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Abstract: In this paper, we initiate the study of existence of solutions for a fractional differential
system which contains mixed Riemann-Liouville and Hadamard—-Caputo fractional derivatives,
complemented with nonlocal coupled fractional integral boundary conditions. We derive necessary
conditions for the existence and uniqueness of solutions of the considered system, by using standard
fixed point theorems, such as Banach contraction mapping principle and Leray-Schauder alternative.
Numerical examples illustrating the obtained results are also presented.
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1. Introduction

Fractional differential equations have played a very important role in almost all branches
of applied sciences because they are considered a valuable tool to model many real world
problems. For details and applications, we refer the reader to monographs [1-11]. The study
of coupled systems of fractional differential equations is important as such systems appear
in various problems in applied sciences, see [12-16].

On the other hand, multi-term fractional differential equations also gained consid-
erable importance in view of their occurrence in the mathematical models of certain real
world problems, such as behavior of real materials [17], continuum and statistical mechan-
ics [18], an inextensible pendulum with fractional damping terms [19], etc.

Fractional differential equations have several kinds of fractional derivatives, such
as Riemann-Liouville fractional derivative, Caputo fractional derivative, Hadamard frac-
tional derivative, and so on. In the literature, there are many papers studying existence
and uniqueness results for boundary value problems and coupled systems of fractional
differential equations and used mixed types of fractional derivatives, see [20-29]. In [23],
the following boundary value problem is considered:

REDICD x(t) — g(t, x(1))] = f(t,x(t)), 0<t<T,

x(17) = ¢(x), 1Px(T) = h(x),

M
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where RLD4, €D" are Riemann-Liouville and Caputo fractional derivatives of orders g, 7 €
(0,1), respectively, I is the Riemann-Liouville fractional integral of order p > 0, f, g : ] xR
— R are given continuous functions and ¢, 1 : C(J,R) — R are two given functionals.

In [24], the authors initiated the study of a coupled system of sequential mixed Caputo
and Hadamard fractional differential equations supplemented with coupled separated
boundary conditions. To be more precisely, in [24], existence and uniqueness results are
established for the following couple system:

CDPHDNx(t) = f(t,x(t),y(t),  tE [ab],

HDu2CDP2y () = g(t, x(t),y(t),  t€[ab], o
2

aqx(a) + DCZCDPZ]/(H) =0, PBix(b)+ ,Bchpzy(b) =0,

w3y(a) + a4 'DTx(a) =0, Bay(b) + BsIDTx(b) =0,

where €DPi and H D7 are notations of the Caputo and Hadamard fractional derivatives of
orders p; and g, respectively, 0 < p;,q; <1,i =1,2, f,¢: [a,b] Xx R x R — R are nonlinear
continuous functions, a > 0, «; € R\ {0}, 8; € R,i=1,...,4.

In [25], the existence and uniqueness of solutions for neutral fractional order coupled
systems containing mixed Caputo and Riemann-Liouville sequential fractional derivatives
were studied, complemented with nonlocal multi-point and Riemann-Stieltjes integral

multi-strip conditions of the form:

‘DIREDPx(t) + f(1,x(1) = gt x(t), y (1), ¢ (0 1),
‘DN (*EDPy(t) + fi(t, ]/(t) g1t x(8),y(t)), ( 1),

)=
x0)=0, bx(t)=a [ y(s)d s>+ia1/ ®
v0) =0, by(t) = [[x()aHs) + 1oy [

where REDPRLDP1 and ¢D7,° DTt denote the Riemann-Liouville and Caputo fractional
derivatives of order p, p1 and g, g1, respectively, 0 < p,p1,9,1 < 1, withl < p+g <
2,1 < p1+q <2, f, f1and g, g1 are given continuous functions, 0 < §; < x; <1, 0 <
0;<gi<lw,BieRi=12..,nj=12,...,maua,bb €R, and H(-) is a function
of bounded variation.

To the best of the authors” knowledge, there are some papers dealing with sequential
mixed type fractional derivatives, but we not find in the literature papers dealing with
coupled systems with sequential Riemann-Liouville and Hadamard—Caputo fractional
differential equations. Motivated by this fact, and to fill this gap, in the present paper, we
investigate the existence and uniqueness of solutions for the following coupled system
of sequential Riemann-Liouville and Hadamard—-Caputo fractional differential equations
supplemented with nonlocal coupled fractional integral boundary conditions

RLpp1 (HCD‘hx)(t) = f(t,x(t),y(t)), telo,T],
RLpp2 (HCD‘hy) (t) = g(t,x(t),y(t)), telo,T],

HCDNx(0) =0, x(T)= iaimlﬁ"y(é), @
=1

P
HCDmy(0) =0, y(T) =Y ARE1%x(r),
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where REDPr and HED7 are the Riemann-Liouville and Hadamard-Caputo fractional

derivatives of orders p, and g, respectively, 0 < p;, g < 1, ¥ = 1,2, the nonlinear

continuous functions f,g : [0,T] x R? — R, RE[? is the Riemann-Liouville fractional

integral of orders ¢ > 0, ¢ € {B;,J;} and given constants a;,A; € R, &;,7; € (0,T),

i=1,...,mj=1,...k
Let us compare the coupled system (4) with the coupled system (2) studied in [24].

(i) In(2), we studied a coupled system consisting by mixed Caputo and Hadamard frac-
tional derivatives, while, in (4), we consider mixed Riemann-Liouville and Hadamard-
Caputo fractional derivatives.

(ii) In (2), the coupled system was subjected to coupled separated boundary conditions,
while, in (4), the coupled system is subjected to nonlocal coupled fractional integral
boundary conditions.

(iii) In both problems (4) and (2), the same method is used to establish the existence and
uniqueness results, and based on standard fixed point theorems, but their presentation
in the framework of mixed coupled Caputo and Hadamard and Riemann-Liouville
and Hadamard-Caputo fractional derivatives is new.

We also notice that the conditions “D71x(0) = 0 and #“D%2y(0) = 0 are necessary
for the well-posedness of the problem.

By using standard tools from fixed point theory in the present study, we establish
existence and uniqueness results for the coupled system (4). The Banach contraction
mapping principle is used to obtain the existence and uniqueness result, while an existence
result is derived via the Leray-Schauder alternative.

The rest of the paper is organized as follows. In Section 2, some basic definitions and
lemmas from fractional calculus are recalled. In addition, an auxiliary lemma, concerning
a linear variant of (4), which plays a key role in obtaining the main results, is proved.
The main results are presented in Section 3, which also include examples illustrating
the basic results. We emphasize that our results are new and significantly enhance the
existing literature on the topic, and, as far as we know, they are the first results concern-
ing a coupled system with sequential mixed Riemann-Liouville and Hadamard—Caputo
fractional derivatives.

2. Preliminaries

In this section, we introduce some notations and definitions of fractional calculus [2,30]
and present preliminary results needed in our proofs later.

Definition 1. The Riemann—Liouwville fractional derivative of order p > 0 of a continuous function
f:(0,00) — R is defined by

wors(n = o (4 [t wo1<p<n,

where n = [p] + 1, [p] denotes the integer part of a real number p and T is the Gamma function
defined by T (p) = [~ e SsP~1ds.

Definition 2. The Riemann—Liouville fractional integral of order p of a function f : (0,00) — R,

is defined as
1

REIPf(t) = il /Ot(t — )P Lf(s)ds, p >0,

provided the right side is pointwise defined on R..
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Definition 3. For an at least n-times differentiable function g : (0,00) — R, the Hadamard—
Caputo derivative of fractional order q > 0 is defined as

t

1 £ n=q-1 ds
HCpyg - - v n “o o —
Dig(t) T(n—q)/()<logs) 5g(s)s, n—1l<g<n n=[}g]+1,

where § = t% and log(-) = log,(-).

Definition 4. The Hadamard fractional integral of order g > 0 is defined as

Hingt) = s | (logz)q_lg@)dj,

provided the integral exists.

Lemma 1 (see [2]). Let p > 0. Then, fory € C(0,T) N L(0, T), it holds that
RLpp (RLDPy) () =y(t) +ertP L4 ot 24 eptP T,

wherec; €R,i=1,2,...,nandn—-1<p <n.

Lemma 2 ([30]). Let u € AC§[0,T] or C}[0, T] and q € C, where X}[0,T] = {g:[0,T] — C :
5"~1g(t) € X[0, T]}. Then, we have

Hpr(HCDYYu(t) = u(t) + co + c1log t + cp(log ) + - - - + c_q (log t)" 7,

wherec; € R,i=0,1,2,...,n—1(n=[q] +1).

Lemma 3 ([2], p. 113). Let g > 0and B > 0 be given constants. Then, the following formula
Hpab — ,B“?tﬁ,

holds.

Next, the integral equations are obtained by transformation of a linear variant of
problem (4). For convenience in computation, we set some constants

) 0;
i “ié’l-ﬁl k )‘1'77]‘]

0O = —t ) = — ]
STBi+1) ST +1)
andA:Qlﬂzfl 750.

Lemma 4. Let f*,¢* € C([a, b],R) be two given functions. Then, the linear system equivalent to
problem (4) of sequential Riemann—Liouville and Hadamard—Caputo fractional differential equations

Reprs(Hepmy) () = (1), telo,T)
RLpr (MDY ) () = g*(1),  te[0.T),

HCDnx(0) =0, x(T)= iaiRLlﬁil/(gi)/ ©

=1

k
HEDRy(0) =0, y(T) = Y AREIx(yy),
i

can be written into integral equations as
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W) =y L (T (R ) ) @)+ e (L) )
+ %quz (RLIng*) (T) - (3\1]2 A RL [ (th (RLIplf*)) ()
+ 1 (R f) (1), ©)
and
y(t) = _(/2\21i w: RLTBi (Hmz (RLIPZ ))(Cz) 2H1q1 (RLImf )( )
T %quz (RLIng*) (T) - i]é A RL p9; (HIql (RLIplf*)> (1))
L Hyp (RLIPZ ) (t). (7)

Proof. Fort € [0, T] and by taking the Riemann-Liouville fractional integral of order p; to
the first equation of (5), we obtain

HCDTx (1) = e tP1 =L £ RE[PLF* (1), ¢ € R 8)
Similarly, for the second equation of (5), we have

HCD®y (1) = dyth2=1 4 RLIP2g* (1), dp € R. )
Since 0 < py < 1,7 = 1,2, the conditions ¢ D71x(0) = 0 and H¢D72y/(0) = 0 imply ¢; = 0

and d; = 0, respectively. Applying the Hadamard fractional integral of orders q; and g» to
(8) and (9), respectively, and substituting the values of c1,d;, we get

x(t) = o+ Hrn (KL o) (1), (10)
and
y(t) = do+ "1 (REm2g™) (1), (an
Now, we consider the terms
m Bi
RL 6, i RL s (H 2 (RLp2g
D 1Piy(g ; ﬁerl)—i—Zal (e (Regt) (@) (2)
and s
k N ko A k
. ] ; *
Z;Aj RLI‘)/x(iy]-) = X% Wj_l) + Xi/\i RL p9j (Hl‘h (RLIplf ))(17]) (13)
7= = =

Consequently, by (10)-(13) and boundary fractional integral conditions in (5), it follows that
_ 1m RL,B,‘H(]zRLpz* 1HQ]RLP1*
w = —x Lt () ) @) + S () (m)
Q1 H g, (RLpa Q1 VS | RL o, (Hogy (RLypy g
Db (R g 1) - 4R (1 (410 ) ),

j=1

and
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dy = —% li a LI (M1 (REeag) ) (&) + %HW (REar ) (T)
+ %quz (RLIng*) (T) — i}é A RL y4; (Hﬂl (RL[plf*)) (17].)’

Substituting the values of ¢y and dy in (10) and (11), we obtain integral equations in (6)
and (7), respectively, as desired.
The converse follows by direct computation. This completes the proof. [

Next, we establish formulas for multiple fractional integrals of Riemann-Liouville
and Hadamard types.

Lemma 5. Let a,b,c > 0 be constants. Then, we have

(i)

afb a

HIb (RLIa(1)> (t) _ F(T_:l)
(i) .
RLIC (Hlb (RLIa(l))> (t) _ r(a jl_ pn 1) tﬂ-‘rc.
Proof. Since RL[7(1) = IKail)' we have
aib a
(R ) - r(a1+1)H1bta = (14

by using Lemma 3, and (i) is proved. To prove (ii), taking the Riemann-Liouville fractional
integral of order ¢ > 0 in (14), we have

—b —b
RLyc (Hb (RLya __ 4 RLycsa _ a a+c
I( I( I (1)))(t)_1"(11+1) It F(a+c+1)t ’

RLIcta F(a + 1)

= /"7, The proof is completed. [

from FatctD)

Corollary 1. Let constants p;,q,, r = 1,2, B;,G;, 5]-, 1j be defined in problem (4). Then, from
Lemma 5, we have

TiTps

—2Tp2
m(em - T
o (Hqu GHPZI))(Q) " T(p Zrz/: +1) S
(0 (4o = ]

which will be used in the next section.

3. Main Results

Let C = C([0, T],R) be the Banach space of all continuous functions from [0, T] to
R. Let X = {x(t) : x(t) € C?([0,T],R)} be the space endowed with the norm ||x| =
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sup{|x(t)|,t € [0,T|}. Obviously, (X, || - ||) is a Banach space. Next, we set Y = {y(t) :
y(t) € C?([0,T],R)} with the norm ||ly|| = sup{|y(t)|,t € [0,T]}. The product space
(X x Y, ||(x,y)|) is Banach space with the norm ||(x,y)| = ||x| + ||y||-
In the following, for brevity, we use the subscript notation

hyy(t) = h(t,x(t), y(1)), he{f.8} (15)
in fractional integral as
KLy (9) = 57 [ (0 =97 (s (6), (5 s, a6)

where ¢ € {t,T,&;,7;}. In addition, we use it in multiple fractional integrations.

In view of Lemma 4, we define the operator P : X x Y — X x Y by

P1(x,9) ()
P = (P

where
P =~k L (1 (M) ) @)+ £ (L) (7)
R () 0= Lo (1 (1))
0 (R ey ) (1)
and
Paey)() =~ % a R (11 (g, ) ) (@) + T2 (R £ ) ()

i=1
+ %”W (RLI”ng,y> (T) - /l\,il AL (Hﬂl (RLIplf'W)) (1)
LHD (RLIngw> (t).

For computational convenience, we set

+6;
o (1) P | ol mi Al
! NAGCED YRR G =S ey
y

M, — ol ptT (e gt
IAl\T(p2+1) P S T(tpi+1))
_ 1+(5
vy = Il (T -qlii“‘
[A| (Pl +1) A = T'(p1 +9; +1)
R e B
AL N\ ety ) 1Al T(pa+ B+ 1)

In the first result, Banach’s contraction mapping principle is used to prove existence
and uniqueness of solutions of system (4).

Theorem 1. Suppose that f,g : [0, T] x R?> — R are continuous functions. In addition, we
assume that f, g satisfies the Lipchitz condition:

(Hy) there exist constants m;, n;, i = 1,2

|f(t,uy,01) — f(t,u2,02)| < mylug — up| + ma|vy — vz
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and
|g(t, uy,v1) — g(t,u2,v2)| < nylug — up| + nalvg — 2|,

forallt € [0,T) and u;,v; € R, i =1,2. Then, the system (4) has a unique solution on [0, T|, if
(M1+M3)(M1+TYZ2) + (M2+M4)(1’11 +1’12) <1 (17)

Proof. Let us define sup,c (o7 f(£,0,0) = Ni < oo and sup,c(o 1) 8(£,0,0) = Nz < co.
Choose a constant ¥ > 0 satisfying

(M7 + M3)Ny + (Mz + My)No

"2 T [(My + Ms) (g + ma) + (M + Ma) (1 + m2)]

At first, we shall show that the set PB, C By, whereaball B, = {(x,y) € X x Y : ||(x,y)]| <
r}. For (x,y) € B, and using

|fryl < |fuy — fool +1fool < mallx]| +mally|| + Ny,

and
18xy| < 18xy — 800l + 1800l < nil|x|| + nafly|| + No,

we get relations

[P1(xy)(0)]
&l é o R (1 (KU1 g 1)) )+ 5 (RH1P U feal ) ()

IA

+%qu2 <RLIp2‘gx/y|)(T) \‘(/2\1“ ZIA | RLES) (H[% (RL[Pl \fxy\))( j)
+Hm (Rlﬂ’l ‘fxyD(T)

1 N5 (RLyB; (Hiygs (RLyp
a] ol S (e (K1) ) @) O ]+ el + Ne)
i=1

IN

1
n WHW (RL1P11) (T) (my||x|| + m2||y|| 4+ Ni)

(@)
N || 1|| Hyp (RLIpz1)(T)(n1||xH +n2 |yl + Na)

Q

SR LS (1 (S4) el ¢ el 8
+ 1 (RLIM) (T) (| ]| + mally | + No)

B 7{12 m | |§P2+5i

= \A\ Em (mlx]| +m2lly ]| + N2)

1 ( p TR
L O O W N

Q ZT”2
+'|A1|'< = H))(nlnx +mlyl+Ny)

P1 +5

|Q p Al
1Al ];F (1 +9+1) (m || x|| + maly|| + N1)

p, TP
( 1p 1 > (myl|x|| + malyll + N1)

My (my||x|[ +ma2|ly]| + N1) + Ma(m [ x]| + n2llyl| + N2)
(M] my + Mzﬂ])HX” + (M] my + Mz?lz)Hy” + M-lN] + M2N2
[ (m1 + I’HQ) + Mz(n1 + nz)]l’ + M1Ny + My Ns.

IN
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Therefore, we deduce that
[P1(x, )| < [M1(my + m2) + Ma(ny + n2)]r + M1 Ny + MaNa.
In a similar way of computation, we get

Pate))] < LS S (1 (Sm1) ) ) ol + ]+ o)

O
+ ||A||HIK71 (RLIpll)(T)(mleH +m2||]/H + Nl)

1
g (S1P1) (D)) + ]+ Na)

1 & 5
o 0 R (0 (R ) ) () (] + maly |+ )
Al 5

L Hpp (RL1P21) (T)(m |||l + n2llyll + N2)

O o ,|CP2+ﬁi
|A2|| < quﬁ (n1][x|| + n2lly| + N2)
1

||

vzl
+|A|< O +1)>(m1IIXI+szIyII+N1)

1 p;qZsz
+— == | (m]|x|| +n + N.
|A| <F(P2 + 1) ( 1” ” 2||y|| 2)

p1+9;

koAl
—0 ]
( 457 +5+”%WMWWNN+M)

b
( T £l ) (ma|x[] + n2[lyll + N2)

= Ms(max[| + maly[l + N1) + Ma(m || x| + n2[ly[| + N2),
which yields
[P2(x, y)[| < [Ms(my + m2) + Ma(ny + n2)]r + MaNy + MyNo.
Then, we conclude that

[Pyl < [Mi(my+ma) + Ma(ng + na)lr + MiNy + MaN,
+[M3(7111 + mz) + M4(1’l1 + 1’12)}1’ + M3N7; + MyN> <,

which leads to PB, C B,.
In the next step, we will show that the P is a contraction operator. For any (x1,y1),
(x2,2) € X x Y, we have
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|771(x1,y1)( ) — Pi(x2,y2)(1)]

S |/\| Z |D‘1|RLI/3[ (quz (RL1p2|gx1 Al gxz,yz|)>(§i)
1 ||
+ Wth (RLI’”\fxl,yl _fxz,yz|>(T) + Al H g2 (RLIP2|gx1’yl _ng,y2|)(T)
|Ql| RLd; (Hyq (RLypy )
|A| Z|/\| I ( I ( I |f9f1y1 fx2y2|>)(77])
+H1q1 (RLIpl|fx1 Y1 _fxz y2|)(T)
< |A, Z‘, g RETP (H12 (RE121) ) (8) (ma |l = 32| + mallyn = wal)

1
o (P ) () Oy = 2]+ 1 =yl

QO
08 g (L) () (s — s+ sl — 32
Al

|01|

S IAT 5 [RE (M (RE1) ) ) (ma [l = 32|+ ma [y = )

+Hpm (RLIM) (T) (1|31 = 32 + m2 [y = 2)

= My(my|lx; — x2|| +mallyr — y2l|) + Ma(n1][x1 — x2|| + n2lly1 — y2l|)
= (Mymy + Many)||x; — x2|| + (Myma + Mana) |lyr — yal|.

Then, we get the result that
[P1(x1,y1) = Pi(x2,y2)[| < Mi(my +ma) + Ma(ny +n2)([lx1 — x2f| + [[y1 — v2l)). (18)
In addition, we have
|7>2(x1,y1)(t) = Pa(x2,y2) ()]

(@)
T el S (1 (117 ) s sl + s gl

IN

Q
" 'j'Hﬂl (L0 1) (7)1 — 2l + s — el

|A
1 Hyg, (RLpp _ _
+ o 1 (RE1P21) (T) (3 = 2]+ malys = )
Al
1 & .
o 1 I R (P (RE) ) () m 1 = )+ ma v = w2)
=
+ 2 (RE21) (T) (1 |21 = 2| + mallys =y

= Ms(mi||x1 — x2|| + mally1 — y2l|) + My(n1][x1 — x| + n2lly1 — y2|)
= (Mzmq + Myny)|xq — x2|| + (Mzmz + Mynz)||y1 — y2|l,

which yields
1P2(x1,y1) = Palxz, y2) | < Ms(my + mz) + My (ny +n2)([lx1 = x2ll + ly1 — v2ll). (19)
The above results in (18) and (19) imply

P (x1,y1) = Plx2,y2)|| < [(My+ M3)(my +mp) + (Mz + My)(nq + n2)]
X ([Jx1 = xal| + [ly1 — y2l))
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P1(x, y) ()]

Since (M + M3)(my +my) + (M + My)(n1 +ny) < 1, then the operator P is a contraction.
From the benefits of Banach’s fixed point theorem, the operator P has a unique fixed point,
which is the unique solution of (4) on [0, T]. The proof is completed. [

The Leray-Schauder alternative is applied to our second existence result.

Lemma 6. (Leray—Schauder alternative) [31]. Let Q : U — U be a completely continuous

operator. Let
w(Q)={xel:x=0Q(x) forsome0 < 6 < 1}.

Then, either the set y(Q) is unbounded, or Q has at least one fixed point.

Theorem 2. Suppose that there exist constants a,, by > 0 for r = 1,2 and ag, by > 0. In addition,
for any u,v € R, we assume that

< ag+arful +az|o|,
lg(t,u,v)] < bg+ b1|u| + ba|v|.

If(Ml + M3)[l1 + (Mz + M4)b1 < 1land (M] + M3)012 + (Mz + M4)b2 < 1, then (4) has at
least one solution on [0, T).

Proof. The first task of the proof is to show that the operator P : X XY — X x Y is
completely continuous. The continuity of the functions f, g on [0, T] x R x R can be used
to claim that the operator P is continuous. Now, we let @ be the bounded subset of X x Y.
Then, there exist positive constants G and G, such that

If(t,x,y)| <G, gt x,y)| <G, V(x,y) €D

For any (x,y) € ®, we have

. %mm (R P2 lguy ) (1) + Iml b Iyl R (M (117 ) ) )
I (REP ey ) (T)
<

Bi —N
1 i lalgt 1 [ p "TH
— — |G+ +—|=——F ]G
|A|<”2 Litptpirn))? A\ tmry )@
+6;

4 1l p TP Gy + 1] i |)‘|p1 G

Al \T(p2+1) AT S T(p1+6+1)

—q1

12 TP1
+ [ =—~ |Gy,

<F(P1+1) '
which leads to

[P1(x,y)ll < GiMy + Go M.

Furthermore, we get
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‘02| - RLyB; (H RL |QZ‘H RL
< 2l | RL7Bi (H92 (RLp2q B2 H i (RLpm \ (T
IPae )l < 3 Ll (M= () ) Ga 5 (R ) (1)

o (R (1)Gy o 3 R (10 (K1) ) )
A nNg=
+H® (RL1P21) (T)G»
= G1M3+ GyMy.
Therefore, from above two results, we deduce that the set P® is uniformly bounded. The

next is to prove that the set P® is equicontinuous. Choosing two points 73, 72 € [0, T| such
that 7 < 1o, we have, for any (x,y) € P, that

Prxy)(m) -~ Piiey) (@)l = |10 (KL, ) () = Hm (R £y ) ()|
< Gl‘HI‘h (RL1P11) (o) — Hpm (RL1P11) (rl)’
- Gl -

which implies
|P1(x,y)(12) — P1(x,y)(11)] =0, as 71 — .

In addition, we obtain

Pa(xy) () = Paley) (@)l = |12 (R ) () = 1% (R, ) ()|
< GZ‘HW (RL1P21) (o) — HI%2 (RL1P21) (Tl)‘
— Gzr(zji 1) ’szz _ Tlpz .
Then,

P2(x,y)(22) = Pa(x,y)(11)| = 0, as 1 = .

Thus, the set P® is equicontinuous. By taking into account the Arzeld-Ascoli theorem, the
set P® is relatively compact. Then, operator P is completely continuous.

Finally, we will claim that the set y = {(x,y) € X x Y : (x,y) = 0P(x,y),0<0 <1}
is bounded. For any (x,y) € u, then (x,y) = 6P (x,y). Hence, for t € [a,b], we have

x(t) =0P1(x,y)(t) and y(t) = 0P2(x,y)(t).
Therefore, we obtain

(a0 + ar[|x|| + a2yl ) M1 + (bo + ba || x[| + b2 [y [|) Mo,

<
< (ao + ar||x|| + az2lly|) M3z + (bo + by || x[| + b2 ly||) My,
which lead to

x|+ 1yl < (Mi+ Ms)ag+ (Mp+ Ma)bo + [(My + Msz)ay + (M + M) by ]||x||
+[(M1 + M3){12 + (Mz + M4)b2] ||y||

Thus, the following inequality holds:

M+ M + (Mp + My)b
H(xry)” < ( 1 B)HOM*( 2 4) O/ (20)
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where M* = min{1 — (M + M3)a; — (M + My)by,1 — (M1 + M3z)ay — (My + My)bo }.
Hence, the set u is a bounded set. Then, by using Lemma 6, the operator P has at least one
fixed point. Therefore, we conclude that problem (4) has at least one solution on [0, T]. The
proof is complete. [J

Ifa;, by = 0,7 = 1,2, in Theorem 2, we have following corollary.

Corollary 2. Assume that |f(t,x,y)| < agand |g(t, x,y)| < by, where ag, by > 0, V(t,x,y) €
[0, T] x R2. Then, problem (4) has at least one solution on [0, T}].

Next, we present examples to illustrate our results.

Example 1. Consider the following sequential Riemann—Liouville and Hadamard—Caputo frac-
tional differential system with coupled fractional integral boundary conditions of the form

KD (HCDSx) (1) = f(tx(t),y(t),  t€[0,7/4]
RLD%(HCD%y)(t) = o(t,x(t),y(t), te[0,7/4],

Z — 1RL[iy(1> + 2RL[Zy<5> (21)
4 3 2 7 4)

_ Swrepi (1Y ARz (3
>—11 I x(4>—|—17 I x<4>

5RL 11 3
+E I8x(2>.

Here, p1 =1/5,p2=2/5,91 =4/5,92=3/5T=7/4m=2,a1 =1/3,a0 =2/7,
B1 =3/4, B2 =5/4,81 =1/2,8 =5/4,k =3,A =3/11, Ay = 4/17, A3 = 5/19,
61 =1/2,0) =7/8,63 =11/8, 11 = 1/4, o = 3/4, y3 = 3/2. Form all constants, we
find that ()1 ~ 0.5489581728, (), ~ 0.7217268652, | A| ~ 0.6038021388, M; ~ 13.82028787,
M, =~ 3.420721316, M3 =~ 9.093047627, M, ~ 7.354860071.

Let the two nonlinear Lipschitzian functions f, g : [0,7/4] x R> — R be defined by

B 1 x? +2|x| etsiny 1

fltxy) = 12(t+12)< 1+ |x] ) 15(3t +5) ' 2’ @2)
_ cost 1 1 3y? + 4|y| 3

g(tx,y) = 6(2t+9) tan JCJF36(4t+7)< 1+ |y| T @3

From (22)—(23), we see that

1 1
[f(t x1,y1) — f(t,x2,y2)| < 7% = x| + %h/l —ya|

and

1906 x1,11) — 8(6 %2, 92)] < =1 — xa] + = |y1 — vl
g /xlryl g /x2/y2 = 54 X1 X2 63 ]/1 yZ/

for all x,,y, € R, r = 1,2, we obtain (My + M3)(1/72 +1/75) + (My + My)(1/54 +
1/63) ~ 0.9943406888 < 1. From the benefits of Theorem 1, the problem of a sequential
Riemann-Liouville and Hadamard—-Caputo fractional differential system with coupled
fractional integral boundary conditions (21) with f and g given by (22)—(23), respectively,
has a unique solution on [0,7/4].
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Example 2. Consider the sequential Riemann—Liouville and Hadamard—Caputo fractional differ-
ential system with coupled fractional integral boundary conditions of the Example 1, where the
nonlinear functions f, g : [0,7/4] x R* — R are defined by

2¢t 1 x16 cos 7tt -
flbxy) = S5+ 3G <1+ |x|15) LT L @)
4t xe ¥’ ly|* cos* x
t = = . 2
gt xy) 3 T2 1) 3B+ 8)(1 4y )

It is easy to obtain that | f(t,x,y)| < (2/13) + (1/46)|x| + (1/45)|y| and |g(t, x,y)| < (7/3) +
(1/22)|x| + (1/24)|y|. By setting ag = 2/13, a1 = 1/46,ap = 1/45,bp =7/3,b; = 1/22
and by = 1/24, we can find that (My + Ms)ay + (M + My)by ~ 0.9879151432 < 1 and
(M1 + M3)ap + (M + My)by ~ 0.9581677912 < 1. The conclusion of Theorem 2 can be implied
that system (21) with f and g given by (24)—(25), respectively, has at least one solution on [0,7/4].

Example 3. Consider the sequential Riemann—Liouville and Hadamard—Caputo fractional differ-
ential system with coupled fractional integral boundary conditions of the Example 1, where the
nonlinear functions f, g : [0,7/4] x R? — R are given by

f(t,x,y) = 1(1—i-coszt)—}—M+Etan_1 (26)
T i) a

1 ) A 3y??
g(t,x,y) = Z(S—i—smznt)—ke * +1_’¥7. (27)

We can check that |f(t,x,y)| < 3, |g(t,x,y)| < 5 forall x,y € R. Using the Corollary 2, the
problem (21) with f and g given by (26) and (27), respectively, has at least one solution on [0,7 /4].

4. Conclusions

In this paper, we studied a new system of sequential fractional differential equa-
tions which consists of mixed fractional derivatives of Riemann-Liouville and Hadamard-
Caputo types, supplemented with nonlocal coupled fractional integral boundary conditions.
To the best of our knowledge, this is the first system of this type that appeared in the liter-
ature. After proving a basic lemma, helping us to transform the considered system into
a fixed point problem, we use the standard tools from functional analysis to establish
existence and uniqueness results. We use a Banach contraction mapping principle to derive
the uniqueness result and Leray—Schauder alternative to obtain an existence result. The
obtained results are well illustrated by numerical examples. The obtained results enrich
the existing literature on sequential systems of fractional differential equations. Other cases
of fractional systems with other types of mixed fractional derivatives or other types of
boundary conditions can be studied using the methodology of this paper.
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