   ϵ > 0 .   Otherwise there exists no roots. Especially, let   Z R   be the right matrix representation form of the unit parabolic hybrid number and   c ≠ 0  . If n is an odd number, then we have one root as follow:


   X 0  =      c o  s g  β      (  v 2  −  v 1  )  s i  n g  β      v 1  s i  n g  β      v 3  s i  n g  β        v 1  s i  n g  β     c o  s g  β +  v 3  s i  n g  β    0    −  v 1  s i  n g  β        v 2  s i  n g  β      v 3  s i  n g  β     c o  s g  β −  v 3  s i  n g  β      (  v 2  −  v 1  )  s i  n g  β        v 3  s i  n g  β     −  v 2  s i  n g  β      v 1  s i  n g  β     c o  s g  β      ,  








where   β =  θ n   . If n is an even number, then we have two roots as follow:


   X 0  =      c o  s g  β      (  v 2  −  v 1  )  s i  n g  β      v 1  s i  n g  β      v 3  s i  n g  β        v 1  s i  n g  β     c o  s g  β +  v 3  s i  n g  β    0    −  v 1  s i  n g  β        v 2  s i  n g  β      v 3  s i  n g  β     c o  s g  β −  v 3  s i  n g  β      (  v 2  −  v 1  )  s i  n g  β        v 3  s i  n g  β     −  v 2  s i  n g  β      v 1  s i  n g  β     c o  s g  β       








and


   X 1  = −      c o  s g  β      (  v 2  −  v 1  )  s i  n g  β      v 1  s i  n g  β      v 3  s i  n g  β        v 1  s i  n g  β     c o  s g  β +  v 3  s i  n g  β    0    −  v 1  s i  n g  β        v 2  s i  n g  β      v 3  s i  n g  β     c o  s g  β −  v 3  s i  n g  β      (  v 2  −  v 1  )  s i  n g  β        v 3  s i  n g  β     −  v 2  s i  n g  β      v 1  s i  n g  β     c o  s g  β      ,  








where   β =  θ n    and   c o  s g  θ > 0  . Otherwise, there exists no roots.



Finally, we have the following roots of the equation     X  n  =  Z R   , where   Z R   is the right matrix representation form of the lightlike hybrid number. If n is an odd number, then we have only one root


   X 0  =     μ    μ (  v 2  −  v 1  )     μ  v 1      μ   v 3        μ  v 1      μ + μ  v 3     0    − μ   v 1        μ  v 2      μ  v 3      μ − μ  v 3      μ (  v 2  −  v 1  )       μ  v 3      − μ  v 2      μ  v 1     μ     ,  








where   μ =    2 a  n  2   .



If n is an even number, then we have two roots


   X 0  =     μ    μ (  v 2  −  v 1  )     μ  v 1      μ   v 3        μ  v 1      μ + μ  v 3     0    − μ   v 1        μ  v 2      μ  v 3      μ − μ  v 3      μ (  v 2  −  v 1  )       μ  v 3      − μ  v 2      μ  v 1     μ     ,  








where   μ =    2 a  n  2    and


   X 1  = −     μ    μ (  v 2  −  v 1  )     μ  v 1      μ   v 3        μ  v 1      μ + μ  v 3     0    − μ   v 1        μ  v 2      μ  v 3      μ − μ  v 3      μ (  v 2  −  v 1  )       μ  v 3      − μ  v 2      μ  v 1     μ     ,  








where   μ =    2 a  n  2   .




6. Applications


In this section, we give some illustrative examples.



Example 1.

Let us consider any hybrid number   Z = 6 i + ε +  23  h .   By obtaining   C ( z ) = 1   and    C ε   ( z )  = − 1 ,   the characterization of Z is denoted by a unit timelike elliptic hybrid number. Therefore, the polar form of Z is:


   Z = V ,   








where   V = 6 i + ε +  23  h .   The matrix representation of Z is


    Z R  =     0    − 5    6    23      6    23    0    − 6      1    23     −  23      − 5       23     − 1    6   0     .   








Computing    Z  R   − 3   ,   we obtain


    Z  R   − 3   =     0    − 5    6    23      6    23    0    − 6      1    23     −  23      − 5       23     − 1    6   0     .   











By exploiting De Moivre’s formula for negative powers, we obtain the following matrix for   n = − 3  :


    Z  R   − 3   =      cos ( − 3 θ )      (  v 2  −  v 1  )  sin  ( − 3 θ )       v 1  sin  ( − 3 θ )       v 3  sin  ( − 3 θ )         v 1  sin  ( − 3 θ )      cos  ( − 3 θ )  +  v 3  sin  ( − 3 θ )     0    −  v 1  sin  ( − 3 θ )         v 2  sin  ( − 3 θ )       v 3  sin  ( − 3 θ )      cos  ( − 3 θ )  −  v 3  sin  ( − 3 θ )       (  v 2  −  v 1  )  sin  ( − 3 θ )         v 3  sin  ( − 3 θ )      −  v 2  sin  ( − 3 θ )       v 1  sin  ( − 3 θ )      cos ( − 3 θ )      ,   








where    v 1  = 6 ,  v 2  = 1 ,  v 3  =  23    and   θ =  π 2  .   Hence, its numerical value is found the same matrix as above.





Example 2.

Let us consider the hybrid number as   Z =  5  + 2 h .   Since   C ( Z ) = 1   and    C ε   ( Z )  = 4 ,   the hybrid number is called unit timelike hyperbolic hybrid number. The polar form of Z is


   Z = ± (  5  + V · 2 ) ,   








where   V = h .  


    Z R  = ±      2.236067977    0   0   2     0    4.236067977    0   0     0   2    0.236067977    0     2   0   0    2.236067977      ,   








where    v 1  =  v 2  = 0   and    v 3  = 1 ,    θ = a r c ( cosh  (  5  )  ) .   For   n = 3  :


    Z  R  3  =   ( ± 1 )  3       38.0131    0   0    37.9999      0    76.0131    0   0     0    37.9999     0.01311    0      37.9999    0   0    38.0131      .   













Example 3.

Let us consider any hybrid number as   Z = 1 + i + ε + h  . Since   C ( Z ) = − 1   and    C ε   ( Z )  = 2 ,   Z is a unit spacelike hyperbolic hybrid number. The polar form of Z is denoted by


   Z = 1 + V  2  ,   








where   V =    i + ε + h   2    .   The matrix representation of Z is


    Z R  =     1   0   1   1     1   2   0    − 1      1   1   0   0     1    − 1    1   1     .   








Let us compute the power of the matrix   Z R   for   n = 7  :


     (  Z R  )  7  =     239   0   169   169     169   408   0    − 169      169   169   70   0     169    − 169    169   239     .   








This can be stated with De Moivre’s formula as below:


     (  Z R  )  7  =      sinh ( 7 θ )      (  v 2  −  v 1  )  cosh  ( 7 θ )       v 1  cosh  ( 7 θ )       v 3  cosh  ( 7 θ )         v 1  cosh  ( 7 θ )      sinh  ( 7 θ )  +  v 3  cosh  ( 7 θ )     0    −  v 1  cosh  ( 7 θ )         v 2  cosh  ( 7 θ )      cosh ( 7 θ )     cosh  ( 7 θ )  −  v 3  sinh  ( 7 θ )       (  v 1  −  v 2  )  cosh  ( 7 θ )         v 3  cosh  ( 7 θ )      −  v 2  cosh  ( 7 θ )       v 1  cosh  ( 7 θ )      sinh ( 7 θ )      ,   








where    v 1  =  v 2  =  v 3  =  1  2     and   θ = arcsin h ( 1 ) .   If we calculate the 7th root of    Z R  ,   we get


    X 0  =      sinh ( β )      (  v 2  −  v 1  )  cosh  ( β )       v 1  cosh  ( β )       v 3  cosh  ( β )         v 1  cosh  ( β )      sinh  ( β )  +  v 3  cosh  ( β )     0    −  v 1  cosh  ( β )         v 2  cosh  ( β )       v 3  cosh  ( β )      sinh  ( β )  −  v 3  cosh  ( β )       (  v 1  −  v 2  )  cosh  ( β )         v 3  cosh  ( β )      −  v 2  cosh  ( β )       v 1  cosh  ( β )      sinh ( β )      ,   








where   β =  θ 7  .   Its numerical value is given as


    X 0  =      0.126     0 .     0.712     0.712       0.712     0.838     0 .     − 0.712       0.712     1.414     1.325     0 .       0.712     − 0.712     0.712     0.126      .   













Example 4.

Let us consider the hybrid number as   Z = 1 + i + h .   Since   C ( Z ) = 1   and    C ε   ( Z )  = 0 ,   then this hybrid number is called unit timelike parabolic hybrid number. Moreover, the polar form of Z


   Z = 1 ( 1 +  V 0  ) ,   








where    V 0  = i + h .   The matrix representation of Z is given as follows:


    Z R  =     1    − 1    1   1     1   2   0    − 1      0   1   0    − 1      1   0   1   1     .   








For   n = 3 ,  


    Z  R  3  =     1    − 3    3   3     3   4   0    − 3      0   3    − 2     − 3      3   0   3   1     .   








If we calculate the 3th root of   Z R  , we get


    X 0  =     1    −  1 3      1 3     1 3          1 3      4 3    0    −  1 3          0     1 3     2 3     −  1 3           1 3     0    1 3    1     .   













Example 5.

Let us consider the hybrid number as   Z = − 1 − ε + h .   Since   C ( Z ) = 0   and    C ε   ( Z )  = 1 ,   this hybrid number is called unit lightlike hyperbolic hybrid number. Moreover, the polar form of Z


   Z = − 1 ( 1 +  V 0  ) ,   








where    V 0  = ε − h .   The matrix representation of Z is given as follows:


    Z R  =      − 1     − 1    0   1     0   0   0   0      − 1    1    − 2     − 1      1   1   0    − 1      .   








For   n = 3 ,  


    Z  R  3  =      − 4     − 4    0   4     0   0   0   0      − 4    4    − 8     − 4      4   4   0    − 4      .   








If we calculate the 3th root of   Z R  , we get


    X 0  =        − 2  3  2       − 2  3  2    0    −    − 2  3  2       0   0   0   0        − 2  3  2     −    − 2  3  2       − 2  3       − 2  3  2       −    − 2  3  2      −    − 2  3  2     0      − 2  3  2      .   














7. Conclusions


The De Moivre’s and Euler formulas have been initially computed for complex numbers. Then many authors studied on computation these formulas for some well-known number sequences and some types of quaternions. Recently, there has been huge interest in a new numeric set, which brings together three numerical systems: complex, hyperbolic and dual numbers, called as hybrid number. Inspiring of the papers in the literature, in this study, we compute De Moivre’s and Euler formulas for   4 × 4   matrices of hybrid numbers by considering the casual characters and types of hybrid vectors, separately. Moreover, we give some illustrative examples to support the main formulas.
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Table 1. The polar representations of the hybrid numbers.






Table 1. The polar representations of the hybrid numbers.





	Character of Hybrid Number
	Polar Form
	Conditions





	Unit elliptic hybrid
	   Z = cos θ + V sin θ   
	      V =   b i + c ε + d h   N ( Z )         cos θ =  a  | | Z | |         sin θ =   N ( Z )   | | Z | |          V 2  = − 1      



	Unit spacelike hyperbolic hybrid
	   Z = sin h θ + V cos h θ   
	      V =   b i + c ε + d h   N ( Z )         cosh θ =   N ( Z )   | | Z | |         sinh θ =  a  | | Z | |          V 2  = 1      



	Unit parabolic hybrid
	   Z = ϵ + V   
	      V =   b i + c ε + d h   N ( Z )         ϵ = s g n ( S ( Z ) )        V 2  = 0      



	Unit lightlike hyperbolic hybrid
	   Z = a ( 1 + V )   
	      V =   b i + c ε + d h   N ( Z )          V 2  = 1      



	Unit timelike hyperbolic hybrid
	  Z = ±  (  cosh θ + V sinh θ  )
	      V =   b i + c ε + d h   N ( Z )         cosh θ =  a  | | Z | |         sinh θ =   N ( Z )   | | Z | |          V 2  = 1      
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