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Abstract: In this paper, we defined a new class of A-pseudo-Bazilevi¢ functions of complex order
using subordination. Various classes of analytic functions that map unit discs onto a conic domain
and some classes of special functions were studied in dual. Some subordination results, inequalities
for the initial Taylor-Maclaurin coefficients and the unified solution of the Fekete-Szeg6 problem
for subclasses of analytic functions related to various conic regions, are our main results. Our main
results have many applications which are presented in the form of corollaries.
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1. Introduction

Bazilevi¢ [1] introduced the class B(t, {, g) of functions which is defined by the integral:

1+ig

z _ itg e e P
1@ = Sy fy v =0 (55), i man |

where p € P, and P is the class of analytic function with a positive real part, and
g € 8*, where §* is the well-known class of starlike function in the open unit disk
U = {ze€C:|z|] <1}. The numberst > 0 and ( are real and all powers are chosen
so that the function remains single valued.

Other than the fact that B(¢, {, ) is univalent, we have little or no information on this
family of functions. However, for some special cases, for example, if { = 0 and g(z) = z,

2(2)

we obtain the well-known class B(#) which satisfies the condition Re W >0,zel,
z

where f € A, and A is the class of analytic functions in U having a Taylor series expansion
of the form:

flz)y=z+ i 4z, z e U. 1)
k=2

For 0 <y < 1,let S*(y7) and C(1) denote the classes of starlike functions of order y and
convex functions of order 1, respectively. Babalola [2] introduced the class of functions £, (77),
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the so-called A-pseudo-starlike functions of order i as follows: a function f € A is said to be
in £)(n7), with0 <5 <1, A > 1, if and only if it satisfies the inequality:

2(f'(2))"
k)

If 7 and ¢ are real numbers such that 0 < # < 1 < 8, let S(5, 9) denote the class of
functions f € A satisfying the inequality:

>y, ze U

zf'(2)

<9, zel. ()
f(2)
The class S(77, ®) was introduced and first studied by Kuroki and Owa [3].

For f € Agivenby (1) and 0 < g < 1, the Jackson’s g-derivative operator or g-difference
operator for a function f € A is defined by (see [4,5]):

7 < Re

“ufte) {%0))' f(g2) e 3)
af(2) =4 f(2) - flaz) .
=gz fz #0.

From the (3), if f has the power series expansion (1), we can easily see that

Dyf(z) =1+ OZOL [k]gaxzk1, for z # 0, where the g-integer number [k|, is defined by
k=2

1-q’

and note that lir? 9,f(z) = f'(z). Throughout this paper, we let denote:
q—1
([Klg)n := [klglk +1]4[k +2]4... [k 4+n —1],.

For the function f € A given by (1) and € A of the form h(z) = z + Y Oz, the
k=2

Hadamard product (or convolution) of these two functions is defined by

H(z):= (f*h)(z) =z + i 10z, z € U. 4)
k=2

Throughout our present discussion, to avoid repetition, we will assume that
—1 < B < A <1, and O # 0 may be real or complex numbers.

For the functions f and g that are analytic in U, we say that the function f is subordinate
to g if there exists a function w, analytic in U with w(0) = 0 and |w(z)| < 1, z € U such
that f = g o w. We denote this subordination by f < g or f(z) < g(z). In particular, if the
function g is univalent in U, the above subordination is equivalent to (see [6,7]) f(0) = g(0)
and f(U) c g(U).

Ma-Minda [8] considered that a given function 1 is an analytic function such that:

(i) Reyp>0,0;

i) (0) =1, ¢'(0) >0;

(iii) ¥ maps the open unit disc U onto a starlike region with respect to 1 and symmetric
with respect to the real axis.

They also assumed that ¢(z) = 1+ L1z + Lyz? + ..., with L; > 0, and introduced
and studied the following subclasses:

S* () == {f cA: ZJJ:;(Z';) =< 1/7(2)}
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and:

— )
C(y) := {f eA:1+ ) =< zp(z)}.

By choosing ¢ to map the unit disc onto some specific regions like parabolas, cardioid,
lemniscate of Bernoulli, Booth lemniscate in the right-half of the complex plane, various in-
teresting subclasses of starlike and convex functions can be obtained. For -1 < B < A <1,
we denote by S*(A, B) and by C(A, B) the class of Janowski starlike functions and Janowski
convex functions, defined by

zf'(z) - 1+ Az
f(z) 1+ Bz’

S*(A,B)::{feA: —1<B<A<1},

and:

C(A, B) := {feA;1+Zf/(Z) ~ 14+ Az

—1< <
f(z) 1+ Bz’ 1_B<A_1}'

respectively.

Motivated by the definition of A-pseudo-starlike functions and unified subordination
condition, we now introduce the following the class of functions:
%,A >1,0<B<1,t>0,v€C\{0}and H = f +h defined
as in (4), we say that the function f belongs to the class PS" (a, B; 7v; ¥; h; A, B) if it satisfies the
subordination condition:

T
Definition 1. For -5 <a<

1+ ©®)

1+itana 2V HH (2) (A+1)y(z) — (A-1)
1—t = ’
v [(1—B)H(z) + B (B+1)y(z) —(B—1)
where <" denotes subordination, P € P, and P (U) is the convex domain, while  which has a
power series expansion of the form:

(z) =1+ Liz+Lyz? + 1328 + ..., z€ U, L1 #0, (6)

: B—-1
with |P(z)] < ’B—i—l forallz € U.

Remark 1. Since [p(z)] < ‘51‘ for all z € U, we note that the function P(z) :=

(A+1)p(z) - (A1)
(B+1)ip(z) — (B—1)
above definition, the function 1 is assumed to be convex since most of our main results require that
the superordinate function P should be convex. However, we showed some applications where this
condition could be relaxed.

is analytic in U and can be expressed in power series in U. In the

Definition 2. For—g <a< g,)t >1,0<B<1,t>0,v€C\{0}and H = f «h defined

as in (4), we say that the function f belongs to the class SZ(t,' a,B; v h, A, B) ifit satisfies the

subordination condition:

1+itana 2D H(2) (A+1)
]14 -1 <

v [(1—B)H(z) + Pz

1+

where p(z) = 11—+qzz' q € (0, 1), satisfies the condition |p(z)| < ‘g: forall z € U.
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Remark 2. Since p(—1) =0, p(1) = iq > 1,and p(z) = p(z), z € U, it follows that the

circular transform p maps the unit disc U onto the disc with diameter [0; 1} and symmetric

,z € U, holds if

B-1
with respect to the real axes. Therefore, the above assumption |p(z)| < ‘B+1

and only if:
2
1—gq

B—1
< | =1
~— |B+1
(A+1)

We also note that under this assumption, the function Q(z) := B+ 1)2 @ = (-1

analytic in U hence it can be expressed in power series in U.

Remark 3. Several well-known classes can be seen as special cases of the class
PS' (a,B; v; ¥; h; A, B) defined above (see also [9-11]). Now, we highlight only the recent
works which are associated with a conic region:

(2)k1 &

(i) Ifh(z) =z+ OZOJ 25,0 =Bp=t=0v7=1+0i, A = 1and choosing (z) =

k=2 (1)5—1
1+ %log 1j é , the class PSBL(zx, B; v; ¥; h; A, B) reduces to the class UP[A, B]
introduced and studied by Malik et al. [12].
(ii) It can be easily seen that with the choice of h(z) = z + kOZ:jz ((ZZ;:_i ¥, we get:

(PS03 1,-1)] i = MEE ),

(=

where MLy (B; ¢) is the class recently introduced and studied in [13]. Note that the function
Y(z) = z+ V1 + 22 is starlike but not convex in U.

Remark that, by the definition of the subordination, a function H € A is said to be in
SK(t; «, B; v; h, A, B) if and only if there exists a function w analytic in U, with w(0) = 0,
and |w(z)| < 1forall z € U, such that:

1+ 1+itana 2D H(z) 4l - (A+1Dw(z) +2+ (A —1)qw(z) @®)
T A pHE) £ s Bt Dwi) +2+ (B-Dge(z)’

where g € (0, 1).

2. Preliminaries

In this section, we state the results that would be used to establish our main results
which can be found in the standard text on univalent functions theory.

Lemma 1 ([14] (p. 56)). If the function f € A given by (1) and g given by

gw)=w+ i bk )
k=2

are inverse functions, then the coefficients by, for k > 2, are given by

kay 1 0 . 0
1 2kas (k+1)ay 2 e 0
by = (_1]()' 3kay (2k +1)as (k+2)ay . 0 ) (10)
! . . . (k—2)

(k—Dkap  [k(k—2)+1ac s [k(k—3)+2ap o ... (2k—2)ap
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Remark 4. The elements of the above determinant (10) are given by

A= JE=j+ Dkt j=1]ai o, fit12],
ol ifi+1<].

Lemma 2 ([7] (p. 41)). If p(z) = 1+ OZO‘, przk € P, then |py| < 2 for all k > 1, and the
k=1

inequality is sharp for py(z) = %, Al < 1.

Lemma 3 ([8]). Ifp(z) =1+ ofj pez* € P, and v is a complex number, then:
k=1

‘pz - vp%‘ <2max{1;|2v —1|},
and the result is sharp for the functions:

1+z 1+22
pl(z)fE and Pz(Z)—l

— 2
Lemma 4 ([15] (Theorem VII)). Let f(z) = % axz* be analytic in U and g(z) = f byz* be
k=1 k=1
analytic and convex in U. If f(z) < g(z), then |ax| < |bi| fork =1,2,....

Lemma 5 ([6] (Theorem 3.6.1)). Let the function q be univalent in the open unit disc U and

6 and ¢ be analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

Q(z) = zq'(2)¢(4(2)), k(z) = 0(4(2)) + Q(2). Suppose that:

1. Qs starlike univalent in U, and

zk'(z)

Re
Q(2)

If

>0, forz € U.

0(p(2)) +zp'(2)9(p(2)) < 0(q(2)) + 24" (z)¢(q(2)),
then p(z) < q(z) and q is the best dominant.

3. Conditions for Starlikeness Using Subordination

In [6], the author presented new results in the theory of differential subordination
with detailed proof. Motivated by the results presented in Chapter 4 of [6], we obtained
the following result:

Theorem 1. Let the function { € A be chosen such that the function:

(A+Dy(z) - (A-1)
(B+1)p(z) - (B-1)

g(z) ==

is convex univalent in U, with:
Reg(z) >0, z e U. (11)

If the function H = f x h € A satisfies the conditions:

H'(z) #0, z € T, (12)

Hiz);élfﬁ,zeU, (13)
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then:

1—|—itan¢x[ AH[H! (z)]A 1 _1]X
[(1-B)H(z) + 2]

Y
{2+1+itanoc[ 2V HH (2) S
v [(1—B)H(z) + pz)'
HE—1) (1-B)zH'(z) +pz | 2" '[H' (@] [(1 - 1) + A[H'(2)] 'zH"(2)]
(1-pB)H(z) + pz Z-HH! (2)] — [(1— B)H(z) + Bz)' "

_(1=0)[A~B)H(2) +p2]"'[(1 ~ B)zH'(2) + pZ]
2 HH! (z)]M — (1 - B)H(z) + pz]' ™

where k(z) := g(z) +z¢'(z), implies f € PS(a, B; 7; ¥; h; A, B). Moreover, the function g is
the best dominant of the left-hand side of (5).

+1<k(z), (14)

Proof. If we define the function p by

by 1 LHItNG [ A-H[H! (z)]A

7 [(l—ﬁ)H(ZHﬁZ]“_l]'Z v

then we form the assumptions (12) and (13), from which it follows that p is analytic in U.
By a straight forward computation, we have:

() = [pe) -1 - ) LB B

2 HH (2)]M[(1— ) + A[H' ()] 'zH" (2)]
21 [H (2)]" = [(1— B)H(z) + 2]
_(1=H[1=B)H(z) + 2] '[(1— B)zH'(z) + B2

2 [H (2)]} = [(1 - B)H(z) + pa]' ’

and thus, the subordination (14) is equivalent to:

p*(z) +zp/(z) < k(2). (15)

+

Setting:
0(w) :=w? and ¢(w):=1,

then 0 and ¢ are analytic functions in C, with ¢(0) # 0. Therefore:

Q(z) = z8'(2)9(8(2)) = z8'(2)

and:
k(z) =0(3(2)) + Q(z) = 8*(2) +28'(2),
and using the fact that g is a convex univalent function in U, it follows that:
2Q/(2) ( zg”(z))
Re =Rell1l+ >0,ze0,
Q(z) §'(2)
Q'(0) = ¢'(0) #0,

hence, Q is a starlike univalent function in U. Furthermore, the convexity of g together
with the assumption (11) implies:

zk'(z)

R0

= Re (Zg(z) +14+ Zg;i?) >0,z€0U,
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Since both of the conditions of Lemma 5 are satisfied, it follows that (15) implies
p(z) < g(z), and g is the best dominant of p, which prove our conclusions. [

Similar subordination conditions can be established for the class SZ (t; o, B; 7v; h, A, B),
and here we choose to omit the details of the proof.

1+z

Theorem 2. Let the function p(z) = Ty

1 € (0, 1), be chosen such that the function:

is convex univalent in U, with:
Reg(z) >0, ze U.

If the function H = f x h € A satisfies the conditions:

D;H(z) #0, z € T,

@ + —1 f 5 zel,
then:
1+itarwc[ 2D H(z) ] _11 {2+1+itamxl 2D H(z) _11
v [(1-B)H ()+ 2" v [(1—B)H(z) + pz]'
(1 =B)zH'(z) + Bz HZ)M(1 —t) + A[DgH(z)] 1z(DH(2))']
e (T ) zﬂ@HU][wwm@+M“
_(1-8)[(1-PB)H(2) + Bz '([(1 - p)zH'(z )+ﬂZ])}+1<k(Z),
Z2D,H(z)] — [(1 - B)H(z) + Bz

where k(z) 1= g2(z) + z§/(z), implies f € S](t w, B; v; h, A, B). Moreover, the function g is
the best dominant of the left-hand side of (7).

Theorem 3. If the function H = f = h € A satisfies the conditions:

H'(z) #0, z € T,

@ 771 . priey
then:
ZHH (2)) AzH" (z) B _ (1-=PB)zH'(z) + Bz
[(1-p)H(z)+pz)' " L H'(z) sy <1 (1-p)H(z) + pz )
o FHEN g,
[(1—B)H(z) +pz]'
where:
K(z) = A272 —'El(iAB;)lj)Z—'— 1/ 1<B<A<1,
implies:
2 H (2)] 1+ Az

(1 p)H() 1o ¢ 1+B2

and this result is sharp.
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Proof. If we define the functions:
2 H' (2)]*
(1=p)HE) +pz "
then p is analytic in U, and g is a convex univalent function in U with Reg(z) > 0,

z € U. Proceeding as in the proof of Theorem 1, we can establish the assertion of the
Theorem 3. [

1+ Az
" 1+ Bz

(2) p(z) =

Ifweletp=t=0,A=1andh(z) =z+ ¥ zK, z € U, in the Theorem 3, we obtain
k=2
the next result:

Corollary 1 ([16] (Theorem 1)). If the function f € A satisfies the condition @ #0,z€0,
then

20 G

f(z) f(z)
where: -
k(z) = A2 +(1(iAB2>f)Z+1, ~1<B<A<]1,

implies f € S*(A, B).

Z44z+41
For A = 1and B = —1, the function k of Corollary 1 becomes k(z) = % =
1+ (1322)2 Ifz = ¢, 0 € [0,271], we get:
3
2sin” 5

thus, it follows that:
k(U)=D:=C\ {z €C:Rez< —%,Imz = O}.

According to the result of Corollary 1, in this present case, it follows that
f € 8*(1, —1) = §*. On summarizing, we obtain the following sufficient condition for
starlikeness obtained by Mocanu and Oros in [17]:

Example 1. If the function f € A satisfies the condition @ #0,z€ U, and:
A 1
D:=C\ {z €C:Rez< —E,Imz = 0},

then:

oo




9 of 24

Axioms 2021, 10, 86

For A = 0 and B = —1, the function k of Corollary 1 becomes k(z) =

z=1¢"9,0¢[0,27], we get:

k(z) ==
20
2sin* §
L L 6e0,2n]\ {n}
2tan?§  2tan§’ ’
Denoting:
1
u=——,
212
v = E teR
2t/ 4

and using the fact that k(0) = 1 it follows that:
k(U) = {w:u+iv€C:u> —202} = D.

That is, k(U) is the domain of C bounded by the parabola u = —2v? that contains the

point zg = 1.
Therefore, according to the result of Corollary 1, we have the following result:

Example 2 ([17]). If the function f € A satisfies the condition % #0,ze U, and:

D:= {w:u+iv€(C:u>—202},

then:
22f"(z) N zf'(z) eD= feS(1/2).

fz2) fz)
Corollary 2. If the function H = f « h € A satisfies the conditions:
H'(z) #0, z € T,
H(z) B
— #* — - ze U,

(1-p)zH'(z) + ﬁZ)

then:
ZHH (2)) AzH" (z) B B
A—pH@ +p L HE) ”<l (1= B)H() + b2

S L0 L B

+ -t
(1= B)H(2) + pz]
where § := 6(p) := u(3 — ) and 0 < u < 1 implies:
1t H’ A
2 IH @) =7 < 1+pz.
(1= B)H(z) + 2]
Proof. Ifwelet A = pand B = 0, with0 < p < 1,in Theorem 3, then k(z) = p?z% +3uz+1

For |z| =1, we get:
[k(z) =1 = pl3 + pz[ = p(3 — p) =: 6.
Since k(0) = 1, from the above inequality, it follows that 1 4+ 6z < k(z) and the result

follows from the Theorem 3. O
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Letting 8 =t = 0, A = 1and h(z) = z+ ¥ z¥ in Corollary 2, we have the next
k=2
special case:

Example 3. (see Corollary 4.3.2. in [6]) If the function f € A satisfies the condition @ #0,
z € U, then:

2f'(2) , 2/'(2)

fz) f(2)

where § := 6(p) := u(3 — ) and 0 < u < 1, implies:

zf'(2)
f(z)

For p = 1, the Example 3 reduces to the following result:

<146z,

<1+ pz.

Example 4 ([6] (Example 4.3.1)). If f € A, then:

zf'(z) @)\ zf'(z)
) <1+f’(z)> 1‘<2,26U$ ) 1'<1,Z€U.

4, Coefficients Estimates For the Functions of 'PSR(IX, B; v; ¥; h; A,B) and
S1(t; o, B; v h, A, B)

The class of all the functions of the class PSR(DC, B; v; ¥; h; A,B) are not univa-
lent, so the inverse is not guaranteed. However, since f/(0) = 1 # 0 for all f €
PSS\(zx, B; v; ¢; h; A,B) and f(0) = 0, there exists an inverse function in some small
disk with a center at w = 0 depending on the parameters involved.

Hereafter, unless otherwise mentioned —% << g, 0<A<1t>0andge (0,1).

Additionally, let ¢ := f~! defined by f~1(f(z)) = z, f(f(z)) = w be the inverse of
fand:

_ > 1
gw) =f Hw) =w+ Zbkwk/ |w| < ro, 1o > T
k=2

Furthermore, let © be the respective coefficients of z* in the power series expansion

of h, as it appeared in the definition formula (4).

Theorem 4. If the function f given by (1) and g given by (9) are inverse functions and if
fe PStA(oc, B; v; ; h; A, B), then for the coefficients of g = f‘l, we have:

|7|(A = B)|L4q]
b2l < S165TA + (D1 Bljseca’ (16)
and:
|L17](A - B) ,
53] < ST D 1 B)EsTeeea "L 2V 11} 17
with:
1 L\ | 29Li(A=B)BA+ (t—1)(1 - B)]Os
v=g|Brh +2<1 Ll) i ©2(1 + itanaw)[2A + (t —1)(1 - B)]?
JALA-BAR -1+ (- Da-pl+ - -D0-pY]

2(14itana)2A + (£ —1)(1 - B))?
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Proof. If f € PS tA(uc, B; v; ¥; h; A, B), then by the definition of subordination, there exists
a function w analytic in U, with w(0) = 0 and |w(z)| < 1,z € U, such that:

1+itana ZHH (2) (A+1D)yp(w(z)) — (A-1)
1+ 51 = ,zeU.
7 [(1-B)H(z) + Bz (B+1)¢p(w(z)) = (B—1)
Thus, let £ € P be of the form: £(z) =1+ OZO: pizk and defined by
k=1
1+ w(z)
Z(Z) - m, S U
A simple computation shows that:
tz) — Pz +pa2? 4 paz +
w(z) = 5 3
0(z) + 2+plz—|—pzz +p3z +...
! + _lp —pip2+ + eU
=3Pz P2 279 p3 — P1p2 4791 2+...,z€0,
and considering;:
(A+Dp(w(z)) — (A1)

[
(B+Dy(w(z)) — (B—1)
L1P1(A—B)Z+ (A-B)Ly [pz_p%((B+1>L1+2<1_E))]ZZJF.W
4

—14 1 7l
we have:
AHEP v {le(A— B)
(A-pHE+p"" IFitana 4
+(1“jf>L1{p2_pg<(B+l)lez( Ll)) zz—i—....},zEU (19)

The left hand side of (19) will be of the form:
U H (2)]

[(1-B)H(z) + 2]

H{Br+-D0-plowm

=1+ [Z)L + (f — 1)(1 — ﬁ)]@zazz

t—1)(t—2)(1—
+2A[A—1+(t—1)(1—ﬁ)}+( X 2)( B’ ]@2a2}22+...,z€U, (20)
where @ are the corresponding coefficients from the power series expansion of i, which

may be real or complex.
From (19) and (20), we obtain:

_ YL1ip1(A — B)
2= 40,(1 + itan;) [12)\ +(t-1)(1-p8)] @b
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and:
_ L1(A—-B)y 1 L
BT iA+itana)BA+ (f-1)(1—p)JOs |7* 2 (B+1hi+2{1 -1
JHAB IR 1 ()P D=0 o]
2(1+itana)2A + (£ — 1) (1 — B)]? !
From (10), we see that b, = —a,, and applying Lemma 2 for (21), we obtain the
inequality (16).
In addition, from (10), we have:
(=D)*] 32, 1 ) Y?Lip3(A — B)?
b3 = ' 6 4 = 2“2 — a3z = > ; 2
3! s 4a; 803(1 +itana)2[2A + (t — 1)(1 — B)]

Li(A - B)y 1 L
T oA e (G a2 )

LMA-B) AR -1+ (- 1)(1-p)+ (-1t -2)(1 ﬁ>2}>p21
2(1+itana)[2A + (t — 1)(1 — B))? !

~Li(A—B 1
B 4(1—0—itan1x)[31)t(+ (f—)Y)(l — B)]©3 [Pz ((B—I—l)Ll +2<1 — Ll)
LLA-B) 4D 1+ (=)A= P+ (- )(E-2) (1~ p)*)
2(1+itana)[2A 4+ (t —1)(1 — )]2
29L1(A - B)[3BA+ (t—1)(1 ﬁ)]@3> 2]
@%(1+ztanzx)[2)t+(t_1)(1_ﬁ)}2 P1|-

+

and using Lemma 2, we get (17), with v given by (18). O

Using a similar proof, we established the corresponding result for the class
Sg(t; «,B; v h, A B):

Theorem 5. If the function f given by (1) and g given by (9) are inverse functions and if f €
SK(t; a,B; v; h, A, B), then for the coefficients of ¢ = f‘1 we have:

[7[(A=B)(g+1)

|b2|—z|@2|{ 2 A+ (t—1)(1—pB)} seca’
and:
(ﬂl+1)|7|(A B) .
|bs| < 2{ P )}\®3|se max{1; [2v —1|},
with:

1
Vg P B e (A t—l)(l—ﬁ))z

+7(1+q)(A—B){(1+q)A[(1+q)( 1) +2(t—-1)(1-B)] + (t—l)(t—Z)(l—ﬁ)z}.
2(1+itana){[2JpA + (t—1)(1 - B)}*

29(1+q)(A—B){[B],A+ (t—1)(1 - p)} O3
(

Theorem 6. If the function f given by (1) and g given by (9) are inverse functions, and we let
H = f «h € Asatisfy the inequality:

(Bfl)/l(z)*(Afl)<19,ZeU,og;7<1<19, (23)

<R ) — (AT
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where:

L(z): =1+

1—|—itan1x[ ZHH () _1]
v la-pHE) +p ]

Then for the coefficients of the inverse function ¢ = f~1, where f satisfies the assumption
(23), we have:

[7[(A—B)(n —9) _m(1—1)
1b2] < T|@z|2A + (£ —1)(1 — B)] seca s n—29 "'
and:
(A~ B)(y — 8)sin ") n—9  m(l—p)
1ba] = 7t[3)»—|—(t—l)(l—/3)]|Cz)3|secocmax{l; T

B4l 27ti o (1l —mn) Z'y(A—B)[?)/\—l—(t—l)(l—ﬁ)}®32
n—10 n—0% = @2(1+itana)2A + (t—1)(1—B)]

+'y(A —B){4AA -1+ (t—1)1—B)]+ (t—=1)(t—2)(1 - p)*}
2(14itana)2A 4 (£—1)(1— ) '

Proof. From the equivalent subordination condition proved by Kuroki and Owa in [3], we
may rewrite the conditions (23) in the following form:

(B—1)L(z) — (A—1) n—9. 1—emi(=m/(=0) 7\
n <1+ p- ilog T =:T (2),

that is equivalent to:
(A+1)T(z) - (A-1)
O G T - (-1

ie, f e PSR («, B; 7v; T; h; A, B). Furthermore, we note that the function 7 given by

_ _2mi((1-n)/(1—8)
T(z)—1+;7nl9ilog<1 ¢ Z) (24)

1—z

maps the open unit disk U onto a convex domain and is of the form:

Ti)=1+Y Lk z €T,
k=1

— 9 i (1 — eZk”i((lfﬂ)/(’?*ﬁ))} k > 1. Substituting the values of L; and L, in

Theorem 4, we obtain the assertion of our theorem. [

where L = 1

Ifweleta =f=t=0A=7y=A=1,B=—-1landh(z) =z+ ¥ zF in Theorem 6,
k=2
we obtain the result obtained by Sim and Kwon [18]:

Corollary 3 ([18] (Corollary 1)). If the function f given by (1) and g given by (9) are inverse
functions and if f € S(n,9), with0 < n <1 < 0, is defined by (2), then:

2(p=0) . n(1—1n)
<
b2 T S n—10

and:

_ _ .1—
S EL Y 191'+<1+3'7 ﬁi)ezmvz‘}.
s s
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The impact of the well-known Janowski function:
T7(2) =1+ 2 (1og LEVE S ZeU (25)
M 7_[2 g 1 o \/E 7 7

was recently studied by Malik et al. [12]. Following the same steps as in Theorem 1 of [19],

we obtain: g 16
— 2
J(Z)—1+?Z+3?Z +,ZEU (26)
Replacing the values of L1, L, and L3 of Theorem 4 with the corresponding coefficients

of the power series (26), we obtain the next result:

Theorem 7. If the function f given by (1) and g given by (9) are inverse functions and if
fePS\(x,B; v; T; h; A, B), with J defined as in (25), then for the coefficients of ¢ = f~1,

we have:
4|7v[(A—B)

2|@,|[2A 4+ (t—1)(1 — B)] seca’
4/v|(A - B)

4 2
m2BA+ (t—1)(1— B)]|O3] seca max{l; 2 <B+1 B 6)
A= B){4AA -1+ (t-1)(1 - B)] + (t=1)(t—2)(1 - B)*}
2(14itana)2A + (£ —1)(1 — B))?

2y(A-B)BA+ (t—1)(1—-p)|O3
©2(1 + itana)[2A + (t — 1) (1 — B)]?

Ifweleta =f=t=0,A=y=1and h(z) =z + § (z)k_lzk,z € U, in Theorem 7,

k=2 (Dk—1

|bs| <

and:

|bs| <

we obtain the following result:

Corollary 4 ([12] (Theorem 4)). If the function f given by (1) and g given by (9) are inverse
functions and if f € PSY(0,0; 1; J; A, B), with J defined as in (25), then for the coefficients of
g = ffl, we have:

4(A—-B)

<
|b| < p

AP k=2 3.
-1y k=23

We need the following result to establish the coefficient estimate |a;| of the classes
PS?(&,[S; v ¥; h; A, B) and Sf(O; a,B; v; A, B).

(A+Dy(z) — (A-1)

_B+DyE - (B-1)

is defined as in (6). If p(z) = 1+ Y piz" is analytic in U and satisfies the subordination condition:
k=1

Lemma 6. Let the function P(z) := be convex in U where the function ¢

(A+1)y(z) — (A1)
P& = B )p(z) — (B-1)” @
then:
Ipel < 7|L1|(i_3), k> 1. (28)

Proof. If the function 1 has the power series expansion (6), then:

(A—B)Ly

e, U.
> zZ+ z e

P(z) =1+P(0)z+ - =1+
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Since the subordination relation is invariant regarding a translation, the assump-
tion (27) is equivalent to:
p(z) =1 <P(z) - 1.

In addition, because the convexity of P implies the convexity of P — 1, from Lemma 4,
it follows the conclusion (28): O

Theorem 8. Let f € PS(l)(a, B; v; w; h; A, B). Then:

|7/(A - B)|Lq]|
< =

jaa] < 2(6+1)|©,| seca 52
and: .

[7[(A = B)|Lq]| —

< — o=
|akH®k|_2(ﬁ—1+k) sec & 1+(1 :B)];S] Sk

fork > 3.

Proof. By the definition of PS?(&, B; v; ¥; h; A, B), we have:

1+itana zH'(z) }
1+ { 1] = p(z), (29)
v la-pHE T E T
where p(z) = 1+ E pxzk is analytic in U and satisfies the subordination condition:
k=

(A+ 1))~ (4-1)
P By - B

[0 9)

(1+itanw) kZ:[(/% —1) + k@ 2" = v
=2

. The relation (29) can be rewritten as

z+ i(l -B) @kakzk] (i pkzk>, zel,
k=1

k=2
and equating the coefficient of z¥, we get:

(1+itana) [(;B -1+ k]@kak
= Y[pr1+Pr2(1—B)O2az + -+ p1(1 — B) O 1, 1]

for k > 3, and for k = 2 we have:

(1+itana) (B+1)Ora = yp1.

It follows that:
|ax] O] < [ | |+k_22(1—l3)|@ illa—jllpjl |, k=3
kI Yk = [(B—1) + K seca Pk—1 = k—jllk—jlIPjl |, K =9
7l p1]
=,
a2/ 1€| (B+1)seca
and using (28) in the above inequality, it follows that:
[7(A—B)L4| v
< 1— ; ;
94184l < 5175~ 4 seca |2 T (1P ]; O]
[7(A = B)Ly| S
= 14+ (1— Oil|aj|| =:sk, k>3,
2[(B—1)+k] seca + 'B)];| jliaj =
A—
|a2| |®2| < h’|( B)|L1| =:5,,

2(B+1) seca
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which proves our conclusions. [

For the proof of the next result, we will use the well-known Parseval’s identity (see
also [20] (Theorem 15, p. 505)): if F and G are two square-integrable complex functions on

the interval [—7t, 7], with Fourier series F(x) = Y a,e™ and G(x) = Y. bye™™?, then:
n=—oo NnN=—0o0
(e8] _ 1 T .
n;wanbn =5 /_nF(x)G(x) dx.

Theorem 9. Let f € Sf(O; «,B; v; A, B), that is the class Sz(t; «,B; v; h, A,B) given by
Definition 2 for A = 1 and t = 0, then:

[7[(A—=B)(1+4q)
a2 < 2(B—1+[2];)|O;] seca’

and for j > 3 we have:

[7[(A-B)(1+9)

2(B+1) secu|®;]

2 (A= B)(1+g)y(1 - B) — (1 +itana)(B+ [k—1]; + 1)[B(1 +q) + (1 - q)]|
I 2(B+[k]g+1) seca

laj| <

. (30)
k=

Proof. From (8), we have:
2(1+ itanoc){z@qH(z) —[(1—=pB)H(z) + ﬁz}} =
{(A=B)y(1+)[(1-B)H(E) + 2]
—[B(1+9)+ (1 - 9)|(1+itana) [22,H(z) - [(1 - B)H(z) + 2] Jw(2),

hence:
Ii 2(1+itana) ([Klg + B — 1)a @y zF
=2
= {(4-Bprgzr L[0-pAa-p)+gn

~[BO+q)+ (1 - )] (1 +itana) ([K]; + B~ 1) | Oz ().

We will use the technique employed by Clunie which consists of breaking the sum-
=1 o

mation on the right side into two parts which are ), and }., and to observe that the
k=2 k=j
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multiplication by w(z) = ¥ wizk, [w(z)| < 1, |z| < 1, of the second sum gives terms with
k=2
exponents that exceeds j.
j o0
Y 2(1+itana) ([kl;+ B —1)a@z + Y 2(1+itana) ([k]g+ B — 1)a@2F
k=2 k=j+1

-1
- {(A—B)v(Hq)ZJrkZ (A=) a-B)(1+09)
=2
~[B(1+q)+(1—q)](1+itana) (K, + - 1)} G)kakzk}w(z)
+L[0-pA-Ba+an
=]

~[B(1+q) + (1= )] (1 + itana) [k + p— 1) | Ozt w ().
Rearranging the last summation, we can write:
i

Z 2(1 +itana) ([k]q + B - 1)le®k2k + Z dek
k=2 k=j+1

j—1
- {(A—B>v<1+q>z+k_22 [(1=B)(A=B)(1+q)y
~[B(1+g)+ (1 - )] (1 +itana) (g + B — 1) | Oumz* }o(z),
therefore:
j

Y 2(1+itana) ([k]; + B — 1) @@k + Y diz*
k=2 k=j+1

j-1
W(4-B) 1+t T {(1-BIA-B)1 49

—[B(1+q) + (1= )] (1 +itana) (K + B — 1) Oz |[w(z)].

The second series on the left hand side of the above equation is given by

i Azt = i 2(1+itana) ([k]g + B — 1)a;@2" — (i{(l—ﬁ)(A—B)(l—l—q)y

k=j+1 k=j+1 k=j

~[B(+q)+ (1 - )] (1 +itana) ([Kl; + B — 1) Oz ) w(z)

which is obviously convergent in U. If we let z = re'®, r < 1, since |w(z)| < 1,z € U, and
applying Parseval’s formula on the both sides of the above relation, then by letting r — 1~

we obtain:
asec?a ([jlg + B —1)%10;2ai? < (A~ B)*(1+4)%|y[?
j—1
+kz {l0=B)(A=B)(1+a)y+ (1 +itana)- [B1+q)+ (1 —)(Ky+p-1)[*
=2

—sectn (kg + B —1)° }Oulaif?, j = 2. (1)
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For j = 2, from (31) it follows that:

[v[(A—B)(1+q)
92l < S seca (B=1+ 2),)10a]

(32)

For j = 3, from (31) we obtain:
4sec®u ([8]g+ B — 1)@ 2|a3? < (A — B)*(1 + )2|7/?
+{|(1=B)(A=B)(1+q)7+ (1 +itana) - [B(1+q) + (1= )]([2]y + - DI’

—4sec®n ([2]4+B— 1)2}|®2|2|a2|2, j=2

Now, substituting in the right hand side of the above relation, the value of |a,|? with
its majorant given by (32), we have:

ssec? (8~ 1)@l < (4~ B2(1+ 9

+{](1 = B(A=B)(1+ gy + (1 + itana) B +) + (1~ q))([2)y + p ~ 1)

[71(A~ BY(1 + ) ]
dsec?w (B—1+1[2]4)%0:22]"

—4sec’a ([2];+ B — 1)2}\®2|2

that implies:

sl < (A-B)*(1+q)*v/ [1+
" 4sec?a (3], + B —1)°|@3]2

[(1=B)(A=B)(1+q)y+ (1 +itana) - [B(1+4) + (1= )] (123 +p— 1)’ _1}
dsec?a (B —1+[2]y)2 '

Therefore, (30) is true for j = 3. Following the same steps as in [21], we can prove the
assertion (30) of our theorem: [

Ifwetake A =1=17,t=8=0,h(z) =z+ ¥ 2k z e U,and g — 17 in Theorem 9,
k=2
we obtain the following result:

Corollary 5 ([22] (Theorem 1)). If f € A satisfies the subordination:

zf'(z) . 1+ Az
—1t
f(2) Hana = 1+ Bz’

(1+itana)

then: ,
e~ cosa — kB| -
k+1) =4

2 (A-B)
ol <1
k=0
where |a| < 711/2.

ForA=1-24,0<#% <1, B= —1and g — 1~ Corollary 5 reduces to the next
special case:

Example 5 ([23] (Theorem 1)). If f € A satisfy the inequality:

Re{ei"‘z}cég) } >ncosa, z €U,
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with |a| < 71/2, then:

e_i‘"coszx+k} .
> 2.
k+1 =22 (33)

=2 |72(1 —
o < 7 2=
k=0

The coefficient estimates of (33) are sharp.

Remark 5. Several well-known results can be obtained as the special case of Theorems 8 and 9, and
we refer to the papers [21,24] in addition to the references provided therein.

5. Solution to Fekete-Szeg6 Problem for the Functions of ’PSf\ («, B; v; ¥; h; A,B) and
S1(t; o, B; v; h, A, B)

We will give the solution of the Fekete-Szeg® problem for the functions that belong to
the classes we defined in the first section.

Theorem 10. If f(z) = z + apz? + azz> + - -- € PSi(a,B; v; ¥; h; A, B), then forall u € C,

we have:
|L1[(A = B)[7]

‘”3 _“”%‘ = 2BAF(t—1)(1 = B)]|Os] seca

where p is given by

max{1; [20 — 1]},

1 L\ prLai(A-B)BA+ (t—1)(1 - B)]|Os
P 4{(B+1)L1+2<1 Ll) " @%(l—i—itanoc)[Z/\—l—(t—l)(l—lB)]2
+7L1(A—B){4A[A—1+(t—1)(1—ﬁ)}+(t—1)(t—2)(1—ﬁ)2}}

2(14itana)2A 4 (£ —1)(1— B))? '

The inequality is sharp for each u € C.

Proof. If f € PStA(oc, B; v; ¥; h; A, B), in view of the relations (21) and (22), for 4 € C,
we have:

L1(A—B)y 1 L
4(1+itan1x)[;>)x+(t—l)(l—ﬁ)]®3 [”2_4<(B+1)L1+2<1_Lj)
+'YL1(A—B){4AM—1+(t—l)(l—ﬁ)]+(t—1)(t—2)(1—ﬁ)2}) 2]

. 2 P1
2(1+itana)2A + (t —1)(1 — B)]

B uY*L3pi (A — B)?

1602(1 + i tan a)2[2A + (£ — 1) (1 — B)]?

Li(A—B)y p? 1 ,(2L
41 +itanoc)[;>)\—|— (t—1)(1— p)]Os {”2 57 4’°%(L12 N
CLi(A-B){#AA -1+ (=11 - P+ (=1t -2)(1 - p)*}

2(14itana)2A + (£ —1)(1 - B))?
_mL1<A—B>[3A+<t—1><1—ﬁ)J%ﬂ‘
O2(1 +itana)[2A + (t —1)(1 - B)]?
2L,

|L1|(A = B)|7| 1
- 4secuc[3)\—11-(t—1)(1_/3)]|@3‘ 2+4|P1|2(‘M(B+1)L1

CL(A-B){4AA -1+ (F-1)(1 - B)]+ (t = 1)(t -2)(1 - B)*}
2(14itana)2A + (£ —1)(1 - B))°

2
‘03 —Wz’ =

(B+1)Ly
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—-2)]. &

_HYLi(A-B)BA+(t—1)(1 - p)|Os
@3(1 +itana)[2A + (t — 1)(1 - B))?

Denoting;:

Y = ZTL;Z—(B—Fl)Ll

CL(A-B){#MAA -1+ (-1 =B+ (t-D(t-2)(1 - p)*}
2(1 4 itana)2A + (t—1)(1 - B))°
_myLi(A-B)[BA+ (t—=1)(1 - B)|Os

©%(1 +itana)[2A + (£ —1)(1 - B)]?

4

if Y < 2, from (34) we obtain:

e |L1](A — B)|7| (35)

T 2BA+(t—1)(1—PB)]|O3] seca’

Further, if Y > 2, from (34) we deduce:

— a2l < £=2
2z W2’_2[3A+(t—1)(1—/3)]|®3|seczx , (BFDh

CYL(A-B){4AA -1+ (-1 -B)|+ (=Dt -2)(1 - p)*}
2(1+itana)2A + (t—1)(1 - B))°
). (36)

CprLi(A=B)BA+ (t—1)(1 - B)]®s
©2(1 +itana)[2A + (¢t —1)(1 — B)]?
An examination of the proof shows that the equality for (35) holds that if p; = 0,
1+ 22

then p, = 2. Equivalently, by Lemma 3, we have p(z%) = p2(z) = =2 Therefore, the

|L1|(A = B)9| (2@

extremal function of the class PSR(D&, B; v; ; h; A, B) is given by

L4 Ltitana l ZHH ()
— -
v -pHE) +p
Similarly, the equality for (36) holds that p, = 2. Equivalently, by Lemma 3, we

_(A+Dp(z*) —(A-1)
~ (B+Dp(A) - (B-1)°

have p(z) = p1(z) = % Therefore, the extremal function in PStA(zx, B; v; ¥; h; A, B)is
given by

1+

1+itan¢x[ dHEE
[(

v 1—B)H(z) + pz]'

and the proof of the theorem is complete. [J

Theorem 11. If f(z) = z + Mzt a3z 4 - € S)q\(t,' «,B; v; h, A,B), then for all u € C,
we have:

A-B)(1+
‘a3_ya%< (A=B)(1+4q)[7]

~ 2{BlgA+ (t—1)(1 - B) }|®s] seca max{1; |20 — 1]},
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where p is given by
py(A—B)(1+g){[8]A + (t—1)(1 - B) }©Os
(1+itana){[2J,A + (t — 1)(1 - B) } @3
Y1+ (A= B){(1+DAA+q) (A —1) +2(t = 1)(1 - )] + (t—l)(t—Z)(l—ﬁ)z}}
2(1+itana){[2],A + (t—1)(1 - B)}? '

=7 |BO+D+Bq)+

_I_

Proof. Using the definition of the quantum derivative, we can establish that:

1+itana [ 2D H () B 1] _ ltitana
v [[0-p)H(E) + 2

{2gA + (1 =1)(1 = B) }@aayz

+{{[3}qA+ (t=1)(1—B)}Oza3 + % [(1 +PAA+q)(A =1) +2(t = 1)(1 - B)]

+(t71)(t—2)(1—/3)2]®%a%}zz+... . (37)

Following the similar steps as in the proof of Theorem 4, we obtain:

(A+1w(z)+24 (A—1)quw(z) (14 4q)p1(A—B)

—1= z
(B+1w(z) +2+ (B—1)qw(z) 4
A-B)(1+ i
AR, Plipa g+ 3} |2+ 8)
and using (37) and (38) in (8), we obtain:

4y = 7(1+4)p1(A — B) (39)

4(1+itanw){2A+ (1—-6)(1—B)}O,

and:

_ (1+9)(A—B)y
4(1 +itana) {BlA+ (t—1)(1— p)}Os
Y1+ 9)(A—B){(1+qA[(1+q)(A—1)+2(t—1)(1—B)] + (t—1)(t —2)(1 —ﬁ)2}>pz} (40)
2(1+itana){[2]q?\+(tfl)(lfﬁ)}z i

as

[Pz—i<3(1+lﬂ+(3—7)

+

From (39) and (40), we deduce that:
e A G —pyes [~ 4 (B0 9+ G-
py(A—B)(1+q){[B]sA+ (t—1)(1 - p)}O3
(1+itana){[2]gA + (t —1)(1 - B) } O3
L+ g)(A- B){(1+gA[Q+q) (A1) +2(t—1)(1 - B)] er (t-1)(-2)(1 —ﬁ)z})p%] .
2(1+itana){2[;,A + (t—=1)(1—-B)}

o -

Now, following the steps as in the proof of Theorem 10, we can establish the assertion
of the theorem. [J
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Corollary 6 ([25] (Theorem 2.1)). If f(z) = z+axz*> +asz> +--- € 738(1)(0(, 0; v ¢ h1,-1),

/ z
where H(z) := ez erf(\/z) and “erf” is the error function erf(z) := \Zﬁ / exp(—tZ) dt,
m Jo

b

then for all y € C we have:

L, 9u(q+1)+10
L, 109(1+itana)
1 g(1+itana)

7

0L
q(1+¢q) seca

o - <
Proof. In Theorem 10 fixing p =t =0,A = A =1, B = —1, and letting:

= o 1)1
HE) = £ Y ar(VE) =2+ ¥, o a2 e,

where “erf” is the error function given in the assumption (see [25]) and we obtain our re-
sult. [

LettingAzl,B:—1,t:a:0,/\:1,h(z):z—i-knglgi_izk,zE[U,’yzl—i—Oi

and ¢(z) = z+ V1 + z2 in Theorem 10 we obtain the following special case:

Corollary 7 ([13] (Theorem 2)). If f € MLE (ﬁ; 2+ VIt zZ) (see Remark 3 (ii)) is of the
form (1), then for all u € C, we have:

1 L [(B=3)(1+B)b(c+1) +2u(2+ B)e(b +1)|
max{ / 2(1+ 2[b(c+1)] }

L
The inequality is sharp for each u € C.

For b = ¢, the above Corollary reduces to the next special case:

Example 6 ([13] (Corollary 1)). If f € ME([S,‘ z+V1+ 22) =MLY (/3, z+V1+ 22) is
of the form (1), then for all u € C we have:

1max{1. I(ﬁ—3)(1+ﬁ)+2y(2+ﬁ)l}
2+ 8 ’ 2(1+ B)? '

’03 - W%‘ <
The inequality is sharp for each u € C.

For ¢y = T, where the function 7T is given by (24), we have @, = A = v = 1. For
«=pB=t=0and A =1, B= —1, Theorem 10 reduces to the next result:

Corollary 8 ([18] (Theorem 5)). Let 0 < n < 1 < & and let the function f € S(n,?). Then, for
all y € C, we have

0—n . n(l—n)
_ 2| < n n
’113 yaz‘ < sin -
|1 PNl P 8 TN e A=
max{l, §+(1 2u) - z+<2 (1—2p) p- z)e ] }

Corollary 9 ([26] (Theorem 3.1)). If f(z) = z+ amz> + a3z +--- € S*(¢) and
(z) =14 L1z + Loz? + ..., with L1, Ly € R, Ly > 0, then for all u € C we have:

}.

L
L1+ =2 2uly
Ly

L
’a3 — ya%‘ < 71 max{l;
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The inequality is sharp for the function f, given by

z —
zexp/O Mdt, if ‘L1+%—2yL1’ >1,
1
f(2) 1 0 @)
zexp/ ———dt, if ‘L1+——2;¢L1’ <1
0 t Ly

Proof. In Theorem 10, taking A =1, B = -1,0, =A =7 =1landa =p =1t = 0we
obtain the inequality:
2 2 L1
o-w<{ 2
2

L
Ly + =2 —2ul,
Ly

L
,ﬁ‘h+£—w421
Ly

Examining the last part in the proof of the Theorem 10, it follows that the first equality

2
holds if p1 = 0, p» = 2. Equivalently, by Lemma 3, we have p(z) = pa2(z) = 11_7;
Therefore, the extremal function of S*(¢) is given by
zf'(2) (PAZ)—1> 2
[EEAVAGES VA

Similarly, the second equality holds if p; = 2. Equivalently, by Lemma 3, we have
p(z) = p1(z) = g Therefore, the extremal function of $*(¢) is defined by

Zf/(z) _ P1(Z)—1 — b(z
() “”(m(z)ﬂ) = (). (43)

Finally, following a similar technique to that for the sharpness of Theorem 3.1 of [26],
from the relations (42) and (43), we obtain (41). O

6. Conclusions

By defining A-pseudo-Bazilevi¢ functions of complex order using subordination and
Hadamard product, we were able to unify and extend the various classes of analytic
function, and new extensions were discussed in detail. Furthermore, by replacing the
ordinary differentiation with quantum differentiation, we attempted the discretization of
some well-known results. Our main results have many applications, which here we only
pointed out a few.
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