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Abstract: In this paper, we consider the following Kirchhoff-type equation:

_ 2 _ o RN
C éu;lb({gy)\Vu\ dx)ButV (x)u=(LxF(u)) f () +Ag(u), in RY, ) >0,b>0,A>0a € (N-2N),

N >3,V : RN — Risa potential function and I, is a Riesz potential of order & € (N —2,N). Under
certain assumptions on V(x), f(u) and g(u), we prove that the equation has at least one nontrivial
solution by variational methods.

Keywords: Kirchhoff equation; no growth conditions; cutoff function

MSC: 35]60; 35]35; 35R11; 35A15

1. Introduction

In this article, we study the following Kirchhoff-type equation:
—(a+b [pn |Vul?dx)Au+ V(x)u = (I * F(u)) f(u) + Ag(u), in RN, 1)
u € HY(RN),

wherea > 0,6 >0,A >0,0a € (N—2,N),N > 3,F(t) = fotf(s)ds and I, is a Riesz

N—u
potential for which its orderis« € (N —2,N). Here, I, is defined by I,X=F(N77)N.
I(5)m2 2% |x[N=2
Moreover, V(x) : RN — R is a potential function satisfying the following.

V) ian V(x) = Vp > 0 and for any M > 0, there exist r > 0 such that:
xeR

lim meas{x € RN : |x —y| <7, V(x) < M} =0.
|y|—=+c0

Additionally, we suppose that the function f € C! (R, R) verifies:
(f1) f(t) =o(tN)ast — 0;
(f2) % =0;

lim fo+2
[t|—+co tN—2

(f3) @ is increasing on (0, +o0) and decreasing on (—c0,0);

(f4) f(t) is increasing on R.

Furthermore, we assume that the function ¢ € C(R, R) satisfies the following.

(g1) g(t) =o(t)ast —0;

(¢2) lim @ = +oo0.
[t]— 00

It is worth mentioning that, here, ¢ maybe critical or supercritical.

In the past decades, many scholars have studied the existence of nontrivial solutions

for the Kirchhoff-type problem:
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{ —(a+b [ps |[Vu|>dx)Au+ V(x)u = g(x,u), in R?, @

u € HY(R3),

wherea >0,6>0,V: R3 > Risa potential function and g € C(R3 x R,R). Problem (2)
is a nonlocal problem due to the presence of the term b [i,; | Vu|*dx, which causes some
mathematical difficulties but, at the same time, renders the research problem particular
interesting. This problem has a profound and interesting physical context. Indeed, if we
set V(x) = 0 and replace R? by a bounded domain QO C R3 in (2), then we obtain the
following Kirchhoff Dirichlet problem.

—(a+b [ |[Vul?dx)Au = g(x,u), x€Q,
u=20 x € 90

It is related to the stationary analogue of the equation, as shown as follows:

?u ,p0 E L ou Pu
o5~ (0t 5p | I5elan5a =0

which was proposed by G.Kirchhoff as an extension of classical D’ Alembert’s wave equa-
tions for the free vibration of elastic strings. Kirchhoff’s model takes into account the
changes in the length of the string produced by transverse vibrations. J. L. Lions soon
completed the pioneer work. He introduced a functional analysis approach. Since then,
Kirchhoff equations have attracted the attention of many researchers. The works include
Readers can see [1-11] and the references therein. Unfortunately, most of the studies
assume that the growth condition and the Ambrosetti-Rabinowtiz condition are satisfied.
On the bright side, in [4], Guo studied the following Kirchhoff-type problem.

—(a+b [ |Vu|?dx)Au+ V(x)u = f(u), in R3, 3)
u € HY(R3).

He proved the existence of a positive ground state solution to (2) without any (A-R)
type condition. Furthermore, in [10], the authors obtained the existence of a nontrivial
solution for the following Kirchhoff-type equation.

—(a+b [ |Vu|>dx)Au+ V(x)u = [u|P2u+ Af(u), in R3, )
u € HY(R3).

In [10], there is no Ambrosetti-Rabinowtiz and no growth condition. Moreover, their
conclusion holds for general supercritical nonlinearity.
On the other hand, whena =1, b = 0 and f = 0, the Equation (1) reduces to:

— Au+V(x)u = (I * |u|P)|ulP~>u, (5)

which is called nonlinear Choquard type equation. Its physical background can be found
in [12] and the references therein. Furthermore, readers can investigate [6,13-20] for recent
achievements.

Motivated by the works mentioned above, especially by [10,21,22], we consider the
combination of the two types of Equations (4) and (5) and extend to the general convolution
case in RN. In our paper, we obtain the nontrivial solution of Equation (1).

The main outcome of our investigation is as follows.

Theorem 1. If (V), (f1)-(f4) and (g1), (g2) hold, then problem (1) has at least one nontrivial
solution for A small.

For the convenience of expression, hereafter, we use the following notations:
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X := {u € H(RN) o Jrn V( 2dx < oo} is equipped with an equivalent norm
[ull = [fen (alVul? + V (x)u )dﬂ ;

e L5(RN)(1 < s < ) denotes the Lebesgue space with the norm [u|s = ([pv [u]*dx)1/s;
e Foranyu € H'(RN)\ {0}, u; is denoted as follows.

Lo t=0,
T VE(E), >0,

e TForanyx € RNandr > 0,B,(x):={y e RN : |y — x| < r};
C,C1,Cy, ... represent positive constants that are possibly different in different lines.

Remark 1. According to the condition (V) and [23], X < L"(RN) is compact, r € [2,2*), where
2% = 2N if N > 3and 2* = 0 if N = 1 or 2.

2. Preliminaries

In this section, we will provide the revised functional and some lemmas. Notice that
there is no growth condition and no Ambrosetti-Rabinowitz condition and so we require
the cutoff function.

According to (g2), we have g(M) > 0 as M > 0 large and so we define the cutoff
function as follows.

q(t), 0<t<M,
hav(t) =< CytP~1, t> M,
0, t<0.

Here Cp = pr 2, 2 < p < 2*. Since g € C(R,R), hy, is also continuous. Moreover, by
(g1), hy satisfies the following.

(h1) hy(t) = o(t) ast — 0;

(h2) lim 21 — 4o where Hy(t fo ha(s

(h3) |har(£)] < Chylt| + Caa|£]P~L, where C), = tén[oa% M;

(h4) there exist § = §(M) > 0 such that thy(t) — 4Hp(t) > —6t%, > 0.

Next, we first consider the following revised problem.

—(a+ b/RN IVulPdx)Au+ V(x)u = (I * F(u)) f(1) + Mipg(ut), x in RY,  (6)

Problem (6) has a variational structure, i.e., the critical points of the functional I iVI :
X — R is defined as follows:

b 2
2 2 2 2
M(u 2/ a|Vul* 4+ V(x)u ]dx+4</RN|Vu| dx>
. @)
5 RN(LX « F(u))F(u)dx — A/RN Hpy(u)dx, u € X
which are weak solutions of problem (6).
It is obvious that I is of class C! and the following is the case.
M/ _ 2

(I (u),0) = /RN[aVuVU—I—V(x)uv]dx—b—b/RN |Vul dx/]RN VuVodx (8)

- /RN(I,X « F(u)) f(u)odx — A /RN T (1) o,

Lemma 1. Assume (f1)—(f4) are fulfilled, then we have:
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(1) forall e > 0, thereis a Cc > 0 such that |f(t)] < e|t|N + Cg|if|§%22 and |F(1)] <
elt] "N + Celt| ¥

(2)  forall e > 0, there is a C; > 0 such that for every p € (2,2%), |F(t)| < s(|t|N§7a +
p(N+a)

N5 + Celt| "N and |F(1)|F5x < e(|t2 + |¢{¥°2) + Ce|t]P;
(3)  foranys #0,sf(s) > 2F(s) and F(s) > 0.

Proof. One can easily obtain the results by elementary calculation. [

Lemma 2. (Hardy-Littlewood—Sobolev inequality [24]). Let 0 <« < N, p,g>1and 1 <r <

s < oo be such that
1ol w11
p g N r s

(1) Forany f € LP(RN) and ¢ € L1(RN), one has

z| =

f(x)g(y)
Jos S T x| < CN,, p) a1
(2)  Forany f € L'(RN) one has

Iy s

< C(N, &, 1) fll ey
Ls(RN)

Remark 2. By Lemma 1 (1), Lemma 2 (1) and the Sobolev imbedding theorem, we can obtain the
following.

In * F(u))F(u)dx| < C|F(u)>
[ (e FG)) F(u)| < CIF(0)Py
e 1R
< c{/ (Ju "5 + |u|%+g)1\’+"‘dx}
RN ©)
N;;zx
<c| [, (uf+ ) )ax]
RN
2N+2u 2N+2«
S C(llul =N 4 [uf =27
3. Variational Formulation
In this section, we will prove the following results.
Lemma 3. IY!(u) satisfies (PS) condition.
Proof. Let {uy,} be (PS). sequence of IM(u). Then by (h4) we have the following.
et o(W)lunll > 41Y () — (1) (1n), 11n)
= [ a1V Ve Pl + [ (Lax () [F )t = 2F ()]l +A [ (s — 4Hpg ()]l W

> /RN [a|Vu, * + V(X)‘un‘z]dx+/\'/w\, [ ()1t — 4Hpg (1)) dx
> /]RN [ Vttn)? + V()| un|?]dx — )\'/RN 0lu; Pdx.
Here u;} = max{uy,0}, u, = min{u,,0} and u, = u;} + u,, . If {u,} is unbounded,

i.e., [[uy| — oo. Letv, = ﬁ, then v, = v;f + v,; and ||v,|| = 1. Thus, we can obtain the
fact that there exist a v € X such that:
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vy —vin X,
v, — vinL5(RN), Vs € [2,2%)
vy — v a.e.on RV,
and
v, = vt in X,
v, — ot inL3(RN), Vs € [2,2%)
v, — vt ae. on RN,

By (10) we have the following.
0(1) > [oa]|? — A0 /RN o7 [2dx = 1 — A /RN o+ [2dx + 0(1).
Therefore vt # 0. By (10) and (IM) (1) — 0, we have the following.

A ), )
W =T

2 2 —4 hw ()t 14
—o(l)+b</RN|an| dx) P /RN(Ia*P(un))f(un)undx—/\/RN el (1)
2
B () u,t
2 M +14
§0(1)+b</RN|VUn| dx) —A RNW|U;1| .

It is obvious that u;} = v} ||u,|| — +o0a.ex € {x € RN : v;f (x) # 0}. Together with
(11) and (h2), we have 0 < —oo, which is a contradiction. Therefore, {u,} is bounded in X.
Then, by standard methods we can obtain the convergence of {u,}. O

Lemma 4. The functional IQA possesses the mountain-pass geometry, i.e.:
(1)  There exist p,5 > 0 such that IM > & for all ||u|| = p;

(2)  There exist e € H'(R3) such that |le|| > p and IM(e) < 0.
Proof. (1) By (h3) and Lemma 1, we have the following.

2N4-2a 2N+2a«

1V () > Cullul|? = Collae N + [fuef N=2) — Celfu]|P.

Thus, there exist p, 8 > 0 such that I} > ¢ for all ||u|| = p > 0is small enough.
(2) We freely choose u € C3°(R?), then we can obtain:

2
tNJrIX

2

atN-1 fN+1 p2N—2 2
M(uy) = / |Vul>dx + 7/ V(x)u?dx + / |Vul>dx
RN 2 JRrN 4 RN (12)

[ (ox F(/i) E(Vi)dx = A /RN Ha(vVEu)dx — —eo,

ast — +oo.
Note the following.

s ||* = atN 1 /]RN |Vu|2dx + tNH /]RN Veor2dx.

Thus, in taking e = tou with ty > 0 large, we have |le|| > p and [M(e) < 0. O

Remark 3. Now we can define the mountain-pass level of IM:
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M : M
¢y = inf max I ) >0,
A vel'te[0,1] A (7( ))

where: T = {7y € C([0,1], X) : 7(0) = 0, IM(~(1)) < 0}. Then, according to [25] and Lemma 3,
IM has a critical point uy with I} (uy) = M.

4. Solution for Equation (1)

In this section, we prove the main theorem. By the similar Moser iteration Lemma
in [21,22], we only need to prove the following lemma.

Lemma 5. There exist two constants B, D > 0 independent on m such that |ug|es < B(1+ A)P.

Proof. Similar to (10), we can obtain the following:

4cht = 41y (ug) — ((13") (uo), uo)
—/ (2 Vito|? + V (x) g2 dx—i—/ Ia*F(uo))[f(uo)uo—ZF(uO)]dx—F)\/RN[hM(uO)un—4HM(u0)]dx

_/ [ Vito|? + V(x) |uo 2 dx+A/ [ (140 ) ko — 4H g (110)]dx

/ [ Vito|2 + V(x) g 2 dx—A/ 6|ug Pdx.

(13)

V

then, by similar argument as the proof of Lemma 3, we can know that ||u]| is bounded
and that there exists Q > 0 such that ||up] < Q.

Next, set T > 2, r > 0 and ﬁg := b(up), where b : R — R is a smooth function
satisfying b(s) = s for |s| < T —1, b(—s) = —b(s); b/(s) = 0 fors > T and ¥'(s) is
decreasing in [T — 1, T]. This implies the following;:

g = uo, for |ug| < T -1,
iy = |b(uo)| < lugl, for T—1<Jup| <T,
i = Cr >0, for |ug| > T,

where T —1 < Cr < T. Moreover, one can easily obtain the following.

sb'(s)
b(s)

Let ¢ = ug|i]|*. Then ¢ € X, hence by taking 1 as the test function, one obtains the
following.

0<

<1, Vs #0.

/RN(I,X « F(uo)) f (1tg) pdx +A/ i (i) pdx

(14)
= a/ VM()VI/JdX—Fb/ |Vuo|2dx/ Vuovwdx+/ x)ugpdx.
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Note that the following obtains.
/RN VioVipdx

> [ QP VuoPdx+ [ ¥ Vuoldx
[1o|<T—1 |ug| =T
+ 18 2+ 2ruagb (o)t (o) [ 2] [ Vo Pt

T—1<|up|<T

2/ |uT|2’\Vu0|2dx+/ 1T [2| V| 2dx

[ug|<T—1

+ 11 + 2ragb(un) ()| 2] Vot
T—-1<|up|<T

o1
“+r?

+ 1f 2+ 23 (8 (o) ] 2] Vo Pk
T—1<|up|<T

Sz | V0@ IPax+ [ (9luo(af) )

|ug|>T

1
2= \Y 70)1712d / v iTV1124
o /\uo|§T71| [uo(11p)"]|°dx + Iuo\ZTl [uo(i1g)"]|*dx
! all> r 2T 2r—2:| 2
T2 2rug (b’ d
+/T 1<|u0<T[(1+7’)2| T 2ol (o)l 7 | [Vuo Fdx
1
e /\ oy | V()] Pdx + / [V [uo ()] P
o|<T—

1 2
b2r \V4 2 \V4'4 2]
+ /T—1<|uo\<T [(1 + 1’)7- (110) | Vuso|” + (1 4 ) ”0| (uo)|

1
>__ - v ~T\r 2C1 / v ~T\r Zd
> /\uolgT—1| o) Pdx+ [ Vluo(ag)] Pdx

2Cq / 2r 2 2 r 2
5 b \Y Vb d
(1+7)2 Jr—1<|ug|<T [0 (10) Vol + g VI (o) ) lx
1

>—— v 15! +/ 1)) *d
“(1+71)? /\uOIST 1| o '] Pdx Juo]> T Vluo(iig)"]Pelx

G / ~T\r1 12
—_— \Y% M4d
+ (1472 Jr- 1<|u0\<T| oo '] "dlx

> e o | V() )P

Hence, by (14), we obtain the following.
[ (e Lol ol Pt + 2 [ s (oo f
R

C
> g [ IVl )P [V oluoflaf e

For any ¢ > 0, by properties of 7}, and hy;, there exists C; > 0 such that:

+2a 2N+2a

+ Jul V) < Mo.

e # Fuo)) f (o) o el < Ty [ (1 » Flu)) f (wo)odx < Ta((Ju] “

where T, T, and My are positive constants and the following applies.
[l (8)] < Chlt] + Calt*

For all t € R. Therefore, for fixed A > 0 and small € > 0, we can deduce the following:
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T o [Vl P

< /RN(Ia*F(uo))f(uo)u0|ﬁg|zrdx+/\/RN hM(uo)uo|ﬂg|2’dx—/RN V() |20 2 dx
<M+ ./RN Voluo 2l |7 dx + AC /RN ul | Prdx — /RN Voluo[2|al |2 dx
<@ +A)C/RN ublad ¥ dx.

Notice that the following is the case.

2
C2 * 2 2 C1 -
g [l P ax] T < S [ ()P

Consequently, the following is obtained.

2
5%

{/R | |l [ dx} < (14+A)C(r + 1) /RN W2 |l 7 dx.

Takerg > Oand 1, = ro(%)F = r,_; - % Then,

| ool 15 |
R

1
_1 " 2ry_
< [V1+AVC(rq +1)] 1 {/N |uo|? |ﬁg|2rk1dx} o
R

1
2y

IN
=

[TVTTAVEl+ )% | [ ol af Pocy] ™ 5)

T
- O

=

1
; 20
)% TIVEG+ 017 | [ ol o] ™

i=0

-

Il
=
;_\
+

>

T
»—lO

€1

1
1+/\ 2r; p{ Z —ln 7’1 +1)]} |:/1‘{N |u0|2 |ug|27’0dx:| .

(=)

Notice that the following is the case:

N-2

N
[/RNluolfwg |2’0"”N2d"]

< Clro+ 102 [ ol | rodx

SCOo1 [ ol laf Podx
up(x)|<p

2 N-2

. O\ N w

C(ro+1)2(/ |lug|? dx) (/ o) | |70 N= 2dx> :
luo(x)]2p ~

Take p > 0 to be such that:

C(r0+1)2(/ |u0|2*dx> <
|ug(x)[2p

2z

N —
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Then the following obtains:

N-2
* T *
[/ lug|*" |l | N= N2dyx < C(ro +1)2/ lup|? |ad [*odx < C.
RN o (x)|<p
Set the following;:
dy = [TIVC(r; + 1)) = exp{ Z—ln C(ri+1)]}
i=0 i=o Ti
and:
= 2+ 2 13
= [T+ 0% = (10w E

i=0

2*
Then dy — des ask — oo and e — €0 = (1 + A) 27220 as k — oco. By (15), we know
that the following is the case.

1
. 21
[ ol a8 ]

< dyey [ /RN ”02*|ﬁgzr0dx]

1
2rq

(16)

2

< dkek[(/RN |u0|2*dx)ﬁ

1
2rg

21T 2oz d) N
([ Il |32 ¥2dx)
1
* Nrg
< Cdkek< / g 2 dx> < Cdyey.
RN
From (16), by Fatou Lemma with T — +oo, one has the following.

2% 421
2r
l10]5+-5,, < Cyey.

Consequently, let k — co and we obtain the following:
Uugloo < Cdostoo = Cdoo(1+A) @270 := B(14A)P,
where B > 0 and D > 0. Thus we complete the proof. [

Proof of Theorem 1. By Lemma 5, for large M > 0, we can choose small Ag > 0 such that
oo < B(1+A)P < Mforall A € (0, Aq]. The consequence uy is also a nontrivial solution
of Equation (1) with A € (0, Ag]. Thus, we complete the proof. [J
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