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Abstract: The aim of this work is to prove the well-posedness of some linear and nonlinear mixed
problems with integral conditions defined only on two parts of the considered boundary. First, we
establish for the associated linear problem a priori estimate and prove that the range of the operator
generated by the considered problem is dense using a functional analysis method. Then by applying
an iterative process based on the obtained results for the linear problem, we establish the existence,
uniqueness and continuous dependence of the weak solution of the nonlinear problem.
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1. Introduction and Statement of the Problem

Some problems related to physical and technical issues can be described in terms
of nonlocal problems with integral conditions in partial differential equations. Nonlocal
conditions arise mainly when the values of the studied function on the boundary cannot
be measured directly, while their average are known. Parabolic equation, describe several
physical phenomena belongs to this of problem i.e., nonlocal problems. Therefore, the
problem of parabolic equation with integral condition is stated as follows:

We consider in the rectangular domain Q) = [0,1] x [0, T|, where the problem is to
find a solution o (x, t) of the following non-classical boundary value problem such that

Jdo 0 Jdo Jdo
fo = 3 ax (aax) = g(x, t,o, 8x>’ for (x,t) € [0,1] x [0, T, (1)

with the initial condition

lo =0(x,0) = ¢(x), forx € [0,1], ()
and Dirichlet boundary condition
o(0,t) =o(1,t), fort € [0,T], (3)

and the nonlocal condition

/Oa Ki(x)o(x, t)dx + /1 Ky (x)o(x,t)dx =0, O<a<l1 vVt e [0,T]. 4)
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where the functions g (x, t,o, 8(7) , ¢(x) are known, and we assume that the following

dx

matching conditions are satisfied

9(0) =0,
Jy K (0)p(x)dx + [} Ka(x)g(x)dx = 0.

We also assume that there exists a positive constant d such that

a0 a0
’g(x/tlo-lr a;) g(x/t/UZI a;)‘ S d(al 70'2‘ +

forall (x,t) € Q.
In addition, we assume that the functions a(x, t), K (x), K (x) are differentiable on (),
respectively on [0, 1] and their derivatives satisfy the conditions

30'1 80'2

ox ox

0<ag<a(xt)<m Y(x, t) € Q,
e < %(x,t) <cy, V(x, t) € Q,
oa
ax(x,if)‘ < b, Y(x, t) € Q. (5)
0 <mp < Ky(x) <mq,0<my <Kp(x) <ms, Vxel0,1],
dKq(x) dKp(x)
< —=| < by. .
x| S by, | S by Vx € [0,1]

This type of problem can be found in various problems arising from physics, such
as heat conduction [1-4], plasma physics [5], thermoelasticity [6], electrochemistry [7],
chemical diffusion [8] and underground water flow [9-11]. Several results published in
the literature such as in [1-4,7,12-24] have solved the parabolic equation by combining the
integral condition with Dirichlet condition or Newmann condition, or with purely integral
conditions, using various methods. For hyperbolic equations, the unicity and existence of
the solution have been studies in [13,25-32] and the mixed type equations in [33-37] . The
elliptic equations were considered in [38—40].

The linear problem associated with the problem stated in Equations (1)—(4), fora =0
and K;(x) = 1, has been studied in [20] and for &« = 1 and K;(x) = 1 in [17] with
Dirichlet condition.

The main purpose of the present paper is to study and found a solution to the posed
problem without imposing any conditions on the functions Kj (x), K(x) and on the con-
stant « in the interval |0, 1[. In addition, the nonlinear problem of the parabolic equation
with weighted integral condition defined on two parts of the boundary is solved.

The following methodology to solve the posed problem is summarized below
First, an a priori estimate is established for the associated linear problem and the density of
the operator range generated by the considered problem is proved using the functional
analysis method. Subsequently, by applying an iterative process based on the obtained
results for the linear problem, the existence and uniqueness of the weak solution of the
nonlinear problems is established.

The rest of the paper is organized as follows: In Section 2, the associated linear problem
is stated. Section 3 deals with the proof of the uniqueness of the solution using an a priori
estimate, while Section 4 gives the solvability of the considered linear problem. Finally, in
Section 5, based on the obtained results in Sections 3 and 4, and on the use of an iterative
process, we prove the existence and uniqueness of the solution of the nonlinear problem .
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2. Statement of the Associated Linear Problem

Let us in this section give the position of the linear problem and introduce the
different function spaces needed to investigate the mixed nonlocal problem given by
Equation (6), bellow

£u_8u 8<8u

=5 o2 ”ax> = f(x,1), (6)

and supplemented by the conditions Equations (2)—(4).
The given problem Equations (6), (2)—(4) can be considered to be a solving of the
operator equation Lu = (£u,lu) = F, where the operator L has a domain of definition D(L)
ou ou d%u

consisting of functions u € L?(Q) such that —

ou 2 e
5% 9%’ Bxi)t(x’ t) € L*(Q) and satisfying the

conditions Equations (3) and (4).
The operator L is an operator defined on E into I, where E is the Banach space of
functions u € L*(Q), with the finite norm

w%—@¢m[

F is the Hilbert space of functions F = (f, ), f € L2(Q), ¢ € H'(0,1) with the
finite norm

2
+

%u

9x2

u
ot

Ju

o 2| dx. ?)

2
+|u

2
] dxdt + sup /01 [@(x)

1 do|?
2 _ 2 ap 2
193 = [ @@l x ) Paxdt+ [ |o()|FE] + o |dx. ®)
where
2
%, 0<x<u,
(I)(X): (1*9()2
G tETE

Then, we show that the operator L has a closure L and establish an energy inequality:
[ullg < kl|Lullp  VYu € D(L). )

Definition 1. A solution of the operator equation Lu = F = (f, ¢) is called a strong solution of
problem Equations (6), (2)—(4).

Since the points of the graph of the operator L are limits of sequences of points of
the graph of L, we can extend the a priori estimate Equation (9) to be applied to strong

solutions by taking limits, i.e., we have the inequality

[ullp < k|| Lul

o VueD(). (10)

From this inequality, we deduce the uniqueness of a strong solution, if it exists, and
that the range of the operator L coincides with the closure of the range of L.

Proposition 1. The operator L : E — F admits a closure L.

The following a priori estimate gives the uniqueness of the solution if it exists of the
posed linear problem.
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3. An Energy Inequality and Its Application
Theorem 1. There exists a positive constant k, such that for each function u € D(L) we have

l[ullg < k|| Lu||p- (11)
Proof of Theorem 1. Let
2
Ky Axau+ 2x )\fol ady, 0<x<a,
My = ) ) ot )5t
B (177() Ky /3(1 x)au 2(1 B(1—x)
_— <x<
a(L,6) o e fK(”at ‘ xsxsl
where
o? MK (1) = (1—a)? BU-0) K, (a)
(0 £) a(1,t) !
A > max <0, sup l,jg;), (12)
0<x<a 1
B > max(0, sup k/ Ei;
a<x<l

We consider the quadratic form obtained by multiplying Equation (6) by e~ Mu, with
0 <s <T,c>0,integrating over (3° = [0, 1] x [0, s] and taking the real part, we obtain

/ e_”% (a(x, t) gz> Mudxdt.

Substituting Mu by its expression in the first term in the right-hand side of Equation (13),
integrating with respect to x, using the boundary condition Equation (3), the integral con-
dition Equations (4) and (12), we obtain

D(u,u) = Re/ e_”aa—?mdxdt— Re (13)

S

ou |?

mdxdt:fo ftx ;C(OKtl —CH—/\X a dxdt

d
Re o e‘“a—z

a« Ki+ (MK —Kp)x =

2
+fo f 1a§t 2 p—ct+p(1-x) e ONE ct+Ax dxdt (14)

w . OuU
fx Klg

‘ dxdt + [ [y

8
N I
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0 ou
_ —ct
Re [ e ax( (x, t)a )Mudxdt

K ou u (1-x)%Kp  _ . ou u
Re fo 0“;0t1)ae Ct”‘xa e 8tdxdt+ Re fo f 7(’&) 2 ge—ctHB(1 x)afia E)tdxdt

+2Re fo fo 1:&’;)1( geCttAxy u dxdt+2R fof % e’CHﬁ(l’x)ug—?dxdt

(15)
ou ou - —x)? Ju du
+Ref0f0%ae ct+/\xau aizddeR I %{Z)ﬂ")a —ct+p(1- x)au atttdxdt
N _
2 Re fo Pt /\ﬂ+(1+/\(3(f])t()/\”+ax)efct+)\xu f;‘ Klg—?dgdxdt

a+(1 1 a—2
“2Re fy [} BP0 D) pcepa )y | 1<2 ~dgdxat

Integrating the first four terms with respect to ¢ in Equation (15) using the condition
Equation (2) we have

X Kl —ct+Ax du a u 1 s = Caa(o’t)_(%g(o’t)_ﬂaﬂg’?,t)) 2 —ct+Ax ou
Re [} / Feawar =5 [ ] 0] S L i
2 2
l/a x2aK; p—ctAx ou e l/a x2a(x,O)Kle)\x de dx,
2 Jo a(0,t) ox . 2 Jo a(0,0) dx
ou 2u
ge—ctHpA-—x) 9% 9% 4oy
Re/ / 9x axot
1 caa(1,t)— 1,t)—a ( ) _ | ou 2
2/ / a2(1 7 & >(1—x)21<ze ct+p(1-x) T dxdt
1 /1 (1—x)%K ou | 1 /1 (1—x)%a(x,0)K do|?
e / A=)k oripax |07 41 x)"a(x,0)Ks 1pa-x) |49 5.
2Jo a(lt) ox 2 Ja a(1,0) dx|

2Re / / (A0 et Ax (dedt:

2a(0,t)

aa
1 ps pacaa(0,t) — ga(o,t) —a=; -
E/ / 20,0 )(1 + Ax)Kpe ™Ay 2 dxdt

/ 1—|—)\x aKl ct+/\x|u|2‘ dx —*/ 1+/\xa 'O)Kl /\x|(l’|2dx
2 t=

/

an
) ke / / (1 +/5 1 —Xx )KzaefctJrﬁ(l*x)u?Tl:dxdt =
s p1caa(lt) — (gpa(l, t)_aau( .
/ / g2(1 ) * )(1+ﬁ(1 = x))Kae PO P dxdt

1+/5(1—x )aKa _ciip(i—x) |2 1 A+ A= x))a(x,0)Ks g 2
2/ il ’t:sdx 2/ a(1,0) ol dx.
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Combining the previous equalities with Equations (14) and (15), Equation (13) becomes

f @ 22K o CHHAX ou
0 ot

OaOt

w1 [ [ as2K et p1-x) ?;‘

2
) dxdt

caa(0,t)— ( Sra(0,t)—a aag;’t)

_ ou
LS o ) 2ge-eteis “ it

1 caa(1,t)— ( a(lt)—a glt’f)

ou |?
+% f()s f(x e, )(1 _x)sze—CH'ﬁ(l—x) o dxdt

+f0 a Ki+(AK1 K] )x p—CtAX

a(0,)K? Ji K aat dxdt + [} fl Kot (PR +K3) (1) ) —ctp(1-3)

a(Lt)K3

N
14

Ot . 0,t)— 9a(0,t)
_|_f0 acua )— (atzlz(()t)) a— )(1+Ax)Kle*Ct+)‘x|u|2dxdt

da(1,t)

caa(1,t)—( SLa(l,t)—a
+Jo Ja <?:z<§,t>) ) (14 B x) a0 P

ou |
Ix

812

x x aK p—CtH+Ax
+ 1
f ox

dy+ 1 [ 000K poctip(1-x)

) dx

t=s

t=s

1+Ax)aKy — (1 1 Ky, _
+f0“ ( J;((;C,Z;l 1, ct+/\x|u|2‘tzsdx+%f +/5£(1 tx)))ﬂ 2 ,—ct+p(1—x) ul ’ dx

(K| +AKy) ou ou (Kb—BKy)(1—-x)* ou au
1 Re fofo 1 Otl e ct+/\xa o I dxdt +Re fof 2 o qe—CctHB(1- x)ax 5 dxdt

A 1+A A W
—2Re [§ [& HH(?t() T ety o Ky = dGdxdt

“2Re [y [ B0 BB poctpla-ay [ I<2 dgdxdt

- 0)K d(P
Re [, ¢! fMudxdt + 1 [ COUOK p)x o

2(00) dx

d (1,0)

d‘P’ dx +2f1 = X)l(xo)Kz B(1—x)

+fOtX (1+A;c()0(ta)c0 K /\x|q)| dx+f (1+p(1 (1)()))(36,0)[(26/5(1735)|q)|2dx'

Using Young inequalities and using the fact that

[ [

0 JO X

s rl o ou 2

—ct+Ax o

fo foeen| [ R

we obtain
!
Re// (K} +AK1 (K +AKy)x” thauaud it <

dx ot
// XK1 —ct+Ax
o a(0,t)

dxdt + al bl + )Lml / / —Ct+/\x du
ox
/ / K/ ﬁKZ 1 - x) ae —ct+B(1—x) gu aud dt <

2 s ra K ou
dxdt < 4 / / 1 2,—ctHAx
X S 4mqay o Jo a(O, a

ou |?
ot

aomo
x ot

ddt

s 1K oul?
dxdt < 4 // 2 (1 x)2ectax| 24
xdt < 4dmpm - )( x)%e o

(16)
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1 st (1 7x)2K2 —ct+Ax au (b2+:Bm3)2 st 2 —ct+Ax ou
1/0 /a Tamn e i dx dt+7aom% /0 /IX (1—x)"Kae B dxdt
wAa+ (1+Ax)(Aa+ % « Ty
2Re/ / ( ax)e“u”\xu/ Kla—udgdxdt <
0 t) x ot
/\111+ 1+A“>(Au1+b)) Mo —ct+Ax |, |2 s Ky 7ct+/\x au
16/ / 0 t) mlalK 1€ |M| dth+4/O /0 a(O,t at dx dt
ZRe/ / ﬁﬂ+(l+ﬁ(ﬂ(l t)))(ﬁafﬁ) —Ci"‘t‘ﬁg 1 .X' / Kza dé’dxdt <
1 2
16 /S /a (ﬁa1+<1+ﬁ21(;§3>><ﬁul+b)> mfzle et BU) |y 2 gdp 4 L seetB—) gu dxdt,
s ra _
Re/ / e~ fMudxdt <
0 JO
8my. 32 N —ct+Ax| g2 1 x2e—cttAx a”
( . Wgal> /0 /0 e A F2dxdt + 1 / / o dxt,
s —
Re/ / e~ fMudxdt <
0 Ja
2 e—ctHB(1- (1-x)%K e—ctHHB(1- du |?
< JLLES M3110111)/ / ct+p( x)|f‘ dxdt + 1 / / u(?t 2 ,—ct+p(1-x) | 9 En dxdt.
We choose the constant ¢ such that
b 2
o (’fl 160t +)" )(1+/\a), <%+167’5”1+(5§1+) )(1+[3(1—u¢)),
c> _—max 0 2, . 0 2, . (17)
0 a +Am a +pm
My + =, My + ==
where
da aa(O, t) oa 0a(1,t)
— = _— 1 —d— .
M, sup < (0,t)=— 5 0 ), M, (xs:)l}6)0<ata( ) —a 5

(x,1)eQ

Then by combining the previous inequalities with Equation (16), we obtain

oul®> |oul? ul? 5
Jos CD(x)[ 3% Tl 1dxdt—0— fo ( i |u|” |dx ~ <
- (18)
K2 dxdt |22 C 1ol )a
Jo @( |f| xdt + fo ax + |p|” |dx|,

where

ap mla%al ap m3a(2)a1

max{ <8ﬂ 32 >u¢2e/\“,<8m 32 ) (l*tx)zeﬁ(l_"‘), (14+Aw)agmy s (1+B(1—a))agmg gﬁ(l—lx)}
KZ 0 0 cT

Cﬂ% My agmy(1— )2 aczaomo}

2
2 caf—Mq (1—0()2n12 (1706)2 "y
! 207 7 2 Im

. Dész
ming =42 2

From Equations (6) and (18), we deduce
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ul®> |02l ou |2 1 ou |? 5
e bl e = <
/SCIJ(x)[ el ]dxdt%—/m(b(x) e dxdt—i—/o P(x) | T |u|” |dx s
2 2 ! dg|? 2
k /Q¢(x)\f| drdt+ [ | o) 5] + gl |ax|,

If we drop the second term in the last inequality and by taking the least upper bound
of the left side with respect to s from 0 to T, we obtain the desired estimate Equation (11)
withk? = K2 + 4+2K2-|2—4b21<2 _
oo
Then, we deduce the uniqueness and continuous dependence of the solution on the
input data of the problem Equations (6), (2)- (4). O

Corollary 1. If a strong solution of Equations (6), (2)—(4) exists, it is unique and depends continu-
ouslyon F = (f, ¢).

Corollary 2. The range R(L) of L is closed in F and R(L) = R(L).

Corollary (2) shows that to prove that problem Equations (6), (2)-(4) has a strong
solution for arbitrary F, it suffices to prove that the set R(L) is dense in F.

4. Solvability of Problem Equations (6), (2)—(4)

To prove the solvability of problem Equations (6), (2)—(4) it is sufficient to show that
R(L) is dense in F. The proof is based on the following lemma

Lemma 1. Suppose that the function a and its derivatives are bounded.
Let u € Dy(L) = {u € D(L),u(x,0) =0}. If, for u € Do(L) and some functions w €
L2(Q), we have
/ ®(x) fwdxdt = 0, (19)
Q

then w vanish almost everywhere in Q.

Proof of Lemma 1. Equation (19), can be written as follows

ou _ _
/Qgpdxdt—/ﬂA(t)updxdt, (20)
where
p=P(x)w,
and
d ou
A(tu = Py (a(x,t)ax).
9\ !
We introduce the smoothing operators [17] J;! = (I eat) and

-1

(Y = (I + Saat> Substituting the function u in Equation (20) by the smoothing

function u, and using the relation

A(tyue = J A(t)u — €] Be(t)ue,

where



Axioms 2021, 10, 181 9 of 19

0A(t 0 (daodu
Bl = 250 = 5 (555 )

we obtain

0% —
—/Qu apte dxdt = /Q(A(t)u—eBg(t)ug)pg‘dxdt. (21)

Since the operator A(t) has a continuous inverse in L?(0, 1) defined by

atg= [ [Feonar+ao [ME 4o,

the functions C; (f) and C;(¢) satisfies

g X
d d
Jo Kx)dx Ji Md@rﬁ K(x)dx f} Jo sy

C1 (t) - - a ac a ’
fol K(x)dx [y 7+fol K(x)dx

¢ d X
[01 K(x)dxfox 7f0 8(17) UdC+fol K(x)dxfo1 7"[0 g(T]) de 1 fO
Cz(t) = - a ac a ad X+ f g/

fol K(x)dx [ 74-.[01 K(x)dx

where

[ Ki(x) 0<x<a
K(x)—{ K;_(x) a<x<1.

Then, we have [ Ky (x)A™!(t)udx + flxl Ky(x)A~1(t)udx = 0, hence, the function
Jo'u = u, can be represented in the form

ue = JoTATH () A(t)u,
then

d%a +fo 00 18 9a 1 3 Ci(t)+ [§ g(n)dy
(g = Jcle™ Tarle s Tark
Consequently, Equation (21), becomes
- / u2Pe gyt — / A(t)uhedxxdt (22)
Q at - 0 € 7

where

he = pe —eBe(t)pe,
and B (t) is the adjoint operator of B (t).
The left-hand side of Equation (22) is a continuous linear functional of u, hence the
ohe 0%h,
ox’ 9x2

function h, has the derivatives — (Q)) and the following condition are satisfied

he(0,) = he(1,£) = 0, a(0, t)%h (0,t) = a(1, t)aah (1,1).
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*0a
—1\*%4
For a sufficiently small € and the operator % is bounded in L?(Q)), we have
1) % 1)+
€ €
eTat < 1, hence, the operator I — eTat has a bounded inverse in
L2(Q)
2 ¢ ;. _ o . e
L*(Q)), we deduce that 9x’ 92 € L*(Q) and the following condition is satisfied
¢ op:
0:(0,6) = pt(1,4) =0, a(0,6) L2 (0,8) = a(1, 1) L (1, ). (23)
ox ox
We introduce the function v such that
X 1 .
Kiv = &w—o— " [ wdg, x € (0,a),
1-— 1
KZ'Z): 17.;'(1)_@ Dj‘wtig, X € (Dl,l),
then, the function p(x) can be expressed as follows
2
1
%w = gKlv - f; Kivdx, x € (0,a),
p(x) = xR .
—x —Xx
(1_“)2w: 1_al<zv+mfaxl<zvdx, x € (a,1),

and we deduce that

0(0,t) = 0(1,£) =0, [y Kyodx = [} Kyvdx =0,

a(O,t)Kl(O)g—Z(O,t) — a(1,H)Ka(1) %(1,t>.
and
p 3K (x)7] g x e (0
Ey (x) o , where H(x) = -
T x € (a,1)
Putting

t
u:/o exp(cT)vdr,

in Equation (20) and integrating with respect to x and ¢, using Equation (23) we obtain

g — [ K@HE) (- oa _yfou
Re /QA(t)updxdt— /Q 7 ca—= e = dxdt
1 2
—/ wae*d u dx - Re/ K(x)H(x)ue*Ct)a—uidxdt,
0 2 ox 7 o) ox

and

s Loy B s rl o 2
Re/O /0 Epdxdt—/o /0 e“" H(x)|v|"dxdt,

we choose
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c>a3—i-1
agp 2’

then, we obtain

/ exp(ct)K(x)H(x)|o|*dxdt = 0,
Q

then v = 0 a.e.,, which impliesw = 0. O

Theorem 2. The range R(L) of the operator L is dense in IF.

Proof of Theorem 2. Since F is a Hilbert space, we have R(L) = F if and only if the relation

o dludy
/Q (x) fgdxdt + / ) L+ / Lugdx, (24)

for arbitrary u € D(L) and (g, ¢) € [, implies that ¢ =0 and ¢ = 0.

Putting u € Dy(L) in Equation (24), we conclude from the Lemma 1 that g = w = 0,
a.e. then g = 0.

Taking u € D(L) in Equation (24) yields

/ CID(x)C;l;: Zq)dx +/ lugdx =0, (25)

Since the two terms in the previous equality vanish independently and since the range
of the trace operator [ is everywhere dense in Hilbert space with the norm

‘o ax+ [ loPd
+ [ loPax,
| o)\ | dx+ [ 1ol

hence, ¢ = 0. Thus, R(A) = F. Then the problem Equations (6), (2)—(4) has a strong
solution for an arbitrary F. O

‘L‘PZ
dx

5. Study of the Nonlinear Problem

This section is devoted to the proof of the existence, uniqueness and continuous
dependence of the solution on the data of the problem Equations (1)-(4).

If the solution of problem Equations (1)-(4) exists, it can be expressed in the form
u = w + U, where

U is a solution of the homogeneous problem

au 3/ a
£U = a—l;l ~ 5 (aalj> =0, V(x, t) € Q, (26)
Up = U(x,0) = g(x), Vxel[0,1], 27)
ueo, ) =U,t), vieloT), (28)
/O“ Ky (x)U(x, £)dx + /1 K(x)U(x, Hdx =0, Ve [0,T). (29)

and w is a solution of the problem
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Jw 0 Jw Jw
fw = T (aa = F(x, t,w, ax) , V(x, t) € Q, (30)
w(x,0) =0, Vx € 10,1], (31)
w(0, t) = w(1,t), Vit e [0,T], (32)
[

/ Ky (x)w(x, )dx + / Ko(x)w(x, t)dx =0,  Vte[o,T). (33)

0 o

where F (x, t,w, ?;;) =f (x, t, w+ U, a(wa—;u)) and it satisfies the condition

|F(x,t,u1,v1) — F(x, £, up,v2)| < d(Jug —up|+ |v1 —vp]|) forallx, t € Q. (34)

According to Theorem 1 and Lemma 1, the problem Equations (26)—(29) has a unique
solution that depends continuously on Uy € V10(0, 1) where V0(0, 1) is a Hilbert space
with the scalar product

a0
(1, 0) 100, 1) = /cp( )azavdx+/ wodx.

and with associated norm

ou
Jullvin ) = [ @00\ 5

We shall prove that the problem Equations (30)-(33) has a weak solution using an
approximation process and passage to the limit.
Assume that v and w € C!(Q), and the following conditions are satisfied

dx—l—/ |u|*dx.

{ o(x, T) =0, [y Ki(x)v(x, tdx+f Ky (x)v(x, t)dx =0, (35)

w(x, 0)—W(1 t), w(0, t) =

Taking the scalar product in L?(Q)) of Equation (30) and the integrodifferential operator

ax f 1(p)vdy, 0<x<u,
Ao — ({0, t}c
a(1,t)

by taking the real part, we obtain

>flx Ko (p)vdu a<x<1. '

H(w,v) = Re [, F (x t,w, 92 )Avdxdt
(36)
= Re [ % awAdedt Re [, %(a%—?{’)ﬁdxdt.

Substituting the expression of Av in the first integral of the right hind-side of Equation (36),
integrating with respect to ¢, using the condition Equation (35), we obtain

Re [;, WAvdxdt = —Re [j [ w ( S5 ki Gpdg — S04 [ Koodg ) dat
(37)

— Re fOT falw<(a Qg f Ky(u vdy)dxdt.

Substituting the expression of Mv in the second integral of the right hind-side of
Equation (36), integrating with respect to x, using the condition Equation (35), we obtain
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~Refp, & (52 ) Avdxdt=Re [ [y Ko |98 vw|odxdt — [ [ b S 1Ky Spdgdxat

(38)
T
+ Re [, f“l al(%";) [(1—x)£+w}vdxdt+f0 f,x a%t) S [ KZ%Z;dgdxdt
Insertion of Equation (37), Equation (38) into Equation (36) yields
H(w,0) = - R /T/ x/aKavd x4t (0 /K g | ddt
Cor==Re )y S Can S ot a2(0 1
_ x)ag(1,t) /" _
Re/ / ( a2(1 ) Ko (p)vdy |dxdt
+Re/ / Kya { —l—w]vdxdt / / 1 aw/ Kla—vdgdxdt
dx ot
Ksa ow 1
—i—Re/O /‘X a(O,t)[ )a —i—w]vdxdt—i—// ) w/ Kz d@dxdt
where
H(w,
T ra Kl dw K2
Re [ f o0 CF(C tw, —)dgdxdt—l— Re/ / / —F <g w, 7)(1@1 dt, (39)

obtained by intrgating the right-hand side of Equation (36) with respect to x.

Definition 2. By a weak solution of problem Equations (30)—(33) we mean a function w €
L?(0, T : V¥9(0, 1)) satisfying the identity Equation (39) and the integral condition Equation (33).

We will construct an iteration sequence in the following way.
Starting with wy = 0, the sequence (wy,) is defined as follows: given w,_1, then
for n > 1, we solve the problem

neN

fw, = aﬁ — i (aaw”> = F(x, t, W,_1, awnl), Y(x, t) € Q, (40)

ot ox\ OJx ox
wa(x,0)=0, Vxe[01], (41)
wa(0,1) =wu(1, ), Vte0,T], (42)
/le Ky (x)wy(x, t)dx + /1 Ky(x)wn(x, t)dx =0, Vtel[0,T]. (43)

From Theorem 1 and Lemma 1, we deduce that for fixed 1, each problem Equations (40)—(43)
has a unique solution wy,(x, t). If we set V,,(x,t) = wy4+1(x, t) — wy(x, t), we obtain the
new problem

WV, 3 [ 3V,
£V, = 5 o (a Y ) =0,_1, V(x, t) € Q, (44)
Va(x,0)=0,  Vxelo1], 45)
Va(0,8) = Vu(Lt),  Vte[0,T], (46)
/0 " Ky (x) Vi, B)dx + / CKe()Va(x, dx =0, W [0,T]. 47)

where
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0,1 =F (x, t, Wy, aauzl) - F(x, t, Wy_1, abg?c_l ) (48)

Theorem 3. Assume that the condition Equation (34) holds, for the linearized problem
Equations (44)—(47), there exists a positive constant k, such that

HV"HLZ(O, T: vi0(o, 1)) S kHVn*lHLZ(O, T: V19(0,1))" (49)
Proof of Theorem 3. We denote by

X Kl /\x E)Vn aVn

2x Ax e
QV, = (Ot)z ar e e kil 0<x<a
=
(L= 2)K g )aV" 2(1-x) B(1-x) X Vv,
U—-x) R X N o
() ¢ ot T an © Jo Ka(p) -y K<x<1
where
2 2
Aot A=) pa-g)
a(0,0)° Ki(a) = a(, ) ¢ Ky (a),
A > max| 0, su K (x)
p k](x) 7
0<x<a
B > max(0, sup {2 Eg
a<x<1

We consider the quadratic form obtained by multiplying Equation (44) by e=“/QV,,
with the constant c satisfying Equation (17), integrating over (}s = [0, 1] x [0, s], with
0 < s < T, taking the real part, we obtain

®(Vy, Vy) = Re /Q e~to, \QVpdadt

S

~ Re / e x2(1— )zaVnQVndxdt / et O ( avn)QVndxdt (50)
Q, Qs ox

Following the same procedure done in establishing the proof of Theorem 1, using
Equation (34), we obtain

2 2 2
||V”||L2(O, T:VlfO(O,l)) S k HVn—lHLZ(O’ T:Vl'O(O,l))’ (51)
where
max Sﬂ+7322 a%ele, %+ 322 (1—a)2eP1-2)
KZ _ a0 myagaq A0 mzapa; d2€cT
= 7 7 2 2 ’
. o cag—My o cag—My agmy(1-a)”  agmpa
mm{zx mg 22 S(1—a)my P
Since Vi (x,t) = wyy1(x,t) — wu(x,t), then the sequence wy(x,t) can be written
as follows

k=n—1

wy(x, t) Z Vi + wo(x, ),
k=1

the sequence wy (x, t) converge to an element w € L?(0, T : V10(0, 1)) if
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ca3—M
mln{()(211’l() 022 :
d* <

e
8my 32 2. 0 [ 8ma 32 — ) 2oB(1—a)
max{ ( w0 T mlaéal)zx e, ( o T —— > (I—a)e
Now to prove that this limit function w is a solution of the problem under considera-

tion Equations (44)—(47), we should show that w satisfies Equations (33) and (39).
For problem Equations (40)—(43), we have

2_ 2 2
2 cay M2 aoi’l’lz(l*lx) apgmon
’ (1 - DC) m3 211% ’ 207 r T 2m o7

H(wy, —w,v) + H(w, v) =

Re fo 0 alélt vfo ¢ ( (Wr t, w1, aa,;#’l) - (U,t w, a )dq)dxdt

(52)
Re [y fa aan? 0/ (1 ( (17, t, wy_1, 3“377-1) - (17,t w, 5 ))dqudt
Re i o 2 gF(g t, w, ag)dgdxdt—l—Re ST Ko fla (g tw, %lg)dgdxdt,

From Equation (40), we have

H(wy, —w,v) = Re/ a(wni_w)mdxdt— Re/ 9 aw Modxdt.
0 ot Q 0x ox

Integrating with respect to t and x using the conditions Equation (35), we obtain

H(w, —w,v) = — Re fOT Jo (wn — ( 8 [EK % d@— ’;Zt(?:) I Klvdé)dxdt

1—x
— Re fOT fal (wn — w) ( (a(llt)) f g 7“) f K2 Z)d}l) dxdt )
+Re fo 0 aKéi) {_xa(wg;w) + (wn — w)]@dxdt—fo foﬂcmﬁ(wn —w) f;Klaai?dgdxdt

+Re [, fle aKZ“) [(1 - x)a(w”_w) + w} odxdt +f0 fa o t) 9 (wy —

w) [X Ky Xdgdxdt,
Each term of the left-hand side of Equation (53) is controlled by

re [ [ e S

)dxdt <

+ |U|2dxdt> ,

N| —

1
alz

max(zxzm1 maxz(\61\r|52|), ad T}’l1> (/ ‘wn wzdxdt) (/
po Q| ot

T (1 _ . Ly
,Re/o ./tx (wnw)<(al(l’f))/ zat é (az()latt()t)/‘x KZ(V)'Ud}l>dth§

1

2 Z

— - 2

max((1 %) mgmzaX(|C1|,\cz|),(1 oc) >(/ |wy, — ZU|2dxdt) < ’ +|U|2dxdt> P
110 ap

Kla 3w, —w) 1= 7/T/0¢ 1 9a, /oc £ g

// it (wn w)}vdxdt o Jo a0 ax(w" w) i Klatdgdxdt_

1

2

4 = Ry P P (™
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1 K2ﬂ a(wnfw) _ T/ 1 oa 90

- ——— = (wn — — <

Re// [ FP +w} vdxdt-l—/o/a a1, 1) ax(wn w) /a K, atdgdxdt_
1

max(U=thuen? s ) (/ / <(1 x)?| Aepm) ] oy — )dxdt) (/ /< . )dxdt)2

from the previous inequalities, we deduce that

|H(wy, —w,v)| <
1

2 (54)
C(Hwn w”LZ(OTVlOOl )<f0< 2+|U|2)dxdt)2/

Using the condition Equation (34) and Cauchy-Schwartz inequality in the first two
terms in the left-hand side in Equation (52), we obtain

%0
of

Re [ fi Ko o g (B(n, b wams, 25) — F(, t, 0, 32 )dy ) dudt

Re fo fa a( m”f ( (’7/ t, w1, az%’,;*) - (q,t w, 3y ))d;ydxdt < (55)
1

dmy (1-a)d
max(au:)nlf( ig m3>”w" w||L2(0TV1 0,1) (fow dxdt)

From Equations (54) and (55) and passing to the limit in Equation (52) as n — +co, we

deduce that
v)*Re/T/a K v/xglf(gtw )dgdxdt
N o Jo a(0,t) " Jo T4

+Re/OT/;a(I;2t)v/xl _OF (g tw, aa€>d§dxdt

Now we show that Equation (33) holds. Since ngr£w||wn —w|| 2(0T:v10(0)) = 0, then

" 1 2
lim / Kl(wn—w)dx+/ Ky(wy —w)dx| <
14

n—-+oo| JQ

1
(mlx/&—l— mzV1— tx) ngrfoo/o |w, — w|2dx — 0. (56)

from Equation (56) we conclude that foa Kywdx + |, le Kowdx = 0. Then the problem
Equations (30)—(33) has a weak solution for arbitrary F. O

Thus, we have proved the following

Theorem 4. If condition Equation (34) is satisfied, then the solution of problem Equations (30)—(33)
is unique.

Proof of Theorem 4. Suppose that wy, w, € L*(0,T:V19(0,1)) are two solution of
Equations (30)(33), the function v = wy — wy isin L2(0, T : V0(0, 1)) and satisfies

v d Jv
3 3 (aa ) = G(x,1), (x,t) € Q, (57)
v(x,0) =0, x €[0,1], (58)
v(0,t) =0, te[0,T], (59)
/lx Kivdx + /1 Kyvdx =0, te0,7T], (60)
0 113

where G(x, t) = F<x, t, wq, Bau;l) F(x t, wy, aauf).
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Taking the inner product in L?(Q)) of Equation (57) and the integro-differential operator

x2Kq 197 2% Ax (¥ Jdv
9% (2l <x<
0.0° o T aone Sy K5 dm, 0<x<a,

1—x)°K Jv _ X Jv
(a(l,)t)zeﬁ(lx)at + zu(gl,;;)eﬂ(17X) flx K2<y)§d# o S x S 1.

Mu =

where

MKy () = ~——-ePU-0 K, (a),

a(0,t)

A > max <O, sup Eg;),

0<x<a

Ky (x)
B > max(0, sup ki(i)'
a<x<l

Following the same procedure done in establishing the proof of Theorem 1, we obtain

2 2 2
||v||L2(O,T:V1r0(O,1)) < k HUHLZ(O,T:VLO(O,I))'

where

max{ (%*%)“W'(gﬁ+ﬁ> (1*”‘)28'5“_“)}
KZ — 14p41 30541

2 2
cag—My (1—0()2111 cag—Mp nomz(l—a)z aomowz
207 7 272 T T

dZECT,

nﬁn{aZmO

Since k2 < 1, then v = 0, which implies that w; = wy € 12 (0, T: VLO(O, 1))
Then the uniqueness of the weak solution holds. [

6. Conclusions

In this work we studied the existence, uniqueness and continuous dependence of
a weak solution for some classes of mixed nonlinear problems with nonlocal conditions
(boundary integral conditions). The used method is one of the most efficient functional
analysis methods for solving linear partial differential equations with boundary integral
conditions, the so-called energy-integral method or a priori estimates method. We con-
structed for each problem suitable multiplicators, which provide the a priori estimate,
from which it was possible to establish the solvability of the problem. For the nonlocal
mixed problems for nonlinear equations, we first established the a priori estimate for an
associated linear problem and hence the solvability of this associated linear problem. Then,
by applying an iterative process based on the obtained results for the linear problem, we
proved the existence, uniqueness and continuous dependence of a weak solution of the
considered nonlinear problem.
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